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The bivariate normal distribution

f (x , y) = ce− 1
2 Q(x ,y)

c =
1

2πσXσY
√

1− ρ2

Q(x , y) =
1

(1− ρ2)
[(

x − µX

σX
)2 + (

y − µY

σY
)2 − 2ρ(

x − µX

σX
)(

y − µY

σY
)]
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Computational trick

Q(x , y)(1− ρ2) = [(
y − µY

σY
)− ρ(x − µX

σX
)]2 + (1− ρ2)(

x − µX

σX
)

f (x , y) =
1√

2πσX
exp[−1

2
(
x − µX

σX
)2]

· 1√
2π(1− ρ2)σY

exp[−1
2
(

y − cX√
1− ρ2σy

)2]

cx = µY + ρ
σY

σX
(x − µX )
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Findings

— The marginal distributions fX (x) and fY (y) are both normal,
and with parameters (µX , σ

2
X ) and (µY , σ

2
Y ), respectively.

— The conditional distribution f (y |x) is also normal with
E(Y |X = x) = µY + ρσY

σX
(x − µX ) and

Var(Y |X = x) = (1− ρ2)σ2
Y .

— Corr(X ,Y ) = ρ.
— ρ2 can be explained to be the proportion of variability of Y

accounted for by knowledge of X .
— The contours of the bivariate normal are ellipses centered in

(µX , µY ), see Exercise 1, Problem 2.
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4 figures

You have 4 figures - they are red, lillac, black and white. Look at the
4 3D figures. Link the four characteristics below with the figure
color.
Write the answer on a piece of paper in the figure box. Hand in
your answer in the box at the entrance.

1. σX = 1, σY = 1, ρ = 0.
2. σX = 1, σY = 2, ρ = 0.
3. σX = 1, σY = 1, ρ = 0.5.
4. σX = 1, σY = 2, ρ = 0.3.
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