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Acid rain

occurs when emissions of sulfur dioxide (SO2) and oxides of
nitrogen (NOx) react in the atmosphere with water, oxygen, and
oxidants to form various acidic compounds. These compounds
then fall to the earth in either dry form (such as gas and particles)
or wet form (such as rain, snow, and fog).
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Acid rain in Norwegian lakes

Measured pH in Norwegian lakes explained by content of
— x1: SO4: sulfate (the salt of sulfuric acid),

— x2: NO3: nitrate (the conjugate base of nitric acid),
— x3: Ca: calsium,

— x4: latent Al: aluminium,

— x5: organic substance,

— X6: area of lake,

— X7: position of lake (Telemark or Trondelag),

pH is a measure of the acidity of alkalinity of water, expressed in
terms of its concentration of hydrogen ions. The pH scale ranges
from 0 to 14. A pH of 7 is considered to be neutral. Substances
with pH of less that 7 are acidic; substances with pH greater than 7
are basic.
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(Source: Physical Geography .net)

The pH scale: A value of 7.0 is considered neutral. Values
higher than 7.0 are increasingly alkaline or basic. Values
lower than 7.0 are increasingly acidic.
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0=Telemark, 1=Trondelag
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Acid rain data

15 35 aa ag
T L1y
o
a
o
E
a
E
q
2
g
a
q
"
a
8
=
°
+
w
a
¥ L:]
A area -
Pyl 1
b e — 3
o *
= ] 4 .
a ] /,_/ R site
C!_ Z "
o TR e
43 44 a5 15




Coct 4: Mottt ple ling e regrerion
tﬁ\lﬁ\/\em LFy Chapler 37
Th I we shdied Qm\ob_ lineorregressron modeA

Y,; = X+PBXL+ EL whet k0
& 3.1.d N0,V

\NO_ ’fd‘k!\a\ & - \?—%-)Z
n
Sxy - :A\T (\(\ —§)(X; -3\

Be S
K% "
:C(x;-&\‘
<\

()
@re the lesst Guats ond maamum lielihe od (ﬂ\-} exlmaton

0{6{ PIV.N Ot\d Q n A 2
®) N e OB A,
N LR
i€ the ™ML ockmebe {- o2 R
G'x "
e albo o Ak x& ‘\\»QM, 8««53 fhanu
B0 % = otegxs (g8 « (85

1S a Gnear -&:mc‘nm V.



Now: Xpi =4 ¥ich.,n enumbe o ebsorvalion

Lo treak tha ek 1 tine temd wawy & the Slopay 8~k
dd oL o\d @x.

~————

Y=ok g .
. = F'\'KA <+ F"" 2 +-...+iz>?><;? + £¢ =), )0

g 1.i.d N(©O,)
{ .
We wenk vecks® and mattms CNCQ;,’?_:)3=O ~ ié\s

hat Y \,(4 be @ veckor og vy
) ) \'(n N = 4 obseryations
Xaa X - Xap iS & design mahirX
X = Xa . "\

e g 1 reflacting) tha dasign of-

X’} Xan  KXm Hap tlha experinenk ,
T Tha & oy Br suk g daaien ~
1
/\

®s we wlh e vn Design of Txpamak
(0663 oc ‘co closenved "co:)o.ﬁw- wih
™ an duseuakonah shdiy Cacid rain).
We (ook ot X an a wmatex 6& con ok — naf Ryl




B4 veckar 0% regfennon poremakia

?’ ® : Cowedn - wmor comton Yo w20 - - )'§‘>/ by
| dod| ?? \We g‘.‘j wth the narakon ag ool
s - ? 1S a (e~dom vedov OF erceny ) wha<
nx| :z E{g) - Q a~d \JWCQ\‘X’ gt
Ca and CouCeyg)=0 ¥ 4y => Gul)=c1
”\
’ﬂ\o. reHiesssn LY. Y B 2 e pen
¢ [ [/‘ \fw
= X + e : e~ Ny (0) T
Ny
Ky R em) '\x&
7 ] /\ & Vecko
repperrl  dangnd (’"qwa_



Questions about X

1. Why do we want to assume that the design matrix X has full
rank?

2. Can we find X~ 12
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Multiple linear regression model

Yi = BiXin+ BeXig+ -+ BpXp + i, fori=1,...n

Matrix formulation:

Y = X B8 + ¢

(nx1) (nXP)pt) | (nx1)
E(e)= 0 and Cov(e)= o2l
(nx1) (nx1)

where
— B and ¢? are unknown parameters and

— the design matrix X has ith row [x;1, Xiz, ..., Xjp].
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Least squares estimation

— Y = X3 + e with E(¢) = 0 and Cov(e) = o2I.
— Let X has fullrank p < n.
— The Least Squares Estimate (LSE) of 3 is given by

B=X"X)"'X"y
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