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1.1 Introduction

Temporal phenomena are abundant in nature and in man-created activity. Tradi-
tionally, mathematicians have modeled these phenomena by differential equations
while statisticians have relied on empirically based time series models. It is a natural
challenge to combine these two modeling approaches, and hidden Markov models
have proven efficient in doing so. The inherent local characteristics of differential
equations justifies the Markov assumption while the empirical data is linked to the
variables of interest through likelihood functions. Evaluation of the hidden Markov
model can be done by Bayesian inversion.

R. E. Kalmans’ celebrated paper (Kalman 1960) was based on this line of thought.
Under very specific assumptions about linearity and Gaussianity exact analytical
solutions can be determined for the Bayesian inversion. Whenever deviations from
these assumptions occur however, one has to rely on approximations. This gives
room for a large variety of approaches including linearizations and simulation based
inference.

The current paper focuses on simulation based inference of hidden Markov mod-
els and on ensemble Kalman filters in particular. The ensemble Kalman filter was
introduced by Evensen in the papers Evensen (1994) and Burgers et al. (1998). The
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filter relies on simulation based inference and utilizes a linearization in the data con-
ditioning. These approximations make the ensemble Kalman filter computationally
efficient and well suited for high-dimensional hidden Markov models. Hence this fil-
ter has found widespread use in evaluation of spatio-temporal phenomena like ocean
modeling, weather forecasting and petroleum reservoir evaluation, see Bertino et al.
(2002), Houtekamer et al. (2005), Nævdal et al. (2005), and references therein.

The ensemble Kalman filter and its characteristics are the major theme of this
paper, but also related simulation based filters like the randomized maximum like-
lihood filter and the particle filter are briefly defined. The properties of the various
filters are demonstrated on a small example.

1.2 Model assumptions

Consider an unknown, multivariate time series[x0,x1, ...,xT ,xT+1] with xt ∈ R
px ;

t = 0, ..., T + 1 containing the primary variable of interest andxT being the current
state. Assume that an associated time series of observations [d0, ...,dT ] with dt ∈
R

pd ; t = 0, ..., T , is available. The primary objective of the study is to assess the
forecasting problem, namely evaluatexT+1 given[d0, ...,dT ].

Define a prior stochastic model for[x0, ...,xT+1] by assuming Markov proper-
ties:

[x0, ...,xT+1] ∼ f(x0, ...,xT+1)

= f(x0)

T∏

t=0

f(xt+1|x0, ...,xt)

= f(x0)

T∏

t=0

f(xt+1|xt),

with x ∼ f(x) reading “the random variablex is distributed according to the prob-
ability density function (pdf)f(x)”. Let f(x0) be a known pdf for the initial state,
andf(xt+1|xt) ; t = 0, ..., T be known forward pdfs. Hence the prior model for the
time series of interest is Markovian with each state given the past dependent on the
previous state only.

Define the likelihood model for[d0, ...,dT ] given [x0, ...,xT+1] by assuming
conditional independence and single state dependence:

[d0, ...,dT |x0, ...,xT+1] ∼ f(d0, ...,dT |x0, ...,xT+1)

=

T∏

t=0

f(dt|x0, ...,xt+1)

=

T∏

t=0

f(dt|xt)
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Figure 1.1 Hidden Markov process

wheref(dt|xt) ; t = 0, ..., T are known likelihood functions. Hence, the likelihood
model entails that the observations at timet is a function of statext only and is
independent of the other observations whenxt is given.

These prior and likelihood assumptions define a hidden Markov process as depicted
by the diagram in Figure 1.1. The arrows in the graph represent causal, stochastic
dependencies between nodes. The resulting posterior stochastic model is defined by
Bayesian inversion:

[x0, ...,xT+1|d0, ...,dT ] ∼ f(x0, ...,xT+1|d0, ...,dT )

= const × f(d0, ...,dT |x0, ...,xT+1) × f(x0, ...,xT+1)

= const × f(x0)f(d0|x0)

[
T−1∏

t=0

f(dt+1|xt+1)f(xt+1|xt)

]

× f(xT+1|xT ),

with ‘const’ being a normalizing constant that is usually hard to assess. Hence the
full posterior model is not easily available.

The forecasting problem is the major objective of this study. The forecasting pdf
is:

[xT+1|d0, ...,dT ] ∼ f(xT+1|d0, ...,dT )

=

∫
...

∫
f(x0, ...,xT+1|d0, ...,dT )dx0...dxT .

This forecasting pdf is computable by a recursive algorithm. In order to simplify
notation, introduce:

x
u
t = [xt|d0, ...,dt−1]

x
c
t = [xt|d0, ...,dt],

where indicesu andc indicate unconditioned and conditioned on the observationat
the current time, respectively. The recursive algorithm can be justified by the graph
in Figure 1.1, and it is defined as:



Algorithm 1: Recursive forecasting

• Initiate:

x
u
0 ∼ f(xu

0 ) = f(x0)

• Iteratet = 0, ..., T

Conditioning:

x
c
t ∼ f(xc

t) = f(xu
t |dt) = const × f(dt|x

u
t )f(xu

t )

Forwarding:

x
u
t+1 ∼ f(xu

t+1) =
∫

f(xu
t+1|x

c
t )f(xc

t)dx
c
t

• end iterate

x
u
T+1 = [xT+1|d0, ...,dT ] ∼ f(xT+1|d0, ...,dT ) = f(xu

T+1)

Hence the forecast pdff(xT+1|d0, ...,dT ), which is the objective of the study, is
obtained at time stept = T + 1. The recursion relies on a conditioning operation
and a forwarding operation at each step. Note further that this recursive algorithm
makes sequential conditioning on future observations possible.

Algorithm 1 relies on assumptions about independence made for the hidden
Markov process, but beyond this no specific distributional assumptions are made.
This entails that the prior model can be written as:

x0 ∼ f(x0)

[xt+1|xt] = ωt(xt, ǫ
x
t ) ∼ f(xt+1|xt) (1.1)

whereωt(., .) is a known functionR2px → R
px andǫ

x
t is a random variable from the

normalizedpx-dimensional multivariate Gaussian distributionNpx
(0, Ipx

) where
Ipx

is a unit diagonal covariance matrix. This construction cangenerate a realiza-
tion from an arbitraryf(xt+1|xt). The likelihood model may be constructed in a
similar manner:

[dt|xt] = νt(xt, ǫ
d
t ) ∼ f(dt|xt), (1.2)

whereνt(., .) is a known functionRpx+pd → R
pd andǫ

d
t is a normalizedpd- dimen-

sional Gaussian random variable fromNpd
(0, Ipd

).
The associated Gauss-linear model is defined as:

x0 ∼ f(x0) = Npx
(µx

0 ,Σx
0)

[xt+1|xt] = Atxt + ǫ
x
t ∼ f(xt+1|xt) = Npx

(Atxt,Σ
x
t ) (1.3)

[dt|xt] = Htxt + ǫ
d
t ∼ f(dt|xt) = Npd

(Htxt,Σ
d
t ),

whereAt andHt are known matrices of proper dimensions and the error term is
additive and Gaussian independent ofxt.



Under the Gauss-linear assumptions the recursive Algorithm 1 is analytically
tractable, and this analytical solution corresponds to thetraditional Kalman filter
(KF) which will be presented below. For other model assumptions the hidden Markov
process must be assessed by some sort of approximation for which the recursive
Algorithm 1 is well suited. In the current paper we will focuson simulation based
approximate solutions to the forecast problem.

Two Test Examples

In order to illustrate the basic characteristics of the various filters, we define two sim-
ple examples that will be used throughout this paper. The first example is based on a
Gauss-linear model, termed linear case, and it is subject toboth analytical treatment
and simulation based inference. The other case is based on a model with nonlin-
earities, termed nonlinear case, and it can only be evaluated by simulation based
inference.

The variable of interest is[x0, ...,x11], wherext ∈ R
100; hencext is a 100-

dimensional time series. Observations are available at[d0, ...,d10]. The current time
is T = 10 and the objective is the forecast[x11|d0, ...,d10]. In Figure 1.2 the ref-
erence realizations of[x10,d10] andx11 for both the linear and nonlinear cases are
presented. The dimensions ofxt are denoted by nodes.

The linear case is defined as follows:

f(x0) ∼ N100(0,Σx
0)

[xt+1|xt] = Atxt

[dt|xt] = Htxt + ǫ
d
t ∼ f(dt|xt) = N13(Htxt,Σ

d
t ),

where the initial covariance matrixΣx
0 is constructed from a covariance function

c(∆) = 20 exp(−3∆/20) with ∆ being distance between nodes inx0. The forward
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Figure 1.2 Reference realizations:(x10,d10) in the upper display andx11 in the
lower display.



model defined byAt is a uniform smoother of width 10 nodes that moves in steps of
5 from left to right for each time step. Consequently, the left part ofx10 is smoother
than the right part. The likelihood model defined by(Ht,Σ

d
t ) returns 13 observa-

tions with independent errors of variance10 at each time step, see Figure 1.2.
The nonlinear case is defined as follows:

f(x0) ∼ N100(0,Σx
0)

[xt+1|xt] = cAt(xt + arctan(xt))

[dt|xt] = Ht(xt + arctan(xt)) + ǫ
d
t ∼ f(dt|xt)

= N13(Ht(xt + arctan(xt)),Σ
d
t ),

where the model parameters are defined mostly as for the linear case, except forc
being a scaling factor to align the variances in the linear and nonlinear case, and for
arctan(.) being a functional that acts element-wise onxt. As Figure 1.2 shows, the
nonlinear example appears more box-like than the linear one.

1.3 The Traditional Kalman Filter (KF)

The KF was introduced in Kalman (1960). The hidden Markov process was made
analytically tractable by the recursive Algorithm 1 and theGauss-linear model assump-
tions in Expression (1.3) with fully known parameter values.

The recursive algorithm will under these Gauss-linear assumptions reproduce
Gaussianity from one step to the next, and the algorithm appears as:

Algorithm 2: Kalman Filter

• Initiate:

x
u
0 ∼ f(xu

0 ) = Npx
(µu

0 ,Σu
0 )

µ
u
0 = µ

x
0

Σ
u
0 = Σ

x
0

• Iteratet = 0, ..., T

Conditioning:

x
c
t ∼ f(xc

t) = Npx
(µc

t ,Σ
c
t)

µ
c
t = µ

u
t + Σ

u
t H

′
t[H

′
tΣ

u
t H

′
t + Σ

d
t ]

−1(dt − Htµ
u
t )

Σ
c
t = Σ

u
t − Σ

u
t H

′
t[HtΣ

u
t H

′
t + Σ

d
t ]

−1
HtΣ

u
t

Forwarding:

x
u
t+1 ∼ f(xu

t+1) = Npx
(µu

t+1,Σ
u
t+1)

µ
u
t+1 = Atµ

c
t



Σ
u
t+1 = AtΣ

c
tA

′
t + Σ

x
t

• end iterate

• f(xT+1|d0, ...,dT ) = Npx
(µu

T+1,Σ
u
T+1)

Consequently, all relevant pdfs are analytically tractable and no approximations
of the forecast problem is needed. Whenever deviations fromthese Gauss-linear
assumptions arise however, the analytical tractability islost. Approximate solutions
can of course be made, and different approximations have defined a large family of
Kalman Filter variations such as the extended Kalman filter (Jazwinski 1970), the
unscented Kalman Filter (Julier and Uhlmann 1997) and others. These approxima-
tions follow the KF tradition by focusing on the two first moments of the pdf as they
develop through time. Since traditional Kalman filters are not the focus of this pre-
sentation, we leave the reader with these references and theapplications to the test
problems below.

Performance on the Test Examples

The traditional KF can only be applied to the linear case, andthe solution is shown in
Figure 1.3 together with thex11 reference realization. The KF prediction represented
by E{x11|d0, ...,d10} and associated0.95 prediction intervals are displayed. This
KF solution is the exact solution and can be computed analytically.

10 20 30 40 50 60 70 80 90 100
−15

−10

−5

0

5

10

15

Linear case

Figure 1.3 Results of the KF algorithm on the linear case: reference realizationx11

(black), prediction (blue) and .95-prediction intervals (hatched blue).

1.4 The Ensemble Kalman Filter (EnKF)

The EnKF provides an approximate solution to the forecast problem both under
Gauss-linear model assumptions and whenever deviations from these assumptions
occur. The basic idea of the EnKF is to create a set of realizations, so called ensem-
ble, from the initial model. These realizations are adjusted according to the likeli-
hood model when an observation occurs and the adjusted realizations are then taken
through the forward model to the next observation time. At time t = T + 1 a set
of approximately independent realizations are available for empirical assessment of



f(xT+1|d0, ...,dT ). Hence, characteristics beyond the two first moments can be
captured. Note also that the actual adjustment of realizations as observations appear
makes it meaningful to visually inspect the ensemble members to seek for com-
mon features. Basic references for EnKF are Evensen (1994),Burgers et al. (1998),
Evensen (2007) and references therein.

A time series of ensembles is defined by:

et : {(xu
t ,dt)

(i); i = 1, ..., ne} ; t = 0, ..., T + 1,

wherexu(i)
t = [xt|d0, ...,dt−1]

(i) are approximate realizations fromf(xt|d0, ...,dt−1)

andd
(i)
t are associated realizations of the observation available at time t, i.e., dt.

Note that at any stept - with t omitted in the notation - one has the expectation
vector and covariance matrix:

µxd =

[
µx

µd

]

Σxd =

[
Σx Γx,d

Γd,x Σd

]
.

The EnKF algorithm in its general form is based on the recursive forecasting algo-
rithm, Algorithm 1, and appears as:

Algorithm 3: Ensemble Kalman filter (general)

• Initiate

ne = no. of ensemble members

x
u(i)
0 ; i = 1, ..., ne iid f(x0)

ǫ
d(i)
0 ∼ Npd

(0, Ipd
) ; i = 1, ..., ne

d
(i)
0 = νt(x

u(i)
0 , ǫ

d(i)
0 ) ; i = 1, ..., ne

e0 : {(xu
0 ,d0)

(i) ; i = 1, ..., ne}

• Iteratet = 0, ..., T

Conditioning:

EstimateΣxd from et → Σ̂xd

x
c(i)
t = x

u(i)
t + Γ̂x,dΣ̂

−1
d (dt − d

(i)
t ) ; i = 1, ..., ne

Forwarding:

ǫ
x(i)
t ∼ Npx

(0, Ipx
) ; i = 1, ..., ne

x
u(i)
t+1 = ωt(x

c(i)
t , ǫ

x(i)
t ) ; i = 1, ..., ne

ǫ
d(i)
t+1 ∼ Npd

(0, Ipd
) ; i = 1, ..., ne



d
(i)
t+1 = νt+1(x

u(i)
t+1 , ǫ

d(i)
t+1) ; i = 1, ..., ne

et+1 : {(xu
t+1,dt+1)

(i) ; i = 1, ..., ne}

• end iterate

• Assess

f(xT+1|d0, ...,dT ) from eT+1

The resulting ensembleeT+1 contains approximately independent realizations of

x
u
T+1 = [xT+1|d0, ...,dT ]

fromf(xT+1|d0, ...,dT ) which can be used to assess the forecast pdf. If the forecast
expectation vector and covariance matrix are of interest regular estimators can be
used.

µ̂T+1 =Ê{xT+1|d0, ...,dT } =
1

ne

ne∑

i=1

x
u(i)
T+1 (1.4)

Σ̂T+1 =V̂ar{xT+1|d0, ...,dT } =
1

ne − 1

ne∑

i=1

(x
u(i)
T+1 − µ̂T+1)(x

u(i)
T+1 − µ̂T+1)

′.

The EnKF algorithm, Algorithm 3, is recursive and each recursion consists of a con-
ditioning operation and a forwarding operation. The conditioning expression is linear
with weights estimated from the ensemble. The forwarding operation is defined by
the forward pdf.

There are two implicit approximations in the EnKF:

1. Discretization of the sample space ofxt. The initial ensemble of iid realiza-
tions is assumed to representf(x0). For high-dimensional problems a large
number of ensemble members may be required to do so reliably.

2. The data conditioning expression is linearized. Moreover, the weights in the
linearization are estimated from the ensemble. Note, however, that each ensem-
ble member is conditioned individually and hence the linearization only applies
to the conditioning not to the forward model. For highly non-Gaussian prior
models and/or strongly nonlinear likelihood models this approximation may
provide unreliable results.

Under these approximations, however, all types of models for the hidden Markov
process can be evaluated. The EnKF is a consistent forecast procedure under a
Gauss-linear model in the sense that the exact solution is obtained asne → ∞ (see
Appendix A).

A graphical description of the EnKF is shown in Figure 1.4. Atiterationt, the
ensembleet with ne = 5 is shown in display (a) together with the observed value
dt. The regression slope ofdt onxt is estimated bŷΓx,dΣ̂

−1
d and this corresponds
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Figure 1.4 Graphical description of one step in the EnKF algorithm; ensemble (a),
linearization (b) and ensemble conditioning (c). See explanation in text.

to the regression slope in display (b). The EnKF-update is made on each ensemble
member by using the estimated regression slope as presentedin display (c). Note
how the individual unconditioned membersx

u(i)
t are moved to the conditioned one

x
c(i)
t . To establish the ensembleet+1 at iterationt + 1, eachxc(i)

t is taken through
the forward model to obtainxu(i)

t+1 and thereafter eachxu(i)
t+1 is taken through the

likelihood model to obtaind(i)
t+1. This brings us back to display (a) for iteration

t + 1.
The EnKF is a consistent forecast procedure for Gauss-linear models, but fre-

quently deviations from Gaussianity in the prior and likelihood model appear. Con-
sequences of these deviations from Gaussianity are discussed in Section 1.4.1. Other
problems arise in the EnKF which are caused by the use of an estimate ofΣxd based
onet instead of the true covariance matrix. These problems include rank deficiency
and estimation uncertainty due to the limited size of the ensemble, i.e., small values
of ne. This issue will be discussed further in Section 1.4.2.

Performance on the Test Examples

The EnKF can be applied to both the linear and the nonlinear test cases. The solutions
are presented in Figure 1.5 together with thex11 reference realization. The EnKF is
based on the ensemble sizene = 100, which is often used as rule of thumb.

The upper displays in Figure 1.5 show the predictionsÊ{x11|d0, ...,d10} and
associated0.95 empirical prediction intervals. The former is obtained as the average
of the 100 ensemble members, while the latter is defined to be the range between the
third smallest and the third largest ensemble member at any node.

The lower displays show the predictions from ten different EnKF runs, each of
these withne = 100.

For the linear case, the correct solution is the KF solution shown in Figure 1.3.
The EnKF solution withne = 100 does reproduce the main features of the refer-
ence realizationx11, but as seen in the upper display, it seems that the prediction
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Figure 1.5 Results of the EnKF algorithm on the linear and nonlinear test cases: ref-
erence realizationx11 (black), prediction (blue) and empirical .95-prediction inter-
vals (hatched blue).

interval is underestimated. Some of the variability appears to be shifted to variability
in between predictions based on different ensembles as seenin the lower display.
Recall that the EnKF algorithm is consistent in the sense that the KF solution is
reproduced in the limit asne → ∞. For the nonlinear case, the picture is basically
the same. The results indicate that it is important to have a reasonably high number
of ensemble members.

1.4.1 Variable Characteristics

The linear conditioning in the EnKF is correct if at each stepthe likelihood model
f(dt|x

u
t ) is Gauss-linear and the prior modelf(xu

t ) is Gaussian. Often we can con-
trol the observation procedure or reformulate the model andensure approximate
Gauss-linearity in the likelihood, hence the discussion will focus on the characteris-
tics ofxu

t .
The EnKF is expected to be reliable as long asf(xu

t ) is unimodal and reason-
ably symmetric since all elliptically symmetric pdfs have conditional models that
are linear in the variables (Kelker 1970). If, however, thef(xu

t ) is multimodal, the
picture may be very different. Usually, multimodality indicates that the variable of
interestxu

t is a nested variable with a discrete underlying variable defining differ-
ent levels the variable may be on, and added to this level is a continuous variable
representing locally smooth variations. The EnKF approachhas no mechanism for
jumping from one discrete outcome to the other; it fully relies on continuous adjust-
ments through the linearized conditioning expression. Hence the EnKF solution, in
cases with multimodalf(xu

t ), may deviate considerably from the correct solution
f(xu

t |dt). Several approaches to solving the multimodal problem havebeen sug-
gested in the literature:

1. Mixtures of Gaussian pdfs may be used as model forf(xu
t ), and a nonlin-

ear updating rule can be defined to obtain samples fromf(xu
t |dt) (Dovera



and Della Rossa 2007). The nonlinear updating rule will be computationally
demanding and may not be suitable for high-dimensional problems.

2. Reparametrization of the discrete underlying variable into continuous vari-
ables, preferably with unimodal pdfs. In spatial problems where the discrete
process may be related to domains in space, the boundary of these domains
may be characterized by continuous variables. The conditioning can then be
made on these boundary variables (Bertino et al. 2003; Liu and Oliver 2005a,b).
The reparametrization is usually highly problem specific and the efficiency is
hard to judge.

3. Basis-function expansion of the variables of interestx
u
t . The associated coef-

ficients are conditioned by the EnKF procedure (Jafarpour and McLaughlin
2007) . The choice of basis functions is crucial for the success of the approach
and no clear guideline seems to be available so far.

1.4.2 Parameter Estimates

The EnKF algorithm depends crucially on the termΓx,dΣ
−1
d which must be inferred

from the ensembleet of sizene. Usually the classical covariance matrix estimators
are applied:

Γ̂x,d =
1

ne − 2

ne∑

i=1

(x
u(i)
t − µ̂x)(d

(i)
t − µ̂d)

′

Σ̂d =
1

ne − 1

ne∑

i=1

(d
(i)
t − µ̂x)(d

(i)
t − µ̂x)′,

with

µ̂x =
1

ne

ne∑

i=1

x
u(i)
t

µ̂d =
1

ne

ne∑

i=1

d
(i)
t .

These estimators are unbiased and consistent, i.e.,Γ̂x,d → Γx,d andΣ̂d → Σd as
ne → ∞, for all distributional models. For finitene, the estimates have minimum
variance for Gauss-linear models. With only slight deviations from Gauss-linearity,
however, the estimation variance may increase dramatically (Huber 1981). More-
over, the ranks of the estimated matricesΓ̂x,d andΣ̂d arene − 2 andne − 1, respec-
tively. Hence the reliability of the estimates are highly dependent on the actual true
model and the size of the ensemble. Two major problems may occur in using the
EnKF:



1. Rank deficiency. Recall thatΓx,d andΣd are, respectively,px × pd andpd ×
pd matrices. Hencene ≥ pd + 2 is required to ensure full rank of the esti-
matesΓ̂x,d and Σ̂d. In simple time series applications this requirement is
easy to meet. In spatio-temporal applications with computationally demanding
forward models and many observations, as for example in petroleum reser-
voir engineering and meteorology, requiringne ≥ pd + 2 may be prohibited.
With reduced rank, the expression̂Γx,dΣ̂

−1
d in the EnKF updating will be

ill-defined.

2. Estimation uncertainty. Estimators for second order moments like the covari-
ance matricesΓx,d andΣd are notoriously unreliable due to extreme depen-
dence on the tail-behavior of the underlying pdf. It is complicated to make
wise bias/variance trade-offs without making definite distributional assump-
tions on which the estimator properties rely heavily. Lack of precision in
Γ̂x,dΣ̂

−1
d in the EnKF updating may cause spurious values to appear in the

conditionedxc
t . This effect may be worsened by nonlinear forward models.

Moreover, since the same estimateΓ̂x,dΣ̂
−1
d is used in the updating of all

ensemble members inet, unwanted dependencies between the members may
be introduced. Ideally, the estimation uncertainty inΓ̂x,d andΣ̂d should be
accounted for in the final assessment off(xT+1|d0, ...,dT ), but this is not
done in the current version of the EnKF.

Several approaches to solving the rank deficiency and estimation uncertainty prob-
lems have been suggested in the literature:

1. Singular value decomposition ofΣd provides the linear combinations of the
original variables that capture most of the variability in the observations. By
retaining less thanne − 2 of these combinations, the EnKF updating proce-
dure is well defined in the reduced space (Skjervheim et al. 2007). Note that
exact observations will not be reproduced if this dimensionality reduction is
made. Moreover, the procedure contains no direct measure against effects of
estimation uncertainty. The approach is expected to work whenever the obser-
vationsdt are highly correlated. Otherwise the information content in the
observations can be severely reduced by the dimensionalityreduction and the
effect of the conditioning may be partly removed.

2. Localization is based on a moving neighborhood linearized conditioning con-
cept. When conditioning a certain dimension of the variables of interest,xu,
only observations in some predefined neighborhoodof this dimension is included
in the conditioning expression. The conditioning is performed by running
sequentially through the dimensions ofx

u with different neighborhood for
each dimension, (Evensen 2007; Houtekamer and Mitchell 1998). This reduc-
tion of number of conditioning observations for each dimension ofxu will also
reduce the actual dimensions of theΓx,dΣ

−1
d -term and hence by adjusting the

neighborhood definition full rank for a given ensemble sizene can be ensured.
The approach is expected to work whenever the observations in dt are close to



conditional independent givenxt and each observation has local influence on
xt. Then reliable neighborhood rules can be defined. If this local dependence
is not present, the information content in the observationsmay be severely
reduced and the effect of the conditioning will be partly removed. Moreover,
localization often introduces artifacts in the solutions since different sets of
conditioning observations are used for different dimensions ofxu.

3. Regularization approaches when estimatingΓx,d andΣd have been proposed.
The estimateŝΓx,d andΣ̂

−1
d have to be valid covariance matrices and hence

non-negative definite. This constrains the class of possible estimators. Non-
negative definiteness is closed under addition and certain products, however,
and these properties are used to introduce subjective shrinkage effects into
the estimator (Hamill et al. 2001). Regularization can bothensure full rank
and dampen the effect of large estimation uncertainty. It can of course be
complicated to choose a suitable regularization factor andfor many proposed
regularization factors the consistency of the estimators asne → ∞ is lost.

4. Experimental design approaches in generating the initial ensemble has been
proposed to reduce the variance ofΓ̂x,d and Σ̂

−1
d at later times (Evensen

2004). By designing the initial ensemble the iid propertiesare lost and it is
unclear how this influences the bias of the estimates and the final inference
of f(xT+1|d0, ...,dT ) based on the ensembleeT+1. Experimental design
approaches will have no impact on the rank deficiency problem.

5. Ensemble splitting has been proposed in order to explore the estimation uncer-
tainty and reduce the unwanted dependencies between the ensemble members
(Houtekamer and Mitchell 1998). By splitting the ensemble the rank defi-
ciency problem becomes even more acute and estimation uncertainty is even
worse for each split ensemble. The effect of these features is unclear.

6. A hierarchical extension of the hidden Markov process such that the model
parametersµxd andΣxd are included in the probability space has been pro-
posed to account for the parameter uncertainty in the EnKF results (Myrseth
and Omre 2008). This approach also ensures full rank and provides shrinkage
estimates ofΓx,d andΣd. This hierarchical EnKF requires that prior pdfs be
defined forµxd andΣxd, which of course can be a challenge. Full consistency
in the estimator asne → ∞ is ensured, however.

Performance on the Test Examples

The EnKF with the ensemble sizene = 30 is run on the linear test problem to illus-
trate the effect of estimation uncertainty. Note that rank deficiency is avoided by
ensuringne > pd + 2. The solutions are presented in Figure 1.6 in a format similar
to Figure 1.5. Figure 1.6 should be compared to Figure 1.5 where solutions from the
same EnKF algorithm withne = 100 are presented. Note that the prediction interval
based on a single ensemble is severely underestimated whilealmost all variability is
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Figure 1.6 Results of the EnKF algorithm withne = 30 on the linear case: refer-
ence realizationx11 (black), prediction (blue) and empirical .95-prediction intervals
(hatched blue).

shifted to differences between predictions of repeated EnKF runs. The results from
the EnKF with a small number of ensemble members seems to be very unreliable.

1.4.3 A Special Case

We consider a hidden Markov processes with nonlinear prior model and Gauss-linear
likelihood model in particular, since this case is frequently used in the literature
(Evensen 2007). The model assumptions are:

x0 ∼ f(x0)

[xt+1|xt] = ωt(xt, ǫ
x
t ) ∼ f(xt+1|xt)

[dt|xt] = Htxt + ǫ
d
t ∼ f(dt|xt) = Npd

(Htxt,Σ
d
t ),

where the notation is identical to that in Expressions (1.1)and (1.2). The known for-
ward modelωt(xt, ǫ

x
t ) may include a differential equation, and it may be extremely

computationally demanding to evaluate. Under these model assumptions the EnKF
algorithm requires the following ensembles:

et : {x
u(i)
t ; i = 1, ..., ne} ; t = 0, ..., T + 1,

wherexu(i)
t = [xt|d0, ...,dt−1]

(i) are approximately independent realizations from
the conditional distributionf(xt|d0, ...,dt−1). At each step the associated expec-
tation vector and covariance matrix areµx andΣx with time referencet omitted.
Note that the ensemble need not contain the realizations of observations since the
associatedΓx,d = ΣxH

′ can be assessed from estimates ofΣx. The actual EnKF
algorithm is as follows:

Algorithm 4: Ensemble Kalman filter (Gauss-linear likelihood)



• Initiate

ne = no. of ensemble members

x
u(i)
0 ; i = 1, ..., ne iid f(x0)

e0 : {x
u(i)
0 ; i = 1, ..., ne}

• Iteratet = 0, ..., T

Conditioning:

EstimateΣx from et → Σ̂x

d
(i)
t ∼ Npd

(Htx
u(i)
t ,Σd

t ) ; i = 1, ..., ne

x
c(i)
t = x

u(i)
t + Σ̂xH

′
t[HtΣ̂xH

′
t + Σ

d
t ]

−1(dt − d
(i)
t ) ; i = 1, ..., ne

Forwarding:

ǫ
x(i)
t ∼ Npx

(0, Ipx
) ; i = 1, ..., ne

x
u(i)
t+1 = ωt(x

c(i)
t , ǫ

x(i)
t ) ; i = 1, ..., ne

et+1 : {x
u(i)
t+1 ; i = 1, ..., ne}

• end iterate

• Assess

f(xT+1|d0, ...,dT ) from eT+1

The resulting ensembleeT+1 contains approximately independent realizations of

x
u
T+1 = [xT+1|d0, ...,dT ]

from f(xT+1|d0, ...,dT ); estimates of the forecast expectation vector and covari-
ance matrix can be obtained as in Expression (1.4). Note thatfor linear conditioning
to be exact,f(xu

t ) needs to be Gaussian andf(dt|xt) Gauss-linear. The former need
not be the case under the current model assumptions, hence only approximations are
obtained.

Performance on the Test Examples

The EnKF-Special case requires the likelihood model to be Gauss-linear and known,
hence it can only be applied to the linear case. The solutionsare presented in Figure
1.7 together with thex11 reference realization. The EnKF-Special case is based on
the ensemble sizene = 100. The layout of the figure is similar to that in Figure 1.5.
Figure 1.7 should be compared to Figure 1.3, which displays the correct KF-solution,
and Figure 1.5, which displays the solution for the general EnKF algorithm. The lat-
ter does estimate the likelihood model. The EnKF-special case with the likelihood
model given andne = 100 provides results that are very similar to the correct KF
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Figure 1.7 Results of the EnKF-special case algorithm applied to the linear case: ref-
erence realizationx11 (black), prediction (blue) and empirical .95-prediction inter-
vals (hatched blue).

solution. For the linear case, the EnKF-Special case solution appears more reliable
than that of the general algorithm. There is obviously a costin estimating the likeli-
hood model. Note, however, that in the nonlinear case only the general EnKF can be
used.

1.5 The Randomized Maximum Likelihood Filter
(RMLF)

The basic idea of the RMLF is very similar to that of the EnKF, except for a different
conditioning procedure for the observations. Realizations from the initial model, so
called ensemble, are iteratively adjusted for observations and forwarded in time.
At time t = T + 1, a set of approximately independent realizations is available for
assessment off(xT+1|d0, ...,dT ). Basic references for RMLF, also termed iterative
EnKF, are Kitanidis (1986); Oliver (1996); Reynolds et al. (2006). The RMLF is
well defined on a model for the hidden Markov process with a slightly constrained
likelihood model:

x0 ∼ f(x0)

[xt+1|xt] = ωt(xt, ǫ
x
t ) ∼ f(xt+1|xt)

[dt|xt] = νt(xt) + ǫ
d
t ∼ f(dt|xt) = Npd

(νt(xt),Σ
d
t ),

where the notation is identical to that in Expression (1.3).The likelihood model is
still nonlinear inxt, but it is constrained to have an additive Gaussian error term
independent ofxt with known covariance matrix.

A time series of ensembles is defined:

et : {x
u(i)
t ; i = 1, ..., ne} ; t = 0, ..., T + 1,



where
x

u(i)
t = [xt|d0, ...,dt−1]

(i)

are approximately independent realizations fromf(xt|d0, ...,dt−1). At any time
step the associated expectation vector and covariance matrix are µx andΣx with
time referencet omitted. The RMLF algorithm in its simplest form is includedhere
to illustrate the basic idea of the approach:

Algorithm 5: Randomized maximum likelihood filter

• Initiate

ne = no. of ensemble members

x
u(i)
0 ; i = 1, ..., ne iid f(x0)

e0 : {x
u(i)
0 ; i = 1, ..., ne}

• Iteratet = 0, ..., T

Conditioning:

EstimateΣx from et → Σ̂x

o
(i)
t ∼ Npd

(dt,Σ
d
t ) ; i = 1, ..., ne

x
c(i)
t = argmin

x
{(o

(i)
t − νt(x))′Σd

t

−1
(o

(i)
t − νt(x))

+(x− x
u(i)
t )′Σ̂−1

x (x − x
u(i)
t )} ; i = 1, ..., ne

Forwarding:

ǫ
x(i)
t ∼ Npx

(0, Ipx
) ; i = 1, ..., ne

x
u(i)
t+1 = ωt(x

c(i)
t , ǫ

x(i)
t ) ; i = 1, ..., ne

et+1 : {x
u(i)
t+1 ; i = 1, ..., ne}

• end iterate

• Assess

f(xT+1|d0, ...,dT ) from eT+1

The resulting ensembleeT+1 contains approximately independent realizations of

x
u
T+1 = [xT+1|d0, ...,dT ]

from f(xT+1|d0, ...,dT ). Hence estimates of the forecast expectation vector and
covariance matrix can be obtained with the usual estimatorsas in Expression 1.4.
The RMLF algorithm, Algorithm 5, is also recursive with a conditioning operation
and a forwarding operation in each step. Note thato

(i)
t is not identical tod(i)

t used in
EnKF, since the former is centered around the actual observation dt. There are two
implicit approximations in the RMLF:



1. Discretization of the sample space ofxt. The initial ensemble is assumed to
representf(x0). This approximation is similar for all ensemble based approaches
and it may require a large number of ensemble members in high-dimensional
problems.

2. Conditioning on observationsdt is done by optimization with a criterion that
relies on Gaussianity. This optimization approach is more flexible than the lin-
earization used in the EnKF. Note that each ensemble member is conditioned
individually, hence the approximation only applies to the conditioning, not to
the forward model. For highly non-Gaussian prior models this approximation
may provide unreliable solutions.

Under these approximations, however, all hidden Markov processes with nonlinear
likelihood models and additive Gaussian error terms can be evaluated. The RMLF
coincides with the EnKF whenever the likelihood model is Gauss-linear (see Appendix
B). This entails that it is a consistent forecast procedure under a full Gauss-linear
model in the sense that the exact solution is obtained asne → ∞ (see Appendix A).

Two major problems that may arise with the RMLF are:

1. Complications caused by the use of an estimate ofΣx based on the ensemble
et instead of the true covariance matrix. These complicationsinclude rank
deficiency and estimation uncertainty as in EnKF.

2. Computational cost of performing the optimization in each step; specially
because the objective function may have several local optima. If the nonlinear
likelihood functionνt(.) is available in analytic form so that the derivatives are
computable, an efficient optimization may be performed. Fora general ‘black
box’ νt(.) used in a computer code, the optimization may be prohibitively
expensive to perform.

The RMLF is not widely used but several applications to reservoir evaluation prob-
lems demonstrate its characteristics (Gao et al. 2006; Gu and Oliver 2007). It is
shown, however, that the conditioning procedure in the RMLFcaptures multimodal-
ity in the prior model and likelihood function better than the EnKF.

Performance on the Test Examples

The RMLF approach can be applied to both the linear and nonlinear cases, but due
to the high computational cost of the optimization, only theshort section[40, 60] is
evaluated, see Figure 1.8. For the linear case the RMLF and the EnKF-Special case
solution in Figure 1.7 coincide. All solutions are trustworthy with the ensemble size
ne = 100. In the nonlinear case the RMLF solution can be compared to the EnKF
solution in Figure 1.5, and the former appears more reliablesince the prediction
intervals look more trustworthy and there is less variability between repeated runs.
Computational demands may limit the use of the RMLF, however.
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Figure 1.8 Results of the RMLF algorithm on the linear and nonlinear test cases: ref-
erence realizationx11 (black), prediction (blue) and empirical .95-prediction inter-
vals (hatched blue).

1.6 The Particle Filter (PF)

The basic idea of the particle filter is to create a set of iid realizations from the
initial model, so called particles, and to take these realizations through the prior
model. Each realization is assigned weights according to the likelihood model as
observations occur through time. At timet = T + 1, a set of realizations with asso-
ciated weights are available for assessment off(xT+1|d0, ...,dT ). Note that the
actual ensemble members ofeT+1, without weighting, carry no information about
the observations, hence visual inspection is of no use. Basic references for particle
filters are Gordon et al. (1993) and Doucet et al. (2001).

A time series of ensembles is defined:

et : {(xt, wt)
(i); i = 1, ..., ne} ; t = 0, ..., T + 1

wherex(i)
t are samples from the prior model ofxt, andw

(i)
t are associated weights

that are updated as observations arise. The particle filter algorithm in its simplest
form is as follows:

Algorithm 6: Particle filter

• Initiate:

ne = no. of ensemble members

x
(i)
0 ; i = 1, ..., ne iid f(x0)

w
(i)
0 = 1 ; i = 1, ..., ne

e0 : {(x0, w0)
(i) ; i = 1, ..., ne}

• Iteratet = 0, ..., T



Weight updating:

v(i) = f(dt|x
(i)
t ) × w

(i)
t ; i = 1, ..., ne

w
(i)
t+1 = v(i) × [

∑ne

i=1 v(i)]−1 ; i = 1, ..., ne

Forwarding:

ǫ
x(i)
t ∼ Npx

(0, Ipx
) ; i = 1, ..., ne

x
u(i)
t+1 = ωt(x

c(i)
t , ǫ

x(i)
t ) ; i = 1, ..., ne

et+1 : {(xt+1, wt+1)
(i) ; i = 1, ..., ne}

• end iterate

• Assess

f(xT+1|d0, ...,dT ) from eT+1

The resulting ensembleeT+1 contains samples from the prior modelf(xT+1) and
associated normalized weights resulting from conditioning on[d0, ...,dT ] which can
be used in assessing the forecast pdff(xT+1|d0, ...,dT ). Estimates of the forecast-
ing expectation vector and covariance matrix will be:

µ̂T+1 =Ê{xT+1|d0, ...,dT } =

ne∑

i=1

w
(i)
T+1x

(i)
T+1

Σ̂T+1 =V̂ar{xT+1|d0, ...,dT } =

ne∑

i=1

w
(i)
T+1(x

(i)
T+1 − µ̂T+1)(x

(i)
T+1 − µ̂T+1)

′.

The PF algorithm, Algorithm 6, is recursive with a weight updating operation and a
forwarding operation in each step. The implicit approximation in the particle filter
lies in the discretization of the sample space ofxt. The initial ensemble is assumed
to representf(x0). For high-dimensional problems a large number of ensemble
members may be required to justify these assumptions. Underthis approximation,
however, all types of models for the hidden Markov process can be evaluated. The
particle filter is a consistent forecast procedure for all hidden Markov models in the
sense that the exact solution is obtained asne → ∞.

The particle filter can be run efficiently but one major problem is that all weights
often are assigned to one or few samples. This happens when the prior model is
vague and/or the observations are very informative. Several ways of correcting this
problem have been proposed (Doucet et al. 2001). Since particle filters are not the
focus of this presentation we leave the reader with this reference and the following
example.

Performance on the Test Examples

The particle filter can be applied to both the linear and nonlinear cases, see Figure
1.9. The filter is computationally efficient and several hundred thousand ensemble
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Figure 1.9 Results of the particle filter algorithm on the linear and nonlinear cases:
reference realizationx11 (black), prediction (blue) and empirical .95-prediction
intervals (hatched blue).

members were run. Even with so many ensemble members only a few members
were assigned weights significantly different from zero forthe full scale example,
however. Hence we limit the study to the section[40, 60] and used the ensemble
sizene = 130 000, which corresponds to an effective number of ensemble members
(Doucet et al. 2001) around 100. The particle filter results for the linear example
should be compared to the exact solution obtained with the KFin Figure 1.3. It
appears that the PF solution is close to the KF solution. For the nonlinear case the
particle filter results should be compared to the EnKF and RMLF solutions in Figures
1.5 and 1.8, respectively. The PF solution appears reliableand the prediction inter-
val seems to be close to the RMLF solution. The results indicate that the PF needs
extremely many ensemble members in order to provide reliable solutions.

1.7 Closing Remarks

The forecasting of[xT+1|d0, ...,dT ] is based on a hidden Markov model. If this
model is assumed to be Gauss-linear it is subject to analytical evaluation and tradi-
tional KF provides the exact solution. With deviations fromGauss-linearity approxi-
mate solutions must be sought, and a large variety of approaches are available. In the
current paper focus is on simulation based inference of the hidden Markov model,
and the EnKF in particular. Also RMLF and PF are being introduced.

The content of this paper can be summarized by:

• The EnKF and RMLF on one hand and PF on the other, are based on very dif-
ferent ideas, although both rely on simulation based inference. The EnKF and
RMLF are based on an ensemble where each ensemble member is adjusted as
observations appear. Hence the ensemble members are approximately inde-
pendent realizations of[xt|d0, ...,dt−1] at any time. The PF, on the other
hand, is based on an ensemble where each ensemble member is fixed but



weighted. The weights are sequentially adjusted as observations appear. Hence
the weighted ensemble members representf(xt|d0, ...,dt−1). In practise, one
can visualize the ensemble members of the EnKF and the RMLF toillustrate
the solution, but doing so for the PF ensemble has no meaning.

• The EnKF can be used for general hidden Markov models. It relies on a lin-
earization of the conditioning expression where the weights are estimates from
the ensemble. Hence EnKF will only provide an approximate solution even
when the ensemble size tends to infinity. For high-dimensional problems the
estimated weights may be unreliable if the ensemble size is too small. The
EnKF is relatively computationally efficient.

• The RMLF can be used for general hidden Markov models, with minor con-
straints on the likelihood model. The conditioning expression is phrased as an
optimization with an object function inferred from the ensemble. The RMLF
will provide more reliable results than the EnKF whenever there are nonlin-
earities in the model. The solutions will only be approximate, however, even
when the ensemble size tends to infinity. The RMLF may be very computa-
tionally demanding for high-dimensional problems with object functions with
multiple optima.

• The PF can also be used for general hidden Markov models. The condition-
ing is made exactly, and the correct solution will be obtained whenever the
ensemble size tends to infinity. Moreover, the PF is extremely computationally
efficient. For high dimensional problems however, the convergence towards
the correct solution is extremely slow. In practice, only very few ensemble
members are assigned weight which are significantly different from zero.

The authors general recommendations are: For very low dimensional problem the
PF is to be recommended due to its favorable asymptotic properties. For intermedi-
ate and high dimensional problems the EnKF is expected to perform better than the
PF given comparable computer resources. The adjustment of the individual ensem-
ble members in the EnKF provides better coverage in high probability areas of the
sample space.Attention must be given to the reliability of the EnKF solution, how-
ever, due to possible lack of precision in the estimated linearization. The RMLF is
expected to find its use in special intermediate-dimensional problems with nonlinear
relations.
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Appendix A Properties of the EnKF Algorithm

We show that the EnKF algorithm is exact in the limitne → ∞ under a Gauss-linear
model.

The Gauss-linear model is

f(x0) ∼ Npx
(µu

0 ,Σx
0)

f(xt+1|xt) ∼ Npx
(Atxt,Σ

x
t )

f(dt|xt) ∼ Npd
(Htxt,Σ

d
t ).

Note that for consistent estimators andne → ∞:

Σ̂xd → Σxd =

[
Σx Γx,d

Γd,x Σd

]
=

[
Σ

u
t Σ

u
t H

′
t

HtΣ
u
t HtΣ

u
t H

′
t + Σ

d
t

]
.

The proof is done by induction: Assume that

x
u(i)
t ∼ Npx

(µu
t ,Σu

t )

[d
(i)
t |x

u(i)
t ] ∼ Npd

(Htx
u(i)
t ,Σd

t ).

The conditioning rule is:

[x
c(i)
t |d

(i)
t ,x

u(i)
t ] = x

u(i)
t + Γx,dΣ

−1
d (dt − d

(i)
t ).

Due to linearity and Gaussianity in[d(i)
t ,x

u(i)
t ] one has:

x
c(i)
t ∼ Npx

(µc
t ,Σ

c
t),

with

µ
c
t = E{x

c(i)
t } = µ

u
t + Γx,dΣ

−1
d (dt − Htµ

u
t )

= µ
u
t + Σ

u
t H

′
t[HtΣ

u
t H

′
t + Σ

d
t ]

−1(dt − Htµ
u
t )

Σ
c
t = Var{x

c(i)
t } = Σ

u
t + Γx,dΣ

−1
d [HtΣ

u
t H

′
t + Σ

d
t ]Σ

−1
d Γd,x

− 2Γx,dΣ
−1
d H

′
tΣ

u
t

= Σ
u
t + Σ

u
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t[HtΣ

u
t H

′
t + Σ

d
t ]

−1
HtΣ

u
t

− 2Σu
t H

′
t[HtΣ

u
t H

′
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d
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HtΣ

u
t

= Σ
u
t − Σ

u
t H

′
t[HtΣ

u
t H

′
t + Σ

d
t ]
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HtΣ

u
t ,

which corresponds to the KF solution in Algorithm 2.



Moreover:

[x
u(i)
t+1 |x

c(i)
t ] ∼ Npx

(Atx
c(i)
t ,Σx

t )

x
u(i)
t+1 ∼ Npx

(Atµ
c
t ,AtΣ

c
tA

′
t + Σ

x
t ),

which corresponds to the KF solution.
Since Gauss-linearity entails that fort = 0:

x
u(i)
0 ∼ Npx

(µx
0 ,Σx

0)

[d
(i)
0 |x

u(i)
0 ] ∼ Npd

(H0x
u(i)
0 ,Σd

0)

it is concluded by induction that all ensemble members in EnKF under a Gauss-linear
model are sampled from the correct pdf. QED.

Appendix B Properties of the RMLF Algorithm

We show that the RMLF algorithm coincides with the EnKF algorithm whenever the
likelihood model is Gauss-linear.

The Gauss-linear likelihood model:

o
(i)
t ∼ Npd

(dt,Σ
d
t )

f (i)
r (x) = Npx

(x
u(i)
t , Σ̂x)

f (i)
r (o

(i)
t |x) = Npd

(Htx,Σd
t ).

The conditioning rule withf (i)(x|o
(i)
t ) being Gaussian is:

x
c(i)
t = argmin

x
{(o

(i)
t − Htx)Σd

t

−1
(o

(i)
t − Htx)′ + (x − x

u(i)
t )Σ̂−1

x (x − x
u(i)
t )′}

= argmax
x
{f (i)

r (o
(i)
t |x)f (i)

r (x)}

= argmax
x
{f (i)(x|o

(i)
t )}

= MAP{x|o
(i)
t ,x

u(i)
t }

= E{x|o
(i)
t ,x

u(i)
t }.

Hence a better name would have been Randomized maximum aposteriori filter (RMAPF).
Hereby

x
c(i)
t = x

u(i)
t + Σ̂xH

′
tΣ

−1
o [o

(i)
t − Htx

u(i)
t ]

= x
u(i)
t + Σ̂xH

′
t[HtΣ̂xH

′
t + Σ

d
t ]

−1(dt − d
(i)
t ),



with

dt = o
(i)
t − ǫ

d
t

d
(i)
t = Htx

u(i)
t + ǫ

d
t ,

which corresponds to the EnKF conditioning rule in Algorithm 4. QED.


