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Outline

» Singlehypothesidesting

o Multiple hypothesigesting
s Quantitiesandissues
» Falsediscoveryrates

» Futurechallenges
» Within falsediscovery rates.
o Multiple hypothesidests,theright tool?
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Singlehypothesistesting, example

Typical guestion:DoestreatmentA give thewished
effect?

-ypotheS|s

H = 0: Nonor negative effect.

H = 1: Positive effect
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Singlehypothesistesting, example

Typical guestion:DoestreatmentA give thewished

effect?
Hypothesis:
1 = 0: Nonor neg

® Collectdata.

ative effect.

H = 1: Positve effect

#® |F thecollecteddatais very unlikely givenH = O;

s H = OrejectedandH = 1 accepted.

s TreatmenfA haspositve effect.

® ELSE

s H = 0accepted.

s TreatmentA doesnot have signi cant positve effect.
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Singlehypothesistesting

o Hypothesidest:

s H=0: 2 gversus

s H=1: 2 1( ()\ 1:;).
o Teststatistics:T (X)), obseredt.
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Singlehypothesistesting

o Hypothesidest:

s H=0: 2 gversus

s H=1: 2 1( ()\ 1:;).
o Teststatistics:T (X)), obseredt.
» Rejectionregion:

o Ift2 rejectH = 0.

o IftZ accepiH = 0.
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Singlehypothesistesting

» Rejectionregion:
s Ift2 rejectH = 0.
o IftZ accepH = 0.
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Singlehypothesistesting

o Two typesof errors:
acceptHg rejectHg

Ho type-l error

H, | type-ll error

s Typel error(falsepositve), 2 gyett 2
s Typell error(falsenegative), 2 ;yett 2

Multiple hypothesigesting- recentdevelopmentsandfuture challenges- p.4/2¢




Singlehypothesistesting

G

o Wantto controltypel errorrate;
Pr(t2 JH = 0),

o andminimisetypell errorrate;
Pr(tZ jH = 1).

s Pover=1 Pr(tzZz jH=1).
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Singlehypothesistesting

# Signicantlevel = Pr(t2 jH = 0).
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Singlehypothesistesting

# Signicantlevel = Pr(t2 jH = 0).
9

p-value= |rt12f Pr(t2 JH=0)

» Canusep-valuesastestsstatistics.
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Singlehypothesistesting

# Signicantlevel = Pr(t2 jH = 0).
9o

p-value= |rt12f Pr(t2 JH=0)
o Canusep-valuesastestsstatistics.

Book: TestingStatisticalHypothese&.L. Lehmann(1986)
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Multiple hypothesistesting

# m hypothesidests
s Hi=0versusH; =1
s Ho=0versusH, =1

s Hy,=0versusH,, =1
o \Wantto make simultaneousnference.
» Rejectionregions?
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Multiple hypothesistesting

o Wantto make simultaneousnference.
» Rejectionregions?

Sameasin singlehypothesigesting?

Multiple hypothesigesting- recentdevelopmentsandfuture challenges- p.5/2¢



Multiple hyp. testing quantities

accepnull | rejectnull | total
H=20 U V Mo
H=1 T S mi
total W R m

o Totalnumberof misclassi cations:V + T.
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Multiple hyp. testing quantities

accepnull | rejectnull | total
H=20 U V Mo
H=1 T S mi
total W R m

o Compouncerrorrates:
s Familywiseerrorrate:FWER = P(V 1)
s Percomparisorerrorrate:

PCER = E(V)=m

» Falsediscoveryrate:

-DR = E(V=RIR > O)P(R > 0)

s Positve falsediscoveryrate:

OFDR = E(V=RJR > 0)
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Multiple hyp. testing quantities

accepnull | rejectnull | total
H=20 U V Mo
H=1 T S mi
total W R m

o Weakcontrol: Only whenmg = m
» Strongcontrol: Holdsfor all mg simultaneously
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Example, fMRI

o Nowyouseeit, nowyoudon't: statisticaland
methodolgical consideationsin fMRI.
D.W. Loring etal., Epilepsy& Behavior 3 (2002)

o Eachvoxel is testedf actvationcauses
difference.

o Pureexploratorystudyof methodand
signi cancelevel.
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Example, fMRI
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Example, fMRI

Small Voxel
p=.05 p=.001 p=.00001
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“(...), appaentrandomactivationdecreasedas more conserva-

tive statisticalapproadeswere employedbut activationin areas

consideedto befunctionallysigni cant wasalsoreduced”
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Multiple hyp. testing and microar-

ray experiments
» DNA microarraysmethodfor measuring
expressiorevelsfor thousand®f genes

simultaneous.
o Purposeidentify differentexpressedjenes.

o Thesecanbefurtherinvesticgatedusingmore
expensve methods.

o Review article: Multiple Hypothesislestingin
Microarray Experimentss. Dudoit, J.P Shafer &
J.C.Boldrick. StatisticalSciencel8 (2003).
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Falsediscovery rate

o Canacceptsomefalserejectiondf they are
relatvely few.

» Contwolling the FalseDiscoveryrate: A Practical
and Powerful Approad to Multiple Testingby Y.
BenjaminiandY. Hochbeg, JRSS-BVol 57
(1995).

FDR = E(V=RjR > 0)P(R > 0)

V: Numberof falserejections.
. Numberof rejections.

s FDR = E(V=R) with V=R 0whenR = 0.
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FDR, BH-procedure

o Algorithm:
» Findorderedobseredp-values:
Poy P P(m)
s Calculatek = maxfk : pyq k=mg

s Rejectnull hyp. correspondindo p) ::: Py
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FDR, BH-procedure

o Algorithm:
» Findorderedobseredp-values:

Pay P P(m)
s Calculatek = maxfk : pyq k=mg
s Rejectnull hyp. correspondingo p : : Py

Slope = a/m = 0.2/15
a/m=0-2/15

o
X
o
o
0

= o 0 o0 0
2 -

T T T T T T

2 4 6
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FDR, BH-procedure

Algorithm:
Find orderedobsenedp-values:
Poy P P(m)
Calculatek = maxfk : py, k=mg
Rejectnull hyp. correspondingo pj) : : : Py

Weakly controlsFWER.

AnimprovedBonferioni procedue for multiple testsof
signi canceby R.J.Simes Biometrica/3 (1986).

StronglycontrolsFDR, Benjamini& Hochbeg (1995)

Also valid undersomekind of dependences.
Benjamini& Yekutieli, Annalsof StatisticsvVol 29 (2001)
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RecentdevelopmentskFDRs, outline

and keyreferences
A directappmoad to falsediscoveryrateby J.D. Storey,

JRSS-Bvol 64 (2002)
Fixedrejectionregion procedure
Theg-value
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RecentdevelopmentskFDRs, outline

and keyreferences
Storey (2002)

Fixedrejectionregion procedure
Theg-value
Strong Contmol, Conservativdoint Estimation,and
SimultaneougonservativeConsistencyf FalseDiscovery

Rates:A Uni ed Appmoad by J.D. Storey, J.E.Taylor & D.
Siegmund,in pressJRSS-B

Improved x edsigni cancelevel procedure
Sometheoreticakesults
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RecentdevelopmentskFDRs, outline

and keyreferences
Storey (2002)

Fixedrejectionregion procedure
Theg-value

Storey etal. (2003)
Improved x edsigni cancelevel procedure
Sometheoreticaresults
Thepositivefalsediscoveryrate: A Bayesiannterpretation

andtheqg-valueby JohnD. Storey, acceptedn Annalsof
Statistics.

A Bayesiannterpretation.
Classi cationtheory
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RecentdevelopmentskFDRs, outline

and keyreferences
Storey (2002)

Fixedrejectionregion procedure
Theg-value

Storegy etal. (2003)
Improved x edsigni cancelevel procedure
Sometheoreticakesults

Storey (2003)
A Bayesiannterpretation.
Classi cationtheory
Opeiating characteristicsand extensionf thefalse

discoveryrateprocedue by C. Genorese& L. Wasserman,
JRSS-B(2002).

Benjamini& Yekutieli (2001)
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Positive falsediscovery rate
PFDR = E(V=RJR > 0)
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Positive falsediscovery rate

PFDR = E(V=RJR > 0)
Algorithm
FIX rejectionregion
CalculatepFDR

Multiple hypothesigesting- recentdevelopmentandfuturechallenges- p.12/2:



Positive falsediscovery rate

PFDR = E(V=RJR > 0)
Algorithm
FIX rejectionregion
CalculatepFDR

Usefulapproach?

Set from experiencdrom similar
experiments.

BetterpowerthanF D R-procedure.
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Positive falsediscovery rate

PFDR = E(V=RJR > 0)
Algorithm
FIX rejectionregion
CalculatepFDR

Usefulapproach?

Set from experiencdrom similar
experiments.

BetterpowerthanF D R-procedure.

Estimates o = T°
m: Numberof tests

Mo. Numberof truealternatve hypothesis

Multiple hypothesigesting- recentdevelopmentandfuturechallenges- p.12/2:



Storeysestimatonof g

Underthe null-hyp p;-s arsuniformly distributed.
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Storeysestimatonof g

Procedure
Choosea0< < 1.
Assumep; >  from uniformdistribution.

=#1fp > 0.

where
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Storeysestimatonof g

Procedure
Choosea0< < 1.
Assumep; >  from uniformdistribution.

=#1fp > 0.

Canchoose from minimising MSE obtained
from bootstrapping.

where
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Storeysestimatonof g

Procedure
Choosea0< < 1.

Assumep; >  from uniformdistribution.
=#fp> g

Canchoose from minimisingMSE obtained
from bootstrapping.

Much researclturrentlydone.
Hasintereston its own.

where
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Fixed rejectionregionprocedure

Calculatep-valuespy; p2;:::; Pm-
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Fixed rejectionregionprocedure
Calculatep-valuespy; p2;:::; Pm-
Estimate®o( ) andPr(P t) by

AO( ): (1 )m
Br(p t)= RUL

m

with R(t) = #fp; tgand = #fp> ¢
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Fixed rejectionregionprocedure

Calculatep-valuesps; po; @i :; Pm .-

Estimate®o( ) andPr(P  t)

For rejectionregion of interesf0; t], estimate
PFDR(1)

_ Mo )t
PFDR (1) = Br(P 1) (1 @ t)m)
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Fixed rejectionregionprocedure
Calculatep-valuespy; p2;:::; Pm-
Estimate®o( ) andPr(P  t)

~or rejectionregion of interest0; t], estimate

OFDR(t)

~or B bootstrapsamplesof py; po;:::;pm Nd
b

DFDR (t).

b
Use(1 ) quantileof pPFDR (t) asthe
(1 ) uppercon denceboundfor pFD R(t).

Multiple hypothesigesting- recentdevelopmentandfuturechallenges- p.14/2.



Fixed rejectionregionprocedure
Calculatep-valuespy; p2;:::; Pm-
Estimate®o( ) andPr(P  t)

~or rejectionregion of interest0; t], estimate

OFDR(t)

~or B bootstrapsamplesof py; po;:::;pm Nd
b

DFDR (t).

b
Use(1 ) quantileof pPFDR (t) asthe
(1 ) uppercon denceboundfor pFD R(t).

If FDR of interestuseF DR (t) = F;\\ro((P) tt)
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The g-value
A pFDRparallelto p-values.

p-value= nzizanr(T 2 JH = 0)g

g-value= I?zf (PFDR())
TheminimumpFDRthatcanoccurwhen

rejectinga statisticwith valuet.

For testwith independenp-values for obsered
p-valuep

0
Pr(P )
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The g-value

For testwith independenp-values for obsered
p-valuep

0
Pr(P )

q(p) = Inf
p

Estimationalgorithm:
Calculatep-valuesp; :::; pPm.
Orderthep-values:pay P Pim)

Set(Pm)) = PFDR(P(m))
for I=(m-1):1
Set§(piy) = min(BFDR(piy); &PGi+1)))
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BH vs. Storeysprocedure

BH-procedure:
Find orderedobsenedp-values:

Py  Pa - Bm)
Calculatek = maxfk : py, k=mg
Rejectnull hyp. correspondingo pj) : : : Py

Threshold foundsuchthat (%

Multiple hypothesigesting- recentdevelopmentsandfuturechallenges- p.16/2:



BH vs. Storeysprocedure

BH-procedure:
Find orderedobsenedp-values:

Py  Pa - Bm)
Calculatek = maxfk : py, k=mg
Rejectnull hyp. correspondingo pj) : : : Py

Threshold foundsuchthat %

Thenaturalempiricalestimatorfor FDR.

Correspond§ DR —o(t) (and o = 1).
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BH vs. Storeysprocedure

New procedure:
Estimate™y( ), (t )
Find orderedobsenedp-values:
Py P2 - Bm)
Calculate
K= maxfk : pu k=(m "o( ))9
Rejectnull hyp. correspondingo pg) : :: Py

Useestimated‘y?
A lessconsenrative test.
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BH vs. Storeysprocedure

New procedure:
Find orderedobsenedp-values:
Py Pz iPm)
Calculate
K= maxfk : py k=(m "o( ))g
Rejectnull hyp. correspondingo py) : :: Py

Useestimated‘y?

If the p-valuescorrespondingdo thetruenull
hypothesisareindependenthe procedure
stronglycontrolstheFDR atlevel for ary
Sometechnicaladjustmentsieeded.

Asymptoticallyalsovalid underweakly
dependence.
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Example power, sioreyetal. (2003)

m = 1000one-sidechypothesidests.

Null distribution N (0; 1), alternatve N (2; 1)
Mo = 100 200G :::;900

1000setsof 1000variabledor eachmg
Levels = 0:05and = 0:.0land = 05
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Bayesianinter pretation

Prior:
LetPr(Hi = 0= gandPr(H;=1)=
andassumeH; 1.1.d. Bernoulli.
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Bayesianinter pretation

Prior:
LetPr(Hi = 0= gandPr(H;=1)=
andassumeH; 1.1.d. Bernoulli.

form=1

Pr(H= QT 2 ) = Probabillityof false
rejectiongivenstat.is signi cant.

V()
R()jR> 0=0_1

PFDR() = Pr(H = QT 2 ) , posterior
probabilitythattherejectionis false.
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Bayesianinter pretation

Prior:
LetPr(Hi = 0)= ocandPr(Hj=1)= 1,
andassumeH; 1.1.d. Bernoulli.
For generaim

Theoreml
Let T; beteststat.correspondingo H;. If

(Ti;Hi) ||d,and
TijHi (1 Hj)Fo+ H;F;then
PFDR() = Pr(H=0QT 2 )
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Bayesianinter pretation

Prior:
LetPr(Hi = 0)= ocandPr(Hj=1)= 1,
andassumeH; 1.1.d. Bernoulli.
For generaim

Theoreml
Let T; beteststat.correspondingo H;. If

(Ti; H;) 1.1.d., and
TijH; (1 H;)Fo+ H;F1then
PFDR() = Pr(H =QT 2 )
PosterioBayesiarntypel error.
Doesnotdependonm
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PropertiespFDR

PFDR() = Pr(H=0QT 2 )
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PropertiespFDR

PFDR() = Pr(H=0QT 2 )
o Pr(T2 JH=20)
o Pr(T2 H=0)+ , Pr(T2 JH=1)
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PropertiespFDR

pPFDR() = Pr(H=QT 2 )
o Pr(T2 jH=20)
o Pr(T2 jH=0+ 4 Pr(T2 jH=1)
o (Type-l-errorof )
o (Type-l-errorof ) + ; (Powerof )

Increasesvith increasingype-Il-errors.

Decreasewith increasingoowet.
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PropertiespFDR

pPFDR() = Pr(H=QT 2 )
o Pr(T2 jH=20)
o Pr(T2 jH=0+ 4 Pr(T2 jH=1)
o (Type-l-errorof )
o (Type-l-errorof ) + ; (Powerof )

EIV()] =m o Pr(T2 jH = 0)

E[IR()] = m Pr(T 2 )
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PropertiespFDR

pPFDR() = Pr(H=QT 2 )
o Pr(T2 jH=20)
o Pr(T2 jH=0+ 4 Pr(T2 jH=1)
o (Type-l-errorof )
o (Type-l-errorof ) + ; (Powerof )

Corollary
Undertheassumptionsf Theoreml.:
_ = V0 E[VO]
PFDR = E[R() JR() > 0]= ERO]
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Inter pretation of the g-value

Def:
g-value= |q1; PFDR( )

ThepFDR of thesmallestpossiblerejection
regions.t.t 2

Corollary
Undertheassumptionsf Theoremi.:

g-value= ||;12f Pr(H=0QT2 )
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Connectionto classi cation theory

Misclassi cationpenalties:
ClassifyH; as0O | ClassifyH; asl

Hi =0 0 1
Hi =1 0
Bayeserror:

BE() = (1 ) Pr(T;2 :H, = 0)
+ Pr(Ti 62 (H; = 1)

Expectedossundermisclassi cation
penalties.
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The positive non-discovery rate

T
PFNR = E[jW > 0]

W : Numberof non-rejectedhypothesis.

T: Numberof non-rejectedlternatve
hypothesis.
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The positive non-discovery rate

T
PFNR = E[jW > 0]

Theoren?2
Undertheassumptionsf theoreml is

ONDR() = Pr(H = 4T 62)

with =1 gasprior;Pr(H=1)= 1.
PosterioiBayesiartype-ll error
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The positive non-discovery rate

T
PFNR = E[jW > 0]

PosterioiBayesiartype-ll error

Corollary
Undertheassumptionsf theoremi,

BE() = (1 ) Pr(T2) PpFDR()
+ Pr(T62) pNDR()
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Choosingrejectionregion

Two waysof xing therejectionregion beforehand:

Rejectionregion thatminimisethe Bayeserror
(basednrelatve cost )

BE() = (1 ) Pr(T2) pFDR()
+ Pr(T62) pFNR()

Rejectionregion thatminimisetheweighted
average

(1 !) pFDR() +! pFNR()
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Choosingrejectionregion

Two waysof xing therejectionregion beforehand:

Rejectionregion thatminimisethe Bayeserror
(basednrelatve cost )

BE() = (1 ) Pr(T2) pFDR()
+ Pr(T62) pFNR()

Rejectionregion thatminimisetheweighted
average

(1 !) pFDR() +! pFNR()
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Futur e challenges, false discovery

rates |
Estimatorproperties:

Optimal conserative estimatedor FRD and
pFDR ?

Corvergenceproperties.
Operationapropertiesof §.
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Futur e challenges, false discovery

rates |
Estimatorproperties:

Optimal conserative estimatedor FRD and
pFDR ?
Corvergenceproperties.
Operationapropertiesof §.

Dependencies:

Finite sizedependengcbehaiour.

Modelling dependencamonghypothesis
tests.
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Futur e challenges, false discovery

rates |
Estimatorproperties:

Optimal conserative estimatedor FRD and
pFDR ?
Corvergenceproperties.
Operationapropertiesof §.

Dependencies:
Finite sizedependengcbehaiour.
Modelling dependencamonghypothesis
tests.

Gainpower from moreinformation.
Assumptiomaboutthe alternatve distribution.
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Futur e challengesmultiple hypoth-

esistestin
Threereasongor usingFDR in multiple hypothesis

testingBenjamini& Hochbeg (1995}
Multiple endpointsproblem :

Whethernto recommendinew treatmenbr
not.

Rejectechull: Treatmenbetterthenstandard
for speci ¢ endpoint.
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Futur e challengesmultiple hypoth-

esistestin
Threereasongor usingFDR in multiple hypothesis

testingBenjamini& Hochbeg (1995}
Multiple endpointsproblem

Multiple separate&lecisions

Two treatment€omparedor multiple
subgroups.

Recommendationmadefor eachsubgroup.
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Futur e challengesmultiple hypoth-

esistestin
Threereasongor usingFDR in multiple hypothesis

testingBenjamini& Hochbeg (1995}
Multiple endpointsproblem
Multiple separate&lecisions

Screeningoroblems:
As in themicroarraysetting.

Validationin amoreexpensve 2ndphase,
wantto limit the cost.
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Multiple end points and multiple
separatedecisions

Multiple endpointsproblem:
Whetherto recommena new treatmenbr not.
Rejectedhull: Treatmenbetterthenstandardor
speci ¢ endpoint.

Multiple separat@ecisions:
Two treatmentsomparedor multiple subgroups.
Recommendatiomadefor eachsubgroup.

Independentlecisions.
Why adjustsigni cance?
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Multiple end points and multiple
separatedecisions

Multiple endpointsproblem:
Whetherto recommena new treatmenbr not.
Rejectedhull: Treatmenbetterthenstandardor
speci ¢ endpoint.

Multiple separat@ecisions:
Two treatmentsomparedor multiple subgroups.
Recommendatiomadefor eachsubgroup.

Independentlecisions.
Why adjustsigni cance?

Dependeng
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Decisiontheory and hypothesistest-
INg

Decisiontheory: Wantto minimiseexpectedoss.
Singlehyp. testingminimiseE (L 1);
acceptH | rejectH
H=0 0 0
H=1 1 0
undertheconstraine (L) < with L
acceptH | rejectH
0 1
H=1 0 0

L
I
o
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Decisiontheory and hypothesistest-

ing

Decisiontheory: Wantto minimiseexpectedoss.

Singlehyp. testingminimiseE (L 1);
undertheconstraintE (L) < with L,

UsingpFDR

acceptnull | rejectnull
Hi=0 0 1 |
Hi =1 ! 0
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Decisiontheory and hypothesistest-
INg

Decisiontheory: Wantto minimiseexpectedoss.

Singlehyp. testingminimiseE (L 1);
undertheconstraintE (L) < with L,

UsingpFDR

acceptnull | rejectnull
Hi=0 0 1 |
Hi =1 ! 0

Naturalchoiceof lossfunction?
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Futur e challenges
Dependeny!
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Futur e challenges

Dependeny!

Is multiple hypothesidestingtheright tool?
Explorationof datase) estimation.
Make decision) lossfunction
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