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ABSTRACT. The Camassa—Holm equation ut —ugzpt + 33Uty —2UgUpy —Ulgze =
0 enjoys special solutions of the form u(z,t) = 37, p;(t)e~1#=% M| denoted
multipeakons, that interact in a way similar to that of solitons. We show
that given initial data uli—0 = uo in H!(R) such that u — ugs is a positive
Radon measure, one can construct a sequence of multipeakons that converges in
L (R, HE (R)) to the unique global solution of the Camassa—Holm equation.

loc loc
The approach also provides a convergent, energy preserving nondissipative nu-

merical method which is illustrated on several examples.

1. Introduction. The Camassa—Holm equation (CH) [4, [5]
Up — Uggt + 26Uz + 3UULE — 2UpUpy — Ulgyy = 0 (1.1)

has received considerable attention the last decade. With x positive it models,
see [14], propagation of unidirectional gravitational waves in a shallow water ap-
proximation, with u representing the fluid velocity. The Camassa—Holm equation
possesses many intriguing properties: It is, for instance, completely integrable and
experiences wave breaking in finite time for a large class of initial data. In this
article we consider the case k = 0 on the real line, that is,

Ut — Ugpt + SUUL — 2UzpUpy — Ulggy = 0, (1.2)

and henceforth we refer to (1.2) as the Camassa—Holm equation.

Local and global well-posedness results as well as results concerning breakdown
are proved in [8,[12,[16,[17]. It is known that certain initial data give global solutions,
while other classes of initial data experience wave breaking in the sense that wu,
becomes unbounded while the solution itself remains bounded. More precisely, the
fundamental existence theorem, due to Constantin, Escher, and Molinet [8}, 9], reads
as follows: If up € H'(R) and mg := ug — u{ is a positive Radon measure, then
equation (1.2) has a unique global weak solution u € C([0,T), H'(R)), for any T
positive, with initial data ug. However, any solution with odd initial data ug in
H3(R) such that ug ,(0) < 0 blows up in a finite time ([8]).
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The Camassa—Holm equation (1.2) exhibits so-called multipeakon solutions (see
[5]), i.e., solutions of the form

u(z,t) = Zpi(t)e_‘x_‘”(t)l
i=1

where p; and g; are solutions of the following system of ordinary differential equa-

tions
n
Qi = ije—\qt—qj\’
j=1
N (1.3)
pi =Y pipjsgn(g; — q;)e” 147l
j=1

The main idea in this article is to use multipeakons to approximate solutions of the
Camassa-Holm equation. This gives rise to a numerical scheme for which we prove
convergence.

In [5], Camassa, Holm, and Hyman use a pseudospectral method to solve (1.2)
numerically but they do not study convergence of the method. We have shown in
[13] how a particular finite difference scheme converges to the unique global solution
in the case with periodic initial data.

The idea of using multipeakons has also been used by Camassa, Huang, and Lee
in 3, 7, 16]. In [3], Camassa reformulates equation (1.2)) in term of characteristics.
The characteristics ¢(&,t) are defined as solutions of the equation

qt (57 t) = U(Q(§7 t)a t)
with initial condition ¢(£,0) = £. After introducing the auxiliary variable p, which
is directly related to the momentum m = u — u,, of the system,

p@w=mm@mw%@m,

Camassa shows that (1.2) reduces to the following system of partial differential
equations

ae) =5 [ e (=la(e) ~abn.0]) plo.0)
oo (1.4)

pi(&,t) = %p(&t) /_OO sgn(§ —n)exp (—[q(&,t) — q(n,t)]) p(n, t) dn.

In [7, 6], Camassa, Huang, and Lee discretize system (1.4) by considering a finite
number n of “particles” whose positions and momenta are given by

ai(t) = q(&.t) pi =p(&it)

for some equidistributed ;. By approximating the integrals in (1.4) by their Rie-
mann sums, equation (L.4) reduces to the system of ordinary differential equations
given by (1.3). For initial data such that p; > 0, (1.3)) has global solutions in time.
In this case they show that the scheme is convergent in the following sense. Let
p and ¢ be solutions of (1.4) and {p;(¢)}"_; and {g;(¢t)}?_,; be solutions of (1.3)
with initial conditions p;(0) = p(&;,0) and ¢;(0) = ¢(&,0). Then, when the number
of particles n increases, {p;(t)}7_; and {q;(t)}"_, converge uniformly for any time
interval [0, 7] to {p(&;,¢)}*; and {q(&,t)}"; in some discrete I3 norm.

The approach we adopt here is different, and we obtain a more general conver-
gence result, see Theorem 3.1. However, the numerical method, which is based on
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solving (1.3)), is the same. We consider distributional solutions of (1.2)), and show
first that multipeakons are indeed distributional solutions. Given general initial
data for (1.2), we construct a sequence of multipeakons and prove that it converges
to the exact solution of the equation when the number of peakons is increased ap-
propriately. More precisely, we prove that, given ug € H'(R) such that ug —ug 4z is
a positive Radon measure, there exists a sequence of multipeakons that converges
in L (R, HL (R)) to the solution of the Camassa-Holm equation with initial data
ug. The proofs extend to the periodic case as well. Our proofs are constructive
in the sense that we provide an explicit method, either by a collocation method
or by a minimization technique (see Proposition 3.2l and Remark [3.4) to construct
the multipeakon approximation. This gives a constructive proof of existence of so-
lutions to the Camassa—Holm equation and shows that the multipeakons span the
set of solutions at least in the case where the initial data satisfy the condition men-
tioned above. Furthermore, this leads to a numerical method which, in contrast to
the finite difference scheme presented in [13], does not contain any dissipation and
preserves the H'(R) norm exactly. In the last section we illustrate the method on
two numerical examples.

2. Global existence of multipeakon solutions. The Camassa—Holm equation
may be rewritten as

my + umy + 2mu, =0 (2.1)

where the momentum m equals u — Uy .

Definition 2.1. We say that u in L{ _([0,7T), H}

e L) is a weak solution of the
Camassa—Holm equation if it satisfies

3
Up — Ugpt + §(u2)1 + —(ui)e — —(u?) e =0 (2.2)

in the sense of distributions.

When u is smooth, (2.1) and (2.2)) are equivalent. Multipeakons are solutions of
the form

u(z,t) = ipi(t)ef‘%q"'(t)l, (2.3)
i=1

which are continuous and piecewise C* functions in H!(R) for any given ¢t. But
since they have discontinuous first derivative, they cannot satisfy the Camassa—
Holm equation in the classical sense. For functions with these properties the left-
hand side of (2.2) is a distribution which consists of regular terms (piecewise C'*°
functions) and singular terms (Dirac functions or their derivatives at the points g;)
that we can compute explicitly. We only give the details of the computation of
the last term, (u?),q2, in (2.2), the other terms being obtained similarly. For each
i €{0,...,n+ 1} we introduce the function

wi(e,t) =Y pi(0)e” "0 1 N 7 py(t)elrm @)
j=1

j=i+1
which is C° in the space variable. Then (2.3) can be rewritten as

n

u(z,t) = Z ui(,t)xi(z)

=0
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where y; denotes the characteristic function of the interval [g;, ¢;1+1) with the con-
vention that g9 = —oo and ¢,+1 = oco. Since the y; have disjoint supports, we
have

n
u’ =Y uix (2.4)
i=0

and, after differentiating (2.4)),

(uz)w - Z ZX’L + Zu QZ Z Us; Q1+1 qit1
= :ch + Z ?,1((12')) 5%‘
= Z )aXi + Z (2.5)

i=0
where the bracket [v],~denotes the jump of v across g;, that is, [v],, = v(g) —
v(g; ). Since u is continuous, [uz}q_ = 0, and the last term in (2.5) vanishes. We
differentiate (2.5) and get

(u2).L.L = Z(uf)ana)(z + Z(uf)x(%)aql - z_:(uzz)a;(qi-i-l)dqul
i=0 =1 i=0

Z )eaXi + Z (2.6)

On every interval (qi, qi+1), since u = u;, u is differentiable and every derivative of
u admits a limit when x tends to ¢; from one side. It follows that the jump [(uz)m] "

is a well-defined quantity and justifies its use in (2.6). Finally, after differentiating
(2.6) once more, we get

n n n

(1) aze = I (WD)awai + D [(WD)aa], 00 + D [(W3)a], 8-

i=0 i=1 i=1
In a similar way we can compute the other terms in (2.2) and we end up with
3 1,5 1

Ut — Uppt + §(u2)w + §(uz)z — §(u2)mm (2.7)

=3 (s =t 3000+ F02) S0
#3243 021, - 5 (092, )
+ 3~ - % ()], ) -

We already noted the equivalence between (2.2)) and (2.1) when u is smooth. The
same equivalence obviously holds for u; and, after introducing m; to denote u; —
U; 2z, We have

3 1 1
Uie = Uigat + 5 (U))e + 5 (W0 )e = 5 (U] )rae = Mg + uimi g + 2miip = 0
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because, from the definition of u; as a linear combination of e~ and e?, it is clear

that m; = 0. Thus, the first sum on the right-hand side of (2.7) vanishes. The
values of the jumps in (2.7) can be computed from (2.3). We have

[uzl,, = —2pi (2.8)
and, after some calculation,

[(u2)xx] - 0 [ut]qi = 21016]“ [uxt]q. - —2151'7

[ui] P [u;c]% (ux(% ) + Uy ql = 4p; ij Sgn )ei‘qiiq]“v

[(uQ)T] =2u (qz)[uf —74plzpe lgi—a;]

Assume that the ¢; are all distinct. Then (2.2)) holds if and only if the coefficients
multiplying g, and d;, in (2.7) all vanish. Hence, after using (2.9), (2.7) and (2.2),
we end up with the system

n
G =y pje 19l
=1

- (2.10)
= pip;sgn(g — g;)e” 4%

with the convention that sgn(x) = 0 if £ = 0. We summarize the discussion in the
following lemma.

Lemma 2.2. The function (2.3) is a weak solution of the Camassa—Holm equation
if and only if p;, q; satisfy the system (2.10) of ordinary differential equations.

The system (2.10) is Hamiltonian with Hamiltonian H given by

It means that (2.10) can be rewritten as
oH . oH

¢ = o VT T (2.11)
(From (2.3)), the momentum is given by
n
m =2 Zpi&lh'
i=1
Hence,
2
||u||H1(]R) = <U Ugg, U H 1= 22171 Qz =2 Z bipje ~lai= qJ
4,j=1
and the Hamiltonian H and the H' norm of u satisfy
Hly ol = Ly 2.12
=3 Z pipje 1 HUHHl(R)' (2.12)

ij=1
Because of the sign function, the right-hand side in (2.10) is not Lipschitz, and
we cannot apply Picard’s theorem to get existence and uniqueness of solutions of
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(2.10). However, the Lipschitz condition would hold if we knew in advance that
¢; — q; does not change sign. We are going to prove that the peaks do not cross and
that the sign of ¢; — ¢; is indeed preserved.

Let us first assume, without loss of generality, that the positions of the peaks at
time ¢ = 0, {¢;}7, are distinct and ordered as follows

¢:(0) < ¢;(0) for all i < j. (2.13)

We consider the system of ordinary differential equations
n
¢ = ijef‘qﬁqjh
j=1

n
pi = Y pipysgn(i — je” 47l
j=1

(2.14)

This system is equivalent to (2.10) as long as the positions of the peaks ¢; satisfy
the ordering defined in (2.13). In contrast to (2.10)), the system (2.14)) fulfills the
Lipschitz condition of Picard’s theorem, and therefore there exists a unique maximal
solution. If, in addition, the p; are strictly positive initially then the solution exists
for all time.

Lemma 2.3. Let {p;,q;} be the mazimal solutions of (2.14). If we have
qi(t) < g;(t) foralli < j, (2.15)
pi(t) >0 for alli, (2.16)

when t = 0, then {p;(t),q:(t)} are globally defined on [0,00) and the inequalities
(2.15)) and (2.16) remain true for all t.

Proof. We call T' the maximal time of existence. Let us assume that (2.15) and
(2.16)) do not hold for all ¢ € [0,7). Then, since p; and ¢; are continuous, there
exist ¢ in [0,7) such that (2.15) and (2.16) hold in [0,%y) and either

qi(to) = q;j(to) for some ¢ and j with ¢ < j

or
pi(tg) =0 for some 1.

In the first case when ¢;(ty) = ¢;(to) = o, we have that ¢; and ¢; are both solutions
of the ordinary differential equation
n
q= Zpke*\q*qkl
k=1
with initial condition ¢(tp) = «. The function ¢ plays the role of the unknown while
pr and g are given (they are the solutions of (2.14)). By Picard’s theorem, we
know that, given some initial condition, the solution is unique and therefore ¢; = g;
at least in a small interval centered around t3. This contradicts the assumption
that ¢;(t) < ¢;(t) in [0,%0). In the second case when p;(ty) = 0, the function p; is

solution of
n

p=p)_pjsgn(i—j)e 14!
=1
with initial condition p(to) = 0. Zero is an obvious solution and since the solution
is unique, we must have p; = 0 on [0,7"). This contradicts our assumption, and
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hence (2.15) and (2.16)) hold for all time ¢ in [0, 7). We denote by M the following
quantity

i=1

As we will see in the next section, M corresponds to the total mass of the system
and it is a conserved quantity of the governing equation (I1.1). We can directly
check this statement here since we have

dM - R
e 2 'leipj sgn(i — j)e” 19l = 0. (2.18)
ij=

We have proved that the p; are positive for all t in [0,7). Therefore we have

M
0 <pi(t) < -
for all ¢ and all ¢ € [0,T"), which implies the p; are bounded. It follows that p; and
¢; in (2.14) are bounded and the maximum solution is therefore defined for all time,
ie., T = oo. O

Lemma (2.3 tells us that the ordering of the positions of the peaks is preserved,
and in this case, as we already mentioned, (2.10) and (2.14)) are equivalent. Thus
we have established the following result.

Lemma 2.4. If g; < ¢; fori < j and p; > 0 at t = 0, then the system (2.10) has a
unique, globally defined solution on [0,00).

Remark 2.5. A similar result is proved by other means in [6].

3. Convergence of multipeakon sequences. Multipeakon solutions can be used
to prove the existence of solutions for the Camassa—Holm equation.

Theorem 3.1. Given ug in HY(R) such that mg = ug — ug e s in M™T, the
space of positive finite Radon measures, there exists a sequence of multipeakons that
converges in LS (R, HL (R)) to the unique solution of the Camassa—Holm equation
with initial condition ug.

The proof of Theorem |3.1is presented at the end of the section. The sequence of
multipeakons mentioned in the theorem is denoted by u”(z,t) = 3" | p?(t)e~l2=a M,
We require that the initial conditions uf(z) = u"(x,0) satisfy the following prop-
erties

ul — ug in H'(R), (3.1a)
uf is uniformly bounded in L' (R), (3.1b)
py > 0 for all ¢ and n. (3.1c)

In the next proposition we give a constructive proof that such sequences exist. The

sequence ug is defined by collocation: It coincides with the given initial function ug

at a given number of points.

Proposition 3.2. Given ug € H'(R) such that ug — ug 4 € MT. For each n, let
2 2

Gi,n = i/n. There exists a unique (p; )5 » such thatuf(z) = S0 o p; e~ 12700l

coincides with wy at the ¢; n, that is,

ug (Gin) = to(gi,n) (3.2)
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for all i € {—n?,...,n?}. The initial multipeakon sequence ul} satisfies condition
(3.1).

Proof. In order to simplify the notation, we write v and u” instead of up and ug.
First we show that (3.2) defines a unique p; ,. The equation (3.2) is equivalent to
the following system

Ap=1u (3.3)

where p and @ are vectors of R2"°+1 given by (Pi,n);-i_nz and (u(g;n))
spectively, and A equals the matrix

2
n
i=—n2> re

A= (Ao e Aig = e laon ol
The method is well-posed if A is invertible. In fact, A is symmetric and positive
definite. Symmetry is obvious. To prove the positivity of A, we associate to any
2
vector 7 in R2+1 the function v in H'(R) given by v(z) = Y7, e 17 0inl,

The H! norm of v has already been calculated, see (2.12), and we have
P
TtAT = 5 ||’U||H1(R) 2 0. (3.4)

Hence, A is positive. Let us prove that A is invertible. Assume A7 = 0. From (3.4),

2
we have v = 0. Thus, since v — vy =2 " 2710, ,, we have

2
n
2 )" rindg,, =0. (3.5)
i=—n?2
Since the ¢; ,, are all distinct, it follows that 7 = 0. Hence, A is invertible, and thus
there exists a unique p solving (3.3)) for any given w.
Let us prove (3.1a). Let f and v™ denote u—u,, and u—u™, respectively. We want
2
to prove that v™ tends to zero in H'(R). Note that v™ —vll, = f=23"" . p; b, .,
is a Radon measure and we have

n 2 n n n n n
[[v ||H1(]R) = (V" — vg,, 0") = (f,0") — 2pi n0" (qi,n)

where the bracket (u,g) denotes the integration of g with respect to the Radon
measure p. By assumption (3.2), we have v(g; ) = 0, and it follows that

2
10" s gy = (f50™) - (3.6)
We consider a partition of unity of R that we denote {¢; ,}i2_ . and which cor-
responds to the decomposition R = U2 _ (%, %) The functions ¢; , satisfy

0<in <1,35° __¢in=1andsuppe;, C (=1, L) Then we have

n’n

n2

(f") = (frn™) + > (fidiv"™) (3.7)

i=—n?2

2
where ¢, =1-3""" . ¢;. We estimate separately the two terms on the right-hand
side of (3.7). Since the support of ¢, is contained in (g;—1,n,gi+1,n), We have
pi(z)v"(z) < sup [v" (@) ¢4 (). (3.8)
2€(qi—1,n:qi+1,n

Since
xT

" (z) = " (qin) +/ v (t) dt

qi,n
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and v™(¢; »n) = 0, we have

qit+1,n
sp (@) < / n ()] dt

2€(Gi—1,n,9i+1,n) qi—1,n

2
< \/;||U"||H1(R) (Cauchy—Schwarz). (3.9)

The positivity of f directly implies that f is monotone: If v < v, then (f,u) < (f,v).
Hence, from (3.8), (3.9) and the monotonicity of f, we get

n2

2 2
Z (fiiv™) < Z \/;”UnHHl(R) (f i) < \/;HUnHHl(]R) [l (3.10)

i=—n?2 i=—n?2

Since H'(R) is continuously embedded in L°°(R), we have, for some constant C
independent of n,

Un(2)v" (@) <[] poe Y (2) < C 0" || g1 gy n (@)
and, after using the monotonicity of f,

(fsnv"™) < Cl0" || gy (fs ¥n) (3.11)
Gathering (3.6), (3.7), (3.10) and (3.11), we get

[0™ 2wy < \/;Hv @y 11l + C N0 i1 gy (s 80m)

which, after dividing both terms by [|v™| ;1 gy,

2
10" 1y < \/;|f||m + C(fthn) - (3.12)

It remains to prove that (f,v,) tends to zero. The space of Radon measures and
C§, the dual of Cy, where Cj denotes the closure of C, in L*°(R), are isometrically
isomorphic (see, e.g., [11, Chapter 7]), and we have

[fllae = sup  (f, ).
peC.
llell Loo <1

Therefore, for all € > 0, there exists @ € C, with |||z < 1 and such that
1fllag < {f50) +e

For n big enough, the supports of 1, and ¢ do not intersect and therefore we have
l4r, + @llLe < 1. Hence,

(fsthn + @) < N fllpg 9on + @l
< 1l v
<(f,@)+e
which implies
(fitn) <e,

3
and this proves that (f,,) — 0. Then, by (3.12), we get that v™ tends to zero,
and (3.1a)) is proved.
Let us prove (3.1b), namely that p;,, > 0 for all —n? < i < n? Let f again

denote u — ug,. By assumption, f is positive. In a first step, we assume that f
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belongs to C°°(R)NL!(R). We will remove this smoothness assumption afterwards.
A notable property of u™ is that it is always bounded by w, i.e.,

u"(x) < u(z) for all z. (3.13)

We see this as follows. Let v = u — u”. Since we have u" — u?, = 0 everywhere
except at the ¢; , and (3.2) holds, v satisfies, for every i € {-n?,...,n% — 1}, the
Dirichlet problem
V= Vgg = f 00 (Gin; Git1,n),
0(qin) = v(¢i+1,n) = 0.
The Green’s function G(x, &) is defined as the solution of (3.14) with f = d(x —&).
We can compute G (see for example [1]), and we get

(3.14)

Gl ) 1 sinh(z — g; ) sinh(qiy1,, — &) for ¢ < <&,
z, = . .
sinh(giy1,n — @in) | sinh(€ — ;) sinh(gip1,n — ) for § <z < gigan.
(3.15)
The general solution of (3.14) is then given by
qi+1,n
o) = [ G o (3.16)
Qi,n

Since G(z,&) is positive, it follows from (3.16) that v > 0 on every interval [g; »,
¢i+1,n]- On the intervals (—00,¢_,2,] and [g,2 ,,00), v solves a Dirichlet problem
similar to (3.14) and the Green’s functions are obtained from (3.15) by letting
q—n2_1, tend to —oo and g,241 , to 400, respectively. The Green’s functions are
still positive and that implies, as before, that v > 0 on (—00,¢_pn2 ,,] U [gn2 1, 00).
This concludes the proof of (3.13)). From (2.8)), we have

1 n
Pin =75 [Uz]qi,n
— 71 hIIl un(QZn + h) - un(Ql,n) . un(Q1,n) - un(QZn - h)
2 hl0 h h

and, after using (3.13) and (3.2)),

. > ’ ’ _ ) )
Pin = B 1}%{% |: h 7

Z _5 [um}qim .
Since f is smooth, u is smooth and therefore [u,], ~= 0. Hence,

We want to prove (3.17) without any extra smoothness assumption on f. Let p be
a positive, C* and even function which satisfies ffooo p(z) dx = 1. We denote by p.
the mollifier p. = 1p(x/c). Let f. = pe * f and uc = pe * u. The mollified function
ue tends to u in H'(R) and therefore in L>°(R). Hence, for all i in {—n?,... ,n?},
ug(qi’n) tends to u(qln) or, using the previous notations,

Ue — T. (3.18)

We can construct multipeakons u from the regularized function u. whose coeffi-
cients p.; n are determined by

2

Aﬁe = US? ]75 = (pa,i,n>?=_n2 . (319)
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Since f is positive, f. is positive and, since it also belongs to C*°(R) N L'(R), we
have already established, see (3.17), that p, > 0. Thus, by (3.18]),
p=Au= lin% Au, = liH(l)ﬁE, (3.20)

implying that p is positive and (3.1b) is proved.

It remains to prove (3.1c), namely that u™ is bounded in L*(R). The regularized
f- of f belongs to C*°(R) N L*(R) and is positive. Hence, (3.13)) holds when u™ and
u are replaced by vl and w.:

ul < ue. (3.21)

(From (3.20), we have p, — P when ¢ — 0. Then by looking at the definitions of
u and u™ it is clear that u” tends to u™ in L°°(R). We have already seen that
ue tends to w in L*°(R). Hence, after letting ¢ tend to zero in (3.21), we get that
(3.13) holds for all f without any further smoothness assumption. Moreover, u is
positive since the positivity of p implies the positivity of v™. From (3.13), we get

[ O; u"(z) dz < [ O; u(z) dz. (3.22)

If u belongs to L'(R), then a bound on |[u"| ;. follows directly from (3.22). Again,
we consider the regularized f. of f. Since u. satisfies ue — U g = fe, it is known
that u. can be expressed as

U (z) = / N e~ 17V f () dy.

—00

/ e dr = / [ et dys

= 2| fell;. (after applying Fubini’s theorem)
=2 ”fEH,/\/( .

Since u. is positive and converges to u in L>°(R), by Fatou’s lemma, we get

/ u(z) de < lim inf/ ue(x) dx

— 00 — 00

Hence,

< 2liminf || foff o, - (3.23)

Let us estimate [ fc||,,. For any continuous function ¢ with compact support, we
have

(fer @) = {pe * [, 0) = (f, &% pe) - (3.24)

Note that the last equality in (3.24) holds because of the parity of p. (see, e.g., [11}
Chapter 9] for general formulas on convolutions of distributions). Hence,

[(fe O < Wl 5 pell oo
< fllac 1@l Lo lpell 2 (Young’s inequality)
and, since ||pc||,: = 1, it implies
1fellag < (11 ag -

Inequality (3.23) now gives

[ @ <2111,

— 00
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which implies that u belongs to L' (R). From (3.22), we get that |[u™]|, . is bounded.
This concludes the proof of the proposition. O

n2

Remark 3.3. The initial multipeakon sequence ug(z) =>_,;_ . pine 17" Gnl de-
fined by setting

1 .

B (mo, din) forie {—n? ... 5n?}

where {¢;}22__ denotes the partition of unity used in (3.7)), also satisfies the con-
dition (3.1). The proof of that result is much shorter than the proof of Proposition
3.2l However, the method is not directly applicable numerically (we would have to
construct the ¢; and compute 2n? + 1 integrals), which makes Proposition [3.2l more

interesting.

Pin =

Remark 3.4. Another natural way to construct a sequence of multipeakons from
the set of points g;,n, is to choose P so that it minimizes ||ug — ug|| ;1 (), that is,

2

n
P = Argmin ||ug — Z pipe 1 in] . (3.25)
Pi,n i——n2
H!(R)
It turns out that the sequence that this minimization method produces and the one
of Proposition 3.2/ are the same. One can prove this as follows. We have

2 2 2
o — ug”Hl(]R) = HUO”HI(R) = 2(ug, uo) g + HugHHl(R)

= HuO”?{l(R) —2 <U8 - ug,a:m7u0>M + thAT?

and, since
77/2 n2
(Uf = UG s U0) g = < > 2pi7n5qi,n’u°> =2 > pinto(gin) = 20",
i=—n? i=—n?2
we get
o — 8 3 ey = ol ey — 4577 + 254 4. (3.26)

By differentiating (3.26) with respect to p, we can easily check that the minimizer
p of (3.26)) satisfies (3.3). In addition, since A is positive definite, D is the unique
strict minimizer of (3.26]).

The estimates contained in the following lemma will be needed to derive the
existence of a converging subsequence.

Lemma 3.5. Let u™(x,t) be a sequence of multipeakons with initial data satisfying
(3.1). The following properties hold:

(i) u" is uniformly bounded in H'(R),

(i)  ul is uniformly bounded in L*°(R),

(#ii) ul has a uniformly bounded total variation,

(iv) ul is uniformly bounded in L*(R).

Proof. ;jFrom Lemma [2.4] we know, using assumption (3.1c), that the system (2.10)
has a unique global solution, and hence we have a globally defined sequence of
multipeakons denoted u™(z,t). In order to simplify the notation, we drop the
superscript n on p;* and ¢f* and write

n
u" = E pie_lw_q”.
i=1
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Property (i) is obvious because of (3.1a) and the fact that the H' norm is auto-
matically preserved due to the Hamiltonian structure of (2.10). We have

ul(t,x) = Z —pi(t) sgn(z — qi(t))e”1T7EO g
i=1

Hence,
(2, )] < 3 pilt)e FE Ol (p > 0)
i=1

< Ju™fl e
< Cllu™|l ) (H'(R) is continuously embedded in L>(R))

and (ii) follows from (i). The total variation of u} equals [lu}, |\, (see, e.g., [10,
Chapter 6]). We have

lwze lag < ™l + lu™ = gl - (3.27)

Since u™ € LY(R), we have |[u™|, = [[u™||.. At the same time, due to the
positivity of the p;, the L'-norm of u is equal to M, the total mass of the system,

M= / w0 de =23 i) (3.28)

As we have seen in the previous section, M is a conserved quantity. Hence,
M = [[u™|[ 1 = llugl -

Since the p; are positive, the fact that m" = u" — u?, = > | 2p;d,, and (3.28)
imply that

lu =l =2 pi = M. (3.29)
=1

Hence, from (3.27),
wgellpg < 2M = 2]Jug ]| 1
and (iii) follows from (3.1Db)) .
The derivative uj is given by

n

u =Y (pie” "7+ pigisgn(a — gi)e” o),
i=1

or, after using (2.10),
n
up = Y ppyel e (sgn(g, — qp) + sen(e - ).
i,j=1
Hence, since the p; are all positive,

n
]2 <2 Z pipse 119!

4,J=1

n
<2 Z pipje_“h'—%‘l
i,j=1

‘e—\m—qi\

2

2
< ™z @)

and assertion (iv) follows from (i). O
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To prove the existence of a converging subsequence of u™ in C([0,7], HL (R))
we recall the following compactness theorem adapted from Simon [18, Corollary 4].

Theorem 3.6 (Simon). Let X, B,Y be three continuously embedded Banach spaces
XcBcCY

with the first inclusion, X C B, compact. We consider a set F of continuous
functions mapping [0,T)] into X. If F is bounded in L>=([0,T],X) and % =

{%{ | fe .7-"} is bounded in L"([0,T],Y) where r > 1, then F is relatively com-
pact in C([0,T], B).

Proof of Theorem 3.1. Given initial data ug € H*(R) with ug — ug . € MT we
know from Proposition 3.2 that there exists a sequence uj satisfying condition
(3.1). Furthermore, by using Lemma 2.4, we infer that there exists a sequence
of multipeakons u™(z,t) such that u™|;—¢ = u{. The sequence then possesses the
properties stated in Lemma [3.5.

To apply Theorem 3.6, we have to determine the Banach spaces with the required
properties. Let K be a compact subset of R. We define X = X (K) as the set of
functions of H'(K) which have derivatives of bounded variation, that is,

X(K)={ve H(K) | v, € BV(K)}
endowed with the norm

1ol x k) = Wl gy + lvell By ey = 10l gy + 1102l oo (i) + TV R (v2)-

It follows that X (K) is a Banach space. Let us prove that the injection X (K) C
HY(K) is compact. We consider a sequence v, which is bounded in X(K). By
the Rellich-Kondrachov theorem, since [|vn |1k is bounded, there exists a sub-
sequence (that we still denote v,) which converges to some v in L?(R). Since
TV (vn,) is bounded, Helly’s theorem allow us to extract another subsequence
such that

Ung — w ae in K (3.30)

for some w € L*(K). We have ||’Un,x||Loo(K) bounded. From (3.30) we get, by

Lebesgue’s dominated convergence theorem, that v, , — w in L?(K). Using the
distributional definition of a derivative, it is not hard to check that w must coincide
with v,. Therefore v,, converges to v in H*(K) and X (K) is compactly embedded
in H'(K).

The estimates we have derived previously imply that " and u} are uniformly
bounded in L>([0, 7], X(K)) and L*°([0,T], L?>(K)), respectively. Since X (K) C
HY(K) C L*(K) with the first inclusion compact, Simon’s theorem gives us the exis-
tence of a subsequence of u™ that converges to some u € H!(K) in C([0,T], H'(K)).
We consider a sequence of compact sets K, such that R = U,y K, and a sequence
of time T, such that lim,, .., T, = co. By a diagonal argument, we can find a sub-
sequence (that we still denote u™) that converges to some u € C([0, )], H'(K,))
in L>=([0,T,], H'(K,,)) for all m. Therefore u belongs to C(R, H} _(R)) and u"
converges to u in L (R, HL (R)).

It remains to prove that wu is solution of the Camassa—Holm equation. This
simply comes from the fact that the u™ are all weak solutions of (2.2]), and since
they converge to u in L (R, HL (R)), u is a weak solution of (2.2). The solutions
of the Camassa—Holm equation for the class of initial data we are considering in the
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theorem are unique, see [8]. It implies that not only a subsequence, but the whole
sequence of multipeakons converges to the solution. O

4. Numerical results. Multipeakons can be used in a numerical scheme to solve
the Camassa—Holm equation with initial data satisfying up — ug 4. € M™T. The
scheme consists of solving the system of ordinary differential equations (2.10) where
the initial conditions are computed as in Proposition 3.2.

In the numerical experiments that follow, we solve (2.10) by using the explicit
Runge-Kutta solver oded5 for ordinary differential equation from MATLAB. In the
case where uy is sufficiently smooth, an initial multipeakon sequence can be obtained
without having to solve (3.2). This is the aim of the following proposition.

Proposition 4.1. Let uy be such that uwy — up 25 @5 a positive function in Hl(R) N
LY(R). We set

| .

qin = —,

(4.1)

=

1
Pin = n[UO = u0,22)(Gin) = %mo(qz}n)‘

DO

n2

Then the sequence uf = Y . » pime*‘z’qi’"‘ of multipeakons satisfies the condi-
tions given in (3.1).

Proof. Condition (3.1¢) follows directly from the definition of p; ,, and the positivity
of mg. Let us prove (3.1a), i.e., that u?} — ug in H'(R). It is enough to show that
mp tends to mg in H~! because the mapping v + v — v, is an homeomorphism
from H' to H~! (see |2, chapter 8]). For any function ¢ in H'(R), we have to prove
that

’IL2

n2 1
(m ) = > 2ind(@in) =~ D mo(¢in)(din)

i=—n2 i=—n?2

converges to
o) = o(z) dz.
(mao, @) /Rmo(x) (z) dx

If ¢ is continuous with compact support, the above convergence simply follows from
the fact that for continuous functions, the Riemann sums converge to the integral.
To prove that (m§, #) — (mg, ¢) for any ¢ € H(R), it is then enough to show that
[lmg || g1 is uniformly bounded. In fact, m{ is uniformly bounded in M and

n2

n 1
Imgllae = > mo@in) = moll,: - (4.2)

i=—n?2

Let us prove (4.2). We have

/Rmo(x)dx/nmo(z)der/nJri mo(x)d:r+/oo mo(x) de.

—o0 -n n+%
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The first and the last integral tend to zero because mg belongs to L'(R). Then we
have

n++ 1 & n’ Git1n
/ mo(z) dz — — > mo(gin)| < D / Imo(2) — mo(gi,n)| dz

i=—mn2 i=—n2 Y 4qin

2
n Qit1,n [T
<X [ imate aga

i=—n?2

We change the order of integration, introduce x;, to denote the characteristic
function of the interval (g; n, ¢it+1,n), and get

n2

n4L
n 1
dor—— ,m
‘/_n mo(x) dz - E mo(gin)

i=—n?2

n? qi+1,n  [Qit1,n ,
<> . [ma(©)] dede

i=—n?2

= [ @1 D xnl@ern— ) e

i=—n2

bl [ [ (3 xin@lasrn ~0) a ]

i=—n?2

e} n® /
<ol [ [ xin(@lairin -2 ]

i=—n2

n’ qit+1,n /
< llmoll g1 ry [ > / ' (Gig1,n — €)7dE r i

i=—n2

’I’L2

1 71/2
<lmollme | Y- 53]

i=—n2
1
< n Mol g1 ry

which tends to zero. This concludes the proof of (3.1a) and condition (3.1b) follows
from (4.2) since we have, see (3.29),

n
gl =2 pi = Imgll -
i=1

O

We tested our algorithm with smooth traveling waves. Smooth traveling waves
are solutions of the form

u(zx,t) = flx — ct)
where f is solution of the second-order ordinary differential equation

frm:f*

(07

T (4.3)
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In order to give rise to a smooth traveling wave, the constants ¢ and a cannot
be chosen arbitrarily, see [15]. Here we consider periodic smooth traveling waves.
The approach, based on functions in H!(R), which was developed in the previous
sections, can be adapted to handle solutions with periodic boundary conditions. We
then have to consider periodic multipeakons which are solutions of the form

uz,t) =Y pi(t)G(z, 4i(t)) (4.4)
i=1

where G is given by
cosh(d(z,y) — 5)

inh &
sinh 5

G(.’L‘,y) =

In the expression above, a is the period and d(z,y) = min (Jz — y|,a — |z — y|) is
the distance in the interval [0, a], identifying the end points 0 and a of the interval.
The function G(zx,y) can be interpreted as the periodized version of e~1*=¥l as
we have G(z,y) = > e oo e~ 1z=vtkal - The coefficients p; and ¢; satisfy equation

(2.11) when H is replaced by the Hamiltonian

1 n
Hpcr - 5 Z pzij(ql,QJ)

i,7=1

For periodic functions, we have Hper = 4 [[ul| 1 (g q)) for u given by (4.4). It is not
hard to prove that, with the necessary amendments, Theorem 3.1 and Proposition
3.2l hold also for periodic functions in H* ([0, a]).

A high precision solution of equation (4.3) is used as a reference solution for
the smooth traveling wave. We take o = ¢ = 3. With initial condition f(0) =
1, fz(0) = 0, it gives rise to a smooth traveling wave of period a =~ 6.4723. In our
multipeakon scheme, we approximate initial data by using (4.1) because the initial
data is smooth. In Figure 1, we show the result of such approximation in the case
of 10 multipeakons.

FIGURE 1. Approximation of a smooth traveling wave (dashed
curve) by (4.4) with n = 10. On the left, the coefficients p; are com-
puted by using the method of Proposition 4.1/ designed for smooth
functions. On the right, they are computed by using the collocation
method of Proposition (3.2
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Number of peakons | 5 10 20 | 40
||w— uexactHHl(R) att=0|14810.76 | 0.38 | 0.20

Ratio 1.95 2 1.9
[l — uexactHHl(R) att=2|1311]0.68|0.34|0.17
Ratio 1.93 2 2

TABLE 1. Convergence rate in the case of a smooth traveling wave.

In Table 1l we give the error in the H! norm between the computed and the exact
solutions at time ¢t = 0 and ¢ = 2 (at t = 2, the wave has approximately traveled over
a distance equal to one period). We can see that the computed solution converges
to the exact solution at a linear rate. It is to be noted that the error does not grow
in time and is apparently only due to the error which is made in approximating the
initial data.

Our next example deals with a initial data function ug which has discontinuous
derivative. We take

10
w0l = G
The function ug satisfies ug — ug 4 > 0 and it is plotted in Figure 2. In our multi-
peakon scheme, we use Proposition 3.2 to set the initial sequence of multipeakons.

FIGURE 2. Solution with initial data wug(x) = 10(3 + |z[)~2 at
t=0,5,10,15,20 (from the bottom to the top).

In Figure 2 the solution is computed with very high resolution (n = 1000 peakons
spread over the interval [—30,30]) and in Table 4| the error is evaluated by taking
this numerical solution as an approximation of the exact solution (except a time
t = 0 where we can use uy).

The convergence rate at time ¢ = 0 is not linear, as in the previous case. This
is due to the fact that we only took peakons on the interval [—30,30]. We have
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Number of peakons | 61 | 127 | 251 501 | 1001
[lw — uexactHHl(R) att=00.27 | 0.14 | 0.079 | 0.053 | 0.045

Ratio | — | 193] 1.77 | 1.49 | 1.18
[t = ttexact |l 1 () at £ = 10 | 0.58 | 0.18 [ 0.074 [ 0.028 | -
Ratio | — |3.22] 243 | 1.95 | -

TABLE 2. Convergence rate for an initial data given by wug(z) =
10(3 + |z])~2

considered the error in H*([—30,30]), and in that case the convergence is linear. As
in the case of smooth traveling waves, the error does not grow in time showing the
robustness of the algorithm.
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