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Acid rain in Norwegian lakes

Measured pH in Norwegian lakes explained by content of
— x1: SO4: sulfate (the salt of sulfuric acid),
— x2: N03: nitrate (the conjugate base of nitric acid),
— x3: Ca: calsium,
— x4: latent Al : aluminium,
— x5: organic substance,
— x6: area of lake,
— x7: position of lake (Telemark or Trøndelag),
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Multiple linear regression model

Yi = �1xi1 + �2xi2 + · · ·+ �pxip + "i , for i = 1, ..., n

Matrix formulation:

Y
(n⇥1)

= X
(n⇥p)

�
(p⇥1)

+ "
(n⇥1)

E(") = 0

(n⇥1)
and Cov(") = �2I

(n⇥1)

where

— � and �2 are unknown parameters and

— the design matrix X has i th row [xi1, xi2, ..., xip].
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Least squares estimation

— Y = X� + " with E(") = 0 and Cov(") = �2I .
— Let X has full rank p  n.
— The Least Squares Estimate (LSE) of � is given by

�̂ = (X T X )�1X T Y
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Properties of LS-estimates

�̂ = (X T X )�1X T y has

E(�̂) = � and Cov(�̂) = �2(X T X )�1
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Gauss’ LS theorem

— Y = X� + " with E(") = 0 and Cov(") = �2I .
— And X has full rank p  n.
— �̂ = (X T X )�1X T Y .

Then, for any vector c, the estimator

cT �̂

of cT� has the smallest possible variance among all linear
estimators that are unbiased for cT�.
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ML estimation of �
The MLE for �2 is

�̂2 =
1
n
(Y � X �̂)T (Y � X �̂) =

1
n

nX

i=1

(yi � Xi �̂)
2

This may also be written in a slightly different way:
— First, fitted values of Y :

Ŷ = X �̂ = X (X T X )�1X T Y

— The residuals:
e = Y � Ŷ = (Y � X �̂)

— and then the Sums-of-squares-of-error:

SSE = eT e = (Y � X �̂)T (Y � X �̂)

— with leads to
�̂2 =

1
n

SSE
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Geometry of Least Squares

— Mean response vector: E(Y ) = X�

— As � varies, X� spans the model plane of all linear
combinations. I.e. the space spanned by the columns of X :
the column-space of X .

— Due to random error (and unobserved covariates), y is not
exactly a linear combination of the columns of X .

— LS-estimation chooses �̂ such that X� is the point in the
column-space of X that is closes to y .
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Geometry of Least Squares (cont.)

— The residual vector e = Y � Ŷ is perpendicular to the
column-space of X .

— Multiplication by H = X (X T X )�1X T projects a vector onto the
column-space of X .

— Multiplication by I � H = I � X (X T X )�1X T projects a vector
onto the space perpendicular to the column-space of X .
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http://en.wikipedia.org/wiki/File:OLS_geometric_interpretation.svg
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Properties of symmetric projection

matrices

A projection A matrice is idempotent, A2 = A. A symmetric
projection matrix is orthogonal.

1. The eigenvalues of a projection matrix are 0 and 1.
2. The rank of a symmetric matrix (actually: a diagonalizable

quadratic matrix) equals the number of nonero eigenvaluse of
the matrix. Should be known from previous courses.

3. (Combining 1+2). If a (n ⇥ n) symmetric projection matrix A
has rank r then r eigenvalues are 1 and n � r are 0.

4. The trace and rank of a symmetric projection matrix are equal:
tr(A) = rank(A).
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