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ABSTRACT
The main objective of the AVO inversion is to obtain posterior distributions for
P-wave velocity, S-wave velocity and density from specified prior distributions, seismic
data and well-log data. The inversion problem also involves estimation of a seismic
wavelet and the seismic-noise level. The noise model is represented by a zero mean
Gaussian distribution specified by a covariance matrix. A method for joint AVO inver-
sion, wavelet estimation and estimation of the noise level is developed in a Bayesian
framework. The stochastic model includes uncertainty of both the elastic parameters,
the wavelet, and the seismic and well-log data. The posterior distribution is explored
by Markov-chain Monte-Carlo simulation using the Gibbs’ sampler algorithm. The
inversion algorithm has been tested on a seismic line from the Heidrun Field with
two wells located on the line. The use of a coloured seismic-noise model resulted in
about 10% lower uncertainties for the P-wave velocity, S-wave velocity and density
compared with a white-noise model. The uncertainty of the estimated wavelet is low.
In the Heidrun example, the effect of including uncertainty of the wavelet and the
noise level was marginal with respect to the AVO inversion results.

I N T R O D U C T I O N

Geophysical measurements are of crucial importance in mak-
ing models of the structures and the physical properties of the
subsurface. The geophysical measurements are often strongly
affected by noise and measurement uncertainty, and the es-
tablished subsurface models may be highly uncertain. Quan-
tification of the uncertainty is important to appreciate these
subsurface models correctly. In a Bayesian setting, available
prior knowledge is combined with the information contained
in the measured data (Tarantola and Valette 1982; Duijndam
1988a,b; Malinverno 2000; Scales and Tenorio 2001; Ulrych,
Sacchi and Woodbury 2001). The prior knowledge about the
model parameters is specified by probability density func-
tions where the prior belief and the corresponding uncertainty
are defined. The relationship between the model parameters
and the measured data is described by the likelihood model.
The solution of a Bayesian inverse problem is represented
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by the posterior distribution, which provides both the most
probable solution and information about the corresponding
uncertainty.

Amplitude versus offset (AVO) inversion can be used to ex-
tract information about the elastic subsurface parameters uti-
lizing the angle dependency of the reflection coefficient (Smith
and Gidlow 1987; Hampson and Russell 1990; Buland et al.

1996; Gouveia and Scales 1998; Wang 1999). The AVO in-
version problem can be linearized if an appropriate processing
sequence is applied to the seismic data prior to the inversion.
Important elements in such processing are the removal of the
moveout, multiples, and the effect of geometrical spreading
and absorption. The seismic data should be prestack migrated
(Wang, White and Pratt 2000; Buland and Landrø 2001) and
transformed from offset to reflection angle. A Bayesian lin-
earized AVO inversion is defined in Buland and Omre (2003a),
where an explicit analytical form of the posterior distribution
is derived under Gaussian model assumptions. The explicit an-
alytical form of the posterior distribution provides a compu-
tationally fast inversion method suitable for inversion of large
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3D seismic data sets. However, the elastic parameters are not
laterally coupled, so the inversion is performed independently
for each bin gather. Furthermore, the seismic wavelet and the
noise covariance are assumed to be known prior to the inver-
sion. A Bayesian method for estimation of the wavelet and the
noise covariance is presented in Buland and Omre (2003b).

In this paper, a more realistic and complex statistical model
is defined for the linearized AVO inversion problem. Firstly,
a spatial coupling of the model parameters is imposed by a
spatial correlation function. This ensures a spatially consis-
tent solution. Secondly, the solution is obtained both from
seismic prestack data and well logs. The spatial coupling of
the model parameters is required for the integration of seismic
and well-log data. Thirdly, the AVO inversion, the wavelet
estimation and the estimation of the noise level are carried
out simultaneously. The uncertainty of the wavelet and the
noise level, and the corresponding effect on the estimated
elastic parameters, are integrated in the algorithm. A general
hierarchical Bayesian model is defined. This means that the
statistical parameters specifying probability density functions
are also regarded as uncertain, for example the mean vector
and the covariance matrix for a Gaussian variable. These sta-
tistical parameters are assigned prior distributions specified
by hyperparameters. For trivial Bayesian problems, analyti-
cal expressions for the posterior distributions can often be
found. In the current case, no analytical solution exists, but
the posterior distribution can be explored by Markov-chain
Monte-Carlo (MCMC) simulation (Gilks, Richardson and
Spiegelhalter 1996; Chen, Shao and Ibrahim 2000). The
methodology is presented in the following sections, firstly in
rather general terms, and then illustrated by an inversion ex-
ample of a real data set from the Heidrun Field.

M E T H O D O L O G Y

An isotropic, elastic medium is described completely by the
material parameters {α(x, t), β(x, t), ρ(x, t)}, where α, β and ρ

are P-wave velocity, S-wave velocity and density, x is the lateral
location, and t is the two-way vertical seismic traveltime. A
weak contrast reflectivity function for PP reflections is (Aki
and Richards 1980; Buland and Omre 2003a)

c(x, t, θ ) = aα(x, t, θ )
∂

∂t
ln α(x, t)

+ aβ (x, t, θ )
∂

∂t
ln β(x, t) + aρ(x, t, θ )

∂

∂t
ln ρ(x, t),

(1)

where θ is the angle of reflection, aα = (1 + tan2 θ )/2, aβ =
−4(β/α)2 sin2 θ and aρ = (1 − 4(β/α)2 sin2 θ )/2. The inver-
sion algorithm requires that aα, aβ and aρ are defined from a

prior known background model. Motivated by the form of the
reflectivity function in expression (1), let the unknown model
parameter vector be

m(x, t) = [ln α(x, t), ln β(x, t), ln ρ(x, t)]T, (2)

where superscript T denotes transpose.
The seismic data are represented by the convolutional model

dobs(x, t, θ ) =
∫

s(τ, θ ) c(x, t − τ, θ ) dτ + ed(x, t, θ ), (3)

where s is the wavelet, and ed is an error term. The wavelet is
allowed to be angle dependent, but should be independent of
the lateral location x. The wavelet is assumed to be stationary
within a limited target window.

The seismic data dobs(x, t, θ ) are available in a discrete form,
denoted dobs. In general, the discretization of the subsurface
parameters m(x, t) should be determined by the intrinsic vari-
ability and future use of the inverted parameters. An identical
lateral and temporal sampling of the model parameters and the
seismic data is often chosen. Usually, this is an adequate choice,
but the methodology is not restricted to equal sampling. Let a
discrete representation of m(x, t) be written m. Further, let s
be a discrete representation of the seismic wavelet and let wobs

be a discrete representation of the well-log data.

The stochastic dependency model

The variables and the problem structure are graphically dis-
played by a directed acyclic graph (DAG) in Fig. 1 (see e.g.

Figure 1 The stochastic model represented by a directed acyclic graph.
The nodes represent stochastic variables, the thin arrows represent
probability dependencies, and the thick arrows represent deterministic
relationships.
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Lauritzen 1996; Spiegelhalter et al. 1996). All nodes in the
graph represent stochastic variables, where µ and Σ denote
expectation vectors and covariance matrices. The arrows rep-
resent the causal dependency structure, where thin lines indi-
cate probability dependencies and thick lines represent deter-
ministic relationships. The DAG can be interpreted as a family
tree where the parent nodes point to its children. When prob-
abilistic dependencies are considered, nodes connected by a
deterministic link merge into a single node. The expectation
vectors µw and µd are deterministically determined from m
and from m and s, respectively. The parents of the well-log
data are therefore Pa(wobs) = {m, Σw}, and the parents of the
seismic data are Pa(dobs) = {m, s, Σd}, where the notation
Pa(v) denotes the parents of a node v. Before any data are
observed, the marginal distributions of the parents are inde-
pendent, but when their child is observed, the properties of the
parents become dependent. An example is m and s which are a

priori independent, but become dependent when the observed
seismic data dobs are included in the model.

The likelihood model

The error term in the convolutional model in expression (3) is
assumed to be zero mean Gaussian with covariance Σd. The
likelihood model for the seismic data dobs is then Gaussian,
compactly denoted

dobs |µd,Σd ∼ Nnd
(µd,Σd), (4)

where nd is the dimension of the seismic data vector dobs.
A definition of the multi-Gaussian distribution is given in
Appendix A. The expectation vector µd is deterministically
determined by the convolution of the reflection coefficients
computed from m with the wavelet s.

The relationship between the well observations wobs and the
total model parameter vector m can be written

wobs = Pm + ew, (5)

where P is a design matrix of zeros and ones which defines the
locations of the wells relative to m, and ew is an error term.
If we assume that the well-log error ew is zero mean Gaussian
with covariance Σw, then the likelihood model for the well-log
information is Gaussian,

wobs |µw,Σw ∼ Nnw (µw,Σw), (6)

where nw is the dimension of wobs and µw = Pm. The well lo-
cations relative to the seismic data are assumed to be correct.
Also the conversion of the well logs from depth to seismic trav-
eltime is assumed to be correct. In principle, this uncertainty

related to the depth-to-time transform of the well logs could
have been included in the present method by simulation of
possible shift, stretch and squeeze of the log time axis (Buland
and Omre 2003b).

The prior model

The model parameters m are a priori assumed to be Gaussian,

m |µm,Σm ∼ Nnm (µm,Σm), (7)

where nm is the dimension of m, and µm and Σm are the ex-
pectation vector and covariance matrix, respectively. The ex-
pectation is usually constant or slowly varying for each of
the parameters ln α, ln β and ln ρ in m. The covariance de-
fines the variances and the correlations between the different
elements in m. A spatial coupling of the parameters is im-
posed through the covariance matrix by a spatial correlation
function.

Also the wavelet s is a priori modelled with a Gaussian
distribution,

s |µs,Σs ∼ Nns (µs,Σs), (8)

where ns is the dimension of s, and µs and Σs are the ex-
pectation vector and the covariance matrix, respectively. The
length of the wavelet is fixed. In general, the length of the
wavelet should be as short as possible, but still long enough
to represent the link between the model parameters and the
seismic data as defined by the convolutional model. Expected
smoothness of the wavelet can be imposed through the covari-
ance matrix by a temporal correlation function.

The DAG in Fig. 1 represents a hierarchical Bayesian model,
where the expectations and covariances are stochastic. The
prior expressions for m and s in expressions (7) and (8) can
be regarded as the first level of a hierarchical prior model,
the structural portion, while the prior distributions for the
expectation vectors and covariance matrices form the second
level, the subjective portion of the prior (see Robert 1994;
Carlin 1996).

A mathematically convenient class of prior distributions for
the second level is the conjugate prior distributions (Robert
1994). These distributions have the same parametric prior and
posterior forms, but with different parameters. The conjugate
distributions for expectation and variance in a Gaussian model
are the Gaussian and the inverse gamma distributions, respec-
tively. The uncertainties of µm and µs are therefore modelled
by Gaussian distributions,

µm ∼ Nnm

(
µµm

,Σµm

)
, (9)
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µs ∼ Nns

(
µµs

,Σµs

)
, (10)

where the expectations µµm and µµs , and the covariances Σµm

and Σµs , are fixed hyperparameters. The expectations µw and
µd are deterministically determined and do not need prior
distributions.

If the covariance matrices Σm, Σs, Σw and Σd are known up
to unknown multiplicative variance factors, the covariances
can be written

Σi = σ 2
i Σ0,i , (11)

where i is one of {m, s, w, d}. The uncertainty of the unknown
variance factor σ 2

i is modelled by the inverse gamma distribu-
tion,

σ 2
i ∼ IG(γi , λi ), (12)

where the hyperparameters γ i and λi define the prior expecta-
tion and variance (see Appendix B). If a covariance matrix is
completely unknown, a conjugate prior distribution can be ob-
tained using the inverted Wishart distribution. Then the condi-
tional distribution given the corresponding sample covariance
matrix is also inverted Wishart distributed (see Appendix C).

The posterior model

The objective of the inversion is to obtain the posterior dis-
tributions for the variables involved, based on the observed
seismic data dobs and the well logs wobs. Let the vector v repre-
sent the unknown quantities, that is, all variables in the DAG
in Fig. 1 except dobs and wobs. Further, let o be a vector con-
taining the observed data,

o =
[

wobs

dobs

]
. (13)

The posterior distribution for v given dobs and wobs can be
written

p(v | o) = p(v, o)
p(o)

, (14)

where p(v, o) is the complete joint distribution. The pdf p(o)
does not contain unknown variables, and can therefore be
regarded as a constant. The complete joint distribution for
a model represented by a DAG can generally be written
(Spiegelhalter et al. 1996)

p(v, o) =
∏

xi ∈{v,o}
p(xi | Pa(xi )). (15)

An expression for the posterior distribution is now defined
from expressions (14) and (15), and the DAG in Fig. 1,

p(m, s,µm,µs,Σm,Σs,Σw,Σd | dobs, wobs)

∝ p(dobs | m, s,Σd)p(wobs | m,Σw)p(m |µm,Σm)

p(s |µs,Σs)p(µm)p(µs)p(Σm)p(Σs)p(Σw)p(Σd),

(16)

where the proportionality is caused by the unknown constant
probability density functions involving dobs and wobs.

The Gibbs’ sampler algorithm

The posterior distribution can be explored by MCMC sim-
ulation. The Gibbs’ sampler is perhaps the best known and
most popular of the MCMC algorithms. The name of the al-
gorithm was introduced by Geman and Geman (1984) who
worked with Gibbs’ distributions on lattices, but the name is
misleading as the application of the algorithm is general, and
not restricted to Gibbs’ distributions. A general presentation
of MCMC can be found in Gilks et al. (1996) and Chen et al.

(2000).
The Gibbs’ sampler algorithm works on the complete joint

distribution and requires full conditional distributions for each
single variable given all the others. One iteration consists of
drawing new samples for the unknown quantities. A new sam-
ple is drawn conditioned on the current state of the other ele-
ments in v. Once an element is drawn, it goes into the current
state of v.

The pseudo-code of the Gibbs’ sampling algorithm can be
written
Initiate: Set arbitrary v(0) where p(v(0) | o) > 0.
Iterate: For i = 1, 2, . . . , draw

v(i)
1 ∼ p(v1 | v−1, o),

...
v(i)

j ∼ p(vj | v− j , o),
...

v(i)
n ∼ p(vnv | v−n, o),

where v− j = {v(i)
1 , . . . , v(i)

j−1, v(i−1)
j+1 , . . . , v(i−1)

nv
}. Instead of draw-

ing single elements from v as shown above, a slightly more
general algorithm is obtained by allowing for simultaneous
drawing of a group of elements. An example is to draw the
complete wavelet s instead of updating single samples of the
wavelet. The elements in the model parameter vector m can
also be grouped, for example into the complete vector m, or
some partition of m. The full conditional distributions needed
in the Gibbs’ sampling are specified in Appendix D.
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I N V E R S I O N E X A M P L E O F H E I D R U N D ATA

The Heidrun Field is an oil and gas field, offshore mid-
Norway. Geologically, the field comprises a heavily faulted
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Figure 2 The seismic data represented by angle stacks: 11◦ (top), 22◦ (middle) and 33◦ (bottom).

and eroded horst block of early to mid-Jurassic clastic de-
posits. The reservoirs are located in the shallow, clean Fangst
Group sandstones, and in the deeper and more heterogeneous
sandstones of the Tilje and Åre Formations.
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A seismic line passing through two wells, A and B, is used
in this inversion example. The seismic data consist of nθ =
3 angle stacks with average angles 11◦, 22◦ and 33◦ (Fig. 2).
Well A is located at CDP 1191 and well B at CDP 1227. An
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Figure 3 Wavelets simulated from the prior distribution.
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Figure 4 Monitor plot of the seismic white-noise variance σ 2
d.

interpretation of top reservoir (Fangst Group) is shown by a
black line. A 300 ms time window is inverted, where the top
and bottom are parallel to the interpreted top reservoir hori-
zon. Typical seismic peak amplitudes are of the order of 0.1.
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The prior model

Among the hierarchical parameters, we consider the unknown
seismic error covariance matrix Σd to be the most interesting.
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Figure 5 Posterior distribution for the seismic white-noise variance σ 2
d. The a priori distribution is shown dotted.
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Figure 6 Posterior distribution for the seismic error variance σ 2
d for coloured noise. The a priori distribution is shown dotted.

The estimation of both the wavelet s and the model parameter
vector m with corresponding uncertainties depends on Σd.
Unfortunately, the estimation of Σd is usually not a trivial
problem. The dominating noise in processed seismic data is
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usually source-generated noise, for example remaining mul-
tiples or processing artefacts. Such noise components usu-
ally have a smooth waveform similar to the waveform of the
primary events. However, if well logs are available, the mis-
fit between the synthetic seismic well-log response and the
real seismic data can be used to estimate Σd, or a set of pa-
rameters which determines the complete Σd. Three different
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Figure 7 Simulated wavelets (grey lines) and the posterior mean wavelet (black line) for noise model 1.
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Figure 8 Simulated wavelets (grey lines) and the posterior mean wavelet (black line) for noise model 2.

seismic-noise models are defined below, numbered from 1 to
3. The covariance matrices are here defined for a single CDP
gather with nθ = 3 traces, and we assume no correlation be-
tween different CDP positions. In contrast, Σd in expression
(4) is the covariance for the complete seismic data set. Ac-
cordingly, nd is here reduced to be the dimension of a CDP
gather.
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Noise model 1 is a simple white-noise model with unknown
variance,

Σd,1 = σ 2
d Ind

, (17)

where Ind
is an nd × nd identity matrix. Our a priori knowledge

about the seismic-noise level is vague. The a priori uncertainty
is described by the inverse gamma distribution

σ 2
d ∼ IG(2, 0.0005), (18)

where the a priori expectation of σ 2
d is 0.0005, and the variance

is undefined (infinite) (see Appendix B).
Noise model 2 has coloured covariance with fixed corre-

lation structure. The expected temporal smoothness of the
seismic error is modelled by a second-order exponential cor-
relation function with range 14 ms. In addition, 10% white
noise is added. Let the corresponding discrete correlation ma-
trix for a seismic error trace be denoted Υd. A block-diagonal
coloured covariance matrix is defined by the Kronecker
product,

Σd,2 = σ 2
d Inθ

⊗ Υd, (19)

where each of the elements in the 3 × 3 identity matrix Inθ
is

multiplied with the temporal nt × nt correlation matrix Υd,
with nt = 151 being the number of time samples. This means
that we assume that the error variance is equal for the three
angle stacks, and that there is no correlation between them.
The unknown variance σ 2

d is modelled by the inverse gamma
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Figure 9 Simulated wavelets (grey lines) and the posterior mean wavelet (black line) for noise model 3.

distribution as in expression (18). Note that noise model 1 can
be written in a similar form, Σd,1 = σ 2

dInθ
⊗ Int .

Noise model 3 has coloured covariance with a separate un-
known variance factor for each angle stack and unknown cor-
relation coefficients between the angles. The covariance ma-
trix is obtained by substituting the diagonal matrix σ 2

dInθ
in

expression (19) with an unknown nθ × nθ covariance matrix
Σθ , such that

Σd,3 = Σθ ⊗ Υd. (20)

The covariance matrix Σθ is a priori assigned an inverted
Wishart distribution with 5 degrees of freedom,

Σθ ∼ IWnθ
(0.0001Inθ

, 5) (21)

(see Appendix C). With only 5 degrees of freedom, the prior
distribution will only have a marginal effect on the conditional
distribution for Σθ . Here, the relative influence of the prior dis-
tribution versus the sample covariance is about 1 to 60. If the
prior knowledge about Σθ is more precise, the relative influ-
ence of the prior distribution can be increased by increasing
the degree of freedom.

The wavelet is a priori assumed to be Gaussian with un-
known expectation and covariance. The wavelet length is set
at 80 ms, which is sufficient for a main centre loop and two
side loops. A separate wavelet is estimated for each of the
three angle stacks, such that ns = 3 × 41 with 2 ms sampling.
The expected temporal smoothness is imposed through a
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covariance matrix Σ0,s by a second-order exponential cor-
relation function with range 14 ms. Note that this correla-
tion function is identical to the correlation used to model the
smoothness of the coloured seismic noise. Furthermore, it is
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Figure 10 Simulated solution conditioned to seismic and well-log data.

imposed so that the wavelets smoothly approach zero towards
the first and last wavelet samples. The wavelets are also as-
sumed to vary smoothly as a function of angle of reflection.
This is imposed through Σ0,s by a second-order exponential
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correlation function with range 30◦. The prior distribution for
the wavelet expectation is

µs ∼ Nns (0,Σµs ), (22)
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Figure 11 Posterior mean solution conditioned to seismic and well-log data.

where the prior expectation is a zero vector, and the covariance
Σµs is a fixed hyperparameter. From the seismic amplitudes
(see Fig. 2), we expect the maximum wavelet amplitude to
be of the order of 1, so Σµs = 12Σ0,s. The unknown wavelet
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covariance Σs is

Σs = σ 2
s Σ0,s, (23)

where the a priori model for the unknown variance is

σ 2
s ∼ IG(2, 0.001), (24)
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Figure 12 Average posterior uncertainty for P-wave velocity (blue), S-wave velocity (green) and density (red) for noise model 1.
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Figure 13 Average posterior uncertainty for P-wave velocity (blue), S-wave velocity (green) and density (red) for noise model 2.

with expectation 0.001 and undefined (infinite) variance. To
illustrate the defined prior model, a set of wavelets simulated
from the prior distribution is shown in Fig. 3. Except for the
imposed smoothness and the amplitude decay towards –40 ms
and 40 ms, the prior model is flexible with respect to the shape
of the wavelets.
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The prior model for m is modelled by a Gaussian distri-
bution specified by the expectation µm and the covariance
Σm. A thorough presentation of the prior model for m can be
found in Buland and Omre (2003a). In this example, the prior
model for m is determined from the well logs and then fixed.
The expectation µm can be considered to be a slowly vary-
ing background model for ln α(x, t), ln β(x, t) and ln ρ(x, t).
The temporal variation of µm should be smooth, but of suffi-
ciently high frequency to cover the missing low frequencies in
the band-limited seismic data. In this example, the prior expec-
tation is vertically slowly varying but laterally constant, which
means constant along structures parallel to the interpreted top
reservoir horizon. The covariance function is stationary and
homogeneous, and can be factorized as

Σm(x1, t1; x2, t2) = Σ0,m νm(ξ, τ ), (25)

where νm(ξ , τ ) is a spatial correlation function, ξ is the distance
between x1 and x2, τ is the time lag between t1 and t2, and

Σ0,m =

 σ 2
α σασβναβ σασρναρ

σασβναβ σ 2
β σβσρνβρ

σασρναρ σβσρνβρ σ 2
ρ

 . (26)

The diagonal elements of Σ0,m are the variances, and ναβ , ναρ

and νβρ are the correlations between ln α(x, t), ln β(x, t) and
ln ρ(x, t), respectively. From the well logs, estimates of the
elements in Σ0,m are obtained by standard estimators. The
estimated variances for ln α, ln β and ln ρ are σ̂ 2

α = 0.0026,
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Figure 14 Average posterior uncertainty for P-wave velocity (blue), S-wave velocity (green) and density (red) for noise model 3.

σ̂ 2
β = 0.0034 and σ̂ 2

ρ = 0.0020, and the estimated correlation
coefficients are ν̂αβ = 0.76, ν̂αρ = 0.77 and ν̂βρ = 0.81. The
vertical variability is modelled by a sum of an exponential
second-order correlation function with range 2 ms and a nor-
malized second derivative of an exponential second-order cor-
relation function with range 10 ms (Buland and Omre 2003a).
The lateral coupling of the model parameters is imposed
by a first-order exponential correlation function with range
125 m, i.e. 10 CDP positions.

In the well positions, the well logs represent measurements
of the model parameters m. The covariance of the possible
well-log errors is set at

Σw = σ 2
wI, (27)

with σ 2
w = 0.0001, such that the variance is fixed and identical

for the ln α, ln β and ln ρ logs. A non-informative prior distri-
bution should not be specified for σ 2

w since the seismic-error
term in the convolutional model is not completely separable
from errors corresponding to the well-log errors. The prior
model for σ 2

w should therefore be specified exactly, or at least
relatively precisely (Buland and Omre 2003b).

Simulation results

The posterior distribution is explored by 500 iterations with
the Gibbs’ sampler algorithm. MCMC algorithms generally
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need some initial iterations before convergence to the poste-
rior distribution is reached. The convergence can be evaluated
by monitoring the involved variables using different initial val-
ues. In this problem, the convergence is fast; only some few
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Figure 15 Posterior mean solution conditioned to seismic data.

burn-in iterations are needed. To be certain, the first 20 itera-
tions are considered to be burn-in iterations, and these are not
used in the calculations. For noise model 1 in expression (17),
the simulated seismic error variance is shown as a function
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of iteration number in Fig. 4. The initial variance was 0.0001,
but the convergence to the level between 0.0002 and 0.0003 is
reached after the first iteration. Tests with other initial values
also show good convergence properties. The posterior distri-
bution of σ 2

d is represented by a histogram of the simulated
variance values in Fig. 5. The posterior mean of the seismic
white-noise variance is estimated from the MCMC samples to
be 0.00024. For noise model 2 in expression (19), the poste-
rior distribution for the variance factor is shown in Fig. 6, with
a posterior mean of about 0.0001. A lower variance factor is
sufficient to represent the seismic error with the coloured co-
variance compared with the white covariance. For noise model
3 in expression (20), the posterior mean for Σθ is estimated to
be

Σθ = 10−4

 0.91 0.14 −0.21
0.14 1.03 0.56

−0.21 0.56 0.99

 . (28)

The variance factors on the diagonal of Σθ are about 0.0001
for the three angle stacks, as for noise model 2. The correla-
tions are 0.15 between the error traces for 11◦ and 22◦, 0.5
between 22◦ and 33◦, and −0.2 between 11◦ and 33◦. The
posterior uncertainty of Σθ represented by two standard de-
viations is

10−4

±0.21 ±0.16 ±0.15
±0.16 ±0.24 ±0.21
±0.15 ±0.21 ±0.24

 . (29)

The uncertainty of variance factors on the diagonal is about
23%, while the off-diagonal covariance factors are relatively
far more uncertain.

The simulated wavelets for the three different seismic-noise
models in expressions (17), (19) and (20) are plotted in Figs 7,
8 and 9 with grey lines. The grey clouds illustrate the wavelet
uncertainty. The estimated posterior mean wavelets are shown
with black lines. The differences between the wavelets for the
three seismic-noise models are marginal.

A simulated solution for the P-wave velocity, the S-wave
velocity and the density is shown in Fig. 10 using seismic-
noise model 2 in expression (19). The simulated solution rep-
resents one possible laterally consistent solution with high
vertical variability. In some cases, for example in fluid-flow
simulation, a set of simulated solutions with realistic vari-
ability is needed. Usually, however, it is more convenient to
summarize the results in a best solution with the correspond-
ing uncertainty, for example the posterior mean or the maxi-
mum posterior solution. The posterior mean solution obtained
from the simulations is shown in Fig. 11. The corresponding

solutions using the two other seismic covariance models differ
only marginally. Note that the solution has highest resolution
near the two wells. The additional information obtained from
the well logs reduces the uncertainty near the wells. The verti-
cally averaged posterior uncertainty represented by two stan-
dard deviations is shown in Figs 12, 13 and 14 for each CDP
position along the seismic line for the three different seismic-
noise models. In comparison, the average a priori uncertainty
is 316 m/s for the P-wave velocity, 181 m/s for the S-wave
velocity and 200 kg/m3 for the density. The average uncer-
tainty at well B is higher compared with the uncertainty at
well A since the well-log data in B do not cover the complete
inversion window. The jagged form of the curves is related to
the approximate screening algorithm presented in Appendix
E. However, we consider the deviations from a smooth curve
to be small compared with the total uncertainty. The poste-
rior uncertainty of the estimated elastic parameters is about
10–15% higher for the white-noise model than for the two
coloured-noise models.

If the wavelet and the noise covariance are estimated prior
to the inversion, and then plugged into the inversion as fixed
quantities, the solution of the linearized AVO inversion prob-
lem is given in an explicit analytical form, and MCMC sim-
ulation is not required. In this paper, a stochastic model is
defined which includes the uncertainty of s and Σd. How-
ever, in the Heidrun example the effect of including the uncer-
tainty of the wavelet and the noise covariance was marginal
with respect to the estimated m and its uncertainty. With the
peaked posterior distribution for the noise variance in Fig. 6
and the low wavelet uncertainty in Fig. 8, this is not surpris-
ing. In cases where the wavelet and the covariance uncertainty
are larger, the corresponding effect on the estimated P-wave
velocity, the S-wave velocity, and the density may be more
distinct.

If the lateral coupling of the model is abandoned, the AVO
inversion cannot be conditioned to the well-log data, except
exactly in the well positions. The posterior mean solution with
no lateral coupling and with fixed wavelet and noise covari-
ance is shown in Fig. 15, and the corresponding posterior
uncertainty is shown in Fig. 16. The differences between the
MCMC solution in Fig. 11 and the analytically obtained so-
lution in Fig. 15 are minor, except near the wells. The uncer-
tainty level is close to the maximum uncertainty in Fig. 13.
The difference in computer time is dramatic, however. The
MCMC solution shown in Fig. 11 was obtained in about 12
hours, while the solution shown in Fig. 15 was completed
within some few seconds on a 400 MHz single CPU machine.
The difference in the computer time is mainly caused by the
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Figure 16 Average posterior uncertainty for P-wave velocity (blue), S-wave velocity (green) and density (red), using fixed wavelet and fixed
coloured noise covariance.

500 iterations of the Gibbs’ sampler algorithm, but also by the
lateral coupling of the model parameters.

C O N C L U S I O N S

A spatially coupled AVO inversion method has been defined in
a hierarchical Bayesian framework. The stochastic model in-
cludes uncertainty of both the elastic parameters, the wavelet,
and the seismic and well-log data. The seismic-noise model
is of special interest since both the AVO inversion and the
wavelet estimation depend on the noise covariance, and since
the estimation of a noise model may be highly uncertain it-
self. One white and two coloured seismic-noise models with
stochastic noise levels were tested. On a real data example
from the Heidrun Field, the use of coloured seismic-noise
models gave better results with about 10% lower uncertainty
than the white-noise model. The uncertainty of the estimated
wavelet was low for all three noise models. If the wavelet and
the noise covariance are estimated prior to the AVO inver-
sion and used as fixed non-stochastic quantities, the inversion
problem has an explicit analytic solution. When the wavelet
and the noise level are stochastic, the posterior solution can
be obtained by Monte-Carlo simulation. In the Heidrun ex-
ample, the effect of including the uncertainty of the wavelet
and the noise level was negligible with respect to the elastic
parameters and the corresponding uncertainty.
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A P P E N D I X A

Gaussian distribution

The multi-Gaussian probability density is (Anderson 1984)

p(r) = 1
(2π )n/2 |Σ|1/2

exp
[
−1

2
(r − µ)TΣ−1(r − µ)

]
, (A1)

where n is the dimension of r, and µ and Σ are the expectation
vector and the covariance matrix, respectively.

Consider two multivariate Gaussian variables r1 ∼
Nn1 (µ1,Σ11) and r2 ∼ Nn2 (µ2,Σ22) with joint distribution,[

r1

r2

]
∼ Nn1+n2

([
µ1

µ2

]
,

[
Σ11 Σ12

Σ21 Σ22

])
, (A2)

where n1 and n2 are the dimensions. Then the conditional
distribution of r1 given r2 is Gaussian with expectation,

µ1 | 2 = µ1 + Σ12Σ−1
22 (r2 − µ2), (A3)

and covariance,

Σ1 | 2 = Σ11 − Σ12Σ−1
22 Σ21. (A4)

A P P E N D I X B

Gamma and inverse gamma distribution

The univariate gamma distribution G(γ, λ) is defined by the
probability density function (Robert 1994),

p(x | γ, λ) = λγ

�(γ )
xγ−1 exp[−λx], (B1)

for x ≥ 0, γ > 0, λ > 0. The expectation and variance are

E{x | γ, λ} = γ

λ
, (B2)

Var{x | γ, λ} = γ

λ2
. (B3)

Two special cases of the gamma distribution are the exponen-
tial distribution E(λ) for γ = 1, and the chi-squared distribu-
tion X 2

ν for γ = ν/2 and λ = 1/2.
If y ∼ G(γ, λ), then x = 1/y has the inverse gamma distri-

bution IG(γ, λ) defined by the probability density function,

p(x | γ, λ) = λγ

�(γ )

(
1
x

)γ+1

exp
[
−λ

x

]
, (B4)

for x ≥ 0, γ > 0, λ > 0. The expectation and variance are

E{x | γ, λ} = λ

γ − 1
, γ > 1, (B5)

Var{x | γ, λ} = λ2

(γ − 1)2(γ − 2)
, γ > 2. (B6)

The expectation and variance in expressions (B5) and (B6)
approach infinity when γ → 1 and γ → 2 (from above), re-
spectively. For γ ≤ 1 and γ ≤ 2 (γ > 0), the expectation and
variance are not defined.

For a Gaussian distribution N1(µ, σ 2) with unknown vari-
ance, the inverse gamma distribution is a conjugate distribu-
tion for the variance. That means that if the prior distribution
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for the variance is inverse gamma σ 2 ∼ IG(γ, λ), then the pos-
terior distribution is also inverse gamma, but with modified
parameters. For x1, . . . , xn iid N1(µ, σ 2), the posterior distri-
bution for the unknown variance is

σ 2 | s2 ∼ IG
(

γ + n
2

, λ + ns2

2

)
, (B7)

where

s2 =
n∑

i=1

(xi − µ)2

n
. (B8)

A P P E N D I X C

Wishart and inverted Wishart distribution

Let Σ be an n × n covariance matrix. The Wishart probability
density function for a symmetric positive-definite n × n matrix
W is (Anderson 1984)

p(W|Σ, m) =
|W|(m−n−1)/2 exp

[
− 1

2 tr(Σ−1W)
]

2mn/2|Σ|m/2�n(m/2)
, (C1)

for m > n where m denotes the degrees of freedom, tr(·) de-
notes the trace of a matrix, that is the sum of the diagonal
elements, and

�n(γ ) = πn(n−1)/4
n∏

i=1

�[γ − (i − 1)/2]. (C2)

In the special case with n = 1, the matrices Σ and W are
reduced to scalars. If Σ = 1/2λ, W = x, and m/2 = γ , the
Wishart distribution is reduced to the gamma distribution.

Let the Wishart distribution be denoted Wn(Σ, m). If ri is
independent Gaussian ri ∼ Nn(0,Σ) for i = 1, . . . , m, then

W =
m∑

i=1

ri rT
i ∼ Wn(Σ, m) (C3)

and

W−1 ∼ IWn(Σ−1, m), (C4)

where IWn(Σ−1, m) is the inverted Wishart distribution with
m degrees of freedom. The expectations are

E{W} = mΣ (C5)

and

E{W−1} = 1
m − n − 1

Σ−1. (C6)

Consider Σ to be unknown and stochastic. If Σ is assigned
an inverted Wishart prior distribution,

Σ ∼ IWn(Σ0, m0), (C7)

then the conditional distribution of Σ, given W, is

Σ | W ∼ IWn(Σ0 + W, m0 + m). (C8)

A P P E N D I X D

The full conditional distributions

The full conditional distribution for an unknown variable con-
ditioned on all the other variables can be constructed only by
the terms in expression (16) containing the actual variable. In
the following, all the necessary conditional distributions are
defined.

The full conditional distribution for m

From expression (16), the full conditional distribution for the
model parameter vector m can be written

p(m | ·) ∝ p(dobs | m, s,Σd)p(wobs | m,Σw)p(m |µm,Σm),

(D1)

where the first two terms are the Gaussian likelihoods defined
in expressions (4) and (6), and the last term is the Gaussian
prior defined in expression (7). Below, the full conditional dis-
tribution for m is calculated by firstly defining p(dobs | s, Σd)
and p(wobs |Σw). Following Buland and Omre (2003a), let the
derivative of m(x, t) be

m′(x, t) =
[

∂

∂t
ln α(x, t),

∂

∂t
ln β(x, t),

∂

∂t
ln ρ(x, t)

]T

, (D2)

with discrete representation m′. The corresponding discrete
version of the reflectivity is

c = Am′, (D3)

where A is a sparse matrix defined by the coefficients aα, aβ

and aρ in expression (1).
Since m is assumed to be Gaussian with expectation vec-

tor µm and covariance matrix Σm (expression (7)), then m′ is
Gaussian,

m′ |µm,Σm ∼ Nnm (µ′
m,Σ′′

m) (D4)

(see Christakos (1992) for details on differentiation of
Gaussian variables). The discrete expectation vector µ′

m is de-
fined by

E{m′(x, t)} = ∂

∂t
µm(x, t), (D5)
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and the covariance matrix Σ′′
m is defined by

Cov{m′(x, t), m′(y, s)} = ∂2

∂t∂s
Σm(x, t; y, s). (D6)

The discrete cross-covariance matrix between m′ and m is de-
noted Σ′

m, and is defined by

Cov{m′(x, t), m(y, s)} = ∂

∂t
Σm(x, t; y, s). (D7)

The relationships between the observed data o = [wobs,
dobs]T and the model parameter vector m are given by

wobs = Pm + ew, (D8)

and the convolutional model

dobs = SAm′ + ed, (D9)

here written in matrix-vector form where S is a matrix repre-
sentation of the wavelet s. The conditional joint distribution
for m and o is[

m
o

s,µm,Σm,Σd,Σw

]
∼Nnm+nw+nd

([
µm

µo

]
,

[
Σm Σm,o

Σo,m Σo

])
,

(D10)

where

µo =
[

Pµm

SAµ′
m

]
, (D11)

Σo =
[

PΣmPT + Σw PΣ′
m

TATST

SAΣ′
mPT SAΣ′′

mATST + Σd

]
, (D12)

Σo,m =
[

PΣm

SAΣ′
m

]
, (D13)

and

Σm,o = ΣT
o,m. (D14)

The full conditional distribution for m is

m | o, s,µm,Σm,Σd,Σw ∼ Nnm (µm | ·,Σm | ·), (D15)

where the conditional expectation and covariance are

µm | · = µm + Σm,oΣ−1
o (o − µo), (D16)

Σm | · = Σm − Σm,oΣ−1
o Σo,m. (D17)

For real-size problems, the dimension of m is usually large, and
an efficient numerical technique is required. For model param-
eters and seismic data sampled on a regular grid, the spatially

coupled inversion problem can be solved efficiently and ex-
actly in the Fourier domain when the involved covariance ma-
trices are homogeneous and stationary (Buland, Kolbjørnsen
and Omre 2003). For more general cases, an approximative
solution can be obtained by the sequential screening algorithm
(Omre, Sølna and Tjelmeland 1993) (see Appendix E).

The full conditional distribution for s

From expression (16), the full conditional distribution for the
wavelet s can be written

p(s | ·) ∝ p(dobs | m, s,Σd)p(s |µs,Σs), (D18)

where the first term is the Gaussian likelihood defined in ex-
pression (4) and the last term is the Gaussian prior defined in
expression (8). Firstly, p(dobs | m, Σd) is calculated. The con-
volutional model can be written

dobs = Cs + ed, (D19)

where the matrix-vector multiplication Cs represents the con-
volution of the reflectivity vector c = Am′ with the wavelet
vector s. The conditional joint distribution for s and dobs is[

s
dobs

m,µs,Σs,Σd

]

∼ Nns+nd

([
µs

Cµs

]
,

[
Σs ΣsCT

CΣs CΣsCT + Σd

])
. (D20)

The full conditional distribution for s is then

s | dobs, m,µs,Σs,Σd ∼ Nns (µs | ·,Σs | ·), (D21)

where the conditional expectation and covariance are

µs | · = µs + ΣsCT
(
CΣsCT + Σd

)−1(
dobs − Cµs

)
, (D22)

Σs | · = Σs − ΣsCT
(
CΣsCT + Σd

)−1
CΣs. (D23)

The full conditional distribution for µ

The conditional distribution for the wavelet expectation µs

depends on the wavelet s and the covariance matrix Σs. Sim-
ilarly, the conditional distribution for µm depends on m and
Σm. The derivation of the conditional distribution for µs and
µm follows the same pattern and is shown below for µs.
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Both s and its expectation µs are Gaussian, and the condi-
tional joint distribution is[
µs

s
Σs

]
∼ Nns+ns

([
µµs

µµs

]
,

[
Σµs Σµs

Σµs Σµs + Σs

])
. (D24)

The full conditional distribution for µs is

µs | s,Σs ∼ Nns

(
µµs | ·,Σµs | ·

)
, (D25)

where

µµs | · = µµs
+ Σµs

(
Σµs + Σs

)−1(
s − µµs

)
, (D26)

Σµs | · = Σµs − Σµs

(
Σµs + Σs

)−1
Σµs . (D27)

The full conditional distribution for σ 2

The covariance matrices are assumed to be known up to un-
known variance factors. When the prior distribution for σ 2 is
inverse gamma,

σ 2 ∼ IG(γ, λ), (D28)

then the full conditional distribution for σ 2 is

σ 2 | s2 ∼ IG
(

γ + n
2

, λ + ns2

2

)
, (D29)

where s2 is the sample variance, for example,

s2
s = 1

ns
(s − µs)

TΣ−1
0,s (s − µs), (D30)

for the wavelet variance σ 2
s , where Σ0,s is the known structural

factor of the covariance matrix Σs.

A P P E N D I X E

The sequential screening algorithm

The full conditional distribution for the complete spatially
coupled model parameter vector m, given by expressions
(D15)–(D17), can be factorized as

p(m | ·) = p(m(x1) | ·)
× p(m(x2) | m(x1), ·)
...
× p(m(xn) | m(x1), . . . , m(xn−1), ·), (E1)

where x1 to xn are the involved surface locations for the in-
version in some arbitrary order, and m(xi) is a subvector of
m containing the model parameters at location xi. Expres-
sion (E1) defines an exact sequential simulation algorithm,
but the dimensions of the pdfs on the right-hand side in-
crease rapidly, and the algorithm cannot be used in real-size
problems.

The sequential screening algorithm is an approximate ver-
sion of the exact sequential simulation algorithm defined
above. The sequential screening algorithm is based on the as-
sumption that the solution at a location xi depends only on a
subset of the model and data. The full conditional distribution
for m(xi) is obtained by conditioning to a subset of {m(x1),
. . . , m(xi−1)}, defined by nearest neighbours to xi in speci-
fied directions, and a subset of wobs and dobs. The locations
of the wells should define the first locations. Next, the inver-
sion should be run for the boundary locations of the survey,
and then a halving procedure is used to select new inversion
locations (see Omre et al. 1993).
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