
TMA4267 Linear Statistical Models V2014 (4)
Bivariate normal [1.5] (finally: independence)
Maximum likelihood [1.6], Sums of squares [1.7]

Mette Langaas

To be lectured: January 14, 2014
wiki.math.ntnu.no/emner/tma4267/2014v/start/

www.ntnu.no Mette.Langaas@math.ntnu.no, TMA4267V2014



2

The bivariate normal distribution

f (x , y) = ce− 1
2 Q(x ,y)
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MGF
Univariate

MX (t) = E(exp(tX ))

Rules:

MaX (t) = MX (at)

MX+a(t) = eatMX (t)

Y =
n∑

i=1

Xi then MY (t) =
n∏

i=1

MXi (t)

Xi i.i.d. MX (t) then MX̄ (t) =
n∏

i=1

MX (t/n) = [MX (t/n)]n
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MGF

Bivariate
MX ,Y (t1, t2) = E(exp(t1X + t2Y ))

Rule:
X and Y is independent iff MX ,Y (t1, t2) = MX (t1) · MY (t2).
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Bivariate normal and independence

If X and Y are bivariate normal with correlation ρ = 0, then this
means that X and Y are independent.
Proof: using the bivariate MGF.
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Maximum likelihood

Yi = α + βxi + εi , i = 1, . . . ,n,

and ε1, . . . , εn are iid N(0, σ2).
See Exercise 1 - for parameter estimation using Maximum
likelihood (ML), and notice that minimizing the sum of squared
differences equals maximizing the normal likelihood.
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Sum of Squares

Let ŷi = a + bxi .

n∑
i=1

(yi − ȳ)2

SST

=
n∑

i=1

(ŷi − ȳ)2

SSR

+
n∑

i=1

(yi − ŷi)
2

SSE

total=regression+error
Cross terms cancel due to the normal equations.
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Mindmap

We draw a mindmap of Chapter 1, Bingham and Fry (2010).
You contribute with one word or fact - and we connect these.
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