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Outline
Singlehypothesistesting
Multiple hypothesistesting

Quantitiesandissues
Falsediscovery rates

Futurechallenges
Within falsediscovery rates.
Multiple hypothesistests,theright tool?
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Singlehypothesistesting,example
Typicalquestion:DoestreatmentA give thewished
effect?
Hypothesis:
H = 0: Nonor negativeeffect.
H = 1: Positiveeffect
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Singlehypothesistesting,example
Typicalquestion:DoestreatmentA give thewished
effect?
Hypothesis:
H = 0: Nonor negativeeffect.
H = 1: Positiveeffect

Collectdata.

IF thecollecteddatais veryunlikely givenH = 0;

H = 0 rejectedandH = 1 accepted.

TreatmentA haspositive effect.

ELSE

H = 0 accepted.

TreatmentA doesnothave signi�cant positive effect.
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Singlehypothesistesting
Hypothesistest:

H = 0 : � 2 � 0 versus
H = 1 : � 2 � 1 (� 0 \ � 1 = ; ).

Teststatistics:T(X ), observedt.
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Singlehypothesistesting
Hypothesistest:

H = 0 : � 2 � 0 versus
H = 1 : � 2 � 1 (� 0 \ � 1 = ; ).

Teststatistics:T(X ), observedt.

Rejectionregion: �
If t 2 � rejectH = 0.
If t =2 � acceptH = 0.
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Singlehypothesistesting

G

a

f T
|H

=
0

t

Rejectionregion: �
If t 2 � rejectH = 0.
If t =2 � acceptH = 0.

Multiple hypothesistesting- recentdevelopmentsandfuturechallenges– p.4/28



N
T

N
U

Singlehypothesistesting

G

a

f T
|H

=
0

t

Two typesof errors:
acceptH0 rejectH0

H0 type-Ierror

H1 type-II error

TypeI error(falsepositive), � 2 � 0 yet t 2 � .
TypeII error(falsenegative), � 2 � 1 yet t =2 �
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Singlehypothesistesting

G

a

f T
|H

=
0

t

Wantto controltypeI errorrate;
Pr (t 2 � jH = 0),

andminimisetypeII errorrate;
Pr (t =2 � jH = 1).

Power= 1 � Pr (t =2 � jH = 1).
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Singlehypothesistesting

G

a

f T
|H

=
0

t

Signi�cant level � = Pr (t 2 � jH = 0).
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Singlehypothesistesting

f T
|H

=
0

p-value(t)

t

Signi�cant level � = Pr (t 2 � jH = 0).

p-value= inf
�: t2 �

Pr (t 2 � jH = 0)

Canusep-valuesastestsstatistics.
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Singlehypothesistesting

f T
|H

=
0

p-value(t)

t

Signi�cant level � = Pr (t 2 � jH = 0).

p-value= inf
�: t2 �

Pr (t 2 � jH = 0)

Canusep-valuesastestsstatistics.

Book: TestingStatisticalHypothesesE.L. Lehmann(1986)
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Multiple hypothesistesting
m hypothesistests

H1 = 0 versusH1 = 1
H2 = 0 versusH2 = 1

Hm = 0 versusHm = 1
Wantto makesimultaneousinference.
Rejectionregions?
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Multiple hypothesistesting
m hypothesistests(H1; H2; : : : ; Hm)

Wantto makesimultaneousinference.
Rejectionregions?

Sameasin singlehypothesistesting?
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Multiple hyp. testingquantities
acceptnull rejectnull total

H = 0 U V m0

H = 1 T S m1

total W R m

Totalnumberof misclassi�cations:V + T.
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Multiple hyp. testingquantities
acceptnull rejectnull total

H = 0 U V m0

H = 1 T S m1

total W R m

Compounderrorrates:
Family wiseerrorrate:F WER = P(V � 1)
Percomparisonerrorrate:
PCER = E(V)=m
Falsediscovery rate:
F DR = E(V=RjR > 0)P(R > 0)
Positive falsediscovery rate:
pFDR = E(V=RjR > 0)
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Multiple hyp. testingquantities
acceptnull rejectnull total

H = 0 U V m0

H = 1 T S m1

total W R m

Weakcontrol:Only whenm0 = m
Strongcontrol:Holdsfor all m0 simultaneously.
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Example, fMRI
Nowyouseeit, nowyoudon't: statisticaland
methodological considerationsin fMRI.
D.W. Loring etal.,Epilepsy& Behavior 3 (2002)
Eachvoxel is testedif activationcauses
difference.
Pureexploratorystudyof methodand
signi�cancelevel.

“(...), apparent randomactivationdecreasedas more conserva-

tivestatisticalapproacheswereemployed,but activationin areas

consideredto befunctionallysigni�cant wasalsoreduced”
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“(...), apparent randomactivationdecreasedas more conserva-

tivestatisticalapproacheswereemployed,but activationin areas

consideredto befunctionallysigni�cant wasalsoreduced”
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Example, fMRI

“(...), apparent randomactivationdecreasedas more conserva-

tivestatisticalapproacheswereemployed,but activationin areas

consideredto befunctionallysigni�cant wasalsoreduced”
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Multiple hyp. testing and microar-
ray experiments

DNA microarrays;methodfor measuring
expressionlevelsfor thousandsof genes
simultaneous.
Purpose:Identify differentexpressedgenes.
Thesecanbefurtherinvestigatedusingmore
expensive methods.
Review article:Multiple HypothesisTestingin
Microarray ExperimentsS.Dudoit,J.P. Shaffer &
J.C.Boldrick. StatisticalScience18 (2003).
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Falsediscovery rate
Canacceptsomefalserejectionsif they are
relatively few.
Controlling theFalseDiscoveryrate: A Practical
andPowerfulApproach to Multiple Testingby Y.
BenjaminiandY. Hochberg, JRSS-BVol 57
(1995).

F DR = E(V=RjR > 0)P(R > 0)

V: Numberof falserejections.
R: Numberof rejections.

F DR = E(V=R) with V=R � 0 whenR = 0.
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FDR, BH-pr ocedure
Algorithm:

Findorderedobservedp-values:
p(1) � p(2) � � � � � p(m)

Calculatêk = maxf k : p(k) � � � k=mg
Rejectnull hyp. correspondingto p(1) : : : p(k̂)
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Algorithm:
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FDR, BH-pr ocedure
Algorithm:

Findorderedobservedp-values:
p(1) � p(2) � � � � � p(m)

Calculatêk = maxf k : p(k) � � � k=mg
Rejectnull hyp. correspondingto p(1) : : : p(k̂)

WeaklycontrolsFWER.
An improvedBonferroni procedure for multipletestsof
signi�canceby R.J.Simes,Biometrica73 (1986).

StronglycontrolsFDR,Benjamini& Hochberg (1995)

Also valid undersomekind of dependences.
Benjamini& Yekutieli,Annalsof StatisticsVol 29 (2001)
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RecentdevelopmentsFDRs,outline
and key references

A directapproach to falsediscoveryrateby J.D.Storey,
JRSS-Bvol 64 (2002)

Fixedrejectionregionprocedure
Theq-value
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RecentdevelopmentsFDRs,outline
and key references

Storey (2002)

Fixedrejectionregionprocedure
Theq-value

StrongControl, ConservativePoint Estimation,and
SimultaneousConservativeConsistencyof FalseDiscovery
Rates:A Uni�ed Approach by J.D.Storey, J.E.Taylor& D.
Siegmund,in pressJRSS-B

Improved�x edsigni�cancelevel procedure
Sometheoreticalresults
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RecentdevelopmentsFDRs,outline
and key references

Storey (2002)

Fixedrejectionregionprocedure
Theq-value

Storey etal. (2003)

Improved�x edsigni�cancelevel procedure
Sometheoreticalresults

Thepositivefalsediscoveryrate: A Bayesianinterpretation
andtheq-valueby JohnD. Storey, acceptedin Annalsof
Statistics.

A Bayesianinterpretation.
Classi�cationtheory.
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RecentdevelopmentsFDRs,outline
and key references

Storey (2002)

Fixedrejectionregionprocedure
Theq-value

Storey etal. (2003)

Improved�x edsigni�cancelevel procedure
Sometheoreticalresults

Storey (2003)

A Bayesianinterpretation.
Classi�cationtheory.

Operatingcharacteristicsandextensionsof thefalse
discoveryrateprocedure by C. Genovese& L. Wasserman,
JRSS-B(2002).

Benjamini& Yekutieli (2001)
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Positive falsediscovery rate
pFDR = E(V=RjR > 0)
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Positive falsediscovery rate
pFDR = E(V=RjR > 0)

Algorithm
Fix rejectionregion �
CalculatepFDR
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Positive falsediscovery rate
pFDR = E(V=RjR > 0)

Algorithm
Fix rejectionregion �
CalculatepFDR

Usefulapproach?
Set� from experiencefrom similar
experiments.
Betterpower thanF DR-procedure.
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Positive falsediscovery rate
pFDR = E(V=RjR > 0)

Algorithm
Fix rejectionregion �
CalculatepFDR

Usefulapproach?
Set� from experiencefrom similar
experiments.
Betterpower thanF DR-procedure.

Estimates� 0 = m0
m

m: Numberof tests
m0: Numberof truealternativehypothesis
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Storeysestimatonof � 0

Underthenull-hyp pi -sarsuniformly distributed.
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Storeysestimatonof � 0

Procedure
Choosea 0 < � < 1.
Assumepi > � from uniformdistribution.

Use�̂ 0(� ) = W (� )
(1� � )m , where

W(� ) = # f pi > � g.
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Storeysestimatonof � 0

Procedure
Choosea 0 < � < 1.
Assumepi > � from uniformdistribution.

Use�̂ 0(� ) = W (� )
(1� � )m , where

W(� ) = # f pi > � g.

Canchoose� from minimisingMSEobtained
from bootstrapping.
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Storeysestimatonof � 0

Procedure
Choosea 0 < � < 1.
Assumepi > � from uniformdistribution.

Use�̂ 0(� ) = W (� )
(1� � )m , where

W(� ) = # f pi > � g.

Canchoose� from minimisingMSEobtained
from bootstrapping.
Much researchcurrentlydone.
Hasintereston its own.
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Fixed rejection regionprocedure
Calculatep-valuesp1; p2; : : : ; pm.
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Fixed rejection regionprocedure
Calculatep-valuesp1; p2; : : : ; pm.

Estimatê� 0(� ) andP̂r (P � t) by

�̂ 0(� ) = W (� )
(1� � )m

P̂r (P � t) = R(t)_1
m

with R(t) = # f pi � tg andW(� ) = # f pi > � g
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Fixed rejection regionprocedure
Calculatep-valuesp1; p2; : : : ; pm.

Estimatê� 0(� ) andP̂r (P � t)

For rejectionregionof interest[0; t], estimate
pFDR(t)

\pFDR� (t) =
�̂ 0(� ) � t

P̂ r (P � t) � (1 � (1 � t)m)
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Fixed rejection regionprocedure
Calculatep-valuesp1; p2; : : : ; pm.

Estimatê� 0(� ) andP̂r (P � t)

For rejectionregionof interest[0; t], estimate
pFDR(t)

For B bootstrapsamplesof p1; p2; : : : ; pm �nd
\pFDR

� b

� (t).

Use(1 � � ) quantileof \pFDR
� b

� (t) asthe
(1 � � ) uppercon�denceboundfor pFDR(t).
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Fixed rejection regionprocedure
Calculatep-valuesp1; p2; : : : ; pm.

Estimatê� 0(� ) andP̂r (P � t)

For rejectionregionof interest[0; t], estimate
pFDR(t)

For B bootstrapsamplesof p1; p2; : : : ; pm �nd
\pFDR

� b

� (t).

Use(1 � � ) quantileof \pFDR
� b

� (t) asthe
(1 � � ) uppercon�denceboundfor pFDR(t).

If FDRof interestuse\F DR� (t) = �̂ 0(� )�t
P̂ r (P � t)
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The q-value
A pFDRparallelto p-values.

p-value= min
�: t2 �

f Pr (T 2 � jH = 0)g

q-value= inf
�: t2 �

(pFDR(�))

TheminimumpFDRthatcanoccurwhen
rejectingastatisticwith valuet.

For testwith independentp-values,for observed
p-valuep

q(p) = inf

 � p

�
� 0


Pr (P � 
 )

�
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The q-value
For testwith independentp-values,for observed
p-valuep

q(p) = inf

 � p

�
� 0


Pr (P � 
 )

�

Estimationalgorithm:
Calculatep-valuesp1; : : : ; pm.
Orderthep-values:p(1) � p(2) � � � � � p(m)

Setq̂(p(m)) = \pFDR(p(m))
for i=(m-1):1

Setq̂(p(i )) = min( \pFDR(p(i )); q̂(p(i+1) ))
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BH vs. Storeysprocedure
BH-procedure:

Findorderedobservedp-values:
p(1) � p(2) � : : : p(m)

Calculatêk = maxf k : p(k) � � � k=mg
Rejectnull hyp. correspondingto p(1) : : : p(k̂)

Thresholdt foundsuchthat ( t�m
R(t) ) � � .
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BH vs. Storeysprocedure
BH-procedure:

Findorderedobservedp-values:
p(1) � p(2) � : : : p(m)

Calculatêk = maxf k : p(k) � � � k=mg
Rejectnull hyp. correspondingto p(1) : : : p(k̂)

Thresholdt foundsuchthat ( t�m
R(t) ) � � .

Thenaturalempiricalestimatorfor FDR.

Corresponds\F DR� =0 (t) (and� 0 = 1).
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BH vs. Storeysprocedure
New procedure:

Estimate^� 0(� ), (t � � )
Findorderedobservedp-values:
p(1) � p(2) � : : : p(m)

Calculate
k̂ = maxf k : p(k) � � � k=(m � �̂ 0(� ))g
Rejectnull hyp. correspondingto p(1) : : : p(k̂)

Useestimated̂� 0?
A lessconservative test.
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BH vs. Storeysprocedure
New procedure:

Findorderedobservedp-values:
p(1) � p(2) � : : : p(m)

Calculate
k̂ = maxf k : p(k) � � � k=(m � �̂ 0(� ))g
Rejectnull hyp. correspondingto p(1) : : : p(k̂)

Useestimated̂� 0?
If thep-valuescorrespondingto thetruenull
hypothesisareindependenttheprocedure
stronglycontrolstheFDR at level � for any � .
Sometechnicaladjustmentsneeded.

Asymptoticallyalsovalid underweakly
dependence.
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Examplepower, Storeyet al. (2003)

m = 1000one-sidedhypothesistests.

Null distribution N (0; 1), alternative N (2; 1)

m0 = 100; 200; : : : ; 900

1000setsof 1000variablesfor eachm0

Levels� = 0:05and� = 0:01and� = 0:5
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Bayesianinterpretation
Prior:

Let Pr (Hi = 0) = � 0 andPr (Hi = 1) = � 1,
andassumeHi i.i.d. Bernoulli.
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Bayesianinterpretation
Prior:

Let Pr (Hi = 0) = � 0 andPr (Hi = 1) = � 1,
andassumeHi i.i.d. Bernoulli.

for m = 1
Pr (H = 0jT 2 �) = Probabilityof false
rejectiongivenstat.is signi�cant.
V (�)
R(�) jR > 0 = 0 _ 1

pFDR(�) = Pr (H = 0jT 2 �) , posterior
probabilitythattherejectionis false.
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Bayesianinterpretation
Prior:

Let Pr (Hi = 0) = � 0 andPr (Hi = 1) = � 1,
andassumeHi i.i.d. Bernoulli.

For generalm
Theorem1
Let Ti beteststat.correspondingto Hi . If

(Ti ; Hi ) i.i.d., and

Ti jHi � (1 � Hi )F0 + Hi F1 then

pFDR(�) = Pr (H = 0jT 2 �)
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Bayesianinterpretation
Prior:

Let Pr (Hi = 0) = � 0 andPr (Hi = 1) = � 1,
andassumeHi i.i.d. Bernoulli.

For generalm
Theorem1
Let Ti beteststat.correspondingto Hi . If

(Ti ; Hi ) i.i.d., and

Ti jHi � (1 � Hi )F0 + Hi F1 then

pFDR(�) = Pr (H = 0jT 2 �)

PosteriorBayesiantypeI error.

Doesnotdependonm
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PropertiespFDR

pFDR(�) = Pr (H = 0jT 2 �)
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PropertiespFDR

pFDR(�) = Pr (H = 0jT 2 �)
� 0 � Pr (T 2 � jH = 0)

� 0 � Pr (T 2 � jH = 0) + � 1 � Pr (T 2 � jH = 1)
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PropertiespFDR

pFDR(�) = Pr (H = 0jT 2 �)
� 0 � Pr (T 2 � jH = 0)

� 0 � Pr (T 2 � jH = 0) + � 1 � Pr (T 2 � jH = 1)
� 0 � (Type-I-errorof � )

� 0 � (Type-I-errorof �) + � 1 � (Powerof �)

Increaseswith increasingtype-I-errors.

Decreaseswith increasingpower.
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PropertiespFDR

pFDR(�) = Pr (H = 0jT 2 �)
� 0 � Pr (T 2 � jH = 0)

� 0 � Pr (T 2 � jH = 0) + � 1 � Pr (T 2 � jH = 1)
� 0 � (Type-I-errorof � )

� 0 � (Type-I-errorof �) + � 1 � (Powerof �)

E[V(�)] = m � � 0 � Pr (T 2 � jH = 0)

E[R(�)] = m � Pr (T 2 �)
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PropertiespFDR

pFDR(�) = Pr (H = 0jT 2 �)
� 0 � Pr (T 2 � jH = 0)

� 0 � Pr (T 2 � jH = 0) + � 1 � Pr (T 2 � jH = 1)
� 0 � (Type-I-errorof � )

� 0 � (Type-I-errorof �) + � 1 � (Powerof �)

Corollary
Undertheassumptionsof Theorem1:

pFDR = E[
V(�)
R(�)

jR(�) > 0] =
E[V(�)]
E [R(�)]

Multiple hypothesistesting- recentdevelopmentsandfuturechallenges– p.19/28



N
T

N
U

Inter pretation of the q-value
Def:

q-value= inf
� � :t2 �

pFDR(� � )

ThepFDRof thesmallestpossiblerejection
regions.t. t 2 � � .

Corollary
Undertheassumptionsof Theorem1:

q-value= inf
� � :t2 � �

Pr (H = 0jT 2 � � )
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Connectionto classi�cation theory
Misclassi�cationpenalties:

ClassifyHi as0 ClassifyHi as1

Hi = 0 0 1 � �

Hi = 1 � 0

Bayeserror:

BE(�) = (1 � � ) � Pr (Ti 2 � ; Hi = 0)
+ � � Pr (Ti 62� ; Hi = 1)

Expectedlossundermisclassi�cation
penalties.
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The positivenon-discovery rate

pFN R = E[
T
W

jW > 0]

W: Numberof non-rejectedhypothesis.
T: Numberof non-rejectedalternative
hypothesis.
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The positivenon-discovery rate

pFN R = E[
T
W

jW > 0]

Theorem2
Undertheassumptionsof theorem1 is

pNDR(�) = Pr (H = 1jT 62�)

with � 1 = 1 � � 0 asprior; Pr (H = 1) = � 1.

PosteriorBayesiantype-II error
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The positivenon-discovery rate

pFN R = E[
T
W

jW > 0]

PosteriorBayesiantype-II error

Corollary
Undertheassumptionsof theorem1;

BE(�) = (1 � � ) � Pr (T 2 �) � pFDR(�)
+ � � Pr (T 62�) � pNDR(�)
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Choosingrejection region
Two waysof �xing therejectionregionbeforehand:

Rejectionregion � thatminimisetheBayeserror
(basedon relativecost� )

BE(�) = (1 � � ) � Pr (T 2 �) � pFDR(�)
+ � � Pr (T 62�) � pFN R(�)

Rejectionregion � thatminimisetheweighted
average

(1 � ! ) � pFDR(�) + ! � pFN R(�)

PS:Cannot �nd � andestimatepFDR from the
samedata.
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Two waysof �xing therejectionregionbeforehand:

Rejectionregion � thatminimisetheBayeserror
(basedon relativecost� )

BE(�) = (1 � � ) � Pr (T 2 �) � pFDR(�)
+ � � Pr (T 62�) � pFN R(�)

Rejectionregion � thatminimisetheweighted
average

(1 � ! ) � pFDR(�) + ! � pFN R(�)

PS:Cannot �nd � andestimatepFDR from the
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Futur e challenges, false discovery
rates

Estimatorproperties:

Optimalconservativeestimatesfor \F RD� and
\pFDR� ?

Convergenceproperties.
Operationalpropertiesof q̂.
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Futur e challenges, false discovery
rates

Estimatorproperties:

Optimalconservativeestimatesfor \F RD� and
\pFDR� ?

Convergenceproperties.
Operationalpropertiesof q̂.

Dependencies:
Finitesizedependency behaviour.
Modellingdependency amonghypothesis
tests.
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Futur e challenges, false discovery
rates

Estimatorproperties:

Optimalconservativeestimatesfor \F RD� and
\pFDR� ?

Convergenceproperties.
Operationalpropertiesof q̂.

Dependencies:
Finitesizedependency behaviour.
Modellingdependency amonghypothesis
tests.

Gainpower from moreinformation.
Assumptionaboutthealternativedistribution.
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Futur echallenges,multiple hypoth-
esistesting
Threereasonsfor usingFDR in multiplehypothesis
testingBenjamini& Hochberg (1995):

Multiple endpointsproblem :
Whetherto recommendanew treatmentor
not.
Rejectednull: Treatmentbetterthenstandard
for speci�c endpoint.
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testingBenjamini& Hochberg (1995):

Multiple endpointsproblem
Multiple separatedecisions:

Two treatmentscomparedfor multiple
subgroups.
Recommendationsmadefor eachsubgroup.
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Futur echallenges,multiple hypoth-
esistesting
Threereasonsfor usingFDR in multiplehypothesis
testingBenjamini& Hochberg (1995):

Multiple endpointsproblem
Multiple separatedecisions
Screeningproblems:

As in themicroarraysetting.
Validationin amoreexpensive 2ndphase,
wantto limit thecost.
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Multiple end points and multiple
separatedecisions

Multiple endpointsproblem:

Whetherto recommenda new treatmentor not.

Rejectednull: Treatmentbetterthenstandardfor
speci�c endpoint.

Multiple separatedecisions:

Two treatmentscomparedfor multiplesubgroups.

Recommendationmadefor eachsubgroup.

Independentdecisions.
Why adjustsigni�cance?
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Multiple end points and multiple
separatedecisions

Multiple endpointsproblem:

Whetherto recommenda new treatmentor not.

Rejectednull: Treatmentbetterthenstandardfor
speci�c endpoint.

Multiple separatedecisions:

Two treatmentscomparedfor multiplesubgroups.

Recommendationmadefor eachsubgroup.

Independentdecisions.
Why adjustsigni�cance?

Dependency
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Decisiontheory andhypothesistest-
ing

Decisiontheory:Wantto minimiseexpectedloss.

Singlehyp. testingminimiseE(L1);
acceptH rejectH

H = 0 0 0

H = 1 1 0

undertheconstraintE(L2) < � with L2

acceptH rejectH

H = 0 0 1

H = 1 0 0
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Decisiontheory andhypothesistest-
ing

Decisiontheory:Wantto minimiseexpectedloss.

Singlehyp. testingminimiseE(L1);
undertheconstraintE(L2) < � with L2

UsingpFDR
acceptnull rejectnull

Hi = 0 0 1 � !

Hi = 1 ! 0
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Decisiontheory andhypothesistest-
ing

Decisiontheory:Wantto minimiseexpectedloss.

Singlehyp. testingminimiseE(L1);
undertheconstraintE(L2) < � with L2

UsingpFDR
acceptnull rejectnull

Hi = 0 0 1 � !

Hi = 1 ! 0

Naturalchoiceof lossfunction?
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Futur echallenges
Dependency!
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Futur echallenges
Dependency!
Is multiplehypothesistestingtheright tool?

Explorationof dataset) estimation.
Makedecision) lossfunction
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