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LatentspatialMarkov models.
One-blockMetropolis-Hastingsalgorithm.
Partially conditionalblocksapproximations
ResultsfMRI problem.
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fMRI
functionalMagneticResonanceImaging-
Datafrom avisualstimulationexperiment.

Stimulus:8 Hz �ick eringcheckerboard.
4 periods(a30sec.)rest,3 periodsstimulus.
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fMRI
functionalMagneticResonanceImaging-
Datafrom avisualstimulationexperiment.
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fMRI
functionalMagneticResonanceImaging-
Datafrom avisualstimulationexperiment.
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Model fMRI
yit = ai + ztbit + � it

yit : Datain pixel i at timestept
i = 1; : : : ; 75� 67, t = 1; : : : 70

ai : Baselineimage,pixel i , i = 1; : : : ; 75� 67
zt: Transformedstimulusat timestept,
t = 1; : : : 70
bit : Activationeffectof pixel i at timestept,
i = 1; : : : ; 75� 67, t = 1; : : : 70
� it : Measurementerrorof pixel i at timestept
i = 1; : : : ; 75� 67, t = 1; : : : 70
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Model speci�cation

yit = ai + ztbit + � it

� � N (0; � D ata I ) ! yit ja;b � N (ai + ztbit ; � D ata )
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Model speci�cation

yit = ai + ztbit + � it

yit ja;b � N (ai + ztbit ; � D ata )

z; useestimatefrom similarstudies
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Model speci�cation

yit = ai + ztbit + � it

yit ja;b � N (ai + ztbit ; � D ata )

GMRF(GaussianMarkov random�eld) for a:
� (a) / exp(� 1

2� A
P

i
s
� j (ai � aj )2)
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Model speci�cation
yit ja;b � N (ai + ztbit ; � D ata )

GMRF for a: � (a) / exp(� 1
2� A

P
i s� j (ai � aj )2)

Time-spaceGMRFfor b:
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(bit � bj t )2)

exp(�
1
2

� T

NX

i =1

X

t t� r

(bit � bir )2)

Posterior, x = (a;b) and� = (� A ; � B ; � T ; � D ata ):

� (x; � jy) / � (yjx)� (xj� )� (� )
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Latent GMRF modelsused
Mutually independentlikelihoods

� (xj� ) � GM RF

q

x4x3

x2x1

y1 y2

y3 y4
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GaussianMark ov random �eld
A GMRFx = (x1; x2; : : : ; xn) is:

MultivariateGaussiandistributed
with aMarkov property;

neighbourhoodstructure
xi andxj conditionallydependentonly if they
areneighbours

Givessparseprecisionmatrixandcomputational
bene®ts.
All full conditionaldistributionareGMRFs,and
easyto samplefrom andevaluate.

Partially conditionalblocksapproximationsusedin MCMC – p.7/25



N
T

N
U

GaussianMark ov random �eld
A GMRFx = (x1; x2; : : : ; xn) is:

MultivariateGaussiandistributed
with aMarkov property;

neighbourhoodstructure
xi andxj conditionallydependentonly if they
areneighbours

Givessparseprecisionmatrixandcomputational
bene®ts.
All full conditionaldistributionareGMRFs,and
easyto samplefrom andevaluate.

Partially conditionalblocksapproximationsusedin MCMC – p.7/25



N
T

N
U

Metr opolis-Hastings with one-
block updating scheme
One-blockupdatingscheme:x and� areupdated
simultaneously.

q

x4x3

x2x1

y1 y2

y3 y4

Givenx0 and� 0

for j = 0 : (niter � 1)
Sample� new � q(� j� j )
Samplexnew � q(xjxj ; � new)
Calculate� andaccept/ reject
if(accept)

� j +1 = � new andxj +1 = xnew

else
� j +1 = � j andxj +1 = xj

Return(x1; x2; : : : ; xniter ) and(� 1; � 2; : : : ; � niter )

Challenge:To make a goodandcheapproposalfor x.
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Our setting
Gold: Wantto constructa q(xjxold; � new) that:

Producesnearlyindependentsamplesfrom
approximately� (xjy; � new).
Is computationallyfeasibleto samplefrom.

Constraint:Tooexpensive to samplefrom an
n-dim. distribution.
Here:Constructaproposalfor x whichwecan
samplefrom andevaluateworkingonly with
smallerblocks.
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Proposalfr om blocks
Canuseonefull scanof aGibbssampleras
q(xjxold; � new).

Block Gibbssamplerusedto getbetter
convergence.
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Traditional blocking
x: 100� 100GMRF, E(x) = 0 but x0 = 3

5 � 5 neighbourhood
A GMRFapproximationto correlationfunction:

� (xi ; xj ) = exp(
� 3d(xi ; xj )

r
)
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Traditional blocking
Estimatedautocorrelation:

0 10 20 30 40 50 60 70 80 90 100
-0.5

0

0.5

1
Estimated auto correlation

(5,5)

(48,48)
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Overlapping block Gibbs sampler
Idea:Let theblocksoverlap.

Givenxi

Sample(x i +1
1 ; xB 1

2 ; xB 1
4 ; xB 1

5 ) � � (xB 1 jx i
3 ; x i

6 ; x i
7 ; x i

8 ; x i
9 )

Sample(x i +1
2 ; x i +1

3 ; xB 2
5 ; xB 2

6 ) � � (xB 2 jx i +1
1 ; xB 1

4 ; x i
7 ; x i

8 ; x i
9 )

Sample(x i +1
4 ; xB 3

5 ; x i +1
7 ; xB 3

8 ) � � (xB 3 jx i +1
1 ; x i +1

2 ; x i +1
3 ; xB 2

6 ; x i
9 )

Sample(x i +1
5 ; x i +1

6 ; x i +1
8 ; x i +1

9 ) � � (xB 4 jx i +1
1 ; x i +1

2 ; x i +1
3 ; x i +1

4 ; x i +1
7 )

Returnx i +1
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Doesit work?
As previousexamplewith r = f 10; 20; 40; 100g and
buffer = f 0; 1; 2; 5; 10g

Buffer=0, r=10

Buffer=1, r=10

Buffer=2, r=20Buffer=2, r=10

Buffer=5, r=10

Buffer=10, r=10

Exact sample, r=10

Buffer=0, r=20

Buffer=1, r=20

Buffer=5, r=20

Buffer=10, r=20

Exact sample, r=20 Exact sample, r=40

Buffer=0, r=40

Buffer=1, r=40

Buffer=2, r=40

Buffer=5, r=40

Buffer=10, r=40

Buffer=0, r=100

Buffer=1, r=100

Buffer=2, r=100

Buffer=5, r=100

Buffer=10, r=100

Exact sample, r=100
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Doesit work?
Estimatedauto-correlationfunctionatpixel (48; 48).
Left: Block Gibbswithoutbuffers
Right: With buffer �ve
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Estimated auto correlation
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Estimated auto correlation

Partially conditionalblocksapproximationsusedin MCMC – p.13/25



N
T

N
U

Transition probability
Hardto calculatethetransitionprobability:

Partially conditionalblocksapproximationsusedin MCMC – p.14/25



N
T

N
U

Transition probability
Hardto calculatethetransitionprobability:

x9

x6

x7

x3

x9

x6

x1 x2 x3

x8

x4

x7

x1

x2 x3

x4 x5

x8 x9

x6

x7

x1

B2

x2

x3

x6

x2

B4B3

B1

x5

x5

x1

x4 x5

x8x7 x8 x9

x4

q(xjx
0
) =

Z
[� 1(x

0

1 ; xB 1
2 ; xB 1

4 ; xB 1
5 jx3 ; x6 ; x7 ; x8 ; x9)

� 2(x
0

2 ; x
0

3 ; xB 2
5 ; xB 2

6 jx
0

1 ; xB 1
4 ; x7 ; x8 ; x9)

� 3(x
0

4 ; xB 3
5 ; x

0

7 ; xB 3
8 jx

0

1 ; x
0

2 ; x
0

3 ; xB 2
6 ; x9)

� 4(x
0

5 ; x
0

6 ; x
0

8 ; x
0

9 jx
0

1 ; x
0

2 ; x
0

3 ; x
0

4 ; x
0

7 )]dxB 1
2 dxB 1

4 dxB 1
5 dxB 2

5 dxB 3
5 dxB 2

6 dxB 3
8
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Partially conditional blocks ap-
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1; x4; x7; x8; x9)

� (x0
4; x0

7jx
0
1; x0

2; x0
3; x6; x9)

� (x0
5; x0

6; x0
8; x0

9jx
0
1; x0

2; x0
3; x0

4; x0
7)

Canusethat:

� (ajc) =
� (a;bjc)
� (bja;c)

for any b
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Oppositereversal
A M-H proposalconstructedby Gibbssteps
doesn't giveacceptanceprobability1.

Sample®rst adirectioni = f 0; 1g
if i == 0 useq0 : B1 ! B2 ! B3 ! B4

if i == 1 useq1 : B4 ! B3 ! B2 ! B1

Useacceptanceprobability(Tjelmeland&
Hegstad,2002)

� i;1� i (yjx) = min
n

1;
� (x0)q1� i (xjx0)

� (x)qi (x0jx)

o

Thisgives� = 1 for overlappingblockGibbs
proposal,but generallynot for apartial
conditioningsampler
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DAG fMRI
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Dimension(a;b) reducedproblem111825.
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Solution fMRI
Samplingscheme:

Block 2
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Algorithm
Given� 0 andx0

for j = 0 : (niter � 1) niter = 20000

Sample� new � q(� j� j ) Independentrandomwalk, � D ata estimatedbeforehand

Calculateacceptanceprobability

� = min(1 ;
� (yjxnew )� (xnew j� new )� (� new )q(� j j � new )qi (x j jxnew ; � j )

� (yjx j )� (x j j� j ) � (� j )q(� new j� j )q1� i (xnew jx j ; � new )
)

Sampleu � Unif(0; 1)

if(u < � )
� j +1 = � new

xj +1 = xnew

else
� j +1 = � j

x j +1 = xj

Return(( � 1 ; x1); (� 2 ; x2); : : : ; (� n ; xn )) .
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Algorithm
Given� 0 andx0

for j = 0 : (niter � 1)

niter = 20000

Sample� new � q(� j� j )

Samplei : P (i = 0) = P (i = 1) = 0:5.

Samplefrom overlappingblockGibbsproposalx new � qi (xjxold ; � new )
Eachblock: a and®vebt .
Overlap:a andtwo bt .
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ResultsfMRI
Traceplotshyper-parameters:
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ResultsfMRI
Estimatedmeana andb18, b28 andb38:
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ResultsfMRI
Estimatedmeana andb18, b28 andb38:
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Partially conditional approximated
blocksapproximations

Cansampleeachblock from anapproximationto
� (xB jx� B ; � new; y).

Enableusto make inferencefrom hiddenGMRF
modelswith non-Gaussianlikelihood.
Haveusedthis for a time-spacedisease-mapping
examplewith GMRF latent®eld andPoisson
likelihood.
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How to choose block and buffer
sizes

Blocks:Whatis OK from acomputationalpoint
of view.
Buffers:Dependson theproblem:

Largerspatialdependents) largerbuffers
I.e. oftendependson thedatasetandthe
currentvalueof � new.
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Summary
Background:

LatentspatialMarkov modelsdescribea large
classof problems.
One-blockupdatingschemesimportantfor
mixing of Metropolis-Hastingssamplers.

Challenge:Proposalfor x, q(xjxold; � new)

Makeanapproximationfrom partially
conditionalblocks.
Useknowledgefrom thedependencestructureto
setupblocksandbuffers.
Computationalbene®tsbecauseonly smaller
blocksareinvolved.
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This presentation...

canbefoundon
www.math.ntnu.no/˜ingelins
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