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1.1 Introduction

Temporal phenomena are abundant in nature and in man-draatwity. Tradi-
tionally, mathematicians have modeled these phenomenéfeyedtial equations
while statisticians have relied on empirically based timees models. Itis a natural
challenge to combine these two modeling approaches, amghiflarkov models
have proven efficient in doing so. The inherent local chamstics of differential
equations justifies the Markov assumption while the emailiritata is linked to the
variables of interest through likelihood functions. Exation of the hidden Markov
model can be done by Bayesian inversion.

R. E. Kalmans’ celebrated paper (Kalman 1960) was basedsling of thought.
Under very specific assumptions about linearity and Ganggiaxact analytical
solutions can be determined for the Bayesian inversion.nster deviations from
these assumptions occur however, one has to rely on appatigins. This gives
room for a large variety of approaches including lineaias and simulation based
inference.

The current paper focuses on simulation based inferencdedéh Markov mod-
els and on ensemble Kalman filters in particular. The enseridalman filter was
introduced by Evensen in the papers Evensen (1994) and Buggal. (1998). The
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filter relies on simulation based inference and utilizesiadrization in the data con-
ditioning. These approximations make the ensemble Kalnfien omputationally
efficient and well suited for high-dimensional hidden Markoodels. Hence this fil-
ter has found widespread use in evaluation of spatio-teatpbenomena like ocean
modeling, weather forecasting and petroleum reservoiuet@n, see Bertino et al.
(2002), Houtekamer et al. (2005), Neevdal et al. (2005), aferences therein.

The ensemble Kalman filter and its characteristics are themttzeme of this
paper, but also related simulation based filters like theloanized maximum like-
lihood filter and the particle filter are briefly defined. Th@perties of the various
filters are demonstrated on a small example.

1.2 Model assumptions

Consider an unknown, multivariate time sefigg, x1, ..., X7, xr41] with x; € RP=;
t =0,...,T + 1 containing the primary variable of interest axg being the current
state. Assume that an associated time series of obsersédign.., dr] with d; €
RPa ;s t =0,...,T, is available. The primary objective of the study is to asdbe
forecasting problem, namely evaluaig; given[dy, ..., dr].

Define a prior stochastic model f¢x, ..., x71] by assuming Markov proper-
ties:

[XO, "'7XT+1] ~ f(x()a "'axT+1)

T
= f(xo) [ fxes1lx0, s x2)

t=0

T
= f(xo) [] £ (xes1lx0),

t=0

with x ~ f(x) reading “the random variabte is distributed according to the prob-
ability density function (pdf)f (x)”. Let f(xo) be a known pdf for the initial state,
andf(x¢+1|x¢); ¢t =0,...,7 be known forward pdfs. Hence the prior model for the
time series of interest is Markovian with each state givenghst dependent on the
previous state only.

Define the likelihood model fofdy, ..., dr] given [xo, ..., xr41] by assuming
conditional independence and single state dependence:

[dg7 ceey dT|X0, ...,XT+1] ~ f(do, ceuy dT|X07 ...,XT+1)

T

= H f(dt|X0, ...,Xt+1)

t=0

=[] f(defxe)

t=0
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Figure 1.1 Hidden Markov process

wheref(d:|x:);t =0, ..., are known likelihood functions. Hence, the likelihood
model entails that the observations at timis a function of statex; only and is
independent of the other observations wiketis given.

These prior and likelihood assumptions define a hidden Mgpkocess as depicted
by the diagram in Figure 1.1. The arrows in the graph represaunsal, stochastic
dependencies between nodes. The resulting posteriorastticimodel is defined by
Bayesian inversion:

[Xo, ...,XT_|_1|dQ7 ceey dT] ~ f(Xo7 ...,XT+1|d0, veuy dT)

= const x f(d07 "'7dT|X0a "'axT+1) X f(Xo, "'7XT+1)
T—1

= const x f(xo) f(do[x0) | [T /(desalxesa)f(xrsalx)
=0

X f(xry1(x7),
with ‘const’ being a normalizing constant that is usually hard to asddesce the
full posterior model is not easily available.

The forecasting problem is the major objective of this sttdhe forecasting pdf
is:

[x711|do, ...,d7] ~ f(x741]do, ..., d7)
/ /f X0y eeny XT+1|d0,...,dT)dXQ...dXT.

This forecasting pdf is computable by a recursive algoritfimorder to simplify
notation, introduce:

Xg = [Xt|d0, ...,dtfl]

Xg = [Xt|d0, veuy dt],
where indices: andc indicate unconditioned and conditioned on the observatton

the current time, respectively. The recursive algorithm ba justified by the graph
in Figure 1.1, and it is defined as:



Algorithm 1: Recursive forecasting
e Initiate:
Xt ~ f(xt) = f(x0)
e |teratet =0,...,T

Conditioning:
xi ~ f(xf) = f(xi'|de) = const x f(dq[x}) f(x})
Forwarding:

X?+1 ~ f(xf;H) = ff(xhﬂxf)f(xf)dxf
e end iterate

Xty = [Xr41ldo, ..., d7] ~ f(xr41ldo, s dr) = f(Xfy )

Hence the forecast pdf(x741|do, ..., dr), which is the objective of the study, is
obtained at time step= 7"+ 1. The recursion relies on a conditioning operation
and a forwarding operation at each step. Note further thatrécursive algorithm
makes sequential conditioning on future observationsipless

Algorithm 1 relies on assumptions about independence madéhé hidden
Markov process, but beyond this no specific distributiorssuanptions are made.
This entails that the prior model can be written as:

xo ~ f(x0)
[Xtt1[xe] = we(xe, €F) ~ f(xet1]xt) (1.1)

wherew; (., .) is a known functiolR?r= — RP= ande? is a random variable from the
normalizedp,-dimensional multivariate Gaussian distributid¥),, (0,1, ) where
I, is a unit diagonal covariance matrix. This construction ganerate a realiza-
tion from an arbitraryf (x;+1|x¢). The likelihood model may be constructed in a
similar manner:

[de[xe] = vie(xe, Gf) ~ f(de|xe), (1.2)

wherev, (., .) is a known functiorRP=+7« — RPa andef is a normalizeg,- dimen-
sional Gaussian random variable fra¥j (0, 1,,).
The associated Gauss-linear model is defined as:

X ~ f(x0) = Np, (15, )
[Xey1[xt] = Avxy + €f ~ f(xr1]xe) = Ny, (Agxy, BF) (1.3)

[de|x:] = Hix, + € ~ f(di|x:) = Ny, (Hixe, B,

d

where A; andH,; are known matrices of proper dimensions and the error term is
additive and Gaussian independenkef



Under the Gauss-linear assumptions the recursive Alguorithis analytically
tractable, and this analytical solution corresponds totthditional Kalman filter
(KF) which will be presented below. For other model assuorsithe hidden Markov
process must be assessed by some sort of approximation foh e recursive
Algorithm 1 is well suited. In the current paper we will focas simulation based
approximate solutions to the forecast problem.

Two Test Examples

In order to illustrate the basic characteristics of themasifilters, we define two sim-
ple examples that will be used throughout this paper. Thedikample is based on a
Gauss-linear model, termed linear case, and it is subjemtioanalytical treatment
and simulation based inference. The other case is based adal nvith nonlin-
earities, termed nonlinear case, and it can only be evaluagyesimulation based
inference.

The variable of interest i$xo, ..., x11], wherex; € R%; hencex; is a 100-
dimensional time series. Observations are availabldat.., d;o]. The currenttime
is T'= 10 and the objective is the forecdst;;|do, ..., d1o]. In Figure 1.2 the ref-
erence realizations dk;, d1o] andx;; for both the linear and nonlinear cases are
presented. The dimensionsxof are denoted by nodes.

The linear case is defined as follows:

f(x0) ~ N1oo(0, 37)
[Xt+1|xt] = Aix

[di|x;] = Hix; + € ~ f(dys|x;) = Nis(Hixy, ),

where the initial covariance matriX{ is constructed from a covariance function
c(A) = 20exp(—3A/20) with A being distance between nodesn The forward

Linear case Nonlinear case

Figure 1.2 Reference realizationsc;o, d1o) in the upper display ang;; in the
lower display.



model defined by, is a uniform smoother of width 10 nodes that moves in steps of
5 from left to right for each time step. Consequently, thépefrt ofx;( is smoother
than the right part. The likelihood model defined (#;, >¢) returns 13 observa-
tions with independent errors of variant@at each time step, see Figure 1.2.

The nonlinear case is defined as follows:

f(x0) ~ Nigo(0, 57)
[xt41]%t] = cAs(x¢ + arctan(xy))
[dyx¢] = Hy(x; + arctan(x;)) + €f ~ f(dy|x¢)
= Ni3(H;(x; + arctan(x;)), 2¢),
where the model parameters are defined mostly as for therlozsz, except for
being a scaling factor to align the variances in the linear@onlinear case, and for

arctan(.) being a functional that acts element-wisesxgnAs Figure 1.2 shows, the
nonlinear example appears more box-like than the linear one

1.3 The Traditional Kalman Filter (KF)

The KF was introduced in Kalman (1960). The hidden Markowpss was made
analytically tractable by the recursive Algorithm 1 and @euss-linear model assump-
tions in Expression (1.3) with fully known parameter values

The recursive algorithm will under these Gauss-linear aggions reproduce
Gaussianity from one step to the next, and the algorithm aqsyzes:

Algorithm 2: Kalman Filter

e [nitiate:
xg ~ f(xg) = Np, (15, Z¢)
Ko = MG
Xy =3¢

e |teratet =0,...,T

Conditioning:

xi ~ f(xf) = Np, (17, Xf)

pi = pif + SPH [HGSPHG + 371 (de — Hep)
B = By - SYH)[H, S/ H] + 3] H, 2}
Forwarding:

X ~ f(xi) = Np, (B, Bi)

Kivy = Arpg



S = AZFAL + 37
e end iterate

o f(xri1ldo,...,dr) = Np, (5,1, B 1)

Consequently, all relevant pdfs are analytically tractadhd no approximations
of the forecast problem is needed. Whenever deviations fiteaee Gauss-linear
assumptions arise however, the analytical tractabilitpss. Approximate solutions
can of course be made, and different approximations haveete#i large family of

Kalman Filter variations such as the extended Kalman fillazWinski 1970), the
unscented Kalman Filter (Julier and Uhlmann 1997) and sthErese approxima-
tions follow the KF tradition by focusing on the two first montg of the pdf as they
develop through time. Since traditional Kalman filters aoéthe focus of this pre-

sentation, we leave the reader with these references arapfiiieations to the test
problems below.

Performance on the Test Examples

The traditional KF can only be applied to the linear case thadolution is shown in
Figure 1.3 together with the,, reference realization. The KF prediction represented
by E{x11|do, ...,d10} and associated.95 prediction intervals are displayed. This
KF solution is the exact solution and can be computed amcalji

Linear case
Figure 1.3 Results of the KF algorithm on the linear casesregfce realizatios;;
(black), prediction (blue) and .95-prediction intervaisiched blue).

1.4 The Ensemble Kalman Filter (EnKF)

The EnKF provides an approximate solution to the forecasblem both under
Gauss-linear model assumptions and whenever deviations thhese assumptions
occur. The basic idea of the EnKF is to create a set of reaizsitso called ensem-
ble, from the initial model. These realizations are adjdsiecording to the likeli-
hood model when an observation occurs and the adjustedagalis are then taken
through the forward model to the next observation time. Atet =7 + 1 a set
of approximately independent realizations are availabteempirical assessment of



f(xr41]do, ...,dr). Hence, characteristics beyond the two first moments can be
captured. Note also that the actual adjustment of readizatas observations appear
makes it meaningful to visually inspect the ensemble memtmeiseek for com-
mon features. Basic references for EnKF are Evensen (1B24gers et al. (1998),
Evensen (2007) and references therein.

A time series of ensembles is defined by:

e; : {(Xf,dt)(i);i =1,.unet;t=0,....,T+1,

wherexﬁ(’:) = [x¢|do, ..., d;_1]®) are approximate realizations frofiix;|d, ..., d; 1)

and dff) are associated realizations of the observation availatiiena ¢, i.e., d;.
Note that at any step - with ¢ omitted in the notation - one has the expectation
vector and covariance matrix:

_ | Mz
Mg |: Iy :|
Em I‘m,d
d, '

The EnKF algorithm in its general form is based on the regarBrecasting algo-
rithm, Algorithm 1, and appears as:

Algorithm 3: Ensemble Kalman filter (general)
e Initiate

n. = no. of ensemble members
Xg(i) ii=1,..,nciid f(xo)
el LN (0,1,,) i =1,....n
d(()i) = Vt(xg(i),eg'(i)); 1=1,...,n
eo : {(x4,do)D;i=1,...,n.}

o lteratet =0,...,T

Conditioning:
EstimateX,  from e, — 3,4

X = x"D 4 T, S dy —d) i =1, .0,
Forwarding:

D N, (0,L,):i=1,...n

xii] = wi(xg ™, )

d(z .
et-g-% ~ di(()?]:pd); t=1,...,me

i =1,...,Mn¢



w (i d(i
dgll = Vt+1(xt£1,€ti%) i=1,..,n

et+1 : {(Xt+1vdt+1)( ) ; Z: ]., ...,'I’Le}
e end iterate

e Assess

f(xr41|do, ...,dr) fromer

The resulting ensembler . ; contains approximately independent realizations of
X%—H = [XT_|_1|(2107 ceey dT]

from f(x741]do, ..., dr) which can be used to assess the forecast pdf. If the forecast
expectation vector and covariance matrix are of interegtile estimators can be
used.

~ by 1 e (e
,’LTJrl :E{XT+1|d07 (AR} dT} - TL_ T(+)1 (14)
¢ =1

Y71 =Var{xrii|do, ...,dr} = ﬁTH)(X;ﬂ —Bryq)

The EnKF algorithm, Algorithm 3, is recursive and each rsr consists of a con-
ditioning operation and a forwarding operation. The canding expression s linear
with weights estimated from the ensemble. The forwardingration is defined by
the forward pdf.

There are two implicit approximations in the EnKF:

1. Discretization of the sample spacexqf The initial ensemble of iid realiza-
tions is assumed to represefitxy). For high-dimensional problems a large
number of ensemble members may be required to do so reliably.

2. The data conditioning expression is linearized. Moreae weights in the
linearization are estimated from the ensemble. Note, hew#vat each ensem-
ble member is conditioned individually and hence the liresion only applies
to the conditioning not to the forward model. For highly nGawussian prior
models and/or strongly nonlinear likelihood models thipragimation may
provide unreliable results.

Under these approximations, however, all types of modelhtohidden Markov
process can be evaluated. The EnKF is a consistent forepastdure under a
Gauss-linear model in the sense that the exact solutiont@red as:. — oo (see
Appendix A).

A graphical description of the EnKF is shown in Figure 1.4.it&tationt, the
ensembles; with n, = 5 is shown in display (a) together with the observed value
d,. The regression slope df; onx; is estimated by[',. dzd and this corresponds



@ (b) ©

Figure 1.4 Graphical description of one step in the EnKF rtlgm; ensemble (a),
linearization (b) and ensemble conditioning (c). See exgtian in text.

to the regression slope in display (b). The EnKF-update idemamn each ensemble
member by using the estimated regression slope as presandégplay (c). Note
how the individual unconditioned member%m are moved to the conditioned one
x5 To establish the ensembide,; at iterationt + 1, eachx’" is taken through
the forward model to obtaitxi‘fl) and thereafter eachi‘fl) is taken through the

likelihood model to obtairdgfﬁl. This brings us back to display (a) for iteration
t+1.

The EnKF is a consistent forecast procedure for Gausstlimealels, but fre-
guently deviations from Gaussianity in the prior and likelod model appear. Con-
sequences of these deviations from Gaussianity are degusSection 1.4.1. Other
problems arise in the EnKF which are caused by the use of amatstof>,.; based
one; instead of the true covariance matrix. These problems dechank deficiency
and estimation uncertainty due to the limited size of theeeride, i.e., small values
of n.. This issue will be discussed further in Section 1.4.2.

Performance on the Test Examples

The EnKF can be applied to both the linear and the nonlinsacéses. The solutions
are presented in Figure 1.5 together with #he reference realization. The EnKF is
based on the ensemble size= 100, which is often used as rule of thumb.

The upper displays in Figure 1.5 show the predictifs;|do, ..., dio} and
associated.95 empirical prediction intervals. The former is obtainedlzs average
of the 100 ensemble members, while the latter is defined tbéoenge between the
third smallest and the third largest ensemble member at adg.n

The lower displays show the predictions from ten differenKE runs, each of
these withn, = 100.

For the linear case, the correct solution is the KF soluttoows in Figure 1.3.
The EnKF solution withn, = 100 does reproduce the main features of the refer-
ence realizatiorx;1, but as seen in the upper display, it seems that the predictio



Linear case Nonlinear case

Figure 1.5 Results of the EnKF algorithm on the linear andinear test cases: ref-
erence realizatiom;; (black), prediction (blue) and empirical .95-predictionear-
vals (hatched blue).

interval is underestimated. Some of the variability appéabe shifted to variability

in between predictions based on different ensembles asigebe lower display.
Recall that the EnKF algorithm is consistent in the sensetti@KF solution is
reproduced in the limit as. — oc. For the nonlinear case, the picture is basically
the same. The results indicate that it is important to haveaaanably high number
of ensemble members.

1.4.1 Variable Characteristics

The linear conditioning in the EnKF is correct if at each ste likelihood model
f(d¢|x}) is Gauss-linear and the prior modglx;') is Gaussian. Often we can con-
trol the observation procedure or reformulate the model ansure approximate
Gauss-linearity in the likelihood, hence the discussidhfatus on the characteris-
tics of x}'.

The EnKF is expected to be reliable as longf&s}) is unimodal and reason-
ably symmetric since all elliptically symmetric pdfs havenditional models that
are linear in the variables (Kelker 1970). If, however, f{&}) is multimodal, the
picture may be very different. Usually, multimodality icdies that the variable of
interestx}' is a nested variable with a discrete underlying variablendedi differ-
ent levels the variable may be on, and added to this level mnéireious variable
representing locally smooth variations. The EnKF apprdzhno mechanism for
jumping from one discrete outcome to the other; it fully eslion continuous adjust-
ments through the linearized conditioning expression.déehe EnKF solution, in
cases with multimodaf (x}), may deviate considerably from the correct solution
f(x}|d;). Several approaches to solving the multimodal problem Hmen sug-
gested in the literature:

1. Mixtures of Gaussian pdfs may be used as modelffa’), and a nonlin-
ear updating rule can be defined to obtain samples ff¢r}'|d.) (Dovera



and Della Rossa 2007). The nonlinear updating rule will bematationally
demanding and may not be suitable for high-dimensionallpros.

2. Reparametrization of the discrete underlying variabte icontinuous vari-
ables, preferably with unimodal pdfs. In spatial problenigeve the discrete
process may be related to domains in space, the boundargsé tlomains
may be characterized by continuous variables. The comdlitipcan then be
made on these boundary variables (Bertino et al. 2003; LduGliver 2005a,b).
The reparametrization is usually highly problem specifid dre efficiency is
hard to judge.

3. Basis-function expansion of the variables of intesgstThe associated coef-
ficients are conditioned by the EnKF procedure (JafarpodrMoLaughlin
2007) . The choice of basis functions is crucial for the sesad the approach
and no clear guideline seems to be available so far.

1.4.2 Parameter Estimates

The EnKF algorithm depends crucially on the tdfmdz)(;l which must be inferred
from the ensemble; of sizen.. Usually the classical covariance matrix estimators
are applied:

with

These estimators are unbiased and consistentﬁﬁed,e I'; 4 and f]d — X4 as
n — oo, for all distributional models. For finite., the estimates have minimum
variance for Gauss-linear models. With only slight dewiasi from Gauss-linearity,
however, the estimation variance may increase dramati¢eiliber 1981). More-
over, the ranks of the estimated matrlt[eLsd andEd aren. — 2 andn. — 1, respec-
tively. Hence the reliability of the estimates are highlypdedent on the actual true
model and the size of the ensemble. Two major problems mayraeaising the
EnKF:



1. Rank deficiency. Recall that, ; andX,; are, respectivelyp, x pq andp,y x
Pd matArices. Hegceze > pg + 2 is required to ensure full rank of the esti-
matesI', 4 and X4. In simple time series applications this requirement is
easy to meet. In spatio-temporal applications with comjmrtally demanding
forward models and many observations, as for example irojgetm reser-
voir engineering and meteorology, requiring > pq + 2 may be prohibited.
With reduced rank, the expressidh, ;X" in the EnKF updating will be
ill-defined.

2. Estimation uncertainty. Estimators for second order mot® like the covari-
ance matrice¥’, ; andX, are notoriously unreliable due to extreme depen-
dence on the tail-behavior of the underlying pdf. It is coivgled to make
wise bias/variance trade-offs without making definite ritisitional assump-
tions on which the estimator properties rely heavily. Ladkpeecision in
rngl in the EnKF updating may cause spurious values to appeaein th
conditionedx{. This effect may be worsened by nonlinear forward models.
Moreover, since the same estimeftgdflgl is used in the updating of all
ensemble members &, unwanted dependencies between the members may
be introduced. Ideally, the estimation uncertaint)fmd and f]d should be
accounted for in the final assessmentfdkr1|do, ..., dr), but this is not
done in the current version of the EnKF.

Several approaches to solving the rank deficiency and estimancertainty prob-
lems have been suggested in the literature:

1. Singular value decomposition &f; provides the linear combinations of the
original variables that capture most of the variability retobservations. By
retaining less tham. — 2 of these combinations, the EnKF updating proce-
dure is well defined in the reduced space (Skjervheim et @7RWNote that
exact observations will not be reproduced if this dimenality reduction is
made. Moreover, the procedure contains no direct measaiesigffects of
estimation uncertainty. The approach is expected to woknekier the obser-
vationsd; are highly correlated. Otherwise the information contenthe
observations can be severely reduced by the dimensiomatityction and the
effect of the conditioning may be partly removed.

2. Localization is based on a moving neighborhood linedrz@nditioning con-
cept. When conditioning a certain dimension of the variglokinterestx",
only observations in some predefined neighborhood of thiedsion is included
in the conditioning expression. The conditioning is peared by running
sequentially through the dimensions ©xf with different neighborhood for
each dimension, (Evensen 2007; Houtekamer and MitcheB8Y19%is reduc-
tion of number of conditioning observations for each dimensfx“ will also
reduce the actual dimensions of mgdzgl—term and hence by adjusting the
neighborhood definition full rank for a given ensemble sizean be ensured.
The approach is expected to work whenever the observatiahsdre close to



conditional independent givety and each observation has local influence on
x¢. Then reliable neighborhood rules can be defined. If thialldependence
is not present, the information content in the observatioay be severely
reduced and the effect of the conditioning will be partly caad. Moreover,
localization often introduces artifacts in the solutionsce different sets of
conditioning observations are used for different dimensiofx*.

3. Regularization approaches when estimaling and3>,; have been proposed.
The esumatei‘ d andE ! have to be valid covariance matrices and hence
non-negative definite. ThIS constrains the class of pasgbtimators. Non-
negative definiteness is closed under addition and certaithugts, however,
and these properties are used to introduce subjectivekstyineffects into
the estimator (Hamill et al. 2001). Regularization can betisure full rank
and dampen the effect of large estimation uncertainty. it chcourse be
complicated to choose a suitable regularization factorfanchany proposed
regularization factors the consistency of the estimaterg.a— oo is lost.

4. Experimental design approaches in generating the ligitisemble has been
proposed to reduce the variance Di q and E 1 at later times (Evensen
2004). By designing the initial ensemble the ||d propertes lost and it is
unclear how this influences the bias of the estimates andnhéifiference
of f(xr41]do,...,dr) based on the ensembter;. Experimental design
approaches will have no impact on the rank deficiency problem

5. Ensemble splitting has been proposed in order to expterestimation uncer-
tainty and reduce the unwanted dependencies between tbeklesmembers
(Houtekamer and Mitchell 1998). By splitting the ensemiie tank defi-
ciency problem becomes even more acute and estimationtamtgris even
worse for each split ensemble. The effect of these feataresdlear.

6. A hierarchical extension of the hidden Markov processhghat the model
parameterg:,;, andX,, are included in the probability space has been pro-
posed to account for the parameter uncertainty in the EnK&lte(Myrseth
and Omre 2008). This approach also ensures full rank andgesshrinkage
estimates oI, ; and3,. This hierarchical EnKF requires that prior pdfs be
defined foru,,; andX .4, which of course can be a challenge. Full consistency
in the estimator as. — oo is ensured, however.

Performance on the Test Examples

The EnKF with the ensemble sizg = 30 is run on the linear test problem to illus-
trate the effect of estimation uncertainty. Note that raekiaency is avoided by
ensuringn. > pg + 2. The solutions are presented in Figure 1.6 in a format simila
to Figure 1.5. Figure 1.6 should be compared to Figure 1.5eb@utions from the
same EnKF algorithm with,, = 100 are presented. Note that the prediction interval
based on a single ensemble is severely underestimatedalitest all variability is
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Linear case

Figure 1.6 Results of the EnKF algorithm with = 30 on the linear case: refer-
ence realizatiox;; (black), prediction (blue) and empirical .95-predictiotarvals
(hatched blue).

shifted to differences between predictions of repeatedfEnifs. The results from
the EnKF with a small number of ensemble members seems torpeneliable.

1.4.3 A Special Case

We consider a hidden Markov processes with nonlinear primst@hand Gauss-linear
likelihood model in particular, since this case is freqlenised in the literature
(Evensen 2007). The model assumptions are:

xo ~ f(x0)
[Xtt1[%e] = wie(xe, €) ~ f(xe1[x2)

[dt|Xt] = HtXt + 6? ~ f(dt|xt) = di(HtXt, Eg),

where the notation is identical to that in Expressions (&rij (1.2). The known for-
ward modelv, (x;, €7) may include a differential equation, and it may be extremely
computationally demanding to evaluate. Under these maeimaptions the EnKF
algorithm requires the following ensembles:

e : {xg(i) si=1,unet;t=0,...,T+1,

wherexi‘(l) = [x¢|do, ...,d; 1] are approximately independent realizations from
the conditional distributiory (x;|do, ...,d:—1). At each step the associated expec-
tation vector and covariance matrix gue and X, with time reference omitted.
Note that the ensemble need not contain the realizationbsdruations since the
associated”,, o = ¥,H’ can be assessed from estimatesQf The actual EnKF
algorithm is as follows:

Algorithm 4: Ensemble Kalman filter (Gauss-linear likelihood)



o [nitiate

n. = no. of ensemble members
x4 i =1, .. neiid f(xo)
{x“( Dii=1,..n}
e |teratet =0,...,T
Conditioning:
EstimateX, frome; — ZA]I
d ~ N, (Hx"D 58 i=1,...n
xW = x4 S HH,S,H, + 24 71(d, —d)i=1, .., n.
Forwarding:

€D N, (0,L,,)i=1,...,n

:J(rl)_w( ('() r()),Z:].,
u(i) .

€t : {xtJrl 1, ne}

veey The

e end iterate
o Assess

f(xr41|do, ...,dr) fromer

The resulting ensembler . ; contains approximately independent realizations of

le""«kl = [XT+1|d07 ceey dT]

from f(x741|do,...,dr); estimates of the forecast expectation vector and covari-
ance matrix can be obtained as in Expression (1.4). Notédhhbear conditioning

to be exactf(x}') needs to be Gaussian afii;|x;) Gauss-linear. The former need
not be the case under the current model assumptions, helycapprmoximations are
obtained.

Performance on the Test Examples

The EnKF-Special case requires the likelihood model to hes&dinear and known,
hence it can only be applied to the linear case. The solutiompresented in Figure
1.7 together with thex;; reference realization. The EnKF-Special case is based on
the ensemble size. = 100. The layout of the figure is similar to that in Figure 1.5.
Figure 1.7 should be compared to Figure 1.3, which displagstrrect KF-solution,
and Figure 1.5, which displays the solution for the generdd[Ealgorithm. The lat-

ter does estimate the likelihood model. The EnKF-specisé agith the likelihood
model given ancdh, = 100 provides results that are very similar to the correct KF



Linear case

Figure 1.7 Results of the EnKF-special case algorithm afjpb the linear case: ref-
erence realizatios;; (black), prediction (blue) and empirical .95-predictioner-
vals (hatched blue).

solution. For the linear case, the EnKF-Special case sm#ppears more reliable
than that of the general algorithm. There is obviously a sosstimating the likeli-
hood model. Note, however, that in the nonlinear case omlyg#neral EnKF can be
used.

1.5 The Randomized Maximum Likelihood Filter
(RMLF)

The basic idea of the RMLF is very similar to that of the EnKégept for a different
conditioning procedure for the observations. Realizatifsom the initial model, so
called ensemble, are iteratively adjusted for observatiand forwarded in time.
Attime t =T + 1, a set of approximately independent realizations is avkgléor
assessment ¢f(xr11|do, ..., dr). Basic references for RMLF, also termed iterative
EnKF, are Kitanidis (1986); Oliver (1996); Reynolds et &006). The RMLF is
well defined on a model for the hidden Markov process with ghsly constrained
likelihood model:

%0 ~ f(xo)
[Xeq1|x¢) = we(xe, €F) ~ f(xeq1|xt)

[dilxe] = ve(xe) + € ~ f(delxi) = Ny, (1 (1), 59),
where the notation is identical to that in Expression (1T3)e likelihood model is
still nonlinear inx;, but it is constrained to have an additive Gaussian erran ter

independent ok; with known covariance matrix.
A time series of ensembles is defined:

e : {xg(i) si=1,unet;t=0,...,T+1,



where ‘ 4
XD = [x|d, ..., dy_1]@

are approximately independent realizations frgix;|do, ...,d;—1). At any time
step the associated expectation vector and covariancéraagry.,, and 3, with
time reference omitted. The RMLF algorithm in its simplest form is includieere
to illustrate the basic idea of the approach:

Algorithm 5: Randomized maximum likelihood filter

e Initiate
n. = no. of ensemble members
XD i =1, neiid f(xo)
e : {Xg(i) pi=1,..,n}

e |teratet =0,...,T
Conditioning:
EstimateX, frome; — ZA]I
o) ~ N, (de, 24 ;i =1,....m
x;") = argmin{ (0} — 14(x))'B¢ " (of” — 14(x))

F(x—x" NSt x —x" Ny i=1, ... n.

Forwarding:
€D N, (0,L,,)i=1,...,m
Xﬂ(_ll) = wt(xf(i), ef(i)); i=1,.., 7
€t : {x?fl) pi=1,..,n.}

e end iterate

e Assess

f(XTJrl |d0, ey dT) from eri1

The resulting ensembler . ; contains approximately independent realizations of
X741 = [Xr41|do, ..., d7]

from f(xr41|do,...,dr). Hence estimates of the forecast expectation vector and
covariance matrix can be obtained with the usual estimatsris Expression 1.4.
The RMLF algorithm, Algorithm 5, is also recursive with a ditioning operation
and a forwarding operation in each step. Note tﬂQtis not identical tcdgi) usedin
EnKEF, since the former is centered around the actual obsemnad;. There are two
implicit approximations in the RMLF:



1. Discretization of the sample spacexqf The initial ensemble is assumed to
represeny (xo). This approximation is similar for all ensemble based apphes
and it may require a large number of ensemble members in diiglensional
problems.

2. Conditioning on observationk is done by optimization with a criterion that
relies on Gaussianity. This optimization approach is mandlfle than the lin-
earization used in the EnKF. Note that each ensemble membenditioned
individually, hence the approximation only applies to tlditioning, not to
the forward model. For highly non-Gaussian prior models #pproximation
may provide unreliable solutions.

Under these approximations, however, all hidden Markowcesses with nonlinear

likelihood models and additive Gaussian error terms canviatuated. The RMLF

coincides with the EnKF whenever the likelihood model is &alinear (see Appendix

B). This entails that it is a consistent forecast procedurgeu a full Gauss-linear

model in the sense that the exact solution is obtained as oo (see Appendix A).
Two major problems that may arise with the RMLF are:

1. Complications caused by the use of an estimatg obased on the ensemble
e; instead of the true covariance matrix. These complicatiookide rank
deficiency and estimation uncertainty as in EnKF.

2. Computational cost of performing the optimization in leatep; specially
because the objective function may have several local @pfiithe nonlinear
likelihood functionv(.) is available in analytic form so that the derivatives are
computable, an efficient optimization may be performed.d&general ‘black
box’ 1(.) used in a computer code, the optimization may be prohilbjtive
expensive to perform.

The RMLF is not widely used but several applications to resielevaluation prob-
lems demonstrate its characteristics (Gao et al. 2006; GuCliver 2007). It is
shown, however, that the conditioning procedure in the RMaptures multimodal-
ity in the prior model and likelihood function better thaetBnKF.

Performance on the Test Examples

The RMLF approach can be applied to both the linear and neatinases, but due
to the high computational cost of the optimization, only shert sectiorj40, 60] is
evaluated, see Figure 1.8. For the linear case the RMLF anBnlKF-Special case
solution in Figure 1.7 coincide. All solutions are trusttirwith the ensemble size
ne = 100. In the nonlinear case the RMLF solution can be compareded=tiKF
solution in Figure 1.5, and the former appears more religiiee the prediction
intervals look more trustworthy and there is less variapltietween repeated runs.
Computational demands may limit the use of the RMLF, however
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Figure 1.8 Results of the RMLF algorithm on the linear andlime@r test cases: ref-
erence realizatiom;; (black), prediction (blue) and empirical .95-predictionear-
vals (hatched blue).

1.6 The Particle Filter (PF)

The basic idea of the particle filter is to create a set of iidlizations from the
initial model, so called particles, and to take these raéiims through the prior
model. Each realization is assigned weights according édikelihood model as
observations occur through time. At timme= 7" + 1, a set of realizations with asso-
ciated weights are available for assessmenf ©fr1|do, ...,dr). Note that the
actual ensemble membersef . 1, without weighting, carry no information about
the observations, hence visual inspection is of no usecBea&rences for particle
filters are Gordon et al. (1993) and Doucet et al. (2001).
A time series of ensembles is defined:

e {(xp,w)Dyi=1,...,n};t=0,...T+1

wherexii) are samples from the prior model ®f, andwti) are associated weights
that are updated as observations arise. The particle filg@rithm in its simplest
form is as follows:

Algorithm 6: Patrticle filter

o Initiate:

n. = no. of ensemble members
x{ i =1, . neiid f(xo)

w =17i=1,...,n

eo : {(x0,wo)P;i=1,...,n.}

e |teratet =0,...,T



Weight updating:

v® = f(dex\) x w? i =1, ne
wiy = v x [ 0] i =1,
Forwarding:

€W N, (0,L,,)i=1,...,m
u(i) _ ((() r());Z:].,...

t41 = Wil Xy
[STRES I {(Xt+17wt+1)(l) ;i =1, '-';ne}
e end iterate

e Assess

f(xr41]do, ...,d7) fromer

The resulting ensembler ; contains samples from the prior modél, 1) and
associated normalized weights resulting from conditigrun|[dy, ..., d7] which can
be used in assessing the forecast pdér+1|do, ..., dr). Estimates of the forecast-
ing expectation vector and covariance matrix will be:

B =E{x7i1|do,...,dr} = ZwT+1xT+1

Y741 =Var{xrii|do, ..., dr} = ZwT+1 XT+1 ﬁTJrl)(ng&-l - ﬁT+1),-

The PF algorithm, Algorithm 6, is recursive with a weight agidg operation and a
forwarding operation in each step. The implicit approxiimatin the particle filter
lies in the discretization of the sample spacexpfThe initial ensemble is assumed
to representf(xo). For high-dimensional problems a large number of ensemble
members may be required to justify these assumptions. Uh@eapproximation,
however, all types of models for the hidden Markov processlmaevaluated. The
particle filter is a consistent forecast procedure for allden Markov models in the
sense that the exact solution is obtainedas- .

The particle filter can be run efficiently but one major problis that all weights
often are assigned to one or few samples. This happens wkepridr model is
vague and/or the observations are very informative. Séweargs of correcting this
problem have been proposed (Doucet et al. 2001). Sincecleafitiers are not the
focus of this presentation we leave the reader with thisreafee and the following
example.

Performance on the Test Examples

The particle filter can be applied to both the linear and nwdr cases, see Figure
1.9. The filter is computationally efficient and several hwabithousand ensemble
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Figure 1.9 Results of the particle filter algorithm on theshin and nonlinear cases:
reference realizatiorx;; (black), prediction (blue) and empirical .95-prediction
intervals (hatched blue).

members were run. Even with so many ensemble members onky anfambers
were assigned weights significantly different from zerotfue full scale example,
however. Hence we limit the study to the sectidf, 60] and used the ensemble
sizen, = 130000, which corresponds to an effective number of ensemble mesmbe
(Doucet et al. 2001) around 100. The particle filter resudtsthe linear example
should be compared to the exact solution obtained with theirKFigure 1.3. It
appears that the PF solution is close to the KF solution. ®@mnbnlinear case the
particle filter results should be compared to the EnKF and Ri@lutions in Figures
1.5 and 1.8, respectively. The PF solution appears reliatdethe prediction inter-
val seems to be close to the RMLF solution. The results indittzat the PF needs
extremely many ensemble members in order to provide reiablutions.

1.7 Closing Remarks

The forecasting ofxr.1|do,...,dr] is based on a hidden Markov model. If this
model is assumed to be Gauss-linear it is subject to analygi@luation and tradi-
tional KF provides the exact solution. With deviations fr@auss-linearity approxi-
mate solutions must be sought, and a large variety of appesaare available. In the
current paper focus is on simulation based inference of itiéeim Markov model,
and the EnKF in particular. Also RMLF and PF are being introetl

The content of this paper can be summarized by:

e The EnKF and RMLF on one hand and PF on the other, are basedydifre
ferentideas, although both rely on simulation based imegeThe EnKF and
RMLF are based on an ensemble where each ensemble membjeisiedds
observations appear. Hence the ensemble members are mpately inde-
pendent realizations dk;|do,...,d:—1] at any time. The PF, on the other
hand, is based on an ensemble where each ensemble membediddit



weighted. The weights are sequentially adjusted as obemgappear. Hence
the weighted ensemble members repregért|do, ..., d;—1). In practise, one
can visualize the ensemble members of the EnKF and the RMIillastrate
the solution, but doing so for the PF ensemble has no meaning.

e The EnKF can be used for general hidden Markov models. kgeain a lin-
earization of the conditioning expression where the weiginé estimates from
the ensemble. Hence EnKF will only provide an approximataet&m even
when the ensemble size tends to infinity. For high-dimeradiproblems the
estimated weights may be unreliable if the ensemble sizedsinall. The
EnKF is relatively computationally efficient.

e The RMLF can be used for general hidden Markov models, withom¢on-
straints on the likelihood model. The conditioning expi@sss phrased as an
optimization with an object function inferred from the engde. The RMLF
will provide more reliable results than the EnKF whenevar¢hare nonlin-
earities in the model. The solutions will only be approximdtowever, even
when the ensemble size tends to infinity. The RMLF may be vergputa-
tionally demanding for high-dimensional problems withexijfunctions with
multiple optima.

e The PF can also be used for general hidden Markov models. dinditmn-
ing is made exactly, and the correct solution will be obtdiménenever the
ensemble size tends to infinity. Moreover, the PF is extrgim@inputationally
efficient. For high dimensional problems however, the cogeece towards
the correct solution is extremely slow. In practice, onlywé&w ensemble
members are assigned weight which are significantly diffeirem zero.

The authors general recommendations are: For very low diioeal problem the
PF is to be recommended due to its favorable asymptotic ptiepeFor intermedi-
ate and high dimensional problems the EnKF is expected fopebetter than the
PF given comparable computer resources. The adjustmehéandividual ensem-
ble members in the EnKF provides better coverage in highaliiby areas of the
sample space.Attention must be given to the reliabilityhef EnKF solution, how-
ever, due to possible lack of precision in the estimatedilization. The RMLF is
expected to find its use in special intermediate-dimensjfmodlems with nonlinear
relations.
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Appendix A Properties of the EnKF Algorithm

We show that the EnKF algorithm is exact in the limjt — oo under a Gauss-linear
model.

The Gauss-linear model is
f(x0) ~ Np, (15, X5)
f(xeq1[xi) ~ Np, (Arxs, 3F)
f(dt|xt) ~ di (Htxta 21(‘,1)
Note that for consistent estimators amd— oo:

= _ Em I‘x,d _ 2? E}LH;
Yed — Bgad = |: I‘d,m DI ] - |: thg thgﬂg _|_221

The proof is done by induction: Assume that
xi ) N (i )
i ) ~ N, (H @, 2).
The conditioning rule is:
i x ) = x4 DaaB (- ).
Due to linearity and Gaussianity [df) , x?(i)] one has:
x; )~ Ny, (1, 55),
with
wi = E{x"} = pf + oy (de — Hopst)
= pi + SYHHEH] + 37 (d, — Hepy)

¢ = Var{x{"} = ¢ + T, .57 H,Z'H, + £427'T,,
—oT, 2 H, 3
= %} + T{H)[H,ZH] + 3] H, 2}
— 23 H) [H,ZH + 3] 'H, ¢
=¥} - S/H)[H, S H; + 377 H B,

which corresponds to the KF solution in Algorithm 2.



Moreover:

A% ~ N, (A B8

Xt N, (A, ArSPAL + B7),

which corresponds to the KF solution.
Since Gauss-linearity entails that fioe 0:

xi@ N, (uE,37)
[dS” x4 ~ N, (Hoxg ", 4)

itis concluded by induction that all ensemble members in EnKder a Gauss-linear
model are sampled from the correct pdf. QED.

Appendix B Properties of the RMLF Algorithm

We show that the RMLF algorithm coincides with the EnKF aitjon whenever the
likelihood model is Gauss-linear.

The Gauss-linear likelihood model:
o ~ Ny, (d, )
() = Ny, (57, 2
19(0" %) = Ny, (Hox, ).
The conditioning rule withy @ (x|o”)) being Gaussian is:
x = argmin, {(of” ~ Hx){ (o — Hyx)' + (x — xS, (x - x)'}
= argman, { £ (0} ) £ (x)}
= argmax, { /) (x]o}”)}
= MAP{x[of”, x;""}
= E{x|o§i)7 x?(i)}.

Hence a better name would have been Randomized maximune&pddilter (RMAPF).
Hereby

X:(i) _ Xr(z’) + in22;1[0§i) _ Htx?(i)]

=x'Y 4 S H)[H,S,H, + 29)71(d, — d),



with
d; = oti) — ef
dgi) = Htx?(i) + ef',

which corresponds to the EnKF conditioning rule in Algomitd. QED.



