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The Multivariate Normal Density [4.4]

— Univariate normal, X ~ N(u,0?)
1 1 5
f(x) = N eXp{*?‘g(X* 1)}

— Multivariate normal:
Let X(,x1) be a random vector from N,(u, X), then

1 1 _
f(x) = mexp{—g(x ~ ) =7 (x - )}
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Contours of multivariate normal
distribution

— Contours of constant density for the p-dimensional normal
distribution are ellipsoids defined by x such that

X—p)'= ' (x—p)=2

These ellipsoids are centered at p and have axes +c\/)\;e;, where
Ye = Nej,fori=1,....p.

— (x— p)TX 7' (x — p) is distributed as 2.
— The volume inside the ellipsoid of x values satisfying
(x =) 27 (x = p) < x3(a)

has probability 1 — a.
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Maximum likelihood estimators

Let X4, X5, ..., X, be arandom sample of size n from the
multivariate normal distribution Np(u, X). The maximum likelihood
estimators for 4 and X are

1
xznjz;x,-

Sn=1 > 0= X)X, - X
j=1
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Properties of the ML estimators

— X is distributed as Np(p, 1)
— nSis distributed as a Wishart random matrix with n — 1
degrees of freedom.
— X and nS are independent.
The Wishart distribution is not on the reading list for TMA4267.

General properties of maximum likelihood estimation is covered in
detail in TMA4295 Statistical Inference.

www.ntnu.no \ Mette.Langaas@math.ntnu.no, TMA4267V2014

\



Condkonney Cus)

G4 L3

(%) ~ N-,_((::} cxch%bxcb]B

The @ndilion dithrbulron {(31 x) = ](E"- 9
GS X gwen X=x ‘§Cx}
We %\..M:L <\( [chy ~ M,‘( 6(‘{\)(;);\ ,\Jﬁr(}( \X:)&)\

N G
B = My + @ F (k)
\Va (Y ‘X=><} = 4- g") Q'SL
Wi Waa, uned +o “*‘5’5\'&"{ a S(W\\D(Q_ \irear VeS| v
\{ - €(kﬂ X"X‘B + 2_
NN (6, VarCY X X))

Hou o qeavalie 46 p dumensions



X'\J Mp (W“‘TB — duvide \nko ><,\ and X

pxl

=4 ri %A
X X(I-(-) (\‘(—"'ﬁ. = P
X-IL .
Eg X:\ =l s X'L =
. )
x,.' Xe
{f“"\ r&\ ’\ ( Z\ Zn.
M = ‘“"} ) :I‘ Z ) Z"' Zz—z_
“t
be |
Z‘ _ Sw G- 6-|r| Z:;_L = Gfﬁl)r\&l R G(\.“)?
A T ’, .
S, T G '
' . N Crp



Tigorem 425
X\ Zex ~ Ne, [ ER IR G () Xerd)

EC:KZ\X’\’ ") = [‘\z B Z'u Z\’\ CX( }&/\3

Q-CN (SZ;_\ "'x\\: T«,_,_ - 2 Z\F\z—(m

thio nelvates mulbele Wnaar rag remiton
P‘bcf; P Q@ o& (BF(Q,Q\Q), gQO\L\GO{-L"\—

%R“’UL Pr’\
ntck



Properties of the
Multivariate Normal Distribution [4.3-4.5]

Let X(px1) be a random vector from Np(p, X).
1. Linear combinations of components of X are (multivariate)
normal.
2. All subsets of the components of X are (multivariate) normal.
3. Zero covariance implies that the corresponding components
are independently distributed.
4. The conditional distributions of the components are

(multivariate) normal.
Xo|(X1 = X1) ~ Na(po + o1 X177 (X1 — pq), Zoo — Tp1 X177 1)
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