LOCAL WELL-POSEDNESS BELOW THE CHARGE NORM FOR
THE DIRAC-KLEIN-GORDON SYSTEM IN TWO SPACE
DIMENSIONS

PIERO D’ANCONA, DAMIANO FOSCHI, AND SIGMUND SELBERG

ABSTRACT. We prove that the Cauchy problem for the Dirac-Klein-Gordon
equations in two space dimensions is locally well-posed in a range of Sobolev
spaces of negative index for the Dirac spinor, and an associated range of spaces
of positive index for the meson field. In particular, we can go below the
charge norm, that is, the L2 norm of the spinor. We hope that this can have
implications for the global existence problem, since the charge is conserved.
Our result relies on the null structure of the system, and bilinear space-time
estimates for the homogeneous wave equation.

1. INTRODUCTION

We study the coupled Dirac-Klein-Gordon system of equations (DKG), which
reads
W (=iv" O+ M) =¢¢p (M =0),

(-O+m?) =i’  (O=-82+A m>0),
where ¢ : R1*" — R represents a meson field and v : R**"” — C¥ is the Dirac
spinor field, regarded as a column vector in C; the dimension N of the spin space
depends on the space dimension n. Points in the Minkowski space-time R'*" are

written (t,2), where z = (2!,...,2"); we also denote t = 2° when convenient. We
write 0, = 0/0xz" and 0, = Jy. Greek indices p,v, ... range over 0,1, ..., n, roman
indices j,k,... over 1,...,n, and repeated upper and lower indices are implicitly

summed over these ranges. The v*’s are N x N matrices which should satisfy
P A =20 ()T =90 and (39)T =,
where g" = diag(1, —1,...,—1). The superscript { denotes conjugate transpose.

We shall refer to the cases n =1, 2 and 3 as 1d, 2d and 3d, respectively. In 3d,
the smallest possible dimension of the spin space, i.e., the smallest N for which a
realization of the Dirac matrices v* can be found, is N = 4, whereas in 2d and 1d,
N = 2. In this article, we are interested in the 2d case.

Concerning the Cauchy problem, global existence in 1d was proved by Chadam
[5], but remains open in space dimension two and higher. Motivated by the work of
Klainerman and Machedon [12, 14] on the Maxwell-Klein-Gordon and Yang-Mills
equations, we want to attack the global existence problem by improving the local
well-posedness theory and then make use of conserved quantities, but the snag is
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that the energy density of DKG does not have a definite sign (see [10]). However,
a partial replacement may be the charge conservation:

/|w(t,x)\2 dx = const.,

which could prove useful for the global problem, provided one has local well-
posedness with L? data for the Dirac spinor. In fact, Bournaveas [3] used the
charge conservation to give a new proof of Chadam’s global result in 1d, by proving
a low regularity local well-posedness theorem with L? data for the spinor.

These considerations motivate our interest in the local well-posedness of the
Cauchy problem for DKG with initial data

(2) Yli=o = 1o € H?, Pli=o = ¢o € H", OPli—o =1 € H' ',

for minimal s, € R. Here H® = H*(R") is the standard L?-based Sobolev space.
The corresponding homogeneous space will be denoted H®. To get an idea of the
minimal regularity required for local well-posedness, note that in the massless case
M =m = 0, DKG is invariant under the rescaling

Yt x) — N3 2p(MAx), @t x) — Ap(At, Ax).
The scale invariant data space is therefore
(1o, do, ¢p1) € H=3/2 x =2/ 5 f(n=4)/2

and one does not expect well-posedness with any less regularity than this. Since
the charge corresponds to the L? norm of the spinor, we may say that DKG is
charge-critical in 3d and charge-subcritical in 2d and 1d.

On the other hand, DKG is a system of nonlinear wave equations with quadratic
nonlinearities, and it is well-known (see [18, 21]) that for such equations there is in
general a gap between the regularity predicted by scaling and the minimal regularity
at which one has local well-posedness, and this gap increases as the space dimension
decreases. This is due to buildup effects in the product terms, but if the quadratic
nonlinearities satisfy Klainerman’s null condition, the worst interactions of products
of waves are cancelled, and less regularity is required for local well-posedness. This
idea first appeared in [11].

For DKG, the complete null structure was established by the authors in [6], build-
ing on earlier work by Klainerman and Machedon [13] and Beals and Bézard [1].
The new idea developed in [6] is that the quadratic form 1%, which appears in
the Klein-Gordon part of DKG, and which was already known to be a null form
(see [13, 1]), appears also in the Dirac part of DKG, not directly but via a duality
argument.

In [6] we used the null structure, combined with bilinear space-time estimates of
Klainerman-Machedon type, to prove local well-posedness of DKG in 3d for data
(2) with s > 0 and » = s + 1/2. Thus, we get arbitrarily close to the scaling
regularity. For earlier work on the 3d problem, see [2, 8], and concerning the 1d
problem see [5, 3, 7] and more recently [20, 19].

In the present work we study the 2d problem. Here it is harder to get close to the
scaling regularity, since the range of space-time estimates narrows as the dimension
decreases. On the other hand, DKG is charge-subcritical in 2d, so we stand a
better chance of exploiting the charge conservation than in the charge-critical 3d
case. In [4], Bournaveas proved local well-posedness of DKG in 2d for data (2) with
s > 1/4 and r = s+ 1/2 by using linear Strichartz type estimates (see also [21]),
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and also with s > 1/8 and r = s + 5/8 by using the null structure reported in [13].
Here we prove the following:

Theorem 1. Suppose (s,r) € R? belongs to the convex region described by (see
Figure 1)
> 1 LB GY o i (2 4251+
§>—— max | -~ + —,s r<min (- +2s,1+s].
5’ 172 1
Then the DKG system in 2d is locally well-posed for data (2).

See Section 3 for a more precise statement. The proof relies on the null structure
of the system, and some bilinear space-time estimates for the wave equation, to set
up a contraction in Bourgain-Klainerman-Machedon spaces.

7
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FIGURE 1. Local well-posedness holds in the interior of the shaded
region, extending to the right. The dashed line r = 1/2 + s repre-
sents the regularity predicted by scaling.

The critical regularity for the spinor is s = —1/2, so one may ask what happens
in the interval —1/2 < s < —1/5, which is not covered by our theorem. Partial
answers to this question can be obtained by studying in more detail the iterates
of the problem. We have some results for the first and second nontrivial iterates,
which will appear in a forthcoming paper. These results suggest, in particular, that
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there is no well-posedness for s < —1/4. This gap phenomenon is typical of 2d (and
1d) problems.

In connection with the iterates, we remark that the regularity of the first iterate
for ¢ was studied by Zheng [23], who proved that if 1o € L?, and ¥(® is the
homogeneous part of 1, then the modified iterate, defined by (see the end of this
section for notation)

(-O+m?) oW =g(pp@ @), eW(0,2) = 9,21(0,2) =0,

satisfies ®((t) € L? for t > 0, provided g = g(t) is C* and g(0) = 0, the point
being that energy and Sobolev estimates are enough to show this if ¢y € H® for
some € > 0, but they fail to give the result for ¢ = 0. However, our result here
shows that the regularity is in fact far better than L2, namely ®()(t) € H3/4~¢ for
all € > 0, if ¥ € L?; this follows from Lemma 2 in Section 4.

Throughout the rest of this article, the space dimension is understood to be
n = 2. As a matter of convenience, we consider only the massless case M =m = 0,
but the discussion can easily be modified to include the linear mass terms, since we
deal with local-in-time theory in a contraction mapping setup.

For convenience we rewrite the system (1) in the form

i(0h+ - V)9 = g0,
D(b: _<5’l/)7’l/)>7

where af = 7097, 8 =10, ¢ = [y, ¢]T, (z,w) = w'z for column vectors z,w €
C%, V = (01,0:) and o - V = a'd; + a?0y. The Dirac matrices o/, 3 should satisfy

=5, ()f=d, p=@) =1,
&l B+ Bal =0, alak + akfald = 267F 1.

A particular representation in 2d is

L a0 1 s o (0 —i s (10
0‘0(10’ == o) P=7=l0 -1)

where the o’s are the Pauli matrices. Thus, 18y = (B, ¢) = [11]? — |[¢a|?.

The rest of this paper is organized as follows: In Section 2 we fix the notation,
and define the function spaces in which we iterate. We also review the splitting
of the Dirac equation into positive and negative energy parts. In Section 3, we
reduce Theorem 1 to proving two bilinear X*? estimates, we review the crucial null
structure of the bilinear forms involved, and we discuss two key ingredients that
will be used to prove the X*? estimates: a bilinear generalization of the Strichartz
estimate for free waves in 2d, and a variation on the Klainerman-Machedon estimate
in 2d. In Section 4 we begin the proof of the main theorem, reducing it to two
lemmas which are then proved in the next two sections. In Section 7 we study the
optimality of our estimates, and in Section 8 we prove the bilinear Strichartz type
estimate.

(3)

(4)

2. NOTATION

In estimates, we use C' to denote a large, positive constant which can change from
line to line. If C is absolute, or only depends on parameters which are considered
fixed, then we often write <, which means < up to multiplication by C. If XY

are nonnegative quantities, X ~ Y means C~'Y < X < CY for some absolute
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constant C' > 1. Naturally, we then define X < Y to mean X < C~'Y, and
X > Y to mean X > CY. Throughout we use the notation (-) = 1+ |-|. The
characteristic function of a set A is denoted x 4.

All LP norms are with respect to Lebesgue measure on R2, R'*2 or R, unless
stated otherwise. Often we indicate by a subscript which variable or variables the
norm is taken over, as in L2, LY, or LY. The norm on L] (R; L}, (R?)) is denoted

1/q

L - </—Z ( R2 ults 2} dx> N dt) 7

with the usual modification if ¢ or r equals co.
The Fourier transforms in space and space-time are defined by

fl& = /R e f(a)do, (€)= /R e~ Tt ) dt da.

lull gy = |t D,

Then Plancherel’s theorem comes out somewhat awkwardly as HfH 12 =2 || fll e

and ||| ;2 = (27)%/? ||lu| ;2. To avoid having to keep track of irrelevant normaliza-
tion factors, we use >~ to mean equality up to multiplication by some fixed, positive
factor. Given wu(t,z), we denote by |u] the function whose space-time Fourier
transform is |u.

We write D = V /i, where V = (01, 02). Then (D f)" (&) = £f(£), which explains
the notation ¢(D) for the multiplier defined by

S(D)F(€) = 6()F(©).
for a given symbol ¢. The multipliers |D|* and (D)* = (1+|D|)* are used to define

H*® and H® as the completions of the Schwartz space S(R?) with respect to the
norms

e = 0DV Pl = 1€ F e 17 le = D) Pl == (€ F

Note that for H* we need s > —1, since the space dimension is n = 2.

The operator —ia - V appearing in the Dirac equation is awkward to deal with,
since it mixes the components of the spinor it acts on. To simplify, we decompose the
spinor along an eigenbasis of the operator. Specifically, the matrix-valued symbol
of —iov-V is £ = £1at + £02, which is hermitian and satisfies (¢-a)2 = [¢]* I, on
account of (4). Thus, the eigenvalues are 4 |£]|, and the corresponding projections
onto the one-dimensional eigenspaces are

1 3 1 1 (& — i) c_ &
5) 1I 5([:&~o¢>( - P ,  Where £ = .
OPIEO == g ) Tale@ iy B
Then —ia -V = |D|IL{(D) — |D|II_(D), so the solution of the linear Cauchy
problem

(6) —i(8y+ - V)Y =F, ¥(0,2) = ¢o(z),

splits into 1 = ¥4 +1¢_, where ¢y = I (D) satisfy

) { (=i0 £ |D[)¢s = Fy (Y =HL(D)yY, Fr =UL(D)F),
(0,2) = ¢ (z) (45 =T (D)o) -

Note that in a physical interpretation, at least for the free case F' = 0, the spinors
1y and t_ correspond to positive and negative energies, respectively. The free
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propagator for —id; & |D| is the multiplier Sy (t) = e¥*Pl with symbol ¥l
Note that S (t) acts componentwise on spinors.

To prove Theorem 1 we shall iterate ¥, and ¢ in X type spaces associated to
the operators —id; +|D| and [J, whose symbols are 74|¢| and 72 —|¢|?, respectively.
See [6] for more details about the following spaces. Let Dy be the multipliers with
symbols |7| £ |£|. For s,b € R, we define the Bourgain-Klainerman-Machedon
spaces Xi’b, H*® and H*? to be the completions of the Schwartz space S(R'*?)
with respect to the norms

lull 20 = [[(D)*(~i0, & |D|>bUHL;l, =~ [[(€)*(r % I€])a(r, €)||L37§,
el o = (DY (D) ]| a2 (&) (Il = €D E)HL@E;
lellagen = lull oo+ 100l yyomso ~ (D) HDEND ) ] s
where (-) = 1+ |-|. We also need the restrictions to a time slab Sy = (0,T) x R?

since we study local solutions. The restriction X:St’b(ST) is a Banach space with
norm

Wl ye.b —inf {||v]|ven v € X3P and v =w on Sp b .
X3 (Sr) X3 +

Completeness holds since Xib(ST) = X'j[’b/./\/li, where the set My = {v € Xi’b :
v =0 on St} is closed. The restrictions H**(Sr) and H**(S7) are defined in the
same way.

3. NULL STRUCTURE AND BILINEAR ESTIMATES

The complete null structure of DKG, found recently in [6], rests on the cancel-
lation properties of the matrix-valued symbol

Aihiz (777 C) = HiQ (C)ﬁnil (T’) = ﬁH:Fz (C)Hi1 (n)a

where to get the last equality we used Il (§) = I+ (&), which follows from (4).
By orthogonality, II+, ({)IL+, (n) vanishes when the vectors ;7 and +2( line up in
the same direction. The following lemma, proved in [6], quantifies this cancellation.
We shall use the notation £(n,¢) for the angle between vectors 1, € R2.

Lemma 1. Ay, 1,(n,¢) = O (L(%£11m, £20)).

Note the following consequence: If 1,1’ : R1*2 — C? are Schwartz functions,

(BT, (D), T, (D)) (7€)
. < [ (O md . = 970 = ron =€) )| ard

S /W Ot .| OO )| [0/ (A = 7,1 — €)| dhdn,

where 04, 4, = £(£17,£2(n — £)). Here we used the self-adjointness of the pro-
jections to move Iy, (n — &) in front of 3, and then we applied the lemma.
Let us now restate our main theorem in a more precise form.

Theorem 1. Suppose (s,7) € R? belongs to the region (see Figure 1)

1 1
(9) s>—g, max<4+|;|,s><r<min<i+2s,1+s).
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Then for any data ¥|i—o = o € H*, @li—o = ¢po € H" and &;¢li—o = ¢1 € H"*,
there exist a time T > 0, depending continuously on the H* x H™ x H™™! norm of
the data, and a solution

v eC(0, T HY), ¢ C(0,THHT) NCH([0,T); H™),
of the DKG system (3) on (0, T)xR2, satisfying the initial condition above. Further-
more, writing ¥ = ¥ +_, where ¢y =4 (D)1, the solution has the regularity
(10) Py € XiU(ST), ¢ e Hr’p(ST),

for some choice of 1/2 < o,p < 1, depending on (s,r). Moreover, the solution is
unique in this class, and depends continuously on the data.

The first step in the proof is to use (6) and (7) to reformulate (3) as

(=i0 + | D)y = =1L (D) (¢BY) ,
(—i0, — |D|)v— = ~II_(D) (BY),
O¢ = — (B, ).

We iterate in the space (10). Then by a standard argument, see [6] for more
details, the theorem reduces to proving the following bilinear estimates, for some
e = ¢(r,s) > 0 sufficiently small:

(11) MLt (D) (661, (DY) xgo =142 5y S N0 mrro sy 1Pl 37509 »
(12) (BT, (D) Tty (D)) et (57 S MM 5y 1950 (509 »

where 41, 45 denote independent signs, and Sp = (0,T) x R?, with 0 < T < 1.
The introduction of the small parameter ¢ > 0 is just a technical detail needed in
the linear estimates; see [6, Lemmas 5 and 6]. Here and in the rest of the paper, it
is understood that implicit constants may depend on s and r, but not on T'.

In addition to the null form estimate (8), the key tools needed to prove (11) and
(12) are some bilinear spacetime estimates for 2d free waves, which we now discuss.
Recall that Sy (t) = TPl is the free propagator for —id; & |D|. In the following
discussion we let f, g € S(R?) and write

u(t) = ux(t) = S« (t)f, v(t) = ve(t) = S+(t)g.

In estimates where the signs do not matter, we skip the subscript indicating the
sign.

We begin with a generalization of the Strichartz estimate for free waves. The
following extends (in the 2d case) an estimate due to Klainerman and Tataru [17].

Theorem 2. The estimate

1D ol g0 S 171 i

|g||H52

holds if
4 <q< oo,
s1+82+s3=1-1/q,
s1,82 < 1—1/q,
s1+s2>1/q (<= s3<1-—2/q).
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The case where ¢ = 4, s1 = s2 and s3 < 0 was proved in [17]. The above theorem
is sharp up to endpoint cases, in view of [9, Proposition 14.15]. In particular, there
are no estimates of this form with ¢ < 4.

Note that (11) and (12) are L? in both space and time, so to apply the above
theorem we need to use the finite support in time. For example, if we restrict to
St = (0,T) x R?, then by Hélder’s inequality in time and Theorem 2 with q = 4,

$1+ s2+ s3 = 3/4,
ST Nl Ngllgree 3§ 51,80 < 3/4,

13 H D|* ’
a3 [iprew,, <
S1+ 89 > 1/4

Theorem 2 suffices to prove Theorem 1 with the exception of one particularly del-
icate case (see subsection 5.2.1), where we need to use a variant of the Klainerman-
Machedon estimate, which we now discuss.

For ¢ < 4 there are no estimates of the type considered in Theorem 2, but
Klainerman and Machedon [15] proved that if the product uv is replaced by the
null form D7 (uv), where v > 1/4, and D_ denotes the multiplier with symbol
||7| = [£]|, then one can obtain a range of estimates with ¢ = 2.

Theorem 3. [15, 9]. The estimate
117 DY (uv)

S Il gren 19l s

2
Li .

holds if and only if

S1+ 82 + 83 = 3/4,
S1, 82 < 3/47
s1+82>1/2 (<= s3<1/4).

The fact that v > 1/4 is required in order to have an L? space-time estimate for
D7 (uv), is related to the gap phenomenon in 2d (there is a gap between the regu-
larity predicted by scaling and the regularity needed to have local well-posedness).
Indeed, the null forms in DKG correspond to v = 1/2, and in principle the null
symbol may then be completely cancelled against the weight of the X*~/2 norm
in which the null form is estimated, resulting in a corresponding gain of “elliptic”
derivatives. But in reality we can only cancel “half” of the symbol, due to the
restriction v > 1/4 in the L? estimate. This corresponds to a gap of a quarter
of a derivative down to the scaling regularity. This is exactly the loss we incur if
instead we cancel the full null symbol and then, assuming finite support in time,
apply Hélder’s inequality in time to replace L7 by Lj, at which point we may apply
Theorem 2. The latter approach is always better, however: comparing the last
theorem with (13), we see that the conditions on the s; are the same, except that
in (13) one only needs s; + s2 > 1/4, as opposed to s; + s2 > 1/2 in Theorem 3.

As it stands, Theorem 3 is not useful in the present context, in view of the
preceding remarks. However, as observed in [22, Theorem 6(b)] (or see [9, Theorem
12.1]), the condition s; + s3 > 1/2 in Theorem 3 can be relaxed to s; + s2 > 1/4
for products of type (4, +) and (—, —), i.e., if wv is uyvy or u_v_. In fact,

51+52+83:3/4,

1o S UFl e Mgl if ¢ 81,80 <3/4,
51+ 89 > 1/4.

(14) (1D DY ()|
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We are not aware of any previous application of this improved estimate. Here we
shall use it to get a decisive improvement of (13), in the case where the product
is of type (4, +) or (—,—) with high frequencies interacting to give output at low
frequency. To make this precise, we introduce a bilinear operator (-,-)gg—1 which
isolates this interaction:

~

[(f, 9)un—1] ~(§) = /RQ Liei<nt+le—n f(MG(E —n) dn.

Here 1i¢|«|y|+|e—n 18 the characteristic function of the set {n : [£] < [n] + £ —n[}.
Then for free waves uy(t) = Si(t)f and vy(t) = Si(t)g, using the fact that

~

Uy (7,8) = o(7 + [§]) £(§) and vy (7, &) = 6(7 + [£])g(§), we have
{Dl_/zl(tu7 U+)HHHL] (7,€)

o~

= [ = b i B = )+ )8 = A+ 1€ = wl) dh e

= /R (Il 16 =0l = D" Ligraciarsie—n S GE = m(r + [n] +1€ = nl) dn,

hence

b

(117w o], ~ P17 DYDY s 1D 0 i

2
t,a

and from (14) we then obtain:

Theorem 4. We have

$14 82+ s3=1/2,
SJ ||f||H31 ||g||H52 Zf 51,82 <5/87

Ss1+ 59 > 0.

2
ta

H|D|_53 (u+7v+)HH~>L‘

Note that this is a tremendous improvement over (13), for this particular inter-
action. This estimate will be used to handle a particularly delicate case occurring
in the proof of Theorem 1 (see subsection 5.2.1), where Theorem 2 fails hopelessly.

To end this section, let us state the X*° versions of the free wave estimates
discussed above. It is a general principle (see, e.g., [6, Lemma 4]) that Strichartz
type estimates for a free propagator imply corresponding estimates for the X5
space associated to the propagator. Thus, Theorems 2 and 4 imply, respectively:

Corollary 1. Suppose € > 0 and q, s1, S2, S3 satisfy the hypotheses in Theorem 2.
Then

11D @)l g1 < Corsse 11D w0l o ave N1DI 0] o

for u,v € S(RY*F2) and for all combinations of signs.

Corollary 2. Suppose € > 0 and s1, S2,S3 satisfy the hypotheses in Theorem 4.
Then

H\D\_S3 (uaU)HH—»L‘

S IDI wlgoasaee I1DI vl o
t, @

for u,v € S(R'*2). Note carefully the equality of the signs in the norms on the
right.

A final ingredient needed in the proof is the following product law for the spaces
H#? here stated for two space dimensions.
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Theorem 5. ([16]) Suppose a,b,c,a, 5,7 € R satisfy
a+b+c>1, a+b>0, a+c>0, b+c>0,

1
a+ﬁ+ﬁy>§a O[,/B,’}/ZO.

Then the product estimate (in 142 dimensions)

[woll e S llull oo 00l o0

holds.

Proof. Note that at most one of a,b,c can be negative. But by the triangle in-
equality in Fourier space (i.e., Leibniz’s rule), we can always reduce to the case
a,b,c > 0, which was proved in [16, Proposition A.1] O

We remark that this estimate is the analogue of the product estimate for the
standard Sobolev spaces, which in 2d reads
19l e S e gl e s

for a,b, ¢ as in the above theorem (here the conditions are sharp up to endpoints).

4. PROOF OF THEOREM 1
We first reduce (11) and (12) to the global-in-time (i.e., unrestricted) estimates
(15) MLt (D) (661, (DY)l go-1+e S Nl e 1901 x5
(16) A, (D) iy (DY g S Iy 19y

for all ¢,v,9" € S(R™?2) such that v is supported in [—2,2] x R2. Here it is
understood that ¢ is real-valued and v, are C2-valued.

Let us show that (16) implies (12); a similar argument shows that (15) implies
(11). Fix a smooth cutoff x(t) such that x(¢) = 1 for |t| < 1 and x(¢t) = 0 for
t| > 2. Let ¢ € X17(S7) and ¢ € X27(Sr). Viewing X17(St) as a space of
equivalence classes, the equivalence relation being equality on S, we let W € Xif
and ¥/ € Xig denote arbitrary representatives of @) and v’, respectively. Recalling
the assumption 0 < T' < 1, we observe that (16) implies

[{ BTt (D)3, My (D) ) || trr—r0-14 (50) <
< (B, (D) (X W), ey (D)W )| 114
< e e
!
< 19 e

and taking the infimum over all representatives ¥, ¥’ yields (12). In the last step
we used the easily proved estimate

(17) Ixullxye < Cxo llullxse

valid for ¢ > 0.
Thus, Theorem 1 has been reduced to proving (15) and (16). However, in [6] it
was shown that (15) is equivalent, by duality, to an estimate similar to (16), namely

(15) 1Bty (D), Wy (DY)l == S 19l g 1971 202
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which must hold for all ¢, 9’ € S(R'*2) such that 1 is supported in [-2,2] x R2.
Note the advantage of this formulation, in that the null form appears again.
We shall prove the following lemmas, which together imply Theorem 1.

Lemma 2. Suppose

1 . (3
(18) s> =71 r<m1n(4+23,1+s).

Then there exist 1/2 < o,p < 1 and € > 0 such that (16) holds for all ¥, €
S(RY™2) such that 1 is supported in [—2,2] x R%. More precisely, we can take

1
(19) p = 5 + ¢,

1 3 3s
1— fO0<s<=andr>=>+4 =,
20) o= c fo<s<gandr=7+7
any number in (1/2,1) otherwise,
with € > 0 sufficiently small.

Lemma 3. Suppose

1
(21) s eR, r > max 7+M,|s| .

4 2
Then there exist 1/2 < a,p < 1 and € > 0 such that (15") holds for all 1,7’ €
S(RY™2) such that 1 is supported in [—2,2] x R%. More precisely, we can take

1
(22) p= 5 + g,
. . 3  3s
any number in (1/2,1) ifs>0 andrzz—i—?,
(23) 7=191
5 +e otherwise,

with € > 0 sufficiently small.

Note that the conditions on ¢ in the two lemmas are compatible, for (s, r) in the
region of Theorem 1 (the intersection of the domains in the two lemmas).

5. PROOF OF LEMMA 2

Without loss of generality we take £1 = + and write +5 = £. We assume (18),
and choose p and ¢ according to (19) and (20). In the sequel, whenever we say that
some condition involving € holds, we mean that it holds for all £ > 0 small enough.
We assume that 1, 1" € S(R'*2) and 1 is supported in [~2,2] x R2. The notation

|¢] is used for the function whose Fourier transform is |¢|.
In view of the null form estimate (8), we can reduce (16) to

+
=S ellxee 191 xge s

where

(&) 10+

rite (|7] —[€])1/2 72

0+ = £(n,£(n—9¢)).

[ [0' N =7 —&)|dNdn|| .

Iiz‘

2
LT,§
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Let us right away dispose of the low-frequency case, where min(|n|, |n —&|) <1
in I*. Then (¢) ~ (max(|n|,|n — &), so assuming [n| < | — &|, as we may by
symmetry, we have

1 5 |l - Oy,
(24) < e, D) 1 e

< /
<Ml 19130
where we used the assumption r < 14 s. But if the support of zZ()\, n) is restricted
to [n| < 1, then |[[¢]l|rg, < Cel[Yh| ysn/24 for all s € R, by the inequalities of
T +

Hausdorff-Young and Cauchy-Schwarz.
With the low-frequency case accounted for, we henceforth assume that in 1%,

(25) Inl, ln — & > 1.

It will be convenient to use the notation
FAn) = (m)*A+ )7 [\ )],

G=(\n) = ()" (N £ )7 [ (A, )],
A:|T‘_|€|7 B:)‘+|77|7 C:t:)‘_T:l:|77_§|7

Ry =&l —|lnl—m—=¢ll,  R-=Inl+In—¢—Ig.
We shall need the easily checked estimates (see [6])
R —&)R- R_

o . AR (nlthogR |

Inlln — ¢ Inlln — &l min (|, [ — &)
The following estimates will also be needed:
(27) Ry < 2min(|n|, [n —¢|),
(28) Ry < |A|+|B| +|Cx].

The first one is the triangle inequality, the second is proved in [6, Lemma 7].

5.1. Estimate for 1. By (26), and recalling (25), we have

relf O PRPFONG O -9
~ [ Jrive ()12 — )12 (A)1/272(B) (O ) L2
BN

By (28), and since Ry <[], we get
(29) R S| A7 e+ (B + 1042,
hence It < I + I + I, where

]Jr — / <§>r+25_1/2F()\,7l)G+()\ — 7,7 — 6) d\ dn

U e @ =g By (e 2’

)

+ _ <£>T71/2F()\,77)G+()\—T’n_g)
Iy = /Rl+2 (q)1/2+s (n — £)1/2+s (A)1/2-22(C, )o dXdn

2
Ln&

I+ _ / <€>T71/2F(/\’ TI)G+()\ — 7,1 — g)
3 Ri+2 <77>1/2+s<,rl _ €>1/2+s <A>1/2—2€<B>

—d\dn

2
L'n&
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In effect, one of the “hyperbolic” weights (A), (B) or (C) in the denominator of I
has been traded in for the same amount of “elliptic” weights ((n), (n — &) or (£)).
This happens on account of the null condition, which effectively rules out the bad
case where all three hyperbolic weights are ~ 1 simultaneously (unless one of the
elliptic weights is ~ 1 also).

We only need to estimate I3 and 17, since I;” and I3 are symmetrical. It should
be noted that for I the only condition needed on o is that o > 1/2, but for I
we need to choose o as in (20).

5.1.1. Estimate for I;". We rewrite:

I = [[(py 22 (D)2 g ) - D) L] )|

5 -
Lt,w

At this point we would like to apply Corollary 1, so we need to replace Lix by
L7L2. This would be trivial if we had compact support in time, but we do not,
since ¢ has been replaced by |t¢]. Nevertheless, there is sufficient decay so that we
can apply Holder’s inequality in time. To see this, fix a smooth cutoff function x (%)
such that x(¢) = 1 for |t| < 2. Denote its Fourier transform by X(7), and let | x|
be the function whose Fourier transform is |X(7)|. Then ¢ = x@, by the support
assumption on 1, hence

1] = x¥] < W [9).
Thus, for any q > 2,

I < Dy 212 (D)2 (1 L)) - (D)2 0] )|
= [baepyre (o) - D),
< Iy (Y222 (D)2 ) - (D) 72L] ) |

where 1/p+1/q = 1/2. Note that ||[x]||zr < oo, by the Hausdorff-Young inequality.
It remains to check, using Corollary 1, that

(30) [y (o) 2 ) - D)) |

for some ¢ > 4 depending on r and s. We divide into two cases: r < 1/2 and
r>1/2.

Assume r < 1/2. Then (30) follows from Corollary 1 with s; = so = 1/2 + s,
provided we can find ¢ > 4 such that s;1 +s2+1/2—1r—2e > 1—-1/q, s1+s2 > 1/q
and s1,82 <1 —1/q. Written out, the conditions are:

2
Ly .

)

LiL;

vope S Wl 1915
tx

1 1
(31) 14+2s> = — —+71+ 26,
2 g
1
1 1
33 - — -,
(33) S<373

We distinguish two cases: —1/4 < s < 1/4 and s > 1/4.
Assume —1/4 < s < 1/4. Then we set ¢ = 4, so (32) and (33) are certainly
satisfied, and (31) reduces to r 4+ 2¢ < 3/4 4 2s, which holds by (18).
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Finally, assume s > 1/4. Then there is a lot of room in the estimate. We
take ¢ = 4 and discard the multiplier (D)"+2¢71/2 in the left side of (30) (whose
exponent is negative). Now we take s; = s2 = 3/8 and s3 = 0 in Corollary 1. This
concludes the case r < 1/2.

Now assume r > 1/2. This can only happen if s > —1/8, in view of (18). Note
that by symmetry, we may assume || > |7 — £| in I}, hence (¢) < (n). Effectively,

we can therefore move the multiplier (D)"*2¢=1/2 in (30) in front of [¢]. Taking
q = 4, we thus reduce (30) to

(34) [0y 2= ) DT L S el Il

To prove this, we apply Corollary 1, dividing into two cases: —1/8 < s < 1/4 and
s>1/4.

Assume —1/8 < s < 1/4. Set s = 1/2+s. Then 0 < 59 < 3/4, so setting
s1=3/4— sy =1/4 — s and applying Corollary 1 gives

(D)2 ) - D]

which proves (34), provided r + 2 — 3/4 — s < s, i.e., r + 2¢ < 3/4 4 2s, which
holds by (18).
Now assume s > 1/4. Set s;1 = and sy = 3/4 —e. Then Corollary 1 gives

Dyt ) - D)2 L]

This proves (34), since r + 3¢ — 1 < s, by (18).
This concludes the proof for I 1+ .

Li

!/
pnn S Wlrraesrie [ lxee

Liza S lxpraes 9] 1o

5.1.2. Estimate for I7. Note that if |A| > |£], then Riﬂ < |£|1/2 < (A)V/2-2 g%
which means that I+ reduces to I;". Therefore, we may assume |A| < [£], which
implies

I s

r+3e—1/ _ _
/ (32PN )Gy (A —T,n— &) dXdn
R

sva (1) 7P = )P (AP )7

2
Lr,g

We need to prove I < ||F||;2 |G+l 2, but by duality this is equivalent to the
estimate

/ <£>T+3€71/2F(>" 77)G+()\ — 7,7 — g)H(Ta 5)
ko (VR — VR AEC, )

for all H € L*(R'*2), H > 0. For this, it suffices to prove

/ <§>T+38_1/2G+(>‘ -7, — £)H<T7 6) drd
ri2 ()12 (n — V2 (A)1/2He(Cy )7
which we rewrite as

H<D>f1/2fs <<D>T+3E*1/2ui ) <D>’1/2 W)/J)‘

dXdndr d§ S | F | e (|Gl 2 (1 H |2

gH <Gl 1 E e
Li,n

S Huiﬂxil/ws |W“Xi’“ ;

L%,x
where Hi(r.6)
~ +\7,
ut(7,8) = L
and

Hy (T’ E) = X(=00,0) (T)H(Ta 5)) H_ (T’ E) = X(0,00) (T)H(Tv 5)



DKG IN TWO SPACE DIMENSIONS 15

By the trick used for I}, we can estimate the L7, norm on the left by the L{L2
norm for any g > 2. Indeed, in the original estimate (16) we can insert the cutoff
x in front of 1, since x1 = 1), and then we can move Y in front of )’. Thus, it

suffices to show that for some ¢ > 4, depending on s and 7,

(35) ||(D)=1/2 ((D)r et 2uy - (D)2 1)

o S oo s
t -

We first do the low-frequency case, where H(7,§) is supported in || < 1. Then the
left side of (35) with ¢ = oo can be estimated by (we assume H > 0)

(D)2 727 (ws - (D2 ) | S fus D)2

< Nl g, [(D)/210)

L L2 ‘LfCL’;’E

L L2
S M|l xoarzee 19l1x5 -

With the low-frequency case out of the way, we assume from now on that |£] > 1
on the support of H(7,£). Thus, there is effectively no difference between the
multipliers (D)™ +3:=1/2 and | D|"**7/? when they act on us. In the following we
distinguish three cases: —1/4 <s<0,0<s<1/2and s> 1/2.

First assume —1/4 < s < 0. We take ¢ = 4, s1 = s3 = 1/2+ s and s3 =
—1/4 — 2s. Clearly, s; < 3/4, and the condition sy < 3/4 is just s > —1/2. The
condition s; + s9 > 1/4 reduces to s < 0. Thus Corollary 1 proves (35), provided
s2 <1/2—1r — 3¢, e, r+ 3 < 3/4+ 2s, which holds by (18).

Next, assume s > 1/2. We separate the cases r < 1/2 and r > 1/2. If r < 1/2,
we apply Corollary 1 with ¢ = oo and, say, s1 = —3¢, s5 =1/2+ 3¢ and s3 = 1/2.
Then (35) follows, provided ¢ is small enough. Now assume r > 1/2. Then using
the triangle inequality we can estimate the left side of (35) by a sum of two terms,
namely

Jy = H<D>—1—s+r+3s (Ui (D)~1/2 WD‘

Jy = H<D>f1/2fs (us (D)~ 1+r+se WIJ)’

)

LIL?

LiL;

Now apply Corollary 1 with ¢ = co. Choose 4¢ < 1 + s — r, in accordance with
(18). Then in J; we can take s1 =0, s =1 —¢ and s3 = ¢, and in J, we can take
s1=0,s9=cand s3=1—=¢.

Finally, assume 0 < s < 1/2. Set 1/g =1/4—s/2—¢. Then 4 < ¢ < oo, assuming
that 2¢ <1/2—s. Set s = s3 =1/2+ s and sy = —1/4 — 3s/2+ ¢. The condition
sp < 1—1/q is then the same as s < 1/2 + 2¢, which is satisfied. The condition
s1 < 1—1/q is nothing else than s > —1/2. The condition s; + s3 > 1/¢ reduces to
2e > 0. Corollary 1 therefore applies, and (35) follows provided s; < 1/2 — r — 3¢,
i.e., r+4e < 3/4+ 3s/2. This covers the case r < 3/4 + 3s/2.

Thus, we are left with the case 3/4 + 3s/2 < r, which can only happen when
0 < s < 1/2. Then we replace (29) by the following variation:

1/2 1/2—2¢ (42 o—1/2—¢ | l4e—0 o-1/2—¢ ¢ l4e—0
(36)  RYSATE P 4 BT ey g e
thus obtaining It < I + IF + I, where I} is the same as before, but

J I i X FOEL AR
siva ()77 (0 — P (AP PE(C)

)

z;:‘

—d\dy

2
LT,E
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and I is symmetrical. Now we simply give up the weight (A)'/272¢ and apply
Corollary 1. This is trivial if the exponent of (£) is negative (then we give up the
(&) weight also), and if this exponent is positive, we can use the triangle inequality
to reduce to

~ )

1;<’

F()‘vn)G ()‘_7777_5)
/Rl+2 (nys—r+o—e(n — §>;r/2+s<]3>1/2+5<C+>1/2+E d\dn

2
Lﬂ_,§

or the symmetrical expression with the exponents of () and (n — £) interchanged.
Then Corollary 1 applies (after the cutoff argument) provided that ¢ > r — s and
o > 1+ 1/4 — 2s. Both conditions are satisfied if we choose 0 = 1 — ¢ as in (20),
recalling that 3/4 4+ 3s/2 < r and 0 < s < 1/2; in fact, the conditions then reduce
tor <1l+s—e¢candr<3/44 2s— ¢, which hold by (18).

This concludes the proof of (35).

5.2. Estimate for I~. Note first that if |n| < |n — &|, then |£] ~ |n — £]|, so by
(26),
02 ~ |€|R— .
AR
The same is true if || > [n—¢| or |£] ~ |n| ~ |n—&|. So in all these cases, we have
the same estimate for 6_ as for 6 ; moreover (29) and (36) hold with R, replaced
by R_, in view of (27) and (28), so the analysis of I in the previous subsection
applies also to I~ in these cases. Thus, it suffices to consider I~ in the case where

(37) &l < Inl ~ n = £J,

which we assume from now on. Recalling also (25), we then have, by (26),

- < / (© ' RVPFOG- (A —7n-€) N
N Jriee (n)1/4+s(n — E)1/4A+s(AV1/2=2¢(B)o (C_)o .
€
By (27) and (28), we have
R£/2 5 ‘A|1/2_28 |77|5|77 _€|s + ‘3‘1/2 + |C,_|1/27
so - < Iy + I + I, where
- E™IENn)G_(N—1,m &)
L= / dxd ,
1 R1+2 <77>1/4+sfs<7] _ €>1/4+57€<B>0‘<C’_>a’ n 2,
- TP\ N)G-(A—T1,n—&)
L = d\d
2 /Rprz <77>1/4+s<77 _ €>1/4+5<A>1/2_25<C_>0 n i, ,
: (& F G (A~ 7.0~ &)
Iy = d\d
5= Lo ot s e g A

We remark that the only condition needed on o here is o > 1/2.

5.2.1. Estimate for I; . Proceeding as in the estimate for Ii", we can reduce to
proving

38) (o= (@) ) - D) |, S Il 19

for some g > 4. However, this estimate fails for s < —1/8. To see this, take
$1 = 89 = 1/4+4 s—¢ and consider the conditions in Corollary 1, which as remarked

Ly
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are sharp up to endpoints. The condition 1 — r + 1 + s3 > 1 — 1/q becomes
26 <1/2+1/q+ 2s —r, forcing g = 4, since r can be arbitrarily close to 3/4 + 2s,
by (18). The condition s; + s3 > 1/¢ then forces s > —1/8 + .

Fortunately, there is a way around this difficulty. The solution is to keep the L?
norm, instead of passing to a higher L? norm in time. Recall (37), which says that
we are in the high-high frequency case with output at low frequency. Moreover, the
interaction is of the type (4, +), because of the conjugation in the second factor.
Indeed, observe that (C_) = (A—7—|n—¢&|) = (t — A+ |£ —n|), so we can rewrite
I7 in a form which is manifestly of type (+,+), namely

<£>T71F(>‘an)G/(T — )‘ag B 77) d\d
/sz (/AT =E iy — A O e — A E -

|

2
Ll

where we have set G'(\,n) = G_(—=)\,—n). We now see from Corollary 2, using
(37), that

I S PN o 167 e = 1l e 191 e

provided 2¢ < 14+ 2s—r, s <e+3/8 and 0 < s+ 1/4 —e. These conditions
are satisfied for —1/4 < s < 3/8, in view of (18). If s > 3/8, we can estimate
(€)r=1 < (€)%, since r < 1+ s, and apply Corollary 1 with ¢ = 4 (in fact, this works
for s > 1/4). This concludes the proof for I; .

5.2.2. Estimate for Iy . We may assume |A| < |n|+|n—¢&|, since otherwise I~ < I,
by (27). Recalling also (37), we then get

/ <§>T_1F()‘777)G*()‘_ 7—777_5)
R1+2 <77 _ §>1/2+28735 <A>1/2+E<07>U

Iy < ‘ X dn

2
LT,E

Estimating by duality as in the proof of IQ+ , and using the cutoff argument, we
reduce to proving

(D)t - (D)2

LiL2 N ”uiuxil/zﬁ lellxj’” )

Assuming r < 1, this follows from Corollary 1, provided 1 —r+1/24+2s—3¢ > 3/4,
i.e., 3¢ <3/4+ 2s—r, which is compatible with (18). On the other hand, if r > 1,
then using (37), we see that

FOLmG_(A— 7.0~ ©)
/.. a2 — eyarz (A ere(cye P

)

I;s‘

2
L

where a = 3/2 4+ 2s — r — 3. Hence we reduce to, by duality and cutoff,

(D)= 2us - (D) /22 |y

LAz S HU:I:HXiJ/HE ||1/1'HX§(, ,

and this follows from Corollary 1, provided a > 3/4, i.e., 3¢ < 3/4+2s —r.

5.2.3. Estimate for Iy . The argument used for I, applies also here. In fact, by
a change of variables, I; can be transformed to I, except that the minus sign
changes to a plus sign: we will have C instead of C_. However, the argument
used for I, is not sensitive to changes of sign.

This concludes the proof of Lemma, 2.
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6. PROOF OF LEMMA 3

Again we take +1 = + and write 25 = £. We assume (21), and choose p and o
according to (22) and (23). Let 1, ¢’ € S(R'*2) with 1 is supported in [—2, 2] x R2.
As before, when we say that some condition involving € holds, we mean that it holds
for all € > 0 small enough.

By (8), we can then reduce (15') to

+ < sio ||| v —si1—o—e
(39) o 1 ]
where now

Ii:‘

)

0 i o
/Rm GRE _i|§|>1/2+8 [ |9 (A =7, —&)| dAdn

2
L'r,ﬁ

and 01 = 4(77, +(n— 5)) as before. We proceed as in the proof of Lemma 2, and
use the notation introduced there, except that now

Ge(\m) = ()£ [n))' =7~ [ (A, )]

Consider the low-frequency case, min(|n|, |n —¢|) < 1. Then

(&) ~ (max(|nl, |n - £[))-

If |n| <1, then (24) applies, with r — 1 replaced by —r, and s replaced by —s, hence
we need —r < —s, which holds by (21). On the other hand, if | — &| < 1, then
using —r < s, which holds by (21), and using also the Sobolev type estimate

||U||L§°L§ = HaHL?Lg < ||a||L§L§° < ||m|L§L; < Ce Hu||Xi=1/2+e )

we can write

s |0y 1wl - T
< D) g 19 22

S ||¢||Xil/2+5 ||Lw/J HL?L;O :

But since we are assuming now that QZ’()\ — 7,1 — &) vanishes unless |n —¢&| < 1, we
have [|[¢' ||| 2pe S H’lp/HX;s,O for all s € R, by Sobolev embedding. This concludes

the proof of the low-frequency case.
From now on we assume the high-frequency case, so that in I+,

(40) Inl,|n— &l > 1.

6.1. Estimate for /™. From (26) and (40) we get

+ Ri/2F<)‘vn)G+()‘_T777—f)
I s /]RH'2 (E)r=172(n)1/2+s () — £)1/2=s (A)1/2+<(BYo (C ) 1—0—= dAdn .

7€

By (27) and (28),

B2 AP 4 B 4 |Ou| T Iy gl
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hence IT < I + I + I3, where

F(Aa 77)G+()\ — 7,1 — 6)

I = d\d

O e e e -
+_ FAnNGL(A—1,n—¢)

= | o ey - ey et s D .
+ F()‘vn)G+()‘_T’77_£)

5 = | o ey gy O

6.1.1. Estimate for I". Note that the sum of the exponents of the “elliptic” weights
(€), (n) and (n — &) in I;F is 1/2 +r. If r > 1/2, it therefore follows by Theorem
5 that I < [|F| ;2 ||G4 |l 2; here we also need 7 > |s| to satisfy the hypotheses of
the theorem, but this is satisfied in view of (21). Note that this argument applies
for any 1/2 < o < 1.

Having disposed of the case r > 1/2, we may henceforth assume r < 1/2. Thus,
o = 1/2 + ¢, according to (23), and we may restrict to —1/2 < s < 1/2, since
|s| > 1/2 forces r > 1/2, by (21).

Next, note that if |Cy| > |n—&], then the sum of the elliptic exponents increases
to 1/2+r+1— 0 —¢, which exceeds 1, since now o = 1/2 + ¢ and since we assume
r > 1/4 (cf. (21)). Since we still have the weight (B) to a power greater than 1/2,
it then follows that I;” < || F|| 2 |G+l 2, by Theorem 5.

In view of the above reductions, we can from now on assume

1 1 1 1
(41) r§§, —3<s<3; 0254—5, Cy] < |n—¢&|,

in I;7. Thus, ()27 < (/277 4 (n — €)1/277, and we may assume
||¢/||X;S—36,1/2+5 < ||¢/||X;Sv1/2*25 = HWHX;“*“*E'

By the same cutoff argument as in subsection 5.1.1, we then reduce to proving

(42) (o)L (DL

(3) o)) - D]

Lir2 S, W||Xi1/2+s H?ﬁ’”X;s_gs,l/gﬂ ,

a2 S H¢||Xjr,1/2+a H(/JIHX;sfan/era .

Now we apply Corollary 1 with ¢ = 4 and s3 = 0. Sufficient conditions for this to
work are, for (42) and (43) respectively,

r+s>0, 1/2—s—-3>0, r+1/2—3c>3/4,
and
1/24s>0, r—s—3>0, r+1/2 -3¢ > 3/4.

All these conditions are satisfied, in view of (21) and the assumption —1/2 < s <
1/2. This concludes the proof for I;.
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6.1.2. Estimate for I} . By the same reductions as in the previous subsection, we
may assume (41), and by the duality and cutoff argument used in subsection 5.1.2,
we then reduce to proving

(40) o)y (ws - (D)2 1))
(45) (D)2 s (D) L)

for some q > 4.
For (44), we apply Corollary 1 with s; = 0 and sy = 1/2 — s — 3e. Thus, we need

yons Sl oee 19/l omseane

vape S ol s 1] —emseiare
t M

1 1

4 ——3>1-=
(46) r+2 3e > L
1 1 1
47 — < —=—85—3<1—--.
(47) . <2 .

We divide into three cases: —1/4 <s<1/4, -1/2<s<—-1/4and 1/4 <s < 1/2.

If —1/4 < s < 1/4, then (47) is satisfied with ¢ = 4, and then (46) reduces to
3e <r —1/4, which is in accordance with (21). If —1/2 < s < —1/4, then the left
inequality in (47) is certainly satisfied, and to optimize we choose g > 4 as small
as possible, but such that the right inequality in (47) is satisfied. Thus, we set
1/¢ =s+1/2,s04 < g < oo. Then (47) holds, and (46) reduces to 3¢ < r + s,
which is compatible with (21). Finally, if 1/4 < s < 1/2, we set 1/qg = —s+1/2—4e.
Then (47) again holds, and (46) becomes 7e < r — s, in agreement with (21).

For (45), we apply Corollary 1 with s; = 0 and s3 = r — s — 3e. We then require
(46) to hold, and also

1 1
(48) —<r—s—3<1—-.
q q

We distinguish the cases —1/2 < s < —1/4, —1/4 <s<0and 0 <s < 1/2.

If —1/2 < s < —1/4, we take 1/q = s+ 1/2. Then (46) is satisfied due to (21),
and (48) becomes 1/2 + 2s + 3¢ < r < 1/2 + 3¢, which holds since 1/4 < r < 1/2
by (21) and (41). If —1/4 < s < 0, set ¢ = 4. Then since 1/4 < r < 1/2 by (21)
and (41), we see that (46) and (48) hold. Finally, assume 0 < s < 1/2. Then the
right inequality in (48) is certainly satisfied, since r < 1/2 by (41), so we are left
with (46) and the left inequality in (48), which we can restate as two lower bounds
for r:

1 1 1
r> - ——+43, r>s+ -4 3¢.
2 g q

To optimize, we take 1/q = 1/4—s/2. Then we get the condition r > 1/4+s/2+ 3¢,
which is compatible with (21). This concludes the proof for I

6.1.3. Estimate for I} . Whenever o = 1/2 + ¢, then if we replace s by —s, I is
essentially the same as I; (modulo epsilons in some exponents). The argument
used for I;r can therefore be applied also to I;r . In particular, we need here the
condition 7 > 1/4 — s/2.

It remains to consider the cases where ¢ is different from 1/2+ . This happens,
according to (21) when s > 0 and r > 3/443s/2. Then for any 1/24+¢ <o <1—¢,

FOGL (A~ 7.0~ €)
/]R @R[y — &= (A (B

1;5]

2
Lﬂ_,§
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Since (n — &)* < (n)® + (£)®, we reduce to either of the following:

FAnGL(A—7,1=§)
I, = / dxd ,
27| Jre @12y 2(A) 2= (B L2
F()‘a U)G+()‘ - Tn- 5)
I, = / d\d
3,2 s (€)—s—172() /2w A)1/2+= gy 2,

Both reduce to Corollary 1 with ¢ = 4, via duality and the cutoff argument, since
the exponents of the elliptic weights (£) and (n) are both positive (recall that s > 0
and r > 3/4 4 3s/2), and their sum r exceeds 3/4.

This concludes the proof for It.

6.2. Estimate for /~. By the argument in subsection 5.2, we may assume

€l < [nl ~ |n = £
in I~. Combining this with (26) and (40), we get

/ RPF\n)G_(A—7,n— &)
R

]~ <
w2 (&) ()4 (n — V(A2 (B)7(Cy )t o=

~

d\dn

L2
e
Note that s no longer appears. By (27) and (28),
RYZ S A2 4 B2 4 |C |70 - g

hence I~ S I; + I, + I3, where

_ FAnG-(A—1,n-%)

h= / @i - 9 By ey o= M,
- F()\Jl)Gf()\—T,ﬁ—f)

5 = | fo TG g e i
] FOLG-(A =77 - €)

5= | o g s ey O

For I7 and I, the sum of the exponents of the elliptic weights is 1/2 4 r, so the
same argument as for I shows that if » > 1/2, then the estimate is true for all
1/2 <o < 1. Ifr <1/2 but |C_| > |n —¢|, we again get the estimate, since then
o =1/2+¢, and the sum of the elliptic exponents is 1 +r —2e > 1, since r > 1/4.
Hence, we may assume

1
. o=s+e 0 l<h-¢

Using the cutoff argument, and possibly duality, we can then apply Corollary 1
with ¢ = 4, using the fact that » > 1/4, on account of (21). This concludes the
proof for I; and I .

It remains to consider I . If 0 = 1/2 + ¢, we can apply Corollary 1 with ¢ =4
(via duality and the cutoff argument), so we only need to consider the case where
s>0and r>3/4+3s/2, withany 1/24+¢ <o <1—¢e. Then

/ FAnG-A=71,1-¢)
rvz (&) ()4 (n — )~ A(A)/2H(B) /e

r<

DN | =

I; < ‘ dXdn

2
LT,E
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Using the triangle inequality, we reduce to either of the following:

- FAnG-(A—1,n—=¢)
— / d\d ,
W7 | e gy L
— F<)‘777)G*()‘_Tan_§)
I, = d\d
= | L i

Both reduce to Corollary 1 with ¢ = 4, via duality and the cutoff argument, since
r>3/4.
This concludes the proof of Lemma 3.

7. COUNTEREXAMPLES

Note that the main bilinear estimates (see Section 4) (15’) and (16) are both of
the general form

(49) 1082, (D)9, Iy (DY M e S Wl 19711 x5
We shall prove the following necessary conditions for this estimate to hold:

Theorem 6. Let a,b,c € R and o, 3,7 > 0. If (49) holds (with v assumed to be
supported in [—2,2] x R?), then the following conditions hold:

1
(50) a+b+c> 1
(51) a+c>0,
(52) b+c>0,
(53) a+b+vy2>0.
a+ao 1
4 > =
(54) 5 +b+c> 5
b+ 1
55 — > —.
(55) a+ 5 +c> 5
Applying this to (16), we get the following necessary conditions:
3
(56) r < 14—25,
(57) r<1+s,
p+e 1
58 > _ =
(58) sz
1 o 3s
< 4 22
(59) rsg + 5 + 5
and for (15") we get the conditions
1
>
(60) =T
(61) r > s,
l1—0 s
62 > —
(62) rz——+g
o—+e¢ S
> _ 2
(63) r2 25

as well as p > 0, which is uninteresting since we only consider p,o > 1/2. We
conclude:
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Theorem 7.

(a) If r >3/442s orr>1+s ors < —1/4, then (16) fails for all p,o > 1/2.
(b) If r <1/4—s/2 orr < 1/4 orr < |s|, then (15') fails for all p,o > 1/2.

Proof. This is more or less immediate. One point to note is that summation of (62)
and (63) gives the necessary condition r > 1/4, which is stronger than (60). Note
also that (58) implies the necessary condition s > —1/4, since p > 1/2. Similarly,
since o > 1/2, (63) implies the condition r > 1/4 — s/2. O

Thus, the sufficient conditions that we have obtained in Section 4 are also seen
to be necessary (up to equality in most cases), with the exception of the condition
r > 1/44 s/2. So it remains an open question what happens in the region where
max(1/4,s) <r<1/4+s/2and 0 <s<1/2.

The remainder of this section is devoted to proving Theorem 6. The following
counterexamples all depend on a parameter L > 1 going to infinity. Note that

(64) |(BIL (D), e (DY) .-
|y (mm-osmmiom Fa-rn-9)
e GREEEE

d\dn

2
Lq—,g

In each counterexample we choose either the plus or the minus sign, and we choose
sets A, B,C C R?, depending on L and concentrated along the & -direction, with
the property

(65) neA {eC = n—-&eB.

We then construct ¢ and ¢’ depending on L, one of which is supported in [—2, 2] x
R?, such that

(BT (D)3p, M (D) )| gy e, .
||¢Hxiva ||"/}/||Xi=/3 ~— CL%

where C is independent of L, and § = d(a,b, ¢, , 3,v) depends on the choice of
A, B,C. In each case we get a necessary condition d(a,b,c,a, 3,7) > 0. We shall
use the notation 1(.) for the function whose value is 1 if the condition (-) in the
subscript is satisfied, and 0 otherwise.

To start with, we take the plus sign in (64), and let {/;, {/;’ be characteristic
functions of slabs cut out of a thickened null hyperplane 7 4 & = O(1), multiplied
by an eigenvector of IT; (£) (see (5)),

(66)

(67) 0O = [Lé +i&]" where é= &
Assuming A, B, C have been chosen, we set

(68) QZ()VT)) = 1)\+771:O(1)1T]€AU+(77)7

(69) W()\ -7, - 5) = 1>\—T+T]1 —§1=O(1)177*§€B(U+ (77 - g)a

and we restrict the L? norm to the region

(70) T+&=0(1), €eC.
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The fact that we work in a thickened null hyperplane trivializes the convolution
structure, since obviously,

(71) T+&E=01), A\ +m=0(1) = A—7+m —& =0().
Using this and (65), we get from (64),
1{ BT (D)), TLe (D)Y' Y gr-1.1/2

(Buy(m),vy(n—E))
= 1 1 _ d\d
/ ONT=1E  {nom ) oramieiom )

<5”+(77)»U+(77—5)>
R o Y 50 )

Im (Bvi(n), v+(n = §))
/ GREEE b %) e

where in the second step we restrict the L? norm to the region (70). But

(73)  (Bos(m),v4(Q)) =1—H-C+inAC, where A ¢ = G — 261,
hence

(74)  Im(fBvy(n),vp(n—¢)) = £sinby ~+0,,  where 0, = L(n,n—9).

The choice of sign in front of sinf; depends on the orientation: The sign is + if
rotating n counterclockwise through the angle 6, makes it line up with n —£. But
the sets A, B, C' will be chosen so that the orientation of the pair (n,n — &) is fixed.
From (72) we therefore conclude:

(75) (BT (D), T (DY Ml gonmar2 > T,

0+
— T 1 1 dXdn
/ @A =10 {nZom | {6200

So far we ignored the requirement that v or 1/’ be supported in [—2,2] x R?, but
this is easily fixed. Let x(t) be a smooth, even cutoff function such that 0 <y <1,
x(t) =1 for |[t] <1 and x(t) = 0 for |¢| > 2. Since x is even, its Fourier transform
X(7) is real-valued. Moreover, X(7) ~ 1 for || = O(1), if we interpret O(1) to mean
that |7| < § for some constant § > 0 determined by x. For convenience we choose
to localize v’ rather than 1. Note that

(76) XAi/?()\—Tﬂ?—ﬁ)Zf(A—T‘H?l—51)1n—§eBU+(77—€),

where

2
Lr,g

Y

L2

3

>

2
LT,E

where It =

2
L'n&

1) = [ R0 morwy i

So the only difference from (69) is that 1y_4,, —¢, has been replaced by f(A—7+
m —&1). But from (71) and the fact that f(7) ~ 1 for 7 = O(1), we then conclude
that (75) still holds if we replace ¢’ by xt’. On the other hand, by (17) we have
(recall that 8 > 0 by assumption)

19" 15 2 It ll e
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and we conclude that if (66) holds without the cutoff, then it also holds with the
cutoff. In what follows we can therefore ignore the cutoff function.
We now choose the sets A, B, C. Note that in I,

776147 gecv 77_5637

(77) A+ =O0(1), T+ & =0(1), A=T1+m =& =0(1).

7.1. Necessity of (50). Here we consider high frequencies interacting to give out-
put at high frequency. Set (see Figure 2)

A:{geRZ;\gl—L|gL/4,

& _L1/2’ < 111/2/4}7
B= {5 ER?: |6 — 2L < L)2, |&] < L1/2/2} ,

C:{geR2z\§1+L|gL/4,

52—L1/2’ S L1/2/4}

AT
&a .
I
! .
o
e A B
I I X T T =§1
X ol 1
N |
! Lo I
b |
L (A,m | |
! |
I
I
—2L |
A-1,m-9)
f€C 1162 nEA
— 12— n-¢€B
[ ¢
————1 1
—-L L 2L

FIGURE 2. Geometry of the sets used to prove necessity of (50).

Then (65) holds. Recalling (77), we see that

1
9+:4(77777—5)Nm7 |€‘7|77|a|77—€|NLa
and
3
78 A+ =A+m+n-m=A+m+ =0(1).
(79) ol = A+ ol = = Xt = 0()
Similarly,

(79) A=+ n=¢=0@1),  [r[=[¢]=7—[=01).
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Thus, denoting by |A| the area of A, we see that

Al|C|?

ayg1/2 1/2
It~ e llyee ~ LA @ ~ LY (B[
Since |A|,|B|,|C| ~ L3/2, we conclude that (66) holds with § = a + b+ ¢ — 1/4,

proving the necessity of (50).

7.2. Necessity of (54) and (55). Here we use a high/low frequency interaction
with output at high frequency. Define (see Figure 3)

{ger 0l <22, & — L2 < LV?)2},

A
B={¢eR?: | — LI < L2 |&| < LV/2],
C

{g ER?: [g + L] < LV2)2, |& — LV/2| < L1/2/2} .

' (A_Trn_é‘)
L \

3
fECD nEAIi'Z n—¢€B

L | I > &1

FIGURE 3. Geometry of sets used to prove necessity of (54)/(55)
and (51)/(52), the squares A, B,C having sides ~ L'/? or ~ 1,
respectively.

Then 0, = L(n,n—&) ~ 1, |n| ~ LY? and [¢],|n — €| ~ L. Further, (79) still
holds, whereas the calculation in (78) shows that A + || ~ L'/2. Thus,

Al|c|?
Le ’

But |A|,|B|,|C| ~ L, hence (66) holds with § = a/2 + a/2 + b+ ¢ — 1/2, proving
the necessity of (54). By symmetry we also get (55).

a « 1/2 1/2
It [l xae ~ L2F2 A2 s ~ LY |BIY2.
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7.3. Necessity of (51) and (52). The configuration is the same as in the previous
subsection, except that the squares A, B, C' now have side length ~ 1. We set

A={¢eR?:|&]<1/2, |&—1]<1/2},
B={¢eR*:|&4 —L| <1, |&| <1},
C={¢eR |6 +L|<1/2 |&-1]<1/2}.
Then 04 ~ 1, |n| ~ 1, |¢], |n —&| ~ L. Since (78) and (79) still hold, we conclude:
Kol
Le

But |A],|B|,|C| ~ 1, so (66) holds with 6 = b + ¢, proving necessity of (52). By
symmetry we also get (51).

1/2 1/2
It [0l xee ~ A2, 1] o ~ L |BI2.

7.4. Necessity of (53). Here we consider high frequencies interacting to give out-
put at low frequency, and we choose the minus sign in (64). Let (see Figure 4)

A={€eR?:|& — L] <1/4, [& 1] <1/4},
B={¢eR?*:|& — L] <1/2, [&] <1/2},
C={(eR*:|&]<1/4, |&—1] <1/4}.

AT A-1,n-9
! O]
L0
L 2
I I
I I
c IBE ¢€Cm "¢’
I l_l
' TN T et 8
ik ¥ 7 L
I I
I I
I I
I I
I I
I I
I a |
“En A ¥
i
I
I
I
I
I
I
-2L @ (1,9

FIGURE 4. Geometry of sets used to prove necessity of (53). The
squares A, B, C have side length ~ 1.

In (64) we now restrict the integration to
ne A, A+ n| =0(1), £ed, T4 2L = O(1),
which implies

n—§&€B, A=T—In=¢&=A+[n|—7—-2L+L—|n|+L—[n-¢=0(1),
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since L —|n| = L —m —n3/(|n| +m) = O(1) and, similarly, L — |n — & = O(1).
Now set

w()\ﬂ?) = 1)\+|77|:O(1)17]€Av+ (77)7
V'N=7,n—8&) = 1x_rjy—e|=0) In-ccBv—(n = §),

where v_(§) = v (=€) and vy (§) is given by (67). Thus, v_(§) is an eigenvector of
IM_(&) =11 (=¢&). Since 0_ = £L(n,& —n) ~ 1, we then get, arguing as in (72), and
using (73),

(BT (D), T (D) )| ey = 17,

1
where I~ = /—p 1 A 1 c dXdn
H ET=1EN {mom b {raion |

Since |¢] ~ 1, |n|,|n — &| ~ L and |7| — |¢| ~ |7| ~ L, we see that

2
LT>E

_lAle”?
L 7
But |4]|,|B|,|C| ~ 1, hence (66) holds with § = a+ b+, proving necessity of (53).
This concludes the proof of Theorem 6.

_ a 1/2 1/2
1 [llxee ~ LA, [l ~ LY |BJV2.

8. PROOF OF THEOREM 2

We use the following sharp dyadic decomposition in frequency space. By a dyadic
number we mean a number of the form 27, where j € Z. We let x, A and p be dyadic
numbers. Given f € S(R?), we denote by f, the function whose Fourier transform
is XAAJ/C\, where Ay is the annulus A < [£] < 2X. We also use a decomposition of R?
into almost disjoint dyadic squares @ = [ju, (j + 1)p] X [k, (k4 1)p] of side length
u, where j. k € Z; we shall refer to these squares as u-squares. We denote by f)?
the function whose Fourier transform is XAme Recall that Sy (t) = eTPl is the
free propagator for —id; & |D|. We let f, g € S(R?) and write, for any combination
of signs,

u(t) = Sx(t)f,  v(t) =5%(t)g.

We also write uy(t) = S (t)fx and u? (t) =S4 (t)ff?, and similarly for v.
An exponent pair (q,r) is said to be wave admissible if 2/q + 1/r < 1/2 and
r # oo. For (q,r) wave admissible, the Strichartz estimate holds:

2 1
(80 Jollsgog < Car il (s=1-2-1).

Note that if » = 4, then all ¢ > 8 are admissible, and the following bilinear version
holds:

(81) HuUHLng < Cys

s lgllga-sas  (4<g<o0, 0<d<1-1/g).

This follows from (80) using Holder’s inequality with suitable wave admissible pairs
(q1,71) and (g2,72). In fact, by interpolation it suffices to consider ¢ = 4 and g = co.

As proved in [17], the constant in (80) can be improved if f is supported in a
small set: If fis supported in a p-square at distance ~ A from the origin, then the
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constant can be replaced by C, (11/\)*/?7/7. In fact, we shall need only the case
(g;7) = (8,4):

1/4
(52) la@lsne <€ (5) " 18R M oss ~ /X512 o

where @ is a p-square at distance ~ A from the origin. In order to prove (82) it
is sufficient to assume A = 1 after rescaling. By a standard TT* argument, (82) is
then equivalent to the estimate

(53) H JERGRLEE

S C/_Ll/2 HF||L8/7L4/3
z
L3L4 ¢

provided the support in £ of F (t,€) is contained in Q). Now we recall the estimate
(A.67) from [17], i.e., in our notations

_2 _n=1l0_2
1S4 () f2Mler < e (L [e) ™7 O 2

Applying this estimate for r = 4, n = 2 we have
‘ /Si(t — s)F(s)ds
and the Hardy-Sobolev inequality as usual gives (83).

We also need the analogous small-support improvement of the Sobolev inequality
| flla < C|fll fr1/2- By the Hausdorff-Young inequality,

vne]

<o / (L4 [t = s)~H P o
Lt “

172112 < [xasnel]

o < Ixavnallyy G

where @ is a p-square. Hence,

[S=(t) )?HL?‘?Li < u'?[S£ (1) )?HL;X’L?E = Hl/QHf);QHLi’
and interpolation between this and (82) gives
(84) [uRll s < CH 22N R B <a< o).

Using this and (81) we now prove Theorem 2.

Write uw =}, we, v =3\ Ux; Ur = D_pcnya Un a0d Ve = D052,/ U, Where
x and X\ are dyadic numbers. Then

Uy = Zu<<>\v>\ +Z Z U Ux +Zu,.€v<<,.C =51+ .5+ S;3.
A K

K k/2<A<2k

The estimate for Sy reduces to (84), by the argument used in the proof of Theo-
rem 4 in Appendix A of [17]. Indeed, it is sufficient to estimate the diagonal terms
u)vy since the other terms ugyvy and uy/ovx can be handled in an identical way.
Denoting by A,, the spectral projection on the annulus p/2 < |£] < 2u, we can
write

D17 “uavoallpzze <D > DI Au(usva) |l pare
A

A pu<4x

MU A Al e

A p<4x
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since the product uyvy vanishes at frequencies larger than 4\. Now assume we can
prove the following estimate:

< (£ 12/ 1-1/q
(85) 1Auuaon)lzers < (5) 7 ATV ALe loallee:
then we get
s pN\1=2/a=ss 4,
D17 Y wallzee S0 Y (5) A T TR P P
A A p<4

from which the required estimate follows immediately. Thus we are reduced to
prove (85) for u < 4X, 4 < g < oo. By rescaling, it is sufficient to prove (85) for
A=1,1ie,

(86) 1A (o) lpoe S 0~ fllz2llgll 2

where 1 < 4 and f, g are frequency localized in the annulus |[£| ~ 1. Notice that
for 1/4 < p < 4 (86) follows from Holder’s inequality and the standard Strichartz
estimate, thus we can assume p << 1. We now resort to the finer frequency
decomposition into the squares @ of side p. The key remark here is that, fixing
any square @ at a distance ~ 1 from the origin, the product A, (uqug) is different
from zero only for )" belonging to a finite set Mg of p-squares, with the property
that #Mg is bounded by an absolute constant. Thus we can write

1Al pazs SO 3 1AL @20 L

Q Q'eMqg

’
SZ Z ||UQ||L3‘1L;{HUQ ||quL‘}c'

Q QeMq

(87)

Applying now the improved Strichartz estimate (84) and the Cauchy-Schwarz in-
equality, we obtain (86).

We can now restrict our attention to S7 and Ss3. By symmetry, it suffices to
consider S7.

Since the Fourier transform of u« vy is supported in the annulus A\/2 < |¢] < 4],
we have, by orthogonality,

o 5], ~ (21 e
® A

2 \1/2 1/2
2~ (A lusnlz)
@ A
so by Minkowski’s integral inequality,
B , 1/2
11217 Sl S (A Jucavnllfrs)
A

Now we apply (81), considering separately the cases s; > 0 and s; < 0. If s; > 0,
we get, noting that so +s3=1—1/¢g—s1 >0,

. o 1/2
([ PR P Sl [T S P Py
A

1/2
S e (O Ngalle)
A
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If, on the other hand, sy <0, then so > 1/g —s1 > 0, so

B 1/2
1017 Sl g S (32N [P reres ol
A

(S () Wl )

A k<A/4

/
Sl (3 ale)
A

In the last step we used the fact that s3 > 0, since s3 = (1—1/¢—s2)—s1 > —s1 > 0.
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