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The Multivariate Normal Density [4.4]

— Univariate normal, X ⇠ N(µ,�2)

f (x) =
1p
2⇡

1

�
exp{� 1

2�2

(x � µ)2}

— Multivariate normal:

Let X (p⇥1) be a random vector from N

p

(µ,⌃), then

f (x) =
1

(2⇡)
p

2 |⌃| 1

2

exp{�1

2

(x � µ)T⌃�1(x � µ)}
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Contours of multivariate normal

distribution

— Contours of constant density for the p-dimensional normal

distribution are ellipsoids defined by x such that

(x � µ)T⌃�1(x � µ) = c

2

These ellipsoids are centered at µ and have axes ±c

p
�

i

e

i

, where

⌃e

i

= �
i

e

i

, for i = 1, ..., p.

— (x � µ)T⌃�1(x � µ) is distributed as �2

p

.

— The volume inside the ellipsoid of x values satisfying

(x � µ)T⌃�1(x � µ)  �2

p

(↵)

has probability 1 � ↵.
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Maximum likelihood estimators

Let X

1

,X
2

, . . . ,X
n

be a random sample of size n from the

multivariate normal distribution N

p

(µ,⌃). The maximum likelihood

estimators for µ and ⌃ are

X̄ =
1

n

nX

j=1

X

j

S

n

=
1

n

nX

j=1

(X
j

� X )(X
j

� X )T
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Properties of the ML estimators

— X̄ is distributed as N

p

(µ, 1

n

⌃)

— nS is distributed as a Wishart random matrix with n � 1

degrees of freedom.

— X̄ and nS are independent.

The Wishart distribution is not on the reading list for TMA4267.

General properties of maximum likelihood estimation is covered in

detail in TMA4295 Statistical Inference.
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Properties of the

Multivariate Normal Distribution [4.3-4.5]

Let X (p⇥1) be a random vector from N

p

(µ,⌃).

1. Linear combinations of components of X are (multivariate)

normal.

2. All subsets of the components of X are (multivariate) normal.

3. Zero covariance implies that the corresponding components

are independently distributed.

4. The conditional distributions of the components are

(multivariate) normal.
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