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fMRI

functionalMagneticResonancémaging-
Datafrom avisual stimulationexperiment.

o Stimulus:8 Hz ick eringcheclerboard.
o 4 periods(a30sec.)rest,3 periodsstimulus.

||||||||

o Crosssectionof thebrainobseredevery 3rd sec.
» Obsere BOLD effects.
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fMRI

functionalMagneticResonancémaging-
Datafrom avisual stimulationexperiment.
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fMRI

functionalMagneticResonancémaging-
Datafrom avisual stimulationexperiment.
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Model fMRI

Yii = & + z¢he + it
» Yir: Datain pixel | attlmestept
= 1;:::; 75 67,t=1;:..70
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Model fMRI
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Model speci cation

Vi = & + ziby + i
< N(O; pawml)! Vijasb N(& + zb:; pawa)
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Model speci cation

Vi = & + zbe + it
® Vyija;b N(& + zb:; pata)
® 7 useestimatdrom similar studies
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Model speci cation

Vi = & + ziby + i
® vija;,b N(& + zb:; pata)

® GMRF (GaussiaMarkov randomeld) for a:
@)/ exp( La s(a a)?)
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Model speci cation

Vi = & + zihe +
® yiJa,b N(a + zb; paw)
® GMRF (GaussiaMarkov randomeld) for a:
@/ exp( La 5@ a&)d)
#® Time-spacé&sMRFfor b

1 X X
(b /7 exp( 5 B (b t]t)z)
t=1 ;s
1 XX
exp( 5 T (be by )?)
=1 by
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Model speci cation

® vija;b N(& + zb:; pata)

® GMRF for a:

, P
(@) / exp( 3 A

#® Time-spacé&sMRFfor b

(b /

® Posteriorx = (a;band = ( a; B, T, Data):

(yix) (xj) ()
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Latent GMRF modelsused

o Mutually independeniik elihoods
s (Xx]) GMRF

)
1 X2
x3 X4
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GaussianMark ov random eld

o MultivariateGaussiardistributed

o with aMarkov property;
s nheighbourhoodtructure

s X; andx; conditionallydependenonly if they
areneighbours
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GaussianMark ov random eld

o MultivariateGaussiardistributed

o with aMarkov property;
s nheighbourhoodtructure

s X; andx; conditionallydependenonly if they
areneighbours

o Givessparserecisionmatrix andcomputational
bene®ts.

o All full conditionaldistributionareGMRFs,and
easyto samplefrom andevaluate.
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Metropolis-Hastings with  one-
block updating scheme

One-blockupdatingschemex and areupdated
simultaneously

y1 y2
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Metropolis-Hastings with  one-
block updating scheme

» Givenx’and °
o forj = 0:(niter 1)
s Sample ™ qg(j!)
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Metr opolis-Hastings  with
block updating scheme

» Givenx’and °
o forj = 0:(niter 1)
s Sample ™ qg(j!)
s Samplex™V  q(xjx!; "ew)
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Metropolis-Hastings with  one-
block updating scheme

» Givenx®and ©

o forj = 0:(niter 1)
s Sample "™ g(j )
s Samplex™V  q(xjx!; "ew)
o Calculate andaccept reject

s If(accept)
o 1Tl = new andxj +1 — ynew

selse
- J+¥1 = | andx]+1 = X/
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Metropolis-Hastings with  one-
block updating scheme

Givenx® and °
forj = O: (niter 1)
Sample ™" q( j!)
Samplex™  q(xjx!; ")
Calculate andaccept reject
If(accept)
jt1 = new gndx t1 = yhew
else
i1 = I andx*! = xJ
Return(x®; x%;::;x" )y and( L %;:::; niter )
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Metropolis-Hastings with  one-

block updating scheme
Givenx® and ©

forj = O: (niter 1)
Sample "™ g( j )

Samplex"ew g(xjx); new)

Calculate andaccept reject
If(accept)
J*¥1 = new gndxl 1 = xnew
else . . |
Jt1 = ) andx]+1 = X/
Return(xt; x%;:::;x"Mery and( 1 2;:::; Mer)

Challenge:To make a goodandcheapproposalfor x.
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Our setting

Gold: Wantto construciag(xjx°9; "eW) that:
Producesearlyindependensampledrom
approximately (xjy; "W).
|s computationallyfeasibleto samplefrom.

Constraint:Too expensve to samplefrom an
n-dim. distribution.

Here: Constructa proposalor x whichwe can
samplefrom andevaluateworking only with
smallerblocks.
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Proposalfrom blocks

Canuseonefull scanof a Gibbssampleras
q(xjxold- neW)_

Block Gibbssamplerusedto getbetter
cornvergence.
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Traditional blocking

Xx: 100 100GMRF E(x) = Obutx®= 3
5 5neighbourhood
A GMRF approximatiorto correlationfunction:

3d(Xi; Xj)
r

)

(Xi; xj) = exp(
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Traditional blocking

Xx: 100 100GMRF E(x) = Obutx®= 3
5 5neighbourhood
A GMRF approximatiorto correlationfunction:

3d(Xi; Xj)
r

)

(Xi; xj) = exp(

Firstiteration(r = 40)

Singlesite ~~ 4x4blocks

222222222

40 60 80 100
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Traditional blocking

Firstiteration(r = 40)

Single site 4x4 blocks
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Traditional blocking

Estimatedautocorrelation:

Estimated auto correlation
1 T T T T T T T T T

05k TN (48,48) -

(5.5) o~
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Overlapping block Gibbs sampler

|dea: Let theblocksoverlap.
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Overlapping block Gibbs sampler

|dea: Let theblocksoverlap.
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Overlapping block Gibbs sampler

= 3 x1 2l xa

e s s | e
X7 X8 X9 X7 X8 X9
x1 X2 3 x3 x1 X2 3 X3

Ta s e || xa x| x6
X7 x8 X9 X7 x8 X9

Givenx!
i+l .,B1.,B1.yB1 TV ERVIER IRV R
Sample(x; ™ ;X5 1 X7 1 XE ™) (XB {JX5; Xg: XY Xg; Xg)
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Overlapping block Gibbs sampler

x1 ixzi x3 x1 §x23 X3
o S a6 || “ X5 X6
X7 X8 X9 X7 X8 X9
x1 x23 x3 x1 ixzi X3
R 5, x6 | | “ X5 1 x6
X7 x8 X9 X7 x8 X9
Givenx'
|+1 xB1l-yB1l.yB1 SO0 [N I e
Sample(x; ™ ; X5 x4 x5 ) (XB {JX5; Xg: XY Xg; Xg)
|+1 |+1 2 B2 N [ 3 R = T [ (R B
Sample(x, ™™ ;X3 ' Xg %) (XB,JX] ™ X7 i X575 Xg; Xg)
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Overlapping block Gibbs sampler

x1 ixzi x3 x1 §x23 x3
e 61 6 || a 51 x6
X7 X8 X9 X7 X8 X9
x1 ixzi x3 x1 ixzi X3
o N a 5! X6
X7 X8 X9 X7 X8 X9
Givenx!
i+1 . ,B1.,B1.,B1 i e el e eyl
Sample(x; ™ ; X5 x4 x5 ) (XB {JX5; Xg: XY Xg; Xg)
i+1 . |+1 2 B2 s Tl L UB 1wl v - i
Sample(x, ™™ ;X3 x6 ) (XB,JX] ™ X7 i X575 Xg; Xg)
i+1 .,B 3. |+1 B3 i+1 i+1 ..,i+1 . B 2.
Sample(x, = ; XE ;X5 g°) (X o JXy ™ 15 x5 xB 2 xb)
Sample(x““l,x'e+1 x'8+l x'9+1) (X 4jx'1+1 x'2+1 x'3+1 x'4+1 x'7+1)
Returnx'*1
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Doesit work?

As previousexamplewith r = £10; 20,40, 100y and
buffer= f0;1;2;5; 10g
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|
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Partially con

Buffer=10, r=100
T
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R S
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Exact sample, r=100
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Doesit work?

Estimatedauto-correlatiorfunctionat pixel (48; 48).
Left: Blodk Gibbswithoutbuffers

Right: With buffer ve

Estimated auto correlation

12

\\\\\

0.2

-0.4

1.2

0.4

Estimated auto correlation
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Transition probability

Hardto calculatethetransitionprobability:
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Transition probability

Hardto calculatethetransitionprobability:

1 X2 x3 1 x2 x3
I R N el e
x7 x8 x9 X7 x8 X9
1 x2 x3 1 X2 x3
ORI BERREI
X7 x8 x9 X7 X8 x9
Z
0
: — Bl Bl Bl' . . . .
qaxjx ) = [ 1(X1, ;) Xg 73 X5 TJX3; X6, X7; X8, X9)
B2. B1.
z(xz,xg,xs  Xg JX1,X4 X7 Xg; X9)
B3 B 3; 0 B2
3(X4’ X7’X8 JX1aX2’X3’X6 ; X9)

0 0 0. O 0 0 0
4(x5; Xg: Xgi Xg)X1: Xo5 X35 Xy x7)]dx§ LaxBLdxB 1dxB2dxE 3dxg 2dx§ °
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blocks ap-

Partially conditionalblocksapproximationsisedin MCMC —p.15/2
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Partially conditional blocks ap-
proximation

x1 x2 x3 x1 x2 3 x3
e s e | A el e
X7 X8 X9 X7 X8 X9
x1 X2 X3 x1 X2 X3
- X 74 77777 x5 o 7x76 777777777 X ;1 7777777 x757 777777 X 76””
X7 x8 X9 X7 x8 X9
Givenx?©
fori = 0: (niter 1)
i+1 S R T T T |
Sample(x; ™) (X1jX3; Xg;X7; Xg; Xg)
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Partially conditional
proximation

blocks ap-

& X2 X3 1 ‘ @ | X3
x4 x5 X6

X7 X8 | x9 X7 x8 ! x9
x1 X2 i X3 x1 X2 i x3

,,,,,,,,,,, R S A
x4 X5 x6 x4 X5 | X6
|

X7 x8 X9 X7 x8 i x9

Givenx?
fori = 0: (niter 1)

Sample(xy™ ) (xajx}; x5 xb;xh; xb)

Sample(x5™ ; x5) (x2; x3jxyt;xh; xb xh; xbh)

Sample(x,™ ;x;™ ) (xarxzixy™xb T kG xdxd)

Sample

(Xi;l ;Xi6+l ;Xi8+l ;Xi9+l ) (X5;X6;X8;X9in1+1 ;Xi2+1 ;Xi’;l ;Xi4+1 ;Xi7+1 )
Return((x3; x3;::05x3)5 (X253, 100, x3); ooy (xiter pxgier ooy xgiter )
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Partially conditional blocks ap-
proximation

Transitionprobability:

gxjx) =  (x%xa;Xe; X7; Xg; Xo)
(X2; X3iX7; X4; X7; Xg; Xo)
(Xa; X9)X3; X3; X3; X6; Xo)
(Xs: Xg: Xg; XgiX1; X33 X3; X3 X7)
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Partially conditional blocks ap-

proximation
Transitionprobability:

gxjx) =  (x%xa; Xe; X7; Xg; Xo)
(X2; X3jX3; X 45 X7; Xs; Xo)
(X3 X91XT; X35 X3; Xe: Xo)
(X3; Xgs Xg; XJX1; X3 X3; X35 X7)

Canusethat:
(a;bc)
(Ha;c)

(ac) =

forany b

Partially conditionalblocksapproximationsise din MCMC —p.15/2!



Oppositereversal

A M-H proposalkonstructedy Gibbssteps
doesnt give acceptancerobability 1.
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Oppositereversal

A M-H proposalkonstructedy Gibbssteps
doesnt give acceptancerobability 1.
Sample®rstadirectioni = f0; 1g
If1l == Ouseqp:B1! B! Bs! By
ifi == luseq; :Bs! Bs! B! B;j
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Oppositereversal

A M-H proposalkonstructedy Gibbssteps
doesnt give acceptancerobability 1.

Sample®rstadirectioni = f0; 1g

If1l == Ouseqp:B1! B! Bs! By

If1 == luseq :Bs! Bs! By! B;j
Useacceptancerobability (Tjelmeland&
Hegstad,2002)

n -0 0
o (X9 i(x)x)

Thisgives = 1 for overlappingblock Gibbs
proposal put generallynot for a partial
conditioningsampler

Partially conditionalblocksapproximationsisedin MCMC —p.16/2



DAG fMRI
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DAG fMRI

Dimension(a; b) full problem356775.
Dimension(a; b) reducedoroblem111825.
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Solution fMRI

Samplingscheme:
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Algorithm

Given 9 andx®
forj = 0: (niter 1) niter = 20000
Sample "W g( j !) Independentandomwalk, pam estimatedeforehand
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Algorithm

Given 9 andx®
forj = 0: (niter 1)
Sample "W q( j )
Samplei: P(i = 0) = P(i = 1) = 0:5.
Samplefrom overlappingblock Gibbsproposak "W g (xjx°d ; new )

Eachblock: a and®vel.
Overlap:a andtwo b .
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Algorithm

Given 9 andx®
forj = 0: (niter 1)
Sample "™V q( j )
Samplei: P(i = 0) = P(i = 1) = 0:5.
Samplefrom overlappingblock Gibbsproposak "W g (xjx°d ; new )
Calculateacceptancerobability

(YIx"S ) (x"j M) (oW )g( T "o )g (xdjxe ; )
Yx3) CAT ) ()al ™ D (X jd ;)

= min(1;

)

Sampleu  Unif(0; 1)
if(lu< )

J+¥1 — new

xlt1 = ynew

else
j+l = ]

x)t1 = I
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ResultstMRI

Traceplotshyperparameters:

8 I I I I
0 2000 4000 6000 8000 t 10000 12000 14000 16000 18000

1 1 1 1 1 1 1 1
0 2000 4000 6000 8000 10000 12000 14000 16000 18000

0.3

0.22

I I I I I I I I
0 2000 4000 6000 8000 10000 12000 14000 16000 18000
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ResultstiMRI
Estimatedmeana andbyg, Ibg andbss:

mean(a) t=18 t=28 t=38
: 200
1800
10t 1 101 1 10t 1 101 { W
1600
160
201 1 []1400 20} . 201 1 20} 1
F4140
11200
30+ 1 301 1 30+ 1 30 1 H120
11000
1100
40 . 40 . 40} . 40 .
1800
80
50 1 U 50 1 50 1 50 1
600 Lo
60 1 §400 6o 1 60 1 601 1 M40
200 20
70t . 701 . 70t . 701 .
L L L L 0 L L L L L L L L L L L L 0
5 10 15 20 5 10 15 20 5 10 15 20 5 10 15 20
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ResultstMRI

L]
IEEEE :Es;ll:l iEE‘:l:‘EE! (::I’!I']I‘EEE iEEl.I’-liEE‘. ‘Efil (:] EEE‘. (::i .
m N g, [pg all 8-
mean(a) t=18 t=28 t=38
1800
10t 1 Bi600 107 1 10 , 10
20 1 []1400 20 1 201 1 201
11200
30+ , 30 1 30+ , 30+
k41000
40t , 40t 1 40t , 40t
F800
50+ 600 5Of 1 50+ , 50+
60 1 B400 eo0f 1 60 1 60
200
70 , 70 1 70 , 70
L 0 L L L
5 10 15 20 5 10 15 20 5 10 15 20 5 10 15 20

Estimatefor somepixelsin time:

1000

950 - A N N .
900 pixel (20,24) ,"
gsol <~ T T T
800
750
700
650
600 -

550 | | | | | |
0 10 20 30 40 50 60 70
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Partially conditional approximated
blocks approximations

Cansampleeachblock from anapproximatiorto
(XgJx B; "™M)Y).

Enableusto make inferencefrom hiddenGMRF
modelswith non-Gaussiahk elihood.

Have usedthis for atime-spacalisease-mapping
examplewith GMRF latent®eld andPoisson
likelihood.
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How to choose block and buffer

Sizes | | |
Blocks: Whatis OK from a computationapoint

of view.
Buffers: Dependntheproblem:
Largerspatialdependent¥ largerbuffers

|.e. oftendepend®nthedataseandthe
currentvalueof "¢V,
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Summary

Background:

LatentspatialMarkov modelsdescribealarge
classof problems.

One-blockupdatingschemesmportantfor
mixing of Metropolis-Hastingsamplers.

Challenge:Proposafor x, g(xjx°ld: new)

Make anapproximatiorfrom partially
conditionalblocks.

Useknowledgefrom thedependencstructureto
setup blocksandbuffers.

Computationabene®tdecaus®nly smaller
blocksareinvolved.
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This presentation...

canbefoundon
www.math.ntnu.no/ingelins
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