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Summary

The classical Ensemble Kalman Filter (EnKF) is known to underestimate the prediction uncertainty resulting from model

overfitting and estimation error. This can potentially lead to low forecast precision and an ensemble collapsing into a single

realisation. In this paper we present alternative EnKF updating schemes based on shrinkage methods known from multivari-

ate linear regression. These methods reduce the effects caused by collinear ensemble members, and have the same compu-

tational properties as the fastest EnKF algorithms previously suggested. In addition, the importance of model selection and

validation for prediction purposes is investigated, and a model selection scheme based on Cross-Validation is introduced.

The classical EnKF scheme is compared with the suggested procedures on two toy examples and one synthetic reservoir case

study. Significant improvements are seen, both in terms of forecast precision and prediction uncertainty estimates.
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Introduction

The Ensemble Kalman Filter (EnKF) is a Bayesian data assimilation method that in recent years has become popular when

considering data assimilation for nonlinear spatio-temporal models (Evensen, 2007; Aanonsen et al., 2009). The EnKF is

based on the classical Kalman Filter (KF) (Kalman, 1960). Assuming a Gaussian initial prior, with a linear and Gaussian

forward and likelihood model, termed the Gauss-linear model, the KF provides an analytical solution for the posterior

probability distribution.

The main assumption of the EnKF is that the unconditional distribution at each timestep approximately follows a Gaussian

distribution with unknown mean and covariance. In the EnKF the idea is therefore to use an ensemble of realisations to

estimate these two unknown statistics. Under the Gauss-linear model, the EnKF is then consistent with the KF as the

ensemble size approaches infinity (Mardia et al., 1979).

From multivariate statistics (Anderson, 2003), we know that the classical EnKF updating scheme (Evensen, 1994) can

be formulated as a multivariate regression problem. The least squares solution for the matrix of regression coefficients is

then given as the estimated Kalman gain, expressed in terms of the estimated unknown covariance matrices. However, it

is not guaranteed that this estimator is good for prediction purposes. This is especially true for regression models where

the predictor variables are collinear, or when the regression model is computed based on dependent realisations (Farrer and

Glauber, 1967). As shown in Myrseth et al. (2009), the traditional EnKF updating scheme under the Gaussian approximation

violates the assumption of independent realisations, because they are coupled through the estimated Kalman gain matrix.

Hence, we should expect that improved estimators of the regression coefficient matrix can be found in these cases.

In multivariate linear regression, there exist several different approaches to avoid overfitting a regression model with

collinear predictor variables, known as shrinkage methods. Some introduce regularisation terms, while others aim to estimate

the regression coefficients based on data in a reduced order space. In this paper we will consider the following three methods:

Ridge Regression (RR) (Hoerl and Kennard, 1970), Principal Component Regression (PCR) (Hotelling, 1933; Jolliffe, 2002)

and Partial Least Squares Regression (PLSR) (Wold, 1975; Rosipal and Krämer, 2006).

Shrinkage estimators in multivariate regression require that a prior hyperparameter is selected. For methods based on PCR,

this means to select the dimension of a reduced order subspace. The most common method used to accomplish this task is to

look at the total variance explained by the selected Principal Components (PC) (Jolliffe, 2002). However, such an approach

does not take into account the predictive capabilities of the estimated regression model, and can lead to situations where we

either overfit, or underfit the model to the data (Seber and Lee, 2003; Cook, 2007). The method usually applied in shrinkage

regression, is therefore to base the selection of the hyperparameter on Cross-Validation (CV) (Efron, 2004) in order to avoid

this potential problem.

Shrinkage estimators which are based on dimension reduction techniques are for computational reasons the natural ap-

proach to consider when assimilating high dimensional data, such as time-lapse seismic. Shrinkage type estimators for the

Kalman gain have therefore already been used in an EnKF setting (Skjervheim et al., 2005). It has also been noted (Evensen,

2007, Chapter 14) that the results obtained when using shrinkage estimators are indeed dependent on the selection of the

prior hyperparameter used. However, the importance of the number of components retained in the reduced order space to
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avoid overfitting, has seemingly been overlooked in most of the EnKF literature. Moreover, because PCR is based on an

unsupervised dimension reduction technique, all components that are important for predictive purposes can potentially be

discarded, unless model validation is performed (Jolliffe, 1982, 2002; Hadi and Ling, 1998; Cook, 2007).

In this paper we have formulated the EnKF using shrinkage-based regression techniques. The suggested procedures have

the same computational complexity and memory requirements as the fastest implementations of the EnKF (Evensen, 2003).

We have further demonstrated the approach on the following case studies: A Gauss-linear model, a non-linear forward model

with a linear Gaussian likelihood, and a synthetic reservoir example.

Notation and Model Formulation

Throughout this paper the notation x ∈ Rnx×1 will be used to denote that x is an nx-dimensional column vector in the real

space and xT will denote its transpose. Similarly, we will write A ∈ Ra×b to denote that A is a matrix in the real space

containing a rows and b columns. Note that the same notation will be used for both scalars and random variables.

Probability density functions (pdfs) will be denoted by f (x), and the notation x∼ f (x), implies that the random vector x

follows the pdf f (x). As a special case we will let a random vector x, following the Gaussian distribution with mean vector

µx and covariance matrix Σx, be denoted by x∼ Gaussnx(µx,Σx). Conditional pdfs of x given y will further be denoted

by f (x|y).

Consider the stochastic Directed Acyclic Graph (DAG) (Ripley, 1996) outlined in Fig. 1. Here, xtk ∈ Rnx×1 denotes the

state of the unknown random vector of interest at timestep k and time tk, and similarly dtk ∈ Rnd×1 denotes the vector of

observed data. For notational convenience we will from now on drop the subscript tk, and simply write xk, dk. Also note

that we will for simplicity refer to x and d as the state and observation vector respectively.

Through the Markov property of a stochastic DAG, we have conditional independence between xk+1 and xl , l = 0, . . . ,k−

1 given xk, meaning:

f (xk+1|xk,xk−1, . . . ,x0) = f (xk+1|xk), k = 0, . . . ,K.

In general assume that

[xk+1|xk] = ω(xk,εxk), k = 0, . . . ,K, . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (1)

where ω : (Rnx ×Rnx) → Rnx is a known, possibly non-linear forward function. Here εxk represents random model errors

or numerical errors in the forward model, assumed to follow a known probability distribution. Further assume that observed

data dk is connected to xk by:

[dk|xk] = ζ(xk,εdk), k = 0, . . . ,K, . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2)

where ζ : (Rnx ×Rnd )→ Rnd , is a known, possibly non-linear, likelihood function and εdk represents the observation error,

again assumed to follow a known pdf.

The aim in this model setting is to solve the spatio-temporal forecast problem of finding the unknown state vectors:

xc
k = [xk|d0, . . . ,dk] and xu

k+1 = [xk+1|d0, . . . ,dk],
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for k = 1, . . . ,K. Bayesian inversion provides a sequential solution to this problem. By defining a prior probability model

for the state vector at the initial timestep, f (x0), the state of the unknown vectors xc
k and xu

k+1, can be assessed by sampling

from the respective posterior distributions. Through the use of Bayes rule and the Markov properties of a DAG, these pdfs

are given as:

f (xc
k) ∝ f (xu

k) f (dk|xk)

f (xu
k+1) =

Z
f (xk+1|xk) f (xc

k)dxk. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (3)

Note that the conditional pdfs f (xk+1|xk) and f (dk|xk) corresponds to the forward and likelihood models ω(xk,εxk) and

ζ(xk,εdk) defined in Eqs. (1) and (2) respectively.

Generally we only know the conditional distributions defined in Eq. (3) up to an unknown normalising constant. Compu-

tationally demanding techniques such as Markov chain Monte Carlo (McMC) or Rejection Sampling can therefore be used

to assess the correct posterior distribution (Doucet et al., 2000). For applications such as petroleum reservoir evaluation,

using these techniques are, however, computationally prohibitive as even a single evaluation of f (xk+1|xk) = ω(xk,εxk),

known as fluid flow simulation, can take several hours, or even days.

An approximative approach can be defined by assuming that xu
k and dk are from a family of probability density functions

that ensures analytical tractability of f (xc
k). As an example, assume that xu

k and dk are jointly Gaussian. Then the posterior

distribution at timestep k will also be Gaussian. These model assumptions are equivalent to those made in the classical EnKF,

which we will consider next.

Classical Ensemble Kalman Filter

In general assume that the output of the forward- and likelihood model are distributed as: xu
k

dk

∼ Gaussny


 µxk

µdk

 ,

 Σxk Σx,dk

Σd,xk Σdk


 , . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4)

where ny = nx +nd . For notational convenience, we will from now on omit the subscript k, because the main focus is a single

timestep.

Under the Gaussian assumption above, the posterior pdf f (xc
k) will be Gaussian (Mardia et al., 1979) with analytically

obtainable mean:

µx|d = µx+Σx,dΣ−1
d (d−µd), . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5)

and covariance matrix:

Σx|d = Σx−Σx,dΣ−1
d ΣT

x,d. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6)

Let y(i) = [xu(i)T
,d(i)T

]T ∈ Rny×1 be a realisation from the Gaussian distribution defined in Eq. (4). Then,

xc(i) = xu(i) +Σx,dΣ−1
d (d−d(i)), . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (7)

is a realisation from the Gaussian posterior distribution with mean and covariance given in Eqs. (5) and (6). This can easily

be shown by recognising that the Gaussian distribution is closed under linear operations and by computing the mean and
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covariance of xc(i), because the Gaussian distribution is completely specified through the first and second moments (Mardia

et al., 1979).

Eq. (7) involves two model parameters, namely Σx,d and Σd forming the Kalman gain matrix,

K = Σx,dΣ−1
d ∈ Rnx×nd .

In a general setting such as the one considered here, these model parameters are unknown. The EnKF solution to this problem

is therefore to use an ensemble of realisations to obtain empirical estimates of the unknown covariance matrices. Hence, letX

andD be the centred state- and observation vector ensembles respectively. That is,X = [x(1)−µ̂x, . . . ,x(ne)−µ̂x]∈Rnx×ne ,

where µ̂x denotes the classical estimator of the mean value with a corresponding expression for D ∈ Rnd×ne . Consistent

estimators for the unknown covariance matrices are then given as

Σ̂d =
1
ne
DDT

and

Σ̂x,d =
1
ne
XDT .

Replacing the unknown covariance matrices in Eq. (7) with consistent empirical estimates, then ensures that xc(i) is a sample

from the Gaussian posterior distribution above as ne → ∞ (Mardia et al., 1979). Note that throughout this paper we will for

notational convenience let all ensemble matrices be centred, unless otherwise stated.

Central in the EnKF updating scheme is the estimated Kalman gain matrix:

K̂ = Σ̂x,dΣ̂−1
d . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8)

From multivariate statistical theory (Mardia et al., 1979), we know that this is equivalent to the least squares estimate of the

matrix of regression coefficients in a multivariate linear regression setting (Seber and Lee, 2003):

K̂ = argmin
K

tr
{
(X−KD)(X−KD)T }

,

where tr(•) denotes the trace operator. The analytical rank of the Kalman gain is known to be equal to min{nx,nd ,ne−1}.

Hence, K̂ will be rank deficient if the number of ensemble members is smaller or equal to min{nx,nd}. This will have direct

consequences for the computation of Σ̂−1
d , because this matrix will be positive semi-definite.

Although, Σ̂d can be ensured to have full rank either through regularisation or Monte Carlo simulation (Myrseth et al.,

2009), Σ̂x,d may still suffer from rank deficiency. Moreover, both matrices are likely to suffer from estimation uncertainty

(Houtekamer and Mitchell, 1998; van Leeuwen, 1999; Houtekamer and Mitchell, 1999; Furrer and Bengtsson, 2007; Sacher

and Bartello, 2008) resulting from a limited number of ensemble members. Several different approaches have been suggested

in the EnKF literature in order to handle these problems (see Myrseth and Omre (2009) or Aanonsen et al. (2009) and

references therein). Most of these methods, however, focus on improving the estimates of the unknown covariance matrices,
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and not the Kalman gain itself. One explanation for this might be that in situations with a linear likelihood model, with

additive Gaussian noise: d=Hx+εd, the Kalman gain matrix can be written as:

K = ΣxHT (
HΣxHT +Σεd

)−1
, . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (9)

where Σεd ∈ Rnd×nd is the covariance matrix of the observations errors, assumed to be known. Hence, the covariance

matrix of the state vector is the only unknown parameter that requires estimation. Note that this corresponds to the classical

estimator used for linear Gaussian likelihood models in an EnKF setting (Evensen, 1994). Further note that for non-linear

likelihood models with an additive noise term, the state vector can always be augmented by y = [xT ,dT ]T , so that the EnKF

updating scheme can be written in a similar manner as described in Eq. (9). Here d corresponds to the deterministic part of

the likelihood model with additive noise.

In multivariate linear regression there exists several different techniques that improve the estimated matrix of regression

coefficients in the presence of collinear data. These are referred to as shrinkage regression methods (Hastie et al., 2009), and

we will use these approaches in an EnKF setting to obtain alternative estimates ofK.

Shrinkage Regression Methods

Consider the linear regression problem:

[x|d] =Kd+εx|d,

where εx|d corresponds to the model error in the regression model. Here, the goal is to estimate the unknown matrix of

multiple linear regression coefficients K, based on a set of observed data X and D. An optimal estimate should then be

selected such that a regression model with good prediction capabilities is provided.

Consider the well known problem of estimating a function based on the observed data shown in Fig. 2a. Fitting the model

perfectly to the available data as shown in Fig. 2b, increases the model complexity and lowers the prediction bias with

respect to the training data. However, when the model is used in a predictive setting when new data is available, this can

lead to poor results with a high variability. On the other hand, underfitting the model by selecting a too simplistic model,

as shown in Fig. 2c, will lower the variability, but increase the bias. Hence, the optimal model shown in Fig. 2d, should

be selected such that both bias and variability are kept on a tolerable level as illustrated in Fig. 3. As we can see from this

figure, the prediction error for a test data set will tend to increase in situations where the model is overfitted to the training

data.

Shrinkage regression methods focus on the model fitting problem by sacrificing the unbiasedness of the classical least

squares estimator. In this paper we will consider the following three methods: Ridge Regression (RR), which is a special

case of Tikhonov Regularisation (Tikhonov and Arsenin, 1977), Principal Component Regression (PCR) and Partial Least

Squares Regression (PLSR).

Ridge Regression. RR can be viewed as a regularisation method, where the RR estimate of the Kalman gain, KRR, is
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selected by minimising the mean squared error, with additional constraints which gives:

K̂RR = argmin
K

{
tr{(X−KD)(X−KD)T}+ tr{KξKT}

}
The solution to this problem is given as (Seber and Lee, 2003):

K̂RR =XDT (
DDT +ξI

)−1
, . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (10)

where I is the identity matrix of proper dimensions and ξ is a regularisation parameter that has to be selected.

Principal Component Regression. PCR is based on principal component analysis, which aims at explaining the structure

of the data ensemble through a small number of vectors, termed Principal Components (PC):

z1 = (uT
1D)T , . . . ,zp = (uT

pD)T ∈ Rne×1.

The sample PC are selected based on the following criteria:

zi = (uiD)T −


maxT

ui

{
uT

i Σ̂dui

}
‖ui‖2 = 1

zT
i z j = 0, for all j < i, i = 1, . . . , p,

where ‖•‖2 denotes the Euclidean norm. It can be shown (Anderson, 2003) that the ith sample PC direction ui is given as the

ith eigenvector of the covariance matrix Σ̂d. Further, it can be shown that the variance explained by the ith PC is given by the

ith eigenvalue λi of Σ̂d, where λ1 > λ2 > .. . > λp. Under the assumption that the p sample PC, Z = [z1, . . . ,zp]T ∈ Rp×ne ,

sufficiently representsD, the matrix of regression coefficients can then be estimated based on Z, which gives:

K̂PCR =XZT (
ZZT )−1

.

As shown in Appendix A, PCR can be efficiently implemented using Singular Value Decomposition (SVD).

Because the variance of each sample PC is given as the corresponding eigenvalue of the sample covariance matrix, the

criterion often used for selecting p in a PCR setting is to look at the total variance explained by the first p components given

as:
p

∑
i=1

λi/
ne−1

∑
i=1

λi.

However, as noted above, this criterion does not take into account the predictive capabilities of the various PC, and we can

end up either overfitting or underfitting the regression model.

Partial Least Squares Regression. Consider the DAG shown in Fig. 4, which gives a graphical representation of the PLSR

model assumptions. Similar to PCR, PLSR aims to representD in a reduced order space, before fitting the regression model.

The underlying assumption is that T = [t1, . . . ,tp] ∈ Rne×p and W = [w1, . . . ,wp] ∈ Rne×p represent the information in
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X and D respectively. It is further assumed that (w1,t1) captures more information than (w2,t2), and so forth, and that

the pairs (wi,ti), i = 1, . . . , p also explain the correlation between X and D (Zeng et al., 2007). Hence, while PCR only

does a dimension reduction on D independent of the values in X , the classical PLSR algorithm selects the latent variables

ti =DTψi ∈ Rne×1 with the largest dependency on wi =XTυi ∈ Rne×1, that is:

 ti =DTψi

wi =XTυi

−


maxψi,υi{υT
i Σ̂x,dψi}

‖ψi‖2 = 1,‖υi‖2 = 1

tTi t j = 0, for all j < i, i = 1, . . . , p.

This problem can be solved sequentially using the Non-linear Iterative Partial Least Squares (NiPALS) procedure (Rosipal

and Krämer, 2006), or simultaneously by computing the SVD of the estimated covariance matrix Σ̂x,d (Barker and Rayens,

2003). The matrices of latent variables T and W can then be obtained using the matrices Ψ ∈ Rnd×p and Υ ∈ Rnx×p,

corresponding to the first p left and right singular vectors of Σ̂x,d.

Similarly to PCR, we assume that the latent variables T are good predictors for D. In addition we assume that W =

βT +εT where β is a diagonal matrix and εT is a residual term. That is, there is a linear relationship between each element

of wi and ti, i = 1, . . . , p (Kaspar and Ray, 1993). As shown in Rosipal and Krämer (2006), the PLSR estimate of the

Kalman gainKPLSR is then given as:

K̂PLSR =XT
(
W TDTDT

)−1
W TDT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (11)

Comments. The RR, PCR and PLSR methods have the same computational complexity and memory requirements as the

fastest implementation of the EnKF as explained in Appendix B. Note also that the PCR and PLSR methods are in general

not scale invariant. This implies that the data ensemble matrix should be standardised before the dimension reduction, when

the data is collected on different scales (Mardia et al., 1979). Finally it is interesting to note that the shrinkage estimators of

the Kalman gain, previously applied in the EnKF literature (Evensen, 2007), can be thought of as hybrid methods combining

Tikhonov regularisation and PCR. The regularisation term in these approaches is given by the covariance matrix of the

observation errors, or a corresponding low rank representation.

Cross-Validation. The estimated matrix of regression coefficients will for all three methods be dependent on the choice of

some hyperparameter θ, denoted K•(θ). For RR, this is the size of the regularisation parameter ξ, and for PCR and PLSR,

the dimension of the reduced order space p. As discussed above, there is a tradeoff between how well a model is fitted to

the training data, and how well it is suited for prediction purposes. To determine this tradeoff, CV is often used. The idea

used in CV is to randomly split the ensembles into one set used for model fitting: YTrain = [XT
Train,D

T
Train]

T ∈ Rny×nTrain ,

and one set used for testing the prediction capabilities: YTest = [XT
Test,D

T
Test]

T ∈ Rny×nTest . Here nTrain and nTest is used to

denote the number of members in the training and test ensembles respectively. If YTrain consists of all realisations except y(i),

this is referred to as leave-one-out CV, and a brute implementation will increase the computational time with O(n2
e) to the

regression method used. Splitting the data into m sized portions randomly, and sequentially using m data points for testing
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and the remaining m− 1 part for model fitting purposes, is referred to as m-fold CV. This will increase the computational

effort with O(ne). Typical values used for m in m-fold CV are 5 or 10 (Hastie et al., 2009). The optimal regression model

can then be selected by minimising the Predictive Error Sum of Squares (PRESS) statistic, defined as:

PRESS(θ) =
nTest

∑
i=1

‖x(i)
Test−K̂•(θ)d(i)

Test‖
2
2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (12)

To avoid overfitting of the regression model to the data when using the PCR and PLSR technique, a penalised version of

the original PRESS statistic is given as:

PRESSpen(p) =
nTest

∑
i=1

‖x(i)
Test−K̂•(p)d(i)

Test‖2
2

(min{ne,nd +1}− p)2 .

Note that PRESSpen is similar to the generalised PRESS statistic, which is an estimate of the leave one out CV prediction

error. This follows because the effective degrees of freedom, defined as tr(K̂(p)D) (Hastie et al., 2009), is equal to p for

both PCR and PLSR.

Finally it should be noted that applying the CV scheme does not necessarily lead to an increase in the computational

demands. This follows because CV can be equally performed in the reduced order space (Hastie and Tibshirani, 2004). A

more thorough discussion regarding the computational properties of the CV scheme can be found in Appendix B.

Empirical Study

We consider two test cases similar to the ones used in Myrseth and Omre (2009), where the unknown vector of interest, xk,

k = 0, . . . ,10, with nx = 100. Here x j,k denotes the variable of interest at timestep k and location j ∈ Lx, where Lx is a

regular grid. Observations are assumed to be made at timesteps 0, . . . ,9, and the objective of this study is to assimilate the

observed data, and predict at timestep 10.

The first test case, referred to as the linear case, is defined as a Gaussian prior at timestep zero, a linear forward function,

and a linear Gaussian likelihood:

x0 ∼ Gaussnx(0,Σx0)

xk =Akxk−1

dk =Hxk +εdk ,

where 0 is the null-vector of proper dimensions. Here Σx0 is constructed based on an exponential covariance function,

Cov(xi0,x j0) = 20exp
{
− 3

20
|i− j|

}
, . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (13)

the forward model is defined by the sparse matrixAk, where the elementsAkl,m for {5(k−1) < l,m≤ 5(k+1)}, are displayed

in Fig. 5 with Akl,m = δl,m otherwise, and εdk ∼ Gaussnd (0,I). H is a sparse matrix with elements equal to one at the grid

locations displayed in Fig. 6. Here we also see that observation di = ∑
1
l=−1 x j+l , i = 1, . . . ,nd , at 13 different grid locations

j.

The second test case, referred to as the non-linear case, considers the same prior and likelihood as in the linear case defined
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above. Here, however, the forward model is defined as the non-linear function:

xk = cAk(xk−1 + arctan(xk−1)),

where c = 0.8 is a scaling factor which ensures alignment of the variances for the non-linear and linear case, and the functional

arctan(•) acts on the argument element-by-element.

Fig. 7, displays the reference x9 and x10 together with the observed data at timestep 9 for the two test cases. As we can

see from this figure, the linear case has a more smooth behaviour in the left part of the grid nodes owing to the construction

ofAk. We also see a more spiky behaviour for the non-linear case. Also note that the state vector xk contains both dynamic

and static variables, similar to what we have in a reservoir setting.

Results with Discussion

We have considered the following EnKF updating schemes:

• Classical EnKF: Estimated Kalman gain matrix computed based on Eq. (9) using the correct Σεd .

• PCR-0.99-EnKF: p selected based on the estimated proportion of explained variance (99 percent)

• PCR-CV-EnKF: p selected based on 10-fold CV and PRESSpen.

• PLSR-CV-EnKF: p selected based on 10-fold CV and PRESSpen.

The same initial ensemble and random numbers were used for all four updating schemes, with two different ensemble sizes:

ne = 100 and ne = 20. We also applied the CV criterion suggested by Hastie et al. (2009), described in Appendix B, to

further avoid the problem of overfitting.

Linear Case. For the linear case, the prediction mean, E
[
xu

10
]
, and 95% prediction interval are analytically obtainable using

the KF recursions, and the results are displayed in Fig. 8a. The results obtained when applying the four different schemes

outlined above, are displayed in Figs. 8b through i.

As we can see from Fig. 8b, the result obtained using the classical EnKF updating scheme is relatively reliable for ne = 100.

The classical EnKF solution matches the KF solution fairly well, although we do not see the same smooth behaviour in the

estimated ensemble mean as seen in the KF solution. Moreover, there is a tendency of underestimating the prediction

uncertainty. For ne = 20, however, both the estimated mean and the prediction interval deviates dramatically from the KF

solution. This is particularly true for grid nodes 1 to 35 and 65 to 100, where we have less observed data.

The estimated posterior mean obtained using the PCR-0.99-EnKF updating scheme matches the KF solution fairly well

for ne = 100. However, the estimated prediction interval is severely underestimated, and we are not able to capture the

reference solution within the prediction interval. For the smallest ensemble size, ne = 20 the estimated posterior mean is

highly variable and there is no uncertainty in the predictions as the updated ensemble has collapsed completely.

The obtained posterior mean using the PCR-CV-EnKF updating scheme appears to be a reliable estimate of the KF pos-

terior mean for ne = 100. Similarly we see that the estimated prediction interval matches the KF solution reasonably well
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between grid nodes 35 and 65. In the area where the data is observed less frequently, however, the PCR-CV-EnKF updating

scheme is not able to reduce the uncertainty at the observation sites. For ne = 20, the posterior mean deviates more from the

KF solution and is less smooth than for ne = 100. The reference solution is reasonably well captured within the prediction

interval, although the prediction interval is slightly underestimated relative to the KF solution. However, the results still

appear to be relatively reliable.

The EnKF-CV-PLSR scheme is able to get a good representation of the KF solution for ne = 100, both in terms of the

estimated posterior mean and prediction interval. By decreasing the ensemble size to ne = 20, the scheme is still able to

obtain reasonable results, even though the prediction uncertainty is underestimated.

High variability in the estimated posterior mean and underestimation of the prediction interval are problems occurring in

all four schemes when the ensemble size is only 20. The match with the KF solution is, however, reasonably good when

using the PCR-CV-EnKF and PLSR-CV-EnKF schemes. For the two other schemes, the estimated posterior mean has a high

variability and we see a dramatic underestimation of the prediction uncertainty.

Increasing the ensemble size to ne = 100, improves the estimates of the posterior mean and prediction intervals for all

four updating schemes. However, the classical EnKF and PCR-0.99-EnKF schemes tend to underestimate the prediction

uncertainty. The best overall match with the KF solution is obtained using the PLSR-CV-EnKF updating scheme.

To further quantify the performance of the four updating schemes, the algorithms are rerun 100 times using different initial

ensembles. Here we consider the Root Mean Squared Error of the estimated posterior mean (ARMSE) to the KF solution,

and the percentage of the reference solution covered by the estimated prediction intervals. The results are shown in Table

1, where the estimated ARMSE and coverage of the initial ensemble are also included. As we can see from this table, the

ARMSE of the posterior mean decrease significantly for all four EnKF schemes when ne = 100. Compared to the ARMSE

of the initial ensemble, the PLSR-CV-EnKF scheme shows the largest improvement with a 66 percent decrease. For ne = 20,

however, the classical EnKF updating scheme is not able to improve the ARMSE, while the PCR-0.99-EnKF scheme leads to

an increase in ARMSE compared to the initial ensemble. Again PLSR-CV-EnKF has the smallest ARMSE with a reduction

of 34 percent from the initial ensemble.

The coverage of the respective estimated 95% prediction intervals, is seen to be significantly underestimated for both the

classical EnKF, and PCR-0.99-EnKF schemes. This is especially true for ne = 20, where the prediction interval based on

the PCR-0.99-EnKF solution only covers one percent of the reference solution. The PCR-CV-EnKF and PLSR-CV-EnKF

updating schemes have similar and more reliable estimates of the prediction intervals, with the latter being slightly better

than the former.

Non-Linear Case. For the non-linear case, analytical tractability is lost, we therefore use the results obtained with the

classical EnKF with ne = 100000, displayed in Fig. 9a, for comparison. The four different EnKF updating schemes outlined

above, provide the results shown in Figs. 9b through i. Similar to the linear case, we see that the estimated posterior mean

for the classical EnKF scheme is highly fluctuating with a severely underestimated prediction interval when ne = 20. The

most severe problems are in the PCR-0.99-EnKF solution, with a completely collapsed ensemble for ne = 20. For both

the PCR-CV-EnKF and PLSR-CV-EnKF schemes we observe relatively reasonable results when ne = 20 and 100. The
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PCR-CV-EnKF scheme, however, tends to overestimate the prediction uncertainty at data locations for ne = 100.

To quantify the performance the four schemes are rerun using 100 different initial ensembles. The results are shown in

Table 2. Similar to the linear case, the PLSR-CV-EnKF scheme show the best performance in terms of estimated ARMSE

and coverage for both ensemble sizes. Both the classical EnKF, and the PCR-0.99-EnKF schemes fail to cover the reference

solution within their respective 95% prediction intervals for ne = 20.

Ensemble Size. The number of ensemble members needed to achieve at least a 92% coverage of the reference solution in

the respective estimated 95% prediction intervals are shown in Table 3. As we can see from this table, the classical EnKF

updating scheme requires 5 times as many ensemble members as the PLSR-CV-EnKF scheme for the linear case, and 11

times as many ensemble members for the non-linear case.

Note also that the classical EnKF requires three times as many ensemble members in the non-linear case, compared to the

linear case. This effect is believed to be caused by the non-linear forward model, because the Gaussian assumption made in

Eq. 4 in this case is violated.

Summary. For both the linear and non-linear case the PLSR-CV-EnKF updating scheme gave the best representation of

the reference posterior mean and prediction intervals. The PCR-CV-EnKF scheme tended to overestimate the prediction

uncertainty at grid locations where data was sparsely observed for ne = 100. The reason for this behaviour is that the penalised

PRESS statistic ensured that only one component was selected at each updating step for both the PCR-CV-EnKF and PLSR-

CV-EnKF schemes. Hence, the PCR-CV-EnKF scheme underfitted the model because some of the components important

for prediction purposes were discarded. This is apparently not the case for the supervised PLSR-CV-EnKF updating scheme.

The classical EnKF suffers from both estimation uncertainty and model overfitting unless the ensemble size tends to

infinity. For a small ensemble size this will lead to an ensemble collapsing, as seen in both the linear and non-linear case.

Amongst the four schemes discussed above, the PCR-0.99-EnKF updating scheme gave the least favourable representation

of the prediction uncertainty for both ensemble sizes. This behaviour is expected because p was selected based on the

estimated proportion of explained variance. As noted in Ledoit and Wolf (2004), the estimated eigenvalues of the empirical

covariance matrix is known to be severely biased unless nd/ne → 0, and the realisations in the data ensemble are independent

identically distributed. In addition, no validation of the regression model is performed to evaluate the predictive capabilities.

Reservoir Example

We consider a small synthetic reservoir model to further evaluate the performance of the PLSR-CV-EnKF and the classical

EnKF scheme. The example is similar to the reservoir model used in Hegstad and Omre (2001), although the prior models

for the porosity fields, φ, and ln-permeability, κ, are different.

Reservoir Description. The reservoir grid domain is of size (10 000 x 10 000 x 100) ft, discretised into n = (10 x 10 x

15) regular grid blocks, with the top of the reservoir at depth 8 325 ft. The reference porosity and ln-permeability fields

are generated by initially sampling from the Gaussian distribution described in Appendix C. The 100 traces of the reference

ln-permeability and porosity are shown in Figs. 11 and 12. Initially the reservoir is fully saturated with oil, with pressure
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5 800 psi at the equilibrium depth of 8 400 ft.

There are two horizontal production wells (P1, P2), and one vertical gas injection well (I1) at the locations displayed

in Fig. 10, where the rate of the injection is assumed to be 65 000 Mscf/D. Production data from the reference model is

simulated for 4000 days using the commercial fluid flow simulator ECLIPSE™. Observations are made of the Gas/Oil Ratio

(GOR) and Oil Production Rate (OPR) in the two production wells and the Bottomhole Pressure (BHP) in both the injection

and production wells. Figs. 13a through g display the observed reference production data. As we can see from these figures,

the production wells switch to BHP control when the pressure reaches 4 100 psi, which happens approximately after 1 200

days of production.

We assume that the model has already been updated using the data from the first 910 days of production. The task is

therefore to continue updating the reservoir model based on new data collected every 30 days for the next 540 days of

production, and with one final update after 1640 days of production. Hence, there are seven data observations at 19 different

timesteps k. Measurement errors are assumed to be additive Gaussian with a standard deviation of one percent of the observed

value for the OPR and BHP, while for the GOR it is assumed to be 20 percent. In this study the reservoir state vector xk,

contains κ, φ, logit-saturation, sk and pressure, pk.

Results with Discussion. The classical EnKF with four different ensemble sizes: ne = 20, 100, 1 000 and 1 500, and the

PLSR-CV-EnKF scheme with ne = 20 are evaluated. Initially we generate 1 500 porosity and ln-permeability fields using

the prior model described in Appendix C. To make the results comparable, the initial ensemble members for the smaller

ensemble sizes are then selected as the first 20, 100 and 1 000 members of the largest initial ensemble respectively. Note that

the initial saturation and pressure are assumed to be known throughout the reservoir.

The forecasted production obtained when we restart the simulator from timestep zero and predict for 4 000 days, based on

the updated κ and φ values are shown in Fig 14. As we can see from this figure, the initial ensemble fully spans the reference

solution, and there is a relatively high uncertainty regarding the time of the gas breakthrough. Looking at results based on the

classical EnKF with ne = 20, we see that the average of the production forecast based on the updated ensemble members are

missing the reference production. Moreover, reduced uncertainty in the production forecast causes the ensemble members

not to span the reference production. For both the classical EnKF scheme with ne = 1 500 and the PLSR-CV-EnKF scheme

with ne = 20, however, the forecasts are correctly centred at the reference production and the uncertainty is considerably

reduced.

To further quantify the results obtained using the classical EnKF and PLSR-CV-EnKF updating schemes, we investigate

how well the updated ensemble members span the reference φ and κ. The estimated posterior mean and 95 % prediction

interval for κ, are displayed Fig. 15. Note that the results for porosity look similar, and are therefore not presented.

The updated ensemble based on the classical EnKF scheme is not able to span the true ln-permeability for ne = 20, and the

ensemble has almost collapsed into a single realisation. Increasing the ensemble size to ne = 100, does improve the uncer-

tainty estimates. However, the ensemble mean appears to be highly variable, and we also see a tendency of overestimating

κ and φ in many of the grid blocks. This leads to a bias in the production forecasts, not shown here, however. For the two

largest ensemble sizes both the posterior mean, and prediction intervals appear to be similar. However, when rerunning the
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reservoir simulator from timestep zero using the updated κ and φ as input for ne = 1000, we obtain production forecasts that

deviates from the reference production curves, again not shown here. This is not the case for ne = 1 500, as shown in Fig.

14. The PLSR-CV-EnKF updating scheme with ne = 20, on the other hand, appears to provide a much better representation

of the prediction uncertainty, although we are not able to fully cover 95% of the reference solution.

Similar to the empirical study above, the classical EnKF and PLSR-CV-EnKF updating schemes were rerun 100 times us-

ing different initial ensembles of size ne = 20. The results are summarised in Table 4, where we estimate the RMSE between

the ensemble members and the reference ln-permeability field (EnRMSE), and the percentage of the reference solution the

estimated prediction intervals cover. As we see from these results, the classical EnKF algorithm clearly underestimates the

prediction uncertainty for the smallest ensemble size, ne = 20.

Fig. 16 contains two realisations of ln-permeability from the initial ensemble and the corresponding realisations after the

final updating step using the classical EnKF updating scheme with four different ensemble sizes and the PLSR-CV-EnKF

scheme with ne = 20. We also display the estimated posterior means based on the first 20 ensemble members, which are

equal at the initial timestep for all four ensemble sizes considered. The two realisations are different at the initial timestep,

although the strong spatial correlation is present in both cases. From the average of the initial ensemble we see that there

appears to be no particular trend in the initial model.

For the classical EnKF with ne = 20, the realisations has collapsed and there appears to be a very high variability between

neighbouring grid blocks. Moreover, the ln-permeability is well outside the range of the prior model at many of the grid

locations. The realisations for ne = 100 appear to give a much better representation of the reference ln-permeability. However,

we see that the ensemble members fail to capture the low permeable layers around horizontal cross-section 10 in the reference

solution. For the two largest ensemble sizes, ne = 1 000 and 1 500, the spatial structure in the reference solution appears to

be much better preserved in the updated realisations. We also observe the middle layer of low permeability present in the

reference solution for both the updated realisations and ensemble mean. Again we see that the PLSR-CV-EnKF updating

scheme with ne = 20 provides updated realisation which appears to have many of the same features present in the prior model

and reference solution.

Note that when the classical EnKF updating scheme with ne = 20 was rerun several times, we observed that the EnRMSE

often became larger at the final updating step than for the initial ensemble. This is caused by spurious correlations in the

estimated covariance matrix Σ̂x for small ensemble sizes (Evensen, 2007). Note, however, that this problem is also present

in the classical EnKF updating scheme for ne = 100 and ne = 1 000. These results suggest that spurious correlations are

not only introduced by estimation uncertainty, but also by overfitting the regression model resulting from collinear ensemble

members.

In Figs 17a and b, the EnRMSE and the percentage of the reference ln-permeability located within the estimated 95%

prediction interval are displayed as a function of timestep k. The EnRMSE starts to increase after k = 10, 12 and 15, for

ne = 20, 100 and 1 000 respectively, with the most dramatic effect for the smallest ensemble size. At the same time, we see

that the coverage decrease as k increases, again with the largest effect for ne = 20. For this particular reservoir model we

have to increase ne to 1 500 to have a decreasing trend in the EnRMSE, while preserving the coverage applying the classical
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EnKF updating scheme.

The PLSR-CV-EnKF scheme with ne = 20 is able to preserve the decreasing trend in the EnRMSE, with only a small

decrease in the coverage as k increases. This appears to be caused by the reduced coupling of the updated ensemble members

when using PLSR. Note, however, that both the classical EnKF and PLSR-CV-EnKF updating scheme with ne = 1 500 and

20 respectively, will eventually see the same increase in EnRMSE if data assimilation is continued into a distant future.

The increased coupling of the updated ensemble members can be quantified by the estimated rank of the updated ln-

permeability ensemble, displayed in Fig. 18. Here we have computed the loss in relative numerical rank for the updated

ensemble at three different timesteps k. As seen from this figure the relative loss in rank for the updated ensemble members

based on the classical EnKF updating scheme increases with timestep k. This is caused by overfitting of the regression

model since the ensemble members become more collinear. We also see that this effect is more prominent for smaller

ensemble sizes. Note that by construction the PLSR-CV-EnKF scheme has a rank loss of one for all timesteps, as explained

in Appendix D, which for this case makes the approach less vulnerable to overfitting.

Conclusion

We have formulated an EnKF updating scheme based on shrinkage regression techniques known from multivariate linear

regression. The purpose of these methods is to replace the unbiased classical estimator of the Kalman gain matrix with bias

alternatives, having improved predictive capabilities. Two of the techniques were considered on small linear and non-linear

toy examples, namely Principal Component Regression (PCR) and Partial Least Squares Regression (PLSR). Common to

both these methods is that the predictor variables are transformed into a reduced order subspace, before the regression model

is computed. The dimension of this subspace is therefore a prior hyperparameter that needs to be selected. When the subspace

dimension was selected based on Cross-Validation (CV), both the PCR and PLSR updating schemes performed significanly

better than the classical EnKF for small ensemble sizes, with the supervised PLSR scheme providing slightly better results.

However, when the subspace dimension used in PCR was selected based on the commonly applied theoretical criterion, the

scheme suffered from similar problems as the classical EnKF. That is, low forecast precision and severe underestimation of

the prediction uncertainty for small ensemble sizes.

We further compared the classical EnKF and PLSR updating schemes on a synthetic reservoir case study. Using the

PLSR scheme, reasonable estimates of the prediction uncertainty for the porosity and permeability fields were obtained

using only 20 ensemble members. The classical EnKF, on the other hand, required 75 times as many ensemble members

to obtain similar results. This was caused by severe problems of model overfitting, because the ensemble members became

increasingly collinear when the reservoir production data was assimilated.
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Nomenclature
Cov(•) = covariance

dk = data vector
D = centred data ensemble

δi, j = Kronecker delta
ε• = model/observation error

f (x) = probability density function (pdf)
f (x|y) = conditional pdf of x given y
ζ(•) = likelihood model

θ = shrinkage regression hyperparameters
Gauss.(•,•) = Gaussian distribution

G• = Gram matrix
I = identity matrix
K = Kalman gain matrix
κ = ln-permeability [md]
µ• = expectation vector
µ̂• = estimated mean vector

‖a‖2 = Euclidean vector norm
nd = dimension data vector
nx = dimension state vector
ne = number of ensemble members
ny = nx +nd

O(n2
x) = upper bound, computational complexity

ω(•) = forward model
p = dimension reduced order space, PCR, PLSR

PRESS(θ) = Predictive Error Sum of Squares (PRESS)
PRESS(θ)pen = Penalised PRESS

p = pressure [psi]
φ = porosity
ξ = scaling parameter RR
s = logit gas saturation

Σ• = covariance matrix
Σεd = covariance of the observation errors
Σ̂• = estimated covariance matrix

tr(A) = trace operator
Var(•) = variance

xk = state vector
X = centred state vector ensemble
xu

k = uncondition state vector: [xk|d0, . . . ,dk−1]
xc

k = conditioned state vector: [xk|d0, . . . ,dk]
y = [xT ,dT ]
Y = [XT ,DT ]T

0 = vector with entries equal to zero

Subscript
ix = coordinate in x-direction
iy = coordinate in y-direction
iz = coordinate in z-direction
k = timestep
tk = time at timestep k

Test = test data
Train = training data

Superscript
c = conditioned, meaning after data assimilation

(i) = realisation number
T = matrix/vector transposed

True = reference solution
u = unconditioned, meaning the output of the forward model
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Appendix A, Use of Singular Value Decomposition

The eigenvectors of the empirically estimated covariance matrix of the data vector, Σ̂d, is given as the column vectors

U ∈Rnd×nd obtained when performing Singular Value Decomposition (SVD) on 1√
ne
D=USV T (Strang, 1988). Moreover,

the eigenvalues are given as λi = s2
ii, where sii is the ith singular value, given as the ith diagonal element of the matrix

S ∈ Rnd×r where r is the rank ofD. Hence, the ensemble matrixD can be approximated by a truncated version:

Dp =UpSpV
T

p , . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (A-1)

whereUp = [u1, . . . ,up]∈Rnd×p, Sp = diagp(sp)∈Rp×p, and Vp = [v1, . . . ,vp]∈Rne×p, with vi given as the ith eigenvec-

tor of the matrix Gd =DTD ∈ Rne×ne . Here the notation Sp = diagp(sp) is used to denote that the p dimensional matrix

Sp is a diagonal matrix with the vector sp on the main diagonal.
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By use of the truncated SVD, the PCR estimate for the matrix of regression coefficient is given as:

K̂PCR =XVpS
−1
p U

T
p . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (A-2)

Thus, the computation of K̂PCR is efficient, both in terms of speed and memory use, compared to working with full dimen-

sional covariance matrices. This is especially true when nd is larger than ne. It should be noted that setting p = ne − 1,

K̂PCR minimises the mean squared error in the rank deficient case. Also note that a similar trick can be utilised for the RR

estimate, becauseDDT +ξI share the same eigenvectors asDDT , and with eigenvalues given as λ̃i = λi +ξ, where λi are

the eigenvalues ofDDT , i = 1, . . . ,min{ne−1,nd}.

Appendix B, Computational Properties

The classical EnKF can be modified by simply replacing the estimated Kalman gain with either the RR, PCR or PLSR

estimates. For all three methods the computational complexity is O(max{nd ,nx} · n2
e). For the RR and PCR estimate this

corresponds to the cost of performing a SVD onD and the matrix-matrix multiplicationXV T , while for the PLSR estimate

this is caused by the computation of the two matricesGx =XTX ∈ Rne×ne andGd =DTD ∈ Rne×ne .

When computing the PLSR estimate of the Kalman gain, we see from Eq. (11) that this requires the inversion of a p× p

dimensional matrix, which in the general case requires O(p3) floating point operations (flops). However, it can be shown

(Höskuldsson, 1988; Ränner et al., 1994), that this matrix is lower triangular, reducing the number of flops required to

O(p2). If both nx and nd are large, the classical NiPALS algorithm and computing the SVD of Σ̂x,d, will be computationally

demanding. Note, however, that this problem can be avoided by the algorithm outlined in Ränner et al. (1994).

When m-fold CV is applied to select the optimal number of components for PCR and PLSR, the computational complexity

is O(max{ne ·nx,(m−1) ·nd}n2
e), when the PRESS statistic is computed for all possible values for p in the truncation. Note

that the computational complexity can be further reduced when nd > ne−1. As explained in Hastie and Tibshirani (2004),

the same results will be obtained if we perform the m-fold CV based on the ne−1 PC, instead of the data ensemble. Hence,

only a single SVD will be necessary to perform. Further note that if we replace the Euclidean norm used in the PRESS

statistic in Eq. (12), with the (pseudo) norm:

‖a‖2
Σ̂x

= nea
T Σ̂xa= aTXXTa,

we can further reduce the computational complexity to O(max{nx,n2
e ,nd}n2

e). For large dimensional state vectors, we there-

fore see that the additional computational demands caused by m-fold CV can be negligible as long as n2
e < max{nx,nd}.

When overfitting is a severe problem for PCR or PLSR, the CV rule described in Hastie et al. (2009) can be applied. Rather

than selecting p at the global minimum of the PRESS statistic, the optimal number of components, p∗, should be given as

the smallest number of components such that PRESS(p∗) ≤ PRESS (pG)+ σ̂PRESS(pG). Here PRESS(pG) and σ̂PRESS(pG)

corresponds to the estimated value and standard deviation of the PRESS statistic at the global minimum pG respectively.

Although CV can lead to higher computational demands if an exhaustive search for the optimal number of components is

carried out, it should be noted that testing for all possible combinations of p is often not required. This is especially true when

using the PLSR approach because this tend to require a smaller number of components than PCR (Kalivas, 1999; Helland,
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2001).

Appendix C, Prior Distribution

For the reservoir example the porosity and ln-permeability fields are described by the following prior distribution: Initially,

a realisation z(i) ∈ Rn×1 is generated from a Gaussian distribution with mean 0.25 and covariance matrix Σz ∈ Rn×n, with

Σz∆
defined by an exponential covariance function:

c(∆) = σ
2
z exp

{
−

√
‖∆‖2

l

}
.

Here σz = 0.02 and

‖∆‖2
l =

(
∆x

lx

)2

+
(

∆y

ly

)2

+
(

∆z

lz

)2

,

with lx = ly = 10000 and lz = 100. We further assume that

[w|z] = 25z+ εw|z,

where εw|z ∼ Gaussn(0,I). A convolution between the realisations and a three dimensional standard Gaussian kernel over

a (5 x 5 x 5) neighbourhood is then applied to generate porosity and ln-permeability fields. This entails that φ(i) =Cz(i) and

κ(i) =Cw(i), where C ∈ Rn×n is the convolution matrix. Note that the purpose of this convolution is simply to increase the

spatial continuity in the realisations. Further note that in practice the MATLAB function smooth3(•) is used.

Appendix D, Rank of the Updated Ensemble

Let Xu ∈ Rnx×ne and D ∈ Rnd×ne be two non-centred ensemble matrices. Further let C = I + 1
ne

11T denote the centring

matrix, where 1 is a ne-dimensional column vector with all entries equal to one. The EnKF updating scheme based on PLSR

can then be written as:

Xc =Xu [
I+TA−1W TDT (d1T −D)

]
, . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (D-1)

where

A=
(
WDTDT

)
.

This follows from the definition of K̂PLSR and the identities:

T =CDT Ψ =CCDT Ψ = CT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (D-2)

andW =CW , where we have used that C is an idempotent matrix.

For the EnKF updating scheme defined in Eq. (D-1) using p components, assuming rank(Xu) = ne, the following result

then holds:

Result 1. Assuming rank(Xu) = ne, the rank of the updated state vector ensemble for the EnKF updating scheme based on

PLSR and PCR is equal to ne− p.
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Proof. Consider the matrix:

H = I+TA−1W TDT (d1T −D) ∈ Rne×ne .

By use of Eq. (D-2) and the property that 1TC = 0, we obtain the identity H = H2. Let (λi,ei), i = 1, . . . ,ne be an

eigenvalue, -vector pair ofH . From the identity

λiei =Hei =HHei = λ
2
i ei,

we then see that all eigenvalues of the idempotent matrix H are equal to zero or one. Hence, the result follows from the

identity:

rank(Xc) = rank(XuH) = rank(H) = tr(H),

where second equality holds because rank(Xu) = ne Adabir and Magnus (2005) and the third equality holds because H is

idempotent. We leave the proof for the EnKF updating scheme based on PCR to the reader.

Jon Sætrom is a PhD student at the Norwegian University of Science and Technology, Trondheim, Norway. Henning Omre is

Professor at the Norwegian University of Science and Technology, Trondheim, Norway.
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ne Scheme ARMSE Coverage
%

20 No Updating 9.96 89
20 Classical EnKF 9.96 24
20 PCR-0.99-EnKF 11.4 1
20 PCR-CV-EnKF 7.26 58
20 PLSR-CV-EnKF 6.53 59
100 No Updating 4.39 96
100 Classical EnKF 1.75 84
100 PCR-0.99-EnKF 2.42 53
100 PCR-CV-EnKF 1.74 92
100 PLSR-CV-EnKF 1.49 96

Table 1—Estimated Root Mean Squared Error of the posterior mean (ARMSE) and coverage of the reference solution in the esti-
mated 95% prediction intervals for the linear case based on 100 different initial ensembles.

ne Scheme ARMSE Coverage
%

20 No Updating 10.2 89
20 Classical EnKF 8.07 21
20 PCR-0.99-EnKF 8.95 1
20 PCR-CV-EnKF 6.63 65
20 PLSR-CV-EnKF 5.88 65
100 No Updating 4.48 96
100 Classical EnKF 1.52 79
100 PCR-0.99-EnKF 2.19 56
100 PCR-CV-EnKF 1.76 92
100 PLSR-CV-EnKF 1.25 93

Table 2—Estimated Root Mean Squared Error of the posterior mean (ARMSE) and coverage of the reference solution in the esti-
mated 95% prediction intervals for the non-linear case based on 100 different initial ensembles.

Scheme Linear Case Non-Linear Case
Classical EnKF 300 1 000
PCR-0.99-EnKF 550 1 250
PCR-CV-EnKF 100 100
PLSR-CV-EnKF 60 90

Table 3—Ensemble size ne required to achieve at least a 92 percent coverage of the reference state vector within the estimated 95
percent prediction interval for the four EnKF updating schemes considered for the empirical case study. Estimates are based on
100 reruns using different initial ensembles.

dtK

xtK+1

. . .

xt1

. . .

xt0
xtK

dt0
dt1

Fig. 1—Stochastic Directed Acyclic Graph (DAG) of the model considered.
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Scheme EnRMSE Coverage
%

No Update κ 24.1 95
Classical EnKF κ 22.0 21
PLSR-CV-EnKF κ 19.1 61
No Update φ 0.86 96
Classical EnKF φ 0.74 21
PLSR-CV-EnKF φ 0.64 62

Table 4—Estimated Root Mean Squared Error of the difference between the updated ensemble members x
(i)c
19 and the reference

solution (EnRMSE), and coverage of the reference solution in the estimated 95% prediction intervals for the two static variables
in the reservoir example. Estimates computed based on 100 different initial ensembles with ne = 20.
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Fig. 2—The figure illustrates the problem of over-/underfitting of a model to the available training data. The training data is shown
as dashed bullets, the test data is shown as a solid black bullet, while the fitted model is shown as a solid line.
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Fig. 3—Tradeoff between Bias and Variance: Overfitting the data by increasing the model complexity tend to increase the variance
in model predictions. Based on a similar figure found in Hastie et al. (2009).
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Fig. 4—Graphical presentation of the model assumptions made in PLSR, inspired by a similar figure found in Zeng et al. (2007).
Connected lines implies that there is a direct connection between the variables, while dashed lines implies an implicit connection.
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Fig. 5—Graphical presentation of the elements of the matrix Akl,m , for 5(k− 1) < l,m ≤ 5(k + 1), for the forward model in the
empirical case study. At all other grid locations Akl,m = δl,m
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Fig. 6—Graphical presentation of the non-zero elements of the matrix H , for the likelihood function in the empirical case study.
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Fig. 7—Reference xTrue
9 and xTrue

10 (line) together with the observed data d9 (stars) for the linear and non-linear models considered.
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(e) PCR-0.99-EnKF, ne = 100
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(g) PCR-CV-EnKF, ne = 100
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(h) PLSR-CV-EnKF, ne = 20
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(i) PLSR-CV-EnKF, ne = 100

Fig. 8—Results obtained when running four different EnKF updating schemes on the linear case with two different ensemble sizes.
The figure displays the reference xTrue

10 (solid), the ensemble mean (dashed, blue) and the estimated 95% confidence bounds of
the prediction interval (dashed-dotted, red).
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(a) Classical EnKF, ne = 100 000
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(c) Classical EnKF, ne = 100
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(d) PCR-0.99-EnKF, ne = 20
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(f) PCR-CV-EnKF2, ne = 20
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(g) PCR-CV-EnKF, ne = 100
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(h) PLSR-CV-EnKF, ne = 20
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(i) PLSR-CV-EnKF, ne = 100

Fig. 9—Results obtained when running four different EnKF updating schemes on the non-linear case with two different ensemble
sizes. The figure displays the reference xTrue

10 (solid), the ensemble mean (dashed, blue) and the estimated 95% confidence bounds
of the prediction interval (dashed-dotted, red).
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Fig. 10—Description of the synthetic reservoir model discretised into (10 x 10 x 15) grid blocks. The inward pointing arrow indicate
the location of the injection well, while the outward pointing arrows indicate the locations of the producer wells.
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Fig. 11—Image plot of the 100 vertical traces for the reference ln-permeability used in the synthetic reservoir example.
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Fig. 12—Image plot of the 100 vertical traces for the reference porosity used in the synthetic reservoir example.
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Fig. 13—Reference production data.
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Fig. 14—Forecasted production data based on reruns of the ne = 20 first ensemble members from timestep zero compared with
the reference production data (thick line). The figure shows from left to right the prediction based on the initial ensemble xc

0,
the updated ensemble xc

19 based on the classical EnKF with ne = 20 (EnKF20), ne = 1 500 (EnKF1500), and the updated ensemble
xc

19 based on the PLSR-CV-EnKF updating scheme with ne = 20 (PLSR20). The production properties considered are from top to
bottom OPR P1, OPR P2, GOR P1, GOR P2, BHP P1, BHP P2 and BHP I1.
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Fig. 15—Updated ln-permeability values based on the classical EnKF updating scheme (EnKF) using four different ensemble sizes
and the PLSR-CV-EnKF updating scheme (PLSR). The figure displays the reference ln-permeability (solid, black), the ensemble
mean (dashed, blue) and the estimated 95% confidence bounds of the prediction interval (dashed-dotted, red) obtained based on
the updated ensemble members at timestep 19. The subscript denotes the ensemble size used.
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Fig. 16—Two realisations and the estimated ensemble mean based on the first 20 ensemble members for the initial ensemble, for
different ensemble sizes using the classical EnKF updating scheme (EnKF) and the PLSR-CV-EnKF scheme (PLSR). The subscript
denotes the ensemble size. The reference ln-permeability is shown at the top.

December 2009 Preprint 31



0 5 10 15 20
14

16

18

20

22

24

26

28

30

32

34

 

 

EnKF
1500

EnKF
1000

EnKF
100

EnKF
20

PLSR
20

(a) EnRMSE

0 5 10 15 20
10

20

30

40

50

60

70

80

90

100

 

 

EnKF
1500

EnKF
1000

EnKF
100

EnKF
20

PLSR
20

(b) Coverage

Fig. 17—Root Mean Squared Error of the forecasted ln-permeability ensemble members and the reference (EnRMSE), and cover-
age of the reference solution in the estimated prediction intervals as a function of timesteps k. Here EnKF corresponds to the
classical EnKF updating scheme, while PLSR corresponds to the PLSR-CV-EnKF scheme. The subscript denotes the ensemble
size used.

0

2

4

6

8

10

12

14

16

 

 

EnKF
1500

EnKF
1000

EnKF
100

EnKF
20

PLSR
20

k=5
k=13
k=19

Fig. 18—Estimated relative loss in rank (%) for the updated ln-permeability ensemble at three different timesteps. The notation
EnKF corresponds to the classical EnKF updating scheme, while PLSR corresponds to the PLSR-CV-EnKF scheme. The subscript
denotes the ensemble size.
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