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ABSTRACT.

INTRODUCTION

A Hecke pair (G,H) comprises a group G and a subgroup H for
which every double coset is a finite union of left cosets, and the associ-
ated Hecke algebra, generated by the characteristic functions of double
cosets, reduces to the group *-algebra of G/H when H is normal.

In [4] we introduced the Schlichting completion as a tool for ana-
lyzing Hecke algebras, based in part upon work of Tzanev [13]. (A
slight variation on this construction appears in [14].) The idea is that
H is a compact open subgroup of G such that the Hecke algebra of
(G, H) is naturally identified with the Hecke algebra H of (G, H). The
characteristic function p of H is a projection in the group C*-algebra

A = C*(G), and ‘H can be identified with pC.(G)p C A; thus clo-
sure of H in A coincides with the corner pAp, which is Morita-Rieffel
equivalent to the ideal ApA.

In [4] we were mainly interested in studying when pAp is the envelop-
ing C*-algebra of the Hecke algebra H, and when the projection p is
full in A, making the C*-completion pAp of H Morita-Rieffel equivalent
to the group C*-algebra A. We had most success when G = N x Q)
was a semidirect product with H contained in the normal subgroup
N. In this paper we again consider G = N x (), but now we allow
the Hecke subgroup H to be spread across both N and (). This leads
to a refinement of the Morita-Rieffel equivalence ApA o pAp (see

Theorem 4.1).

We begin in Section 1 by recalling our conventions from [4] regarding
Hecke algebras. In Section 2 we describe the main properties of our
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group-theoretic setup for Hecke semidirect products. In order to ef-
fectively analyze how our semidirect-product decomposition affects the
Hecke topology, we need to go into somewhat more detail than might
be expected. In particular, we must exercise some care to obtain the
semidirect-product decomposition for the Schlichting completion (see
Corollary 2.8), and to describe various bits of this completion as inverse
limits of groups (see Theorem 2.14).

In Section 4 we prove a Morita-Rieffel equivalence (Theorem 4.1)
which takes full advantage of the semidirect-product decomposition,
and we look briefly at the special case where the normal subgroup
is abelian. In Section 3, to prepare the way for Section 4, we prove
a few abstract results concerning crossed products, projections, and
compact normal subgroups. (ML: I think we maybe should
put in some more details about section 344 in the
introduction. After all, this is what most (all) will
read anyway.) (JQ: Ok, I’'ll think about this.)

Finally, in Section 5 we give some examples to illustrate our re-
sults. Classical Hecke algebras have most commonly treated pairs of
semi-simple groups such as (GL(n,Q),SL(n,Z)). The work of Bost
and Connes [1] showed the importance of also studying Hecke pairs of
solvable groups. In the examples we mostly deal with the following
situation:

Let K be either the field Q of rational numbers or the field Z[p~!] of
rational numbers with denominators of the form p™. We take N = K2,
M = 7% Q@ to be a subgroup of GL(2, K) containing the diagonal
subgroup, and R = @ N SLy(2,Z). @ acts on N in the obvious way.
Then it is not so difficult to see that the Schlichting completions are
p-adic or adelic versions of the same groups.

As to specific examples we look at the algebra studied by Connes-
Marcoli in [2], see also [7]. Here R is not normal in @), so the full results
of Section 4 do not apply. On the other hand, if R is normal in ) then
Corollary 4.7 does apply, and as in [8] one can use the Mackey orbit
method to study the ideal structure of the C*-algebras involved. A
particular example of this is the ax+b-group over a quadratic extension
K[V/d] treated in [6], and we shall see that this example raises some
interesting questions. We also look at a nilpotent example, i.e., one
version of the Heisenberg group over the rationals.

After we had completed the research for this paper, we became aware
of the recent preprint [7], which treats semidirect-product Hecke pairs
in a way quite similar to ours. [7] and the present paper were written
independently, and the techniques have only incidental overlap. We
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should mention that we treat only the case where M normal in N, while
the context in [7] seems to be more general. Thus, for example, it would
be difficult to adapt our results on inverse limits (see Subsection 2.4 to
the context of [7]. (JQ: I’ll have to insert a little more
detail earlier in this intro introducing M, N, etc..)

The third author thanks the Norwegian University of Science and
Technology for supporting visits to the second author in Trondheim,
during which some of this research was conducted.

1. PRELIMINARIES

We adopt the conventions of [4], which contains more references. A
Hecke pair (G, H) comprises a group G and a Hecke subgroup H, i.e.,
one for which every double coset HxH is a finite union of left cosets
{wiH,...,yLmH}. A good reference for the basic theory of Hecke
pairs is [5]. A Hecke pair (G, H) is reduced if (), xHa™' = {e}, and
a reduced Hecke pair (G, H) is a Schlichting pair if G is locally compact
Hausdorff and H is compact and open in G. In [4, Theorem 3.8], we
gave a new proof of [13, Proposition 4.1], which says that every reduced
Hecke pair (G, H) can be embedded in an essentially unique Schlichting
pair pair (G, H), which we call the Schlichting completion of (G, H).
Specifically, G is the completion of G in the (two-sided uniformity
defined by the) Hecke topology having a local subbase {rHx™! : x € G}
of neighborhoods of e, and (G, H) is unique in the sense that if (L, K) is
any Schlichting pair and ¢ : G — L is a homomorphism such that ¢(G)
is dense and H = o !(K), then o extends uniquely to a topological
isomorphism @ : G — L, and moreover 5(H) = K.

The associated Hecke algebra is the vector subspace H of C& spanned
by the characteristic functions of double H-cosets, with operations de-

fined by
frglx)= > fwgly =)

yHeG/H
fr(@) = flaHA™),

where A(x) = L(z)/L(z™"). Warning: some authors do not include
the factor of A in the involution; for us it arises naturally when we

embed H in C.(G). One way to see how this embedding goes is the

following: let p = X, which is a projection in C.(G) when the Haar
measure on G has been normalized so that H has measure 1. Then
the restriction map f +— f|G gives a x-isomorphism of the convolution

algebra pC.(G)p onto H.
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(JQ: What else to put here? Probably should give
a summary of the prelims in [4], plus a summary of

semi-direct product set-up, with references to [7]
and [2]|?)

Notation. H < G means H is a subgroup of G. H <1 G means H is
a normal subgroup of G.

2. GROUPS

Here we describe the main properties of our group-theoretic setup for
Hecke semidirect products. Throughout this paper, G is a group which
is an internal semidirect product of N << G by Q < G;s0 NNQ = {e}
and G = NQ@Q. We write G = N x ). Further, M < N and R is
a subgroup of ) which normalizes M, so that the internal semidirect
product H = MR = M x R is a subgroup of GG. Briefly:

G = N x @
(2.1) v v \Y
H = M x R.

In many examples we will have R < (), and some of the proofs are
easier in this case.

(The following questions should also appear in the
Introduction.) In this section we answer the following questions
in terms of N, @, M, and R: When is (G, H) a Hecke pair? When is
(G, H) reduced? What is (G, H)?

We need to establish many elementary facts from groups theory
which are not standard, so we will give more detail than might seem
necessary.

2.1. Generalities. We will be interested in subgroups of H of the form
LS, where L < M and S < R. Note that LS < MR if and only if S
normalizes L.

Lemma 2.1. If A, B, C are subgroups of G with:
(i) AD B;
(i) ANC ={e};
(iii) AC = CA;
(iv) BC =CB,
then
[AC : BC| =[A: B].
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Proof. The map aB +— aBC : A/B — AC/BC is obviously well-
defined and surjective, and is injective because

aBC = a;BC = ay'a; € BON A= B. O

Corollary 2.2. Suppose L < M and S < R, and suppose S normal-
izes L, so that LS is a subgroup of M R. Then

[M : L|[R:S]=[MR: LS].
Proof. We have
[MR: LS]=[MR: MS][MS : LS|,
so the result follows from the above lemma. U

Notation and Terminology. For any subgroup K of G and = € G,
we define

K,=KnaKz '
Thus K, is precisely the subgroup of stabilizers of the coset K under
the action of K on G/K by left translation, and

(2.2) K : K, =|KzK/K]|.
If T is another subgroup of G, we let
Tox={teT|tzKt ' =2K}

denote the subgroup of stabilizers of K under the action of T by
conjugation on the set of all subsets of GG; thus

(2.3) [T: T, k] = |{taKt™" | t € T}|.
Note that if 7" normalizes K, then the conjugation action of T descends
to G/K.

For F C G, we further define
KE: me and TE,K: ﬂTx,K

zeFE zeFE

It will also be useful to observe that if {M;};cr is a family of sub-
groups of N and {R;};csr is a family of subgroups of @ such that R;
normalizes M; for each i € I, then, because N N Q = {e}, we have

(2.4) (MR = <ﬂ Mi) (ﬂ Rl)

iel iel iel
Lemma 2.3. Let L be a subgroup of N which is normalized by R. For
any r € R and n € N, the following are equivalent:

(i) re€ RyL;

(ii) rnr~! € nL;
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(iii) r € nLRn™ "
Sketch of Proof. (i) = (ii) == (iii) are clear. (iii) == (ii) uses
NNQ={e}. (ii) = (i) uses normalizedness of L by R. O
Taking L = M in Lemma 2.3 and using H = M R, we have
(2.5) Ry =RNnMRn ™' = RNnHn ' 2 RNnRn~' = R,.
From this we deduce:

Lemma 2.4. For anyn € N and q € Q,
(i) H,= MR, u;
(ii) Hy = M, Ry;
(iii) Hyn N Hy = My(qRumq ' N R).
Proof. (i) Suppose h = mr € H,, for m € M and r € R. Then
rem 'nMRn ' =n(n'm 'nMR)nt =nMRn ' =nHn ™,
so (using (2.5))
mr € m(RNnHn™) C MR, .
Thus H,, C MR, . Conversely, also using (2.5),
MR,y =M(RNnHn™')C MRN MnHn ' = HNnHn ' = H,.
(ii) We have
Hy=HNgHq ' = MRN (¢Mq ') (¢Rq™")
= (MngMq ') (RNqRq™") = MyR,,
by (2.4).
(iii) We have
H,NH,=HNgHqg 'NgnHn ¢ = HNq(H,)q"
= MR (¢Mq~")(qRunq™") = My(RN qR g ),
using part (i) and (2.4). O

2.2. Hecke pairs. Since [H : H,] = |HzH/H]| for any = € G, the pair
(G, H) is Hecke if and only if each subgroup H, has finite index in H.
Applying this to the pair (N x @, @), we see that (N x @, Q) is Hecke
if and only if [@ : Q] = [@ : @n ] < 00 for each n € N. The next
lemma extends this observation to our more general context.

Proposition 2.5. The following are equivalent:
(i) (G, H) is a Hecke pair
(ii) [R: Ry, [M : M| and [R : R, ) are all finite for each q € Q
andn € N
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(iii) (@, R), (G, M) and (N/M x R, R) are Hecke pairs
(iv) (Q,R), (G,M) and (NR, H) are Hecke pairs.

Proof. 1f (G, H) is a Hecke pair, then for all ¢ € @ and n € N we have
(M : M,J[R:R))=[MR: M,R))=[H:H,] <o

and
[R : Rn,M] = [MR : MRn,M] = [H : Hn] < 00,

so (i) implies (ii). Conversely, assuming (ii), for any ¢ € Q and n € N,
Lemma 2.4 gives

[H:H,) <[H:H,NH)]=[MR: My(qR,:q ' N R)
=[M : MR : qR,:q ' N R
=[M : MJJ[R: RJ[R,: qR.q ' N R,

which is finite because for any subgroups S O T of G we have [RN S :
RNT)<[S:T)and [¢Sq' : qTq '] =[S : T]. Thus (ii) implies (i).

If g € Q and n € N then gnMn~'q™' = gMq™!, so [M : M| < oo
for all ¢ € @Q if and only if (G, M) is Hecke. As observed above, R is a
Hecke subgroup of N/M x R if and only if, for each nM € N/M, the
stability subgroup (for conjugation) of R at nM has finite index in R.
Since this subgroup is precisely R, ar, we have [R : R, ] < oo for all
n € N if and only if (N/M x R, R) is Hecke. Therefore (ii) if and only
if ().

Finally, if n € N and » € R then nrHr *n=' = nHn™!, so

H:H,|=[H:H,)=[R:Ruuml,
therefore (iii) if and only if (iv). O

Proposition 2.6. Suppose (G, H) is a Hecke pair. Then the following
are equivalent:

(i) (G, H) is reduced;
(ii) Mg = {e} and Ry ey N Rg = {e}.

Proof. Since (G, H) is reduced if and only if Hg = {e}, the lemma will
follow easily from the identity

(2.6) HG = MQ<RN,MQ N RQ)
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To establish (2.6), we first use Lemma 2.4 (iii) and Corollary 2.2 to get

HG = m Hgg = m an = ﬂ (Hq N an)

z€G qeQ,nEN qeEQ,nEN
- m M,(qRnmq”" N R)
qeEQneN
= <ﬂ Mq> ( ﬂ qR, g ' N R).
q€eQ qeEQ,nEN
Further,
(| aBamg ' NR= () Ryngrge N Ry
qeQneN qEQ,nEN
= () Rugre N[ R,
qEQ,nEN q€Q
= Ry, N Reg.

U

Note that Ry e consists of those elements of R which commute

element-wise with N.

2.3. Hecke topology. In addition to our standing assumptions (2.1),
now assume that (G, H) is a reduced Hecke pair. Let (G, H) denote

its Schlichting completion.

Proposition 2.7. The relative Hecke topologies of the important sub-

groups have the following subbases at the identity:

(i) for both N and M: {M, | q € Q};
(ii) for Q: {qRnyq™" [q € Q,n € N};
(iii) for R: {RNqR,mq ' | g€ Q,n € N}.

Proof. (i) follows from the computations
NngnHn ¢t =gn(Nn Hn ¢!
=qnMn~'q"' = qMq™
and
MNgnHn ‘¢ ' =MNNNgnHn ¢!
=MnNgMqg ' = M,
For (ii), we have

QNgnHn 'q" =q(QNnMRn g,
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and
QNnMRn'c QN MNRN
=QNNR=R,
SO
QNnMRn ' =RnNnHn ' = Ry
hence

QNgnHn™q~" = qRuq”
Finally (iii) follows from

RNgnHn ¢ '=RNQNqnHn ¢! = Rﬂan,Mq_l. O
Corollary 2.8. The Schlichting completions are semidirect products:
G=NxQ and H=DMxR,

where the closures are all taken in G.

Proof. First of all, to show that G is the semidirect product N x @ of
its subgroups N and @) requires:

(iv) G has the product topology of N x Q.

Item (i) is obvious. To see (ii), note that the subgroup N @ contains
both G = NQ and M R. Since M is compact, the subgroup M R is
closed, and it follows that H = M R. This implies (ii), since every
coset in G/H can be expressed in the form zH for x € G.

For (iii), note that the quotient map ¢ : G — @Q C @ is continuous for
the Hecke topology of G and the relative Hecke topology of ), because
a typical subbasic neighborhood of e in @ is of the form gR,, ;g™ ' for
g€ @ andn e N, and

Qﬁil(an,Mqil) = ]\[an,Mqi1
contains the neighborhood
H,NH,=M,RNqR,nq ")

of e in G. Since Q is a complete topological group, ¢ extends uniquely
to a continuous homomorphism ¢ : G — Q. Because 1) takes N to
e and agrees with the inclusion map on @, by density and continuity
7,0 takes N to e and agrees with the inclusion map on Q. Therefore
NNQ = {e}.

To see how (iv) follows, first note that the product topology is
stronger than the Hecke topology, because if n; — nin N and ¢; — ¢ in
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Q then n;q; — ng in G by continuity of multiplication in a topological
group. On the other hand, since the quotient map has been shown to
be continuous, so is the map

ng—n = (ng)q ",

i.e., the map x — 1 (x)~!, so the Hecke topology is stronger than the
product topology.

It only remains to show that H = M x R, but this follows immedi-
ately: we have M N R = {e}, and the subgroup M R has the product
topology since N @ does. 0

2.4. Inverse limits. Here we again assume that (G, H) is a reduced
Hecke pair. For each of our groups M, N, R, H, and ) we want to
describe the closure as an inverse limit of groups, so that we capture
both the algebraic and the topological structure. From [4, Proposi-
tion 3.10], we know that the closure is topologically the inverse limit of
the coset spaces of finite intersections of stability subgroups. To get the
algebraic structure we need enough of these intersections to be normal
subgroups. In the case of M and N, we already have what we need,
since each M, is normal in N, and hence also in M. However, for R
we need to do more work. Recall from Lemma 2.4 that for each ¢ € )
and n € N we have

H,, 2 H,N Hy, = My(qR, g ' N R).
Lemma 2.9. Suppose L < M and S < R. Then LS < MR if and
only if
(i) L < MR,
(i) S < R, and
(iii) S C Rasp.
Moreover, in this case
MR/LS = (M/L) x (R/S).
Proof. First assume LS <1 M R. Then
S=RNLS<RNMR=R,
and since M < M R, we also have
L=MnNLS < MR.

For (iii), fix s € S and m € M. Then m~'sm € LS because LS <1 MR,
so m~tsms™' € LS. On the other hand, m~!sms=! € M because
S C R and R normalizes M. Thus

mtsmst e LSNM =L,
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sos€ R, 1.

Conversely, assume (i)—(iii). Then it suffices to show that M con-
jugates S into LS: for m € M and s € S we have m~tsm € LS by
Lemma 2.3 (iii), because

S & S N Rm7L — Sm,L-
For the last statement, it is routine to verify that the map
mrLS w— (mL,rS) forme M,r € R
gives a well-defined isomorphism. O

Notation. For £ C ) and F' C N put
RP = () qRrmg 'NR.
qEFE

Recall that Rpar = (),,cp Bnon-

Note that the families
{Mg: E CQ finite} and {RE:FE CQand F C N finite}
are neighborhood bases at e in the relative Hecke topology of M and
R, respectively.
Notation. Let £ be the family of all subsets £ C () such that:
(i) E is a finite union of cosets in Q/R;
(i) e € E;
(iii) RE = E,
and let F be the family of all pairs (£, F') such that:
(iv) Ee€é&;
(v) Fis a finite union of cosets in N/M;
(vi) ¢7'Mq C F for all ¢ € E.
Lemma 2.10. For all (E,F) € F:
(i) RE < R;
(ii) [R: RE] < 0.
Proof. RE is a subgroup of R because Rp,, is. For r € R we have
rREr = ﬂ r(qRppmqg "N R = ﬂ rqRrpqg 'r "N R = RE

qEE q€EE

neF

since rE = E. This proves (i).
For (ii), first note that [R : Rpy] < oo because |F/M| < oo and
R, ar only depends upon the coset nM. Thus

Ro = ﬂ 7“ffp7]w’l“_1

reR
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is cofinite in R. For each coset ¢R contained in £ we have
ﬂ qRF,Mq_1 = ﬂ t?”RRMT_lt_l = tRot_l.
qetR reR
Thus
ﬂ qRF,Mq_l NR

gEtR
is cofinite in R. Letting F = {t1R, ..., xR}, it follows that

k
ﬂ qRpmq ' N R = ﬂ ( ﬂ qRpvg™ ' N R)

qeE i=1 \qg€t;R
is cofinite in R. OJ

Lemma 2.11. For all E € &:

() Mg < N;

( ) Mg < M;

(i) Mg < H;

(iv) [M : Mg] < oc.

Proof. (i) follows since M, <« N for each g.
(ii). Mp C M since e € E, so Mg < M by (i).
(iii). For r € R we have

rMpr—t = ﬂ r(gMq* N M)r ﬂquq r'N M= Mg
qEE qeE
since rE = E. Thus Mg < MR = H by (ii).
(iv). For each coset tR contained in E we have

ﬂ qMqg™ = ﬂ trMr— 't =t Mt

qEtR reR

Thus (,c;g My = M, is cofinite in M. Letting £ = {t; R, ..., t; R}, it
follows that

NM=) N M= ﬂ M,

qeE i=1q€t; R
is cofinite in M. O
Lemma 2.12. For all (E,F) € F we have

RE C Rury-

Proof. Fix s € RE and m € M; we need to show that s € Ry, .
Thus, for ¢ € E, we must show

mtsms™! € ¢Mq™?
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We have ¢~'mq € F, so

s € qqumq,Mq_l.
It follows that

gm™sms™ g™ = (gm~'q")(gsq” ") (amg ) (gsTq7") € M,
hence m~tsms™ € ¢Mq™!, as desired.
Corollary 2.13. For all (E,F) € F we have

MgRE <9 H and [H:MgRE] < .

Theorem 2.14. With the above notation, we have:

(i) Y =lim, . M/Mg;

(iv) H = liin(E,F)ef M/Mp x R/RE,

all as topological groups.

13

Proof. By the preceding results, it suffices to show that for all finite

subsets
EF'c@Q and F' CN
there exists (F, F') € F such that
Mg C My and RE c RE.

Put
E"=(E'U{e})R and F"=(F'U{e})M.

Since (@, R) is Hecke, £ := RE" is a finite union of cosets in Q/R,

and it follows that £ € £. We have
Mg C My since FE D FE.

Let M, be the subgroup of N generated by the conjugates ¢~ *Mgq
for ¢ € E. Then My <1 N since ¢ '!Mq < N for each ¢q. Since E is a
finite union of double cosets of R in @), and since (@, R) is Hecke, E is a
finite union of right cosets of R in Q. Thus the family {¢"'Mgq: q € E}
is finite. Since M, is the product of the subgroups ¢~ 'M¢q (because
they are normal in N), it follows that [M, : M| < co. Thus, putting

F = MyF", we have (E, F') € F, and moreover

RECRE since EDE and FDOF.

O
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As a topological space, Q = linE » Q/RE, but since the s_ubgroups
RE are not in general normal in @, the group structure of @ is more
complicated. For details on this, we refer to [4, Remark 3.11]. In the
special case where @ is abelian, we do have RE <1 @, so

Q =1lim Q/RE

E,F

as topological groups.

3. CROSSED PRODUCTS

In this section we prove a few results concerning crossed products,
compact normal subgroups, and projections. We state these results
somewhat greater generality than we require, since they might be useful
elsewhere and no extra work is required.

Compact subgroups. Let R be a compact normal subgroup of a
locally compact group Q). We identify @ and C.(Q) with their canonical
images in M(C*(Q)) and C*(Q), respectively. Normalize the Haar
measure on () so that R has measure 1. Then ¢ := Xp is a central
projection in M (C*(Q)), and the map 7 Q/R — M (C*(Q)) defined by

(3.1) T(sR)=sq forse @

integrates to give an isomorphism of C*(Q/R) with the ideal C*(Q)q
of C*(Q).

Let o be an action of () on a C*-algebra B. We identify B and C*(Q)
with their canonical images in M (B X, Q). Thus ¢ is a projection in
M(B x4 @), and we may regard 7 as a homomorphism of )/R into
M(B x4 Q).

Let ®(b) = [, a,(b) dr be the faithful conditional expectation of B
onto the fixed-point algebra BF. Then an elementary calculation shows
that

qgbg = ®(b)q = qP(b) forbe B

Thus ¢Bq = Bfq, and ¢ commutes with every element of Bf. Thus
the formula

(3.2) o(b) = bq

defines a homomorphism o of B onto the C*-subalgebra Bfq of B x,
Q. We will deduce from Proposition 3.1 below that ¢ is in fact an
isomorphism.

Let 3 be the action of Q/R on B obtained from «. It is easy to see
that the maps ¢ and 7 from Equations 3.2 and 3.1 combine to form a
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covariant homomorphism (o, 7) of the action (B¥, Q/R,3), and that
the integrated form

(3.3) 0:=0x7BEx3Q/R— q(B x,Q)q

is surjective.
In the special case R = (), the following is the main result of [12]:

Proposition 3.1. Let (B,Q,«) be an action, let R be a compact nor-
mal subgroup of Q, let (B®,Q/R,[3) be the associated action, and let
q = Xg. Then the map 0 BE x5 Q/R — q(B x4 Q)q from (3.3) is an
1somorphism.

Proof. By the discussion preceding the statement of the proposition, it
remains to verify that 6 is injective, and we do this by showing that
for every covariant representation (w,U) of (B®,Q/R, 3) on a Hilbert
space V' there exists a representation p of ¢(B X, @)q on V such that
pol=mxU.

Recall from the theory of Rieffel induction [11] that the conditional
expectation ® B — BT gives rise to a BR-valued inner product

(b,c)gr = P(b*c)
on B, so the completion X is a Hilbert B®-module. Moreover, B acts
on the left of X by adjointable operators, so we can use X to induce
7 to a representation 7™ of B on V := X ®pr V. An easy computation
shows that the formula
U(b@§) = a,(b) @ UspE  forseQbe B,V

determines a representation U of Q on V such that (7, U ) is a covariant
representation of (B, @, «).

Thus 7 x U is a representation of the crossed product B x, ) on ‘7;

let p; be its restriction to the corner ¢(B %X, Q)g. We have pi(q)V =
BR®pgr V, because if b € B and £ € V then

(@) (b® ) = / U,(b® &) dr

R

Z/R(Oér(b)®Uer) dr
:/Ra,,(b)dr®§.

The subspace Bf ®@zr V is invariant for the representation py; let po
denote the associated subrepresentation of ¢(B X, @)g. A routine com-
putation shows that

Wheé)=rnb)E forbe B eV
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determines a unitary map W of Bf @zr V onto V which implements
an equivalence between the representations p, 06 and m x U. Thus we
can take p = AdW o ps. 0

Corollary 3.2. Let (B,Q,«) be an action, let R be a compact normal
subgroup of Q, let (B®,Q/R,[3) be the associated action, and let q =
Xgr. Then the map o : B — BEq from (3.2) is an isomorphism.

Proof. It remains to observe that ¢ is faithful, being the composition
of the injective homomorphism € with the canonical embedding of B

into M (B% x5 Q/R). O

Two projections. If A is a C*-algebra and p is a projection in M (A),
then one of the most basic applications of Rieffel’s theory [11] is that
the ideal ApA is Morita-Rieffel equivalent to the corner pAp via the
ApA — pAp imprimitivity bimodule Ap. For later purposes, we will
need a slightly more subtle variant:

Lemma 3.3. Let A be a C*-algebra, and let p,q € M(A) be projections
with p < q. Then qApAq is Morita-Rieffel equivalent to pAp.

Proof. Just apply the above Morita-Rieffel equivalence ApA ~ pAp
with A replaced by ¢Agq. O

Central projection. Let 3 be an action of a locally compact group
T on a C*-algebra C, and let d € M(C) be a central projection. Then
d may also be regarded as a multiplier of the crossed product C' x5 T,
and it generates the ideal

(C X T)d(C X3 T)

Proposition 3.4. With the above notation, we have:

(1) (CxgT)d(C xgT)=1xsT, where I is the T-invariant ideal
of C' generated by d.

(ii) I = span{B(d)C : t € T} = {c € C : pc = c}, where
Poo = sup{fi(d) : t € T}.

Proof. (i) follows from [3, Propositions 11 (ii) and 12 (i)].

(i) The first equality holds because d is a central projection. For the
second, note that the projections {3;(d) : t € T'} are central, so their
supremum p., is an open central projection in C**, and the desired
equality follows from, e.g., [10, Proposition 3.11.9]. To make this part
of the proof self-contained, we include the argument: put

J={ceC:pc=c}
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For any t € T and ¢ € C we have 5,(d) < pso, SO

Poo3i(d)c = Bi(d)e.

Thus I C J. Suppose a € J but a ¢ I. Then there exists a nondegen-
erate representation 7 of C' such that 7(a) # 0 but I C ker . Extend 7
to a weak*™-weak-operator continuous representation 7 of C**. Enlarge
the set {3;(d) : t € T} to an upward-directed set P of central projec-
tions in M (C), so that there is an increasing net {p;} in P converging
weak™® to ps. Then p;a — pooa weak™ so m(p;a) — T(psa). We have
T(poo) = m(a) because a € J, and 7(p;a) = 0 for all i, so we deduce
that 7(a) = 0, a contradiction. O

Question 3.5. When will p,, be a multiplier of B%? (Example 5.10
shows that it is not always so.)

Combine. We will now combine the above results. Let a be an action
of a locally compact group () on a C*-algebra B. Put

A= B x,0Q.

Let R be a compact normal subgroup of ). Let ¢ = Xg, a central
projection in M(C*(Q)) (assuming the Haar measure is suitably nor-
malized). Let 3 be the associated action of Q/R on BE. Let

GIUXTZBRXﬁQ/Riqu

be the isomorphism of Proposition 3.1. Also let d € M(B) be an R-
invariant central projection, so that d is also a central projection in
M(B%). Put
Poo = sup{a,(d) : s € Q}.

Then po, is an open central projection in (Bf)**. Let I be the Q/R-
invariant ideal of B generated by d. We have dq = qd € M(A), and
we denote this projection by p.

The following theorem combines the previous results in this section:

Theorem 3.6. With the above notation, we have:
(i) 0(I x5 Q/R) = qApAq.
(ii) 1 =span{as(d)B?:s€ Q} = {b € BE: p,,b=1b}.
(iii) o(I) = span{sds~'qBq: s € Q} = span{sqdBqs™' : s € Q}.
(iv) pAp is Morita-Rieffel equivalent to I x5 Q/R.
Proof. The only part that still requires proof is (iii). We have

o(I) = spanf o a,(dBR)
sEQ
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because a,(B?) = BE. For each s € Q we have
00 a,(dB®) = o o B, (dB")
= 1,go(dB®) 1, (covariance)
= (sq)dB"q(sq)* = sqdB®qs™" = sqdqBqs™*
= sqdBgs™* (dq = qd)
= sds 'qBq (sq = qs,sB = Bs) ,
and (iii) follows. O

4. HECKE CROSSED PRODUCTS

In this section our main object of study is a Schlichting pair (G, H)
which has (a slightly more restricted version of) the semidirect-product
decomposition of Section 2. Recall that to say (G, H) is a Schlichting
pair means that not only is it a reduced Hecke pair, but also G is a
locally compact group and H is compact and open in G. Thus (G, H)
coincides with its Schlichting completion.

We obtain crossed-product C*-algebras which are Morita-Rieffel equiv-
alent to the completion of the Hecke algebra inside C*((G), analogously
to certain results of [4]. At the end of the section we briefly indicate
how our results can be applied if the Hecke pair is incomplete.

Standing Hypotheses. We assume throughout this section that G is
a locally compact group with closed subgroups N, @), M, R such that:

e G =N x (@ is a semidirect product (with N normal);
e M is normal in N,

e R is normal in Q;

e R normalizes M;

e H := M x R is compact open in G;

o NyeqxHz™ = {e}.

Thus M and R are compact, and are open in N and @, respectively.
The two main differences between the above hypotheses and those of
Section 2 are: (1) we assume that the Hecke pair (G, H) is complete,
and (2) we assume that the subgroup R of @ is in fact normal rather
than merely Hecke.

Put A = C*(G) and B = C*(N), and let a denote the canonical
action of @) on B determined by conjugation of () on N. Then A is
isomorphic to the crossed product B x, @), and we identify these two
C*-algebras.

Normalize the Haar measures on N and ) so that M and R each have
measure 1. Then the product measure is a Haar measure on G, and
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H has measure 1. Thus py; := X,/ is a central projection in B, hence
is a projection in M(A). Similarly, pr := Xg is a central projection in
C*(Q), hence also a projection in M (A), and we have

pu = Xu = pupr = prPm € A.

Note that the Hecke algebra of the pair (G, H) is H = pyC.(G)py,
whose closure in A is the corner py Apy. From Section 3 we get iso-
morphisms

QZUXT:BRXQQ/RipRApR

o:Bf = BEpy

7 C"(Q/R) = C"(Q)pr.
and an ideal
I={be B :p.b=0} < BY,
where
Poo = sup{as(par) = 5 € Q} € (B)™.
Theorem 3.6 quickly gives the following analogue of [4, Theorem 8.3]:
Theorem 4.1. With the above notation:
(i) 0(I x5 Q/R) = prAprApr.
(ii) I =span{as(pu)B":s € Q}.
(iii)
o(I) = span{spys~'prBpr : s € Q}
= span{sprpym Bprs " 1 s € Q}
— span{spys prnpr : s € Q,n € N}.
(iv) puApn is Morita-Rieffel equivalent to I x5 Q/R.

Proof. The only thing left to prove is the last equality of part (iii), and
this follows from Theorem 3.6, because M is compact open in /N, hence

dB =span{dn :n € N}. O

Remark 4.2. Note that if R is nontrivial then py is never full in A:
Since N is normal in G with @ = G/N, there is a natural homomor-
phism C*(G) — C*(Q) which maps py to pgr. Thus pg is a nontrivial
projection, which, being central, is not full in C*(Q).

We say that the family {sMs™! : s € Q} of conjugates of M is
downward-directed if the intersection of any two of them contains a
third.
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Proposition 4.3. If {sMs™ : s € Q} is downward-directed, then
prApuApr = prApr = B" x5 Q/R.

Proof. Because the pair (G, H) is reduced we have

ﬂ sMs™! = {e},

SEQ
so the upward-directed set {spyrs~! : s € Q} of projections has supre-
mum p,, = 1 in (BF)**. Therefore the ideal I from Theorem 4.1
coincides with Bf, and the result follows. L]

Remark 4.4. In the above proposition, we have

PrAPHAPR = PRADR
although the ideal ApA of A is proper if R is nontrivial.

As in [4, Section 7], we specialize to the case where N is abelian.
Taking Fourier transforms, the action « of () on B becomes an action
o' on Cy(N):

o)) = flpoa,) forseQ,feCy(N),¢eN.

The smallest @-invariant subset of N containing M is

Q= U (sMs™)*.

seqQ

TheAFourier transg(\)rm of the fixed-point algebra BT is isomorphic to
Co(N/R), where N/R is the orbit space under the action of R. The
smallest /R-invariant subset of N /R containing M* /R is Q/R. Thus
the Fourier transform of the ideal I of B® is Cy(Q2/R). Let v be the
associated action of @/R on Cy(2/R). The following corollary is anal-
ogous to [4, Corollary 7.2].

Corollary 4.5. With the above assumptions and notation, if N is
abelian then pgApy is Morita-Rieffel equivalent to the crossed prod-
uct Co(Q2/R) x, Q/R.

We finish this section with a brief indication of how the above general
theory can be used when (G, H) is the Schlichting completion of a
reduced Hecke pair (G, Hp). More precisely, we assume that Gy =
Ny Qo, My < No, Ry « Qo, Ry normalizes Mo, and that (Go,Ho) is
a reduced Hecke pair (and Propositions 2.5-2.6 give conditions under
which the latter happens). By Corollary 2.8, the closures N, @, M,
and R of Ny, Qo, My, and Ry, respectively, satisfy the conditions of
the current section, namely G = N x Q, M << N, R < @Q, and H =
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M x R. The action (B, Q,«) restricts to an action (B, Qq, ap), and
by density we have B = Bfo. The map sR, — sR for s € R gives
an isomorphism Qy/Ry = )/ R of discrete groups, and the action 3 of
Q/R on B® corresponds to an action (3 of Qo/Ry on Bf°. Thus we
have a natural isomorphism

Bf x5Q/R = B™ x5, Qo/Ro.

Again by density, for all s € ) there exists sy € )y such that prs =
PrSo, and similarly for all n € N there exists ng € N such that npy, =
nopr- We deduce:

Corollary 4.6. Using the above isomorphisms and identifications:
(i) I is the Qo/Ro-invariant ideal of BT generated by py;;
(ii) I xg, Qo/Ro = prApn Apr;
i
i

(iii) Poo = sup{spys™ :s € Qo};
(iv) I = span{spas 'prnpr : s € Qo,n € No};
(v) puApn is Morita-Rieffel equivalent to I X5, Qo/Ro.

As explained in [4], many of the nice properties of the Hecke algebra
in [1] hold because the family {xHz™' | x € G} of conjugates of H is
downward directed; in particular this implies that the projection p is
full. In our situation we can only have p full if R = {e}, but we do
have the following:

Corollary 4.7. Suppose the conjugates {qMq™' | ¢ € Q} of M are
downward directed. Then I = B and py Apy is Morita-Rieffel equiv-
alent to BT x5, Qo/Ro.

Proof. We have spprs~! = psars-1, so by the assumptions po = 1. O

Continuing with (G, H) being the Schlichting completion of (Gg, Hy)
as above, we again consider the special case where N, equivalently Ny,
is abelian. Fourier transforming, by density we have

0= U (sMs™ )+,
s€Qo

and there is an associated action 7y of Qy/Ry on Cy(€2/R), giving:
Corollary 4.8. With the above notation, pgApy is Morita-Rieffel
equivalent to Co(Q/R) %, Qo/Ro.

5. EXAMPLES

We shall here illustrate the results from the preceding sections with
a number of examples. (Give more detail here about what
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we’ll illustrate in the examples.) ! Some arguments are
only sketched, and we leave many details to the reader.
First note that the case R = {e} is treated in [4, Sections 7-§].

Example 5.1. The situation with M = {e} and R < @Q is also in-
teresting. From Section 2 we see that (N@Q, R) is Hecke if and only if
Rogey = {r € R | rnr~! = n} is cofinite in R for all n. It is reduced
if and only if (), Rn (e} = {e}, i.e., if the map R — Aut N is injective.
Here N = N, p := py = pg, and Theorem 4.1 gives a Morita-Rieffel
equivalences between ApA, pAp and C*(N)Ex Q/R. [4, Example 10.1]
is a special case of this situation.

We shall next study 2 x 2 matrix groups (and leave it to the reader
to see how this generalizes to n X n matrices) acting on K? where K
is either the field Q of rational numbers, or the field Z[p~'] of rational
numbers with denominators of the form p™. Here p is a prime number,
not to be confused with the projection p. We shall only give details in
the first case.

We shall assume that

o N=K?2 M=17%

e () is a subgroup of GL(2, K) containing the diagonal subgroup
D=A{(§}) | kb€ K>}

e R=0QNSLL(2,7),

with the obvious action of  on K2. So in particular R is the subgroup
of elements in @ such that both 7 and r~! are integer matrices.

We shall now see that Proposition 2.5 (ii) holds in this case. Given
q € Q there is an integer matrix k¥ € D such that kg~! is an in-
teger matrix. From this it follows that kq='Z* C Z? and therefore
kMkE™" C gMqg™'. This means that the sets {kZ?} are downward-
directed and form a base at e for the Hecke topologies of M and N,
by Proposition 2.7. We also note that (), kMk™! = (), kZ* = {e}, by
Proposition 2.6. Thus N = Afc and M = Z2% with A; the finite adeles
and Z the integers in Ay.

Next, if n € N = Q? there exists k € Z such that kn € M = Z2.
Take ny = (*/¥) and ny = (4} ). By definition r € Ry, 5/ if and only if
(r — I'n € Z?. One checks that R,y N Ry, ar C Ry and that

Rnl,MﬂRng,M:{TER| T—IEM(Q,]{ZZ)}

Call this subgroup R(k); it is clearly a normal subgroup of finite index
in R.

Lig: Job for Magnus!
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Finally, we need to look at [R : R,]. Suppose ¢ = (2%) € Q,
and without loss of generality we may assume g € M(2,7Z). Putting
t = det(q) = ad — be, for r € R(t) we have

¢ (= Dg=t"(5 ) r—D)(2]) € M(2,Z),

and it follows that ¢~'rq € M(2,7Z). The same argument holds for r—1,
so both ¢ 'rq and ¢~ 'r~!q are integer matrices in (). Thus

¢ 'rq € QNSLL(2,Z) = R.
From this it follows that
R(t) C RNqRqg* for t=det(q),

and we have just observed that this is cofinite in R.

The same argument also shows that R(st) C RN qR(s)g!, and
therefore to any given finite sets £ C @) and F' C N there exists s € N
such that R(s) C RE. Combining all this with Proposition 2.7 we see
that the family {R(s) | s € N} is a base at e for the Hecke topology
restricted to R or Q.

Also note that (), R(s) = {e}.

To sum up, we have:

Proposition 5.2. Suppose N = Q?, M = Z2, Q is a subgroup of
GL(2,Q) containing the diagonal subgroup D = {(k?) | k € Q*}, and
R=QNSLy(2,Z). Then (NQ,MR) is a reduced Hecke pair, and the
Schlichting completion is given by

N =A% M= 2> }_%zliLnR/R(s), and Q= U qR,
q€Q/R
where Q) has the topology from R, ie., ¢ — e if and only if ¢ € R

eventually and q; — e in R.

A similar result holds when Q is replaced by other number fields,
e.g., Z[p~] for a prime p. We state it without proof:

Proposition 5.3. Suppose N = Z[p~']?, M = 72, Q is a subgroup of
GL(2,Z[p™"]) containing the diagonal subgroup D = {(*} p%) | n e Z},
and R = QNSLL(2,Z). Then (NQ, MR) is a reduced Hecke pair, and
the Schlichting completion is given by

N=Q, M=2}, R=lmR/Rp"), ad Q= |]J qR
9€Q/R

where as above Q has the topology from R.
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Example 5.4. (I put the p-adic case back in, it seems
that the general case depends on it. In addition I
do not quite understand the [LLN]-proof.) ?

Let us first consider the maximal p-adic case with Q = GL(2,Z[p™!])
and R = SL4(2,Z).

Proposition 5.5. Let T = {(”. %) | m,n € Z,c € Z[p~']}. Then
|

c p"
TSL(2, 2,) = {g € GL(2,Qy) | det(g) € £p"}.

Proof. Clearly the left hand side is included in the right hand side. For
the opposite it suffices to show that every g € M(2, Z,) with det(g) €
+p" is a member of the left hand side. Let g = (29).

Case 1. Suppose b = 0 and ad = p™. If a = p"u with v a unit in Z,,
we must have d = v~ 'p™ ™. So

MR ESICHI

with = cu™'p"™™. Now z = y + z with y € Z[1/p] and z € Z,, and
since (19)(4 %) € SL(2, Z,) it follows that g = (29) € T'SL(2, Z,).

Case 2. Suppose a = 0 and b # 0. Then

g= (2 Z) = (Z _Oc) <_01 é) € TSL(2, Z,).

Case 3. Suppose a = p™u and b = p"v with u,v units in Z,. We
may assume m > n, if not we multiply by (% §) as in Case 2. So

p~"a € Z,. Then

a b\ ([ p" 0 p"a v
c d)  \vld pmad—vc) \—vt 0)°

The second matrix on the right hand side is in SL(2, Z,,), while the first
has determinant equal to ad — bc which by assumption is in £p%, so by
Case 1 this matrix is in T'SL(2, Z,). O

Theorem 5.6. Let Q = GL(2,Z[p™!]) and R = SL.(2,Z). Then

(i) R = lim R/R(p") = SL4(2, Z,);
(i) @ = Uyeqr 0L4(2, 2,) — {g € GL2,Q,) | det(g) € +p%},
with the topology coming from R = SLy(2, Z,).
2jq: OKk, I just have to say that my ability to check all this is quite limited. Are

you indicating that we should mention this lack of understanding? Which result in
[7] is relevant here?
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Proof. Since @ = TR we get Q = TR, which by Proposition 5.5 equals
the right hand side. That (NQ, MR) satisfies [4, Theorem 3.8] now
follows from the above lemmas and density of SLy(2,Z) in SL.(2, Z,)
(see [5, Proposition IV.6.3]). O

Now look at the case where @ = GL(2,Q) and R = SL.(2,Z). We

first need a version of Proposition 5.5:

Proposition 5.7. Let T = {(%9) | a,¢,d € Q,ad # 0}. Then
TSL(2, Z) = {g € GL(2, A,) | detlg) € Q).

Proof. Again one inclusion is obvious, so suppose g = (24) € GL(2, Ay)
with detg € Q, in fact without loss of generality we may assume
detg = 1. For each prime p let g, = (Z’ Z’; ) be the correspond-
ing matrix in GL(2,Q,). For all but finitely many p we will have
gp € SL(2, Z,). In these cases take k, = g,.

In the other cases we can not have both a, and b, zero, so by Propo-
sition 5.5 there is a matrix k, € SL(2, Z,) such that g,k ' € TN
GL(2, Z[1/p]). So k = (k,) € SL(2, Z) and gk~* € T as claimed. [

Theorem 5.8. Let QQ = GL(2,Q) and R = SL.(2,Z). Then
(i) @ = Uy n 0L+(2, 2) = {g € GL(2, Ay) | det(g) € Q},

with the topology coming from R = SL+(2, Z).

Proof. From [5, Proposition IV.6.3] (the hard part is hidden there) it
follows that

R =lim R/R(s) = lim SL+(2,Z)/SL4(2, sZ)
- h&lSLi(2,Zs) = SLi(Q, Z)

Since Q = TR, (ii) follows from Proposition 5.7.
Note that the topology on () is not the relative topology from GL(2, Ay),
in contrast with Theorem 5.6. U

This is ***[[[ essentially |]]*** the same result as |7, Proposition 2.5]. **new stuff
Since R is not normal in ) we can not use Theorem 4.1, but it would be
interesting to get a description of the C*-algebra prApy Apr in these
cases. Also cf.[2]. However, note that we are not using the exact same
algebra, since in both [2] and [7] the action of ) is by left multiplication
on MQ(K)

Example 5.9. Much recent work on Hecke algebras started with the
study of the affine group over Q in [1]. Other number fields have also
been extensively studied, as in, e.g., [2] and [6]. For a survey, see
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2, Section 1.4]. We shall here illustrate how our approach works for
a quadratic extension of Q. For details about the number theory used
here we refer to the book [9].

Let d be a square-free integer and let N = Q(vd), M = Z[Vd|,
Q=QWd)*,and R={reQ | rrteM} ?

So

R={m+nVd | mneZ m?—dn®==+1}

is the group of units in the field N. An alternative matrix description
is as follows:

N=@, M=7
Q:{(Z Cib) a,bEQ,aQ—de%O},

R:{(m dn) ‘m,nGZ,mz—dngzil}.
n o m

So we get N = A% and M = Z°.
Here Theorem 4.1 applies, so

pAp ~MR O()(.A?c/ﬁ) X Q/R

In this way we obtain [6, Proposition 3.2] for the field Q(v/d) without
using the theory of semigroup crossed products, and this will also work
in more generality.

The structure of these crossed products can be studied by the Mackey-
Takesaki orbit method as in [8]; note that the orbit closures in N/R
under the action of ()/R are basically the same as the orbit closures in
N under the action of Q.

To determine R and its topology we need some more information.
First, if d < 0 then R is finite (of order 2 or 4). So let us concentrate on
the case with d > 1. Then, by [9, Theorem 7.26] we have R = {£1} xZ,
and in fact there exists 1o € R such that R = {£r{ | n € Z}. For
instance if d = 2 one can take 1o = 1 + /2.

Let us look at R(s). There is a smallest integer ns > 0 such that
70* = 1 mod s. From this we get R = lim R/R(s) = {£1} x im Z/Z,,.
However, examples show that the behavior of the numbers ng is com-
plicated, so a more exact description of R is difficult.

Perhaps counterintuitively, in general it turns out that

RC{m+nVd| m,ne Z,m?—dn? = +1}.

3For number theory experts: If d = 1 mod 4 the above is not quite right. For
instance, if d = 5 one should instead use M = Z[(1 + v/5)/2], ete. (see [9, Theo-
rem 9.20]).
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This is because under the homomorphism Z[v/d] — Z,[v/d] the units
R in Z[\/c_l] are in general mapped onto a proper subgroup of the units
in ZS[\/E]. For instance 4 is a unit in Zl7[\/§], but (1 + V2)* # 4
mod 17 for all n.

Example 5.10. We shall here give a slightly different treatment of the
Heisenberg group than in [4]. Take
re Z} ,

N=Q/Z x Q, M ={0} x Z,
with the obvious action of Q on N. If x = (1 Y") with n € N one

{6 Dres) o)

checks that M NzMxz~! = {0} x nZ. So we have
N:Q/ZXAf:Af/ZX.Af and M:{O}Xz.

If n = (p/m) with bym € Z and r = (} 1), then rnr~' —n € M if and
only if r € mZ. Thus

e {(t D) |ecal wa m{(17)]rez)

We have N = Z x Ay and M =2zx2. Moreover, the dual action of
Q on N is given by

(2, w) (é ‘{) — (2,97 + w).

Lemma 5.11.

Q: qML:{(z,qz—l—w) | z,2we Z,qg€ A}

9€Q
(z,u) € ZxAp | 2,=0 = u, € Z,}.

Proof. Clearly if (z,w) € Q and z, = 0, then w, € Z,,.

Conversely, suppose (z,u) is an element of the right hand side. If
u, € Z,, take ¢, = 1 and w, = u, — 2, € Z,. For the finitely many p
with u, ¢ Z,, we have u, = z, + v, with z, € Q* and v, € Z,, and
by assumption z, # 0. Take g, = zp_lxp € Q,, so gp2, +w, = u,. Thus
with ¢ := (gp) € Ay and w := (w,) € Z, we have ¢z + w = . O

So here 2 is open but not closed, hence the projection p., defined in
Section 4 is not in M (B*).

The orbits under the action of R can be described as follows: (0, w) is
always a fixed point. If z # 0, then the R-orbit of (z,w) is (z,w+22).
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