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ABSTRACT. We study the behavior of solutions of the (mixed state) Dirac-Maxwell sys-
tem in the simultaneous non-relativistic and semi-classical limits, i.e., as the speed of light
c tends to infinity and the Planck constanth̄ tends to zero. Under a constraint of the form
1
c exp

(
1

h̄M

)
= o(1), whereM is a sufficiently large integer, and with suitable conditions

on the initial data, we prove that the scalar Wigner transform of the Dirac spinors converges
weakly to a solution of the classical Vlasov-Poisson system. Our key technique is a blend
of null form bilinear estimates with the machinery of the Wigner transform.

1. INTRODUCTION

The Dirac-Maxwell system (DM) is one of the key equations in quantum electrodynam-
ics, describing the self-consistent interaction between spinor (representing a 4-component
electron-positron state) and electromagnetic fields. According to quantum statistical me-
chanics we do not assume that the initial state is defined/prepared as only one “pure state”
but rather as a statistical mixture of infinitely many states, which is essential when apply-
ing Wigner transform techniques, since it allows for specific assumptions on the occupation
probabilities as an additional initial datum.

We write the Maxwell equations as wave equations for the potentials, choosing the
Coulomb gauge condition divA = 0, which has the crucial advantage that the main bilinear
terms in the Dirac equation appear as null bilinear forms. Hence we consider the following
formulation of the DM system onRt × R3

x :

(1)


i h̄∂tψ

ε
j = −i h̄cαk∂kψ

ε
j + c2βψεj − Aεkα

kψεj − Aε0ψ
ε
j , j ∈ N,

1Aε0 = ρε, ρε =

∑∞

j =1
λεj

∣∣∣ψεj ∣∣∣2 ,
�cAε = P

(
Jε/c

)
, Jε = c

∑∞

j =1
λεj

〈
Eαψεj , ψ

ε
j

〉
C4
.

The unknowns are (i) the sequence of 4-spinors{ψεj (t, x)} j ∈N ⊂ C4, regarded as
column vectors, (ii) the electric potentialAε0(t, x) ∈ R and (iii) the magnetic potential
Aε(t, x) = (Aε1, Aε2, Aε3) ∈ R3. Here, the particle charge and rest mass have been set equal
to unity. The superscript

ε :=

(
1

c
, h̄

)
is used to emphasize the dependence of the solution on the parametersc, the speed of light,
andh̄, the Planck constant. Our aim is to perform the mathematically rigorous limitε → 0.
Thus,c tends to infinity (thenon-relativisticlimit) and h̄ tends to zero (thesemi-classical
limit).
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We write∂t =
∂
∂t , ∂k =

∂
∂xk for k = 1,2,3, ∇ = (∂1, ∂2, ∂3) for the spatial gradient,

∂ = (∂0,∇) = (1
c∂t ,∇) for the spacetime gradient, and1 =

∑3
j =1 ∂

2
j for the spatial

Laplacian. Further,�c =
1
c2∂

2
t −1 is the wave operator,P is the projection onto divergence

free vector fields inR3
x and theαk’s andβ are the Dirac matrices

β =

(
I 0
0 −I

)
, αk

=

(
0 σ k

σ k 0

)
,

where

σ 1
=

(
0 1
1 0

)
, σ 2

=

(
0 −i
i 0

)
, σ 3

=

(
1 0
0 −1

)
are the Pauli matrices. Repeated lower and upper roman indices are understood to be
summed over 1,2,3. Thus,αk∂k =

∑3
k=1 α

k∂k, for example. Finally,〈 ·, · 〉C4 is the stan-
dard inner product onC4 and〈 Eαψ,ψ 〉 denotes the 3-vector with components

〈
αkψ,ψ

〉
for k = 1,2,3.

The data for (1) consist of (i) a non-negative sequence{λεj } j ∈N ∈ l 1 (the probability
densities) and (ii) initial values for the dynamical variables:

(2) ψεj |t=0 = ψεj,I for j ∈ N; Aε|t=0 = aεI , ∂tAε|t=0 = bεI ,

where we must require divaεI = div bεI = 0 due to the Coulomb condition.
Throughout we assume that for allε,

λεj ≥ 0 and
∑

λεj = 1,(3) {
ψεj,I

}
j ∈N

is orthonormal in L2(R3
x)

4,(4) (∑
λεj h̄

2
∥∥∥∇ψεj,I

∥∥∥2

L2
x

)1/2

+
∥∥∇aεI

∥∥
L2

x
+

1

c

∥∥bεI
∥∥

L2
x

≤ B,(5)

whereB > 1 is a constant independent ofε. Note that (3) means that the weightsλεj are
indeed “occupation probabilities”, whereas (5) says that the kinetic energy and the energy
of the electromagnetic field are bounded initially.

Furthermore, we assume(∑
λεj

∥∥∥ψεj,I ∥∥∥2

H5

)1/2

+
∥∥∇aεI

∥∥
H4 +

1

c

∥∥bεI
∥∥

H4 ≤ B exp

(
1

h̄m0

)
,(6) (∑

λεj

∥∥∥ηεj,I ∥∥∥2

H2

)1/2

≤
B

c
exp

(
1

h̄m0

)
(7)

for all ε. Herem0 is a fixed positive integer,Hs
= Hs(R3

x) is the standardL2-based
Sobolev space, and we use the following notation for the upper and lower 2-spinors of the
4-spinor fieldsψεj :

(8) ψεj =

(
χεj
0

)
+

(
0
ηεj

)
,

and similarly for the initial dataψεj,I . A rough heuristic is that{χεj } represents electrons and
{ηεj } positrons. Thus, (7) guarantees that the energy initially is concentrated in the upper
component, or electron part, of the spinor fields. As it turns out, this property persists in
the evolution.
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In our work we are interested in the asymptotic analysis of DM (and the related Klein-
Gordon-Maxwell system) with respect to the non-relativistic limit (also called post-Newtonian
limit) and the (semi-)classical limit.

The following sketch shows the connection of the different levels of asymptotic approx-
imation of DM :

Dirac-Maxwell (DM)
h̄→0
−→ Relativistic Vlasov-Maxwell (RVM)yc→∞ ↘

c→∞

h̄→0

yc→∞

Schr̈odinger-Poisson (SP)
h̄→0
−→ Vlasov-Poisson (VP)

The limit represented by the vertical arrow on the right was established by J. Schaeffer
[15]; see also P. Degond [5].

The vertical arrow on the left, and also the corresponding limit for the related Klein-
Gordon-Maxwell (KGM) system, was proved recently by the authors in joint work with P.
Bechouche [2, 3, 4] and independently by N. Masmoudi and K. Nakanishi [14].

The lower horizontal arrow is due to P.-L. Lions and T. Paul [9] and, independently, P. A.
Markowich and the first author [10] for a slightly regularized system; both papers deal with
mixed state case, the only pure state result available so far being for the one-dimensional
case, see [16].

As for the upper horizontal arrow, the linear problem, i.e., the passage from Dirac with
given electromagnetic field to rel. Vlasov with given Lorentz force has been given in [7] —
however, for the nonlinear problem this formal limit remains at the level of a conjecture.1

In this paper we prove a result corresponding to the diagonal arrow, under the constraint,
however, thatc tends to infinity much faster than 1/h̄ (cf. condition (9) below). Also, for
the three dimensional case that we consider, the use of mixed states and the condition (30)
on the initial data is indispensable.

Let us mention that there are also ”semi-nonrelativistic” models like the selfconsistent
Pauli equation which contains corrections to the Schrödinger equation atO(1/c) (cf [13],
[4], where the situation concerning both rigorous modeling and asymptotic limits is still
open, with work of the authors in progress.

Note that for the purpose of the combined non-relativistic/semi-classical limit from
Dirac-Maxwell to Vlasov-Poisson, the local well-posedness result in [14] is not strong
enough, since it only gives existence on a uniform (w.r.t.c) time interval for fixedh̄. The
result in [4] however, yields a rate of growth inc, which is crucial to ensure a nontrivial
time interval for the limit considered here.

2. STATEMENT OF RESULTS

A major open question is whether solutions of DM exist globally in time for, say, smooth
compactly supported data of any size. For small data, this question has been answered in
the affirmative by Georgiev [6]. Although the case of large data remains open, it was
proved by the present authors in joint work with P. Bechouche [4] that the local existence
timeT = T(c) grows at least as fast as log(c) asc tends to infinity, if the data are uniformly
bounded inH1. In this result,h̄ was set equal to unity, but this can easily be achieved by

1In recent work by P. A. Markowich and C. Sparber [12] a WKB analysis of DM in the semiclassical limit is
carried out for small data and for small times.
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rescaling, hence the results of [4] can be applied also to the limitε → 0; in so doing, we
need to assume

(9) c ≥ exp

(
aT0

h̄M

)
in order to ensure a uniform time interval [0, T0] of existence asε → 0 . This condition
will be tacitly assumed from now on. Here, and throughout the paper, we usea and M ,
and later alsoC, to denote sufficiently large constants which are independent ofε andT0,
but may depend on the fixed parametersB andm0; moreover, these constants change from
line to line. Thus, in the end we choosea andM in (9) so large that the right hand sides of
(14), (20), (22) etc. areo(1) asε → 0.

From now on, we consider the arbitrary, but finite, time interval [0, T0] to be fixed. We
then have the following existence result, which follows rather easily from our earlier paper
[4]:

Theorem 1. (Uniform local existence for DM.)
(i) For any fixedε, the system (1) is locally well posed for data(2) satisfying (3)–

(5). The solution t 7→ ({ψεj },A
ε, ∂tAε)(t) exists in a non-trivial time interval

0 ≤ t ≤ T = T(ε, B) and describes a continuous curve in the space2 determined
by the conditions (4), (5). In particular, the L2 orthonormality (4) is conserved
in time:

(10)
∫ 〈

ψεj (t, x), ψεk (t, x)
〉
C4

dx = δ jk for all j , k and0 ≤ t ≤ T .

(ii) Assume (3)–(5) hold for allε. Then there exist absolute constants a and M, and
there exists aδ = δ(B) > 0 depending on the bound B in (5), such that for all
ε = (1/c, h̄) satisfying|ε| ≤ δ and the condition (9), we have T(ε, B) ≥ T0, i.e.,
the solution exists in the time interval0 ≤ t ≤ T0. Moreover,3

(11)

(∑
λεj h̄

2
∥∥∥∇ψεj (t)

∥∥∥2

L2
x

)1/2

+
1

c1/4

∥∥∂Aε(t)
∥∥

L2
x

≤ C exp

(
aT0

h̄M

)
,

for all 0 ≤ t ≤ T0, where as before∂ = (1
c∂t ,∇) is the spacetime gradient.

(Recall also the convention concerning constants, set out above.)
(iii) Assume in addition that (6), (7) are satisfied for allε. Then the solution t7→

({ψεj },A
ε, ∂tAε)(t), for 0 ≤ t ≤ T0, describes a continuous curve in the space

determined by the norm in the left hand side of (6), and we have bounds(∑
λεj

∥∥∥ψεj (t)∥∥∥2

H5

)1/2

+
1

c1/4

∥∥∂Aε(t)
∥∥

H4 ≤ C exp

(
aT0

h̄M

)
,(12)

∥∥∂Aε(t)
∥∥

H2 ≤ C exp

(
aT0

h̄M

)
,(13) (∑

λεj

∥∥∥ηεj (t)∥∥∥2

H2

)1/2

≤
C

c
exp

(
aT0

h̄M

)
(14)

for all ε and0 ≤ t ≤ T0.

2The regularity of of the non-dynamical variableAε0 = 1−1ρε , on the other hand, is of course directly

determined by that of theψεj .
3Here the factorc−1/4 is chosen somewhat arbitrarily; it could in fact be replaced byc−α for anyα > 0, but

thenC in the right hand side would of course depend onα. In any event, the choiceα = 1/4 works well enough
for our present purposes.
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A key idea behind our main convergence result is that for the kinetic energy∑
λεj h̄

2
∥∥∇ψεj (t)

∥∥2
L2

x
,

the exponential bound in (11) can be improved toO(1) by writing the DM system as a per-
turbed Schr̈odinger-Poisson (SP) system for which the total energy is “almost conserved”.
This involves the decomposition

(15) ψεj = ψεj,+ + ψεj,−

where

(16) ψεj,± =
1

2

{
ψεj ±

[
µc(h̄D)

]−1(
i h̄∂tψ

ε
j + Aε0ψ

ε
j

)}
andµc(D) is the (spatial) Fourier multiplier with symbol

(17) µc(ξ) =

√
c2 |ξ |2 + c4, hence µc(D) =

√
−c21+ c4,

ξ being the Fourier variable corresponding tox. The decomposition (15) is related to pos-
itive and negative energy, and to first order in powers of 1/c it coincides with the splitting
(8) into upper and lower components; see [4], and Sect. 4 below. In view of (14) it is
therefore not surprising thatψ j,− is negligibly small for our present purposes. Thus, we
retain only the positive energy part, from which we subtract the rest energy, i.e., we define
(the “Foldy-Wouthuysen” transformation)

(18) φεj = ei tc2/h̄ψεj,+.

Then we have the following result:

Theorem 2. (DM as a perturbed SP system.)Consider the solution of (1), (2) obtained in
Theorem 1, with initial assumptions (3)–(7), and assuming also (9), as always. Then the
4-spinorsφεj , defined as above, satisfy the perturbed SP system

(19)


i h̄∂tφ

ε
j = −

h̄2

2
1φεj + Vεφεj + Errorεj , j ∈ N,

1Vε
= −nε, nε =

∑
λεj

∣∣∣φεj ∣∣∣2 ,
on [0, T0] × R3

x, with data

φεj |t=0 =
1

2

{
ψεj,I +

[
µc(h̄D)

]−1(
−i h̄cαk∂kψ

ε
j,I + c2βψεj,I − (aεI )kα

kψεj,I
)}
,

and for the spinor valued error terms we have the estimate

(20)

(∑
λεj

∥∥∥Errorεj (t)
∥∥∥2

H1

) 1
2

≤
C

c
exp

(
aT0

h̄M

)
for all ε and0 ≤ t ≤ T0. The perturbed conservation law

(21) ∂tn
ε
+ div JεS =

2

h̄

∑
λεj Im

〈
Errorεj , φ

ε
j

〉
C4
,
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holds, whereJεS = h̄
∑
λεj Im

〈
∇φεj , φ

ε
j

〉
C4

is the Schr̈odinger current density. Further-

more, comparing with the solution of (1), we have(∑
λεj

∥∥φεj (t)− ei tc2/h̄ψεj (t)
∥∥2

H2

) 1
2

≤
C

c
exp

(
aT0

h̄M

)
,(22)

∥∥ρε(t)− nε(t)
∥∥

L p ≤
C

c
exp

(
aT0

h̄M

)
for 1 ≤ p ≤ ∞,(23)

for all ε and0 ≤ t ≤ T0, and

(24) Jε − JεS − ∇ ×

(∑
λεj

〈
ESφεj , φ

ε
j

〉)
→ 0 in D′

(
(0, T0)× R3

x

)
asε → 0.

Here
〈
ESφεj , φ

ε
j

〉
denotes the three-vector with components

〈
Skφεj , φ

ε
j

〉
, where Sk =

(
σ k 0
0 σ k

)
.

Finally, the total energy is uniformly bounded:

(25) Eεtot(t) =
1

2

∫
R3

x

∑
λεj h̄

2
∣∣∣∇φεj (t, x)

∣∣∣2 +
∣∣∇Vε(t, x)

∣∣2 dx ≤ C.

To be precise, we have initially Eεtot(0) ≤ C, and furthermore

(26) Eεtot(t) ≤ Eεtot(0)+
C

c2
exp

(
aT0

h̄M

)
for all ε and0 ≤ t ≤ T0.

The semi-classical limit̄h → 0 from the (exact) SP system to Vlasov-Poisson was
done independently by Lions-Paul [9] and (for a slightly regularized system) Markowich-
Mauser [10]. Since the error in Theorem 2 converges strongly to zero, we can adapt the
argument used in the aforementioned papers to our present, more general case.

The key tool for the semi-classical limit is theWigner transform(see [7] and [9] for
exhaustive surveys), which for spinor valuedf, g ∈ L2(R3

x)
4 is given by

Wh̄( f, g)(x, v) =
1

(2π)3

∫
R3

y

ei v·y f

(
x −

h̄

2
y

) [
g

(
x +

h̄

2
y

)]∗

dy

for (x, v) ∈ R3
×R3, whereg∗ denotes the conjugate transpose ofg. ThusWh̄( f, g) takes

values in the space of 4× 4 complex matrices. We then define, for a solution of DM,

(27) Wε(t, x, v) =

∑
λεj W

h̄
(
ψεj (t, ·), ψ

ε
j (t, ·)

)
(x, v),

whose trace gives thescalar transform

(28) wε(t, x, v) =

∑ λεj

(2π)3

∫
R3

y

〈
ψεj

(
t, x −

h̄

2
y
)
, ψεj

(
t, x +

h̄

2
y
) 〉

C4
ei v·y dy.

We denote the initial values of these quantities byWε
I (x, v) andwεI (x, v).

For our main result we need, in addition to (3)–(7), the assumption that the Wigner
transform is uniformly bounded inL2 on the phase space. This is possible if and only if
we consider mixed states with special properties of the occupation probabilities that have
to depend on the semiclassical parameter in a very particular way:

(29)
∥∥Wε

I

∥∥
L2

x,v
≤ B

for all ε; as we shall see, this is equivalent to

(30)
∑

(λεj )
2

≤ (2π h̄)3B.
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For a discussion of this condition and a comparison to the results in the 1-d “pure state”
case, see [11].

In (29) theL2 norm is taken with respect to the Euclidean matrix norm|A| =
√

〈 A, A 〉

associated to the inner product〈 A, B 〉 =
∑

j,k a jkb jk for complex 4× 4 matricesA =

(a jk) andB = (b jk). Thus, (29) implies
∥∥wεI ∥∥L2

x,v
= O(1).

Theorem 3. Consider the solution of (1), (2) obtained in Theorem 1, with initial as-
sumptions (3)–(7), and assuming also (9), as always. Consider the Wigner transform
Wε(t, x, v) and its tracewε = tr Wε, given by (27) and (28). As before, we denote their
initial values by WεI (x, v) andwεI (x, v). Assume (29) (or equivalently (30)) is satisfied.

Let fI be a weak L2x,v limit point ofwεI (in view of (29) there exists at least one such
limit point). Then

(31) f I ≥ 0 (a.e.), f I ∈ L1
x,v ∩ L2

x,v and
∫

|v|2 f I (x, v)dx dv < ∞.

Moreover, there exists a sequenceεl → 0 such that as l→ ∞,

w
εl
I −→ f I in L2(R3

x × R3
v)

)
weakly,(32)

Wεl −→ W0 in L∞
(
(0, T0), L2(R3

x × R3
v)

4×4) weak∗,(33)

wεl −→ f in L∞
(
(0, T0), L2(R3

x × R3
v)

)
weak∗,(34)

−Aεl0 −→ V in L∞
(
(0, T0), L6(R3

x)
)

weak∗,(35)

−∇ Aεl0 −→ ∇V in L∞
(
(0, T0), L2(R3

x)
)

weak∗,(36)

ρεl −→ n in L∞
(
(0, T0), L7/5(R3

x)
)

weak∗(37)

Jεl −→ J in D′
(
(0, T0)× R3

x

)
,(38)

where the matrix valued W0 is hermitian and positive semi-definite (a.e.) and f= tr W0
≥

0 (a.e.) is a weak solution of the Vlasov-Poisson system

(39)


∂t f + v · ∇x f − ∇xV · ∇v f = 0, 0< t < T0, x, v ∈ R3,

1V = −n, n =

∫
f dv, 0< t < T0, x ∈ R3,

with data

(40) f (0, x, v) = f I (x, v).

The limitJ of the current densityJεl is given by

(41) J(t, x) =

∫
v f (t, x, v)dv + ∇x ×

(∫
tr

(
ESW0(t, x, v)

)
dv

)
,

wheretr
(
ESW0

)
denotes the three-vector with componentstr

(
SkW0

)
, with Sk defined as in

Theorem 2. The conservation law

(42) ∂tn + div J = 0

holds inD′
(
(0, T0)× R3

x

)
. Furthermore, f∈ L∞

(
(0, T0); L1

x,v ∩ L2
x,v

)
, and the energy is

uniformly bounded:

(43)
∫

|v|2 f (t, x, v)dx dv +

∫
|∇xV(t, x)|2 dx ≤ C

for a.e.0< t < T0.
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Remark. The initial assumptions can be restated in a more synthetic form in terms of
the initial densityκεI (x, y) =

∑
λεjψ

ε
j,I (x)[ψ

ε
j,I (y)]

∗ and the associateddensity operator
(state operator)

TεI ( f )(x) =

∫
R3
κεI (x, y) f (y)dy

acting on 4-spinor valued functions. For example, (3) and (4) say thatTεI is a non-
negative Hilbert-Schmidt operator onL2(R3

x)
4, with tr(TεI ) = 1, and (29) translates to

tr([TεI ]2) = O(h̄3). Conversely, given a family of operators{TεI }ε with these properties,
diagonalization produces an orthonormal basis{ψεj,I } j ∈N of eigenvectors, and associated
eigenvalues{λεj } j ∈N satisfying (3), (4) and (29).

3. LOCAL EXISTENCE IN A UNIFORM TIME INTERVAL

Here we prove Theorem 1 by applying results from [4] concerning the local well-
posedness of DM and the asymptotic behaviour of solutions asc → ∞. In these results,
however,h̄ was set equal to unity, so first we have to rescale the system, setting

ψ̃εj (t, x) = h̄ψεj (h̄t, h̄x), Ãε0(t, x) = A0(h̄t, h̄x) and Ãε(t, x) = A(h̄t, h̄x).

Then({ψ̃εj } j ∈N, Ãε0, Ã
ε) solves DM withh̄∂µ replaced by∂µ. Thus,h̄ no longer appears

explicitly in the equations, and the dependence onh̄ is exclusively through the initial data

ψ̃εj (0, x) = h̄ψεj,I (h̄x), Ãε(0, x) = aεI (h̄x), ∂t Ãε(0, x) = h̄bεI (h̄x).

From (4)–(7) we have(∑
λεj

∥∥ψ̃εj (t = 0)
∥∥2

H1

) 1
2

+
∥∥∂Ãε(t = 0)

∥∥
L2 ≤

10B
√

h̄
,(44) (∑

λεj
∥∥ψ̃εj (t = 0)

∥∥2
H5

) 1
2

+
∥∥∂Ãε(t = 0)

∥∥
H4 ≤ 10B exp

(
1

h̄m0

)
,(45) (∑

λεj
∥∥η̃εj (t = 0)

∥∥2
H2

) 1
2

≤
10B

c
exp

(
1

h̄m0

)
,(46)

whereη̃εj denotes the lower 2-spinor of̃ψεj (analogously to (8)). Note thatλεj is unaffected
by the rescaling.

We can now apply the results from [4] to({ψ̃εj } j ∈N, Ãε0, Ã
ε). Define norms

N ε
k (t) =

(∑
λεj

∥∥ψ̃εj (t)∥∥2
Hk

) 1
2

+ c−α
∥∥∂Ãε(t)

∥∥
Hk−1

where 0< α < 1/2 is a fixed parameter; in fact, as in Theorem 1 we setα = 1/4,
just to make a definite choice. Again we emphasize that althoughh̄ is still present in the
superscriptε, the dependence on̄h is only through the initial data. Thus, until we use the
information given by (44)–(46), the only important asymptotic parameter isc.

Local well-posedness (for fixedc) for data withN ε
1 (t = 0) < ∞ was proved in [4,

Theorem 6.1], and this gives part (i) of Theorem 1. The conservation (10) of theL2 inner
product is an easy consequence of the Dirac equations for the fieldsψεj andψεk : Using the

L2 inner product, multiply the Dirac equation forψεj on the right byψεk , then do the same
with j andk interchanged, and subtract the results. In particular, this implies

(47)
∑

λεj
∥∥ψ̃εj (t)∥∥2

L2 =
1

h̄
for all t in the interval of existence.
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For part (ii) of Theorem 1, we use the following key result from [4]:

Proposition 1. (See[4, Theorem 14.3].) There exist

(i) T∗ > 0, depending only on R= supc≥1
∑

j λ
ε
j

∥∥ψ̃εj (t = 0)
∥∥2

L2, and
(ii) absolute constants C,M, c0 > 0,

such that ifN ε
1 (0) ≤ B uniformly, thenN ε

1 (t) ≤ C B for all 0 ≤ t ≤ T∗ and all c≥ c0BM .
Moreover, the dependence of T∗ on R can be taken to be

T∗(R) =
δ

1 + RK
,

whereδ > 0 and K ∈ N are absolute constants.

This result can be iteratedN times to give existence up to timeN T∗, for c sufficiently
large. A crucial fact is thatT∗ remains constant, because of theL2 conservation law (10).
Moreover, higher regularity persists:

Proposition 2. (See[4, Proposition 14.4].) Fix k ∈ N, and assumeN ε
k (0) ≤ B uniformly.

Given0 < T < ∞, let N be the smallest integer such that N T∗
≥ T , with T∗ as in

Theorem 1. Then

N ε
k (t) ≤ Pk

(
CN B

)
for 0 ≤ t ≤ T, provided c≥ c0(C

N−1B)M .

Here C,M, c0 are absolute constants and Pk is a polynomial.

By (44) we haveN ε
1 (0) ≤ 10Bh−1/2 here, and from (47) we see that we may take

T∗
= δh̄K for some choice of absolute constantsδ andK . So applying the last theorem

with T = T0/h̄ (and hence withN the smallest integer such thatN ≥
T0

δh̄K+1 ), and then
scaling back to the original variables, we get part (ii) of Theorem 1. Moreover, from

(45) we haveN ε
5 (0) ≤ 10B exp

(
1

h̄m0

)
, so the same argument also gives part (iii) of the

theorem, except for the bounds (13) and (14). To prove those, we apply the following:

Proposition 3. (See[4, Theorem 14.5 and Lemma 1.5].) Fix k ∈ N. Given0 < T < ∞,
let N be the smallest integer such that N T∗

≥ T , with T∗ as in Theorem 1. Suppose

N ε
k (0) ≤ B and

(∑
λεj

∥∥η̃εj (t = 0)
∥∥2

Hk−1

) 1
2

≤
B

c
hold uniformly. Then (∑

λεj
∥∥η̃εj (t)∥∥2

Hk−1

) 1
2

≤
1

c
Pk(C

N B)

for all 0 ≤ t ≤ T , provided c≥ c0(CN−1B)M . Here C,M, c0 are absolute constants and
Pk is a polynomial.

Moreover, if we strengthen the assumptionN ε
k (0) ≤ B by additionally requiring that

(recall the presence of the small parameterα in the definition ofN ε
k )

∥∥∂Ãε(t = 0)
∥∥

Hk−1 ≤

B uniformly, then ∥∥∂Ãε(t)
∥∥

Hk−1 ≤ Pk(C
N B)

for all 0 ≤ t ≤ T , provided c satisfies the same condition as above.

Applying this withk = 3, T∗
= δh̄K (as above),T = T0/h̄ andN the smallest integer

such thatN ≥
T0

δh̄K+1 , and of course making use of the bounds (45) and (46), we then get
(13) and (14), after scaling back to the original variables.
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4. DM AS PERTURBEDSP: PROOF OFTHEOREM 2

Let us first look at the decomposition (15) in a bit more detail. We want to relate it to the
splitting into positive and negative energy parts for the free Dirac equationi ∂tu = Qc(D)u,
where the free Dirac operatorQc(D) = −icαk∂k + c2β has Fourier symbolcξkαk

+ c2β.
This symbol has two eigenvalues±µc(ξ), each of multiplicity 2, withµc given by (17).
The corresponding eigenspace projections are

5c
±(D) =

1

2

{
I ± [µc(D)]−1Qc(D)

}
.

Note that the formal limits asc → ∞ are, in 2× 2 block form,

(48) 5∞
+ =

(
I 0
0 0

)
, 5∞

− =

(
0 0
0 I

)
.

(Cf. the decomposition (8).) In fact (see [1, Lemma 2.1]) we have:

Lemma 1. For all s ∈ R,5c
±(D) is bounded from Hs → Hs uniformly in c. Moreover,

5c
±(D) = 5∞

± ±
1

c
Rc

1(D) = 5∞
± ±

1

2ci
αk∂k ±

1

c2
Rc

2(D)

where theRc
j (D) are multipliers bounded from Hs → Hs− j uniformly in c. (In fact, the

symbolsRc
j (ξ) are O(|ξ | j ) for j = 1,2.)

This suggests that the decomposition

ψεj = 5c
+(h̄D)ψεj +5c

−(h̄D)ψεj
of the Dirac spinors is related to positive and negative energies, or to electrons and positrons,
and we now wish to compare it to the decomposition given by (15) and (16). But using the
Dirac equations for theψεj , from (1), we see that

(49) 5c
±(h̄D)ψεj − ψεj,± = ±

1

2

{
µc(h̄D)

}−1
(

Aεkα
kψεj

)
.

From this and the bounds in Theorem 1, we deduce the following estimates, recalling that
Hs is an algebra fors> 3/2:(∑

λεj

∥∥∥ψεj,±(t)−5c
±(h̄D)ψεj (t)

∥∥∥2

H5

) 1
2

≤
C

c7/4
exp

(
aT0

h̄M

)
,(50) (∑

λεj

∥∥∥ψεj,±(t)∥∥∥2

H5

) 1
2

≤ C exp

(
aT0

h̄M

)
,(51) (∑

λεj

∥∥∥φεj (t)∥∥∥2

H5

) 1
2

≤ C exp

(
aT0

h̄M

)
,(52) (∑

λεj

∥∥∥ψεj,−(t)∥∥∥2

H2

) 1
2

≤
C

c
exp

(
aT0

h̄M

)
(53)

for all ε and 0≤ t ≤ T0. Here, as we recall,

(54) φεj = ei tc2/h̄ψεj,+ = ei tc2/h̄ψεj − ei tc2/h̄ψεj,−, j ∈ N.
Thus, (52) follows directly from (51). But (51) follows from (50) and the uniform bound-
edness of5c

±(D) on H5. In view of (50), it suffices to prove (53) withψεj,− replaced by
5c

−(h̄D)ψεj , but in that case it reduces, by Lemma 1, to the estimates (14) and (12) from
Theorem 1.
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Observe that the estimate (22) in Theorem 2 is a direct consequence of (53) and (54).
Since, for anyp ≥ 1,∥∥ρε(t)− nε(t)

∥∥
L p ≤

(∑
λεj

{∥∥∥ψεj (t)∥∥∥2

L2p
+

∥∥∥φεj (t)∥∥∥2

L2p

})1/2

×

(∑
λεj

∥∥φεj (t)− ei tc2/h̄ψεj (t)
∥∥2

L2p
x

)1/2
,

we then immediately get (23).

Let us then turn to the proof of the crucial error estimate in Theorem 2. The first step is to
note that (see [4, Lemma 2.1] for this)

i h̄∂tφ
ε
j −

{
µc(h̄D)− c2

}
φεj = −Aε0φ

ε
j +

1

2
ei tc2/h̄ Rεj

where

(55)
Rεj = h̄c

{
µc(h̄D)

}−1
(
2i Aε · ∇ψεj + i Eε

kα
kψεj − Bεk Skψεj

)
+

{
µc(h̄D)

}−1
(∣∣Aε∣∣2ψεj +

[
µc(h̄D)− c2, Aε0

]
(ψεj,+ − ψεj,−)

)
.

Here [·, ·] denotes the commutator,Sk
=

(
σ k 0
0 σ k

)
, Eε = ∇ Aε0 −

1
c∂tAε is the electric

field vector andBε = ∇ × Aε the magnetic field vector. Next, note that

µc(h̄D)− c2
= −

h̄2

2
1+

1

c2
Rc

4(h̄D)

whereRc
4(D) is a multiplier bounded fromHs

→ Hs−4 uniformly in c. (In fact, the
symbolRc

4(ξ) is O(|ξ |4).) Finally, writing−Aε0 = Vε
+ r ε, where

1r ε = −

∑
λεj

(
2 Re

〈
ψεj,+, ψ

ε
j,−

〉
C4

+

〈
ψεj,−, ψ

ε
j,−

〉
C4

)
,

we conclude that (19) is satisfied, with

Errorεj =
1

2
ei tc2/h̄ Rεj +

1

c2
Rc

4(h̄D)φεj + r εφεj ,

and it only remains to prove the estimate (20) for each of the three terms in the right hand
side.

The term 1
c2Rc

4(h̄D)φεj satisfies (20) with 1/c2 instead of 1/c, in view of (52). The
term r εφεj we estimate as follows. By Leibniz’ rule, Ḧolder’s inequality and Sobolev
embedding,‖ f g‖H1 ≤ C ‖1 f ‖L6/5 ‖g‖H2. Thus,(∑

λεj

∥∥∥r εφεj (t)
∥∥∥2

H1

) 1
2

≤ C
∥∥1r ε(t)

∥∥
L6/5

(∑
λεj

∥∥∥φεj (t)∥∥∥2

H2

) 1
2

,

so recalling (52), and estimating∥∥1r ε(t)
∥∥

L6/5 ≤ C
∑

λεj

[∑
±

∥∥∥ψεj,±(t)∥∥∥L2

] ∥∥∥ψεj,−(t)∥∥∥H1

≤ C

[∑
±

(∑
λεj

∥∥∥ψεj,±(t)∥∥∥2

L2

) 1
2
] (∑

λεj

∥∥∥ψεj,−(t)∥∥∥2

H1

) 1
2

,

we conclude, using (51) and (53), that (20) holds forr εφεj .
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Finally, we consider terms fromRεj . For the bilinear terms

h̄c
{
µc(h̄D)

}−1
(
2i Aε · ∇ψεj + i Eε

kα
kψεj − Bεk Skψεj

)
we use the rather crude estimate

∥∥{
µc(h̄D)

}−1
( f g)

∥∥
H1 ≤

C
c2 ‖ f ‖H2 ‖g‖H1, which in

view of (12) yields (20) for these terms. Similarly, for the cubic term{
µc(h̄D)

}−1
(∣∣Aε∣∣2ψεj )

we use
∥∥{
µc(h̄D)

}−1
( f gh)

∥∥
H1 ≤

C
ch̄ ‖ f gh‖L2 ≤

C
ch̄ ‖ f ‖H1 ‖g‖H1 ‖h‖H1. Finally, for

the commutator terms

(56)
{
µc(h̄D)

}−1
([
µc(h̄D)− c2, Aε0

]
(ψεj,±)

)
,

we can in effect treat
{
µc(h̄D)

}−1 as 1/c2, andµc(h̄D) − c2 as ch̄∇. In fact, since
|µc(ξ + η)− µc(η)| ≤ c |ξ |, it follows readily that∥∥[µc(h̄D), f ]g

∥∥
H1 ≤ Cch̄ ‖1 f ‖L2 ‖g‖H2 .

Hence, the term (56) taken in the norm
(∑

λεj ‖·‖
2
H1

)1/2 is dominated by

h̄

c

∥∥1Aε0(t)
∥∥

L2

(∑
λεj

∥∥∥ψεj,±(t)∥∥∥2

H2

) 1
2

,

and since
∥∥1Aε0(t)

∥∥
L2 ≤

∑
λεj

∥∥∥ψεj (t)∥∥∥2

L4
, we get the desired estimate from (12) and (51).

This concludes the proof of the error estimate.

Next, we bound the energy. Let us first prove the “almost conservation” estimate (26),
and then at the end of this section we bound the initial energy, using a Lieb-Thirring type
inequality from [9]. Write( f, g) =

∫
〈 f, g 〉 dx for the L2 inner product. From (21),

whose easy proof we omit, we have

d

dt

1

2

∫
R3

x

∣∣∇Vε(t)
∣∣2 dx = Re

(
∇∂t V

ε,∇Vε
)

= − Re
(
1∂t V

ε,Vε
)

= Re
(
∂tn

ε,Vε
)

=
(
JεS,∇Vε

)
+

2

h̄

∑
λεj Im

(
Errorεj ,Vφεj

)
and

d

dt

1

2

∫
R3

x

∑
λεj h̄

2
∣∣∣∇φεj (t)∣∣∣2 dx =

∑
λεj h̄ Re

(
h̄∇∂tφ

ε
j ,∇φ

ε
j

)
= h̄

∑
λεj Im

(
[∇Vε]φεj ,∇φ

ε
j

)
+ h̄

∑
λεj Im

(
∇ Errorεj ,∇φ

ε
j

)
.

In the last equality, the first term on the right hand side is nothing else than−(JεS,∇Vε),
and so it follows that

d Eεtot

dt
=

∑
λ j Im

(
∇ Errorεj , h̄∇φεj

)
+

2

h̄

∑
λεj Im

(
Errorεj ,Vφεj

)
= I ε + II ε.

We now estimate the termsI ε, II ε on the right hand side in absolute value.
By the Schwarz inequality,∣∣I ε∣∣ ≤

(∑
λεj

∥∥∥∇ Errorεj

∥∥∥2

L2

) 1
2
(∑

λεj h̄
2
∥∥∥∇φεj

∥∥∥2

L2

) 1
2

.
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By Hölder’s inequality and Sobolev embedding,∣∣II ε∣∣ ≤
2

h̄

∑
λεj

∥∥∥Errorεj

∥∥∥
L3

‖V‖L6

∥∥∥φεj ∥∥∥L2

≤
2

h̄
‖∇V‖L2

(∑
λεj

∥∥∥Errorεj

∥∥∥2

H1

) 1
2
(∑

λεj

∥∥∥φεj ∥∥∥2

L2

) 1
2

.

But from (49) we have
∥∥∥φεj ∥∥∥L2

≤

∥∥∥ψεj ∥∥∥L2
+

∥∥∥ψεj,−∥∥∥
L2

, so by (53),

(57)

(∑
λεj

∥∥∥φεj (t)∥∥∥2

L2

) 1
2

≤ 1 +
C

c
exp

(
aT0

h̄M

)
.

Using (20) we then conclude:∣∣∣∣d Eεtot

dt

∣∣∣∣ ≤
(
Eεtot

) 1
2

C

c
exp

(
aT0

h̄M

)
uniformly in 0 ≤ t ≤ T0, and this clearly implies (26).

It remains to proveEεtot(0) ≤ C. By (5), this reduces to bounding‖∇Vε(0)‖L2
x
. But∥∥∇Vε

∥∥
L2

x
≤ C

∥∥1Vε
∥∥

L6/5
x

= C
∥∥nε

∥∥
L6/5

x
≤ C

∥∥nε
∥∥5/12

L1
x

∥∥nε
∥∥7/12

L7/5
x
,

and‖nε‖L1
x

≤
∑
λεj

∥∥∥φεj ∥∥∥2

L2
x

is uniformly bounded by (57), so it suffices to bound‖nε(0)‖L7/5.

To this end, we apply a Lieb-Thirring type inequality from [9] (there the inequality was
proved for complex valued functions, but the same argument works for spinors):

Theorem. (See[9, Appendix].) Assume given an orthonormal spinor valued sequence
{u j } j ∈N in L2(R3

x)
4 and a sequence{µ j } j ∈N of non-negative numbers, such that

∑
µ2

j <

∞ and
∫ ∑

µ j
∣∣∇u j (x)

∣∣2 dx < ∞. Define

a(x) =

∑
µ j

∣∣u j (x)
∣∣2 and b(x) =

∑
µ j Im

〈
∇u j (x),u j (x)

〉
C4 .

Then

‖a‖L7/5 ≤ C
∥∥{µ j }

∥∥4/7
l 2

(∫ ∑
µ j

∣∣∇u j (x)
∣∣2 dx

)3/7

,(58)

‖b‖L7/6 ≤ C
∥∥{µ j }

∥∥2/7
l 2

(∫ ∑
µ j

∣∣∇u j (x)
∣∣2 dx

)5/7

.(59)

Applying this to the solution of (1) gives

(60)
∥∥ρε(t)∥∥L7/5 ≤ C

(
1

h̄3

∑
(λεj )

2
)2/7 (∑

λεj h̄
2
∥∥∥∇ψεj (t)

∥∥∥2

L2

)3/7

,

which implies‖ρε(0)‖L7/5 ≤ C, on account of (5) and (30).But from this and (23) we get
also‖nε(0)‖L7/5 ≤ C.

Finally, we prove (24). With notation as in (15), defineφεj,± = e±i tc2/h̄ψεj,+. Then (see [4,
Lemma 2.1])

i h̄∂tφ
ε
j,± = ±

{
µc(h̄D)− c2

}
φεj,± − Aε0φ

ε
j,± ±

1

2
ei tc2/h̄ Rεj
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whereRεj is given by (55). Thus, from (51), (53) and the proof of (20), we conclude that

(61)

(∑
λεj

∥∥∂tφ j,+(t)
∥∥2

L2

)1/2
≤ C exp

(
aT0

h̄M

)
,(∑

λεj
∥∥∂tφ j,−(t)

∥∥2
L2

)1/2
≤

C

c
exp

(
aT0

h̄M

)
.

Now write, for the vector components ofJε,

c
∑

λεj

〈
αkψεj , ψ

ε
j

〉
= c

∑
λεj

〈
αk

(
ψεj,+ + ψεj,−

)
,
(
ψεj,+ + ψεj,−

) 〉
= c

∑
λεj

〈
αkψ j,+, ψ

ε
j,+

〉
+ c

∑
λεj

〈
αkψ j,−, ψ

ε
j,−

〉
+ c

∑
λεj

〈
αkψ j,+, ψ

ε
j,−

〉
+ c

∑
λεj

〈
αkψ j,−, ψ

ε
j,+

〉
= I1 + I2 + I3 + I4.

First, we prove thatI3, I4 → 0 inD′
(
(0, T0)× R3

x

)
asε → 0. But I3 can be written

ce−2tc2/h̄
∑

λεj

〈
αkφ j,+, φ

ε
j,−

〉
= −

h̄

2c

∂

∂t

(
e−2tc2/h̄

) ∑
λεj

〈
αkφ j,+, φ

ε
j,−

〉
,

so we simply multiply this by a test function, integrate by parts and make use of (61), and
similarly for I4. By (53), the termI2 converges strongly to zero in, e.g.,L1

x uniformly in
0 ≤ t ≤ T0, so we are left withI1. In view of (50), we can replaceψεj,+ by5c

+(h̄D)ψεj
in I1; this only introduces an error which converges strongly to zero inL1

x uniformly in
0 ≤ t ≤ T0. Thus, we redefine

I1 = c
∑

λεj

〈
αk5c

+(h̄D)ψεj ,5
c
+(h̄D)ψεj

〉
.

Using the expansion given in Lemma 1, and basic properties of the matrices5∞
± as defined

in (48), namely,5∞
± =

(
5∞

±

)∗,
(
5∞

±

)2
= 5∞

± , 5∞
+5

∞
− = 0 andαk5∞

+ = 5∞
− α

k, one
finds that

I1 = Im
∑

λεj

〈
αkαl ∂l (5

∞
+ ψ

ε
j ),5

∞
+ ψ

ε
j

〉
+ O

(
1

c
exp

(
aT0

h̄M

))
in L1

x uniformly in 0 ≤ t ≤ T0. In view of (14), we can remove the projector5∞
+ , and

using the identity (here the summation convention applies)

αkαl
= δkl I4×4 + i εklmSm, where Sm

=

(
σm 0
0 σm

)
,

we conclude that

I1 =

∑
λεj Im

〈
∂kψ

ε
j , ψ

ε
j

〉
+

∑
λεj Reεklm

〈
Sm∂lψ

ε
j , ψ

ε
j

〉
+ O

(
1

c
exp

(
aT0

h̄M

))
=

∑
λεj Im

〈
∂kψ

ε
j , ψ

ε
j

〉
+

1

2

∑
λεj ε

klm∂l

〈
Smψεj , ψ

ε
j

〉
+ O

(
1

c
exp

(
aT0

h̄M

))
in L1

x uniformly in 0 ≤ t ≤ T0. Moreover, in the first two terms on the right hand side, we
may replaceψεj by φεj , on account of (22), and this concludes the proof of (24).
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5. FROM DM TO VP: PROOF OFTHEOREM 3

Let Wε(t, x, v) andwε = tr Wε be given as in (27) and (28). Since theλεj are real,
Wε is hermitian, andwε is real valued. In fact, theλεj are non-negative, but this does not
imply that Wε is positive semi-definite. The latter property can be recovered, however,
by mollification of the Wigner transform using Gaussians. In fact, theHusimi transform,
defined by

W̃ε
= Wε

∗x,v Gh̄, where Gh̄(x, v) = gh̄(x)gh̄(v) and gh̄(x) =
e−|x|

2/h̄

(π h̄)3/2
,

is hermitian and positive semi-definite. For this and other basic facts concerning the Wigner
transform, we refer to the surveys [9] and [7].

Writing

(62)
κε(t, x, y) =

∑
λεjψ

ε
j (t, x)

[
ψεj (t, y)

]∗

,

κ̃ε(t, x, y) = κε
(
t, x −

y

2
, x +

y

2

)
,

we have from Plancherel’s theorem:

(63)
∥∥Wε(t)

∥∥
L2

x,v
=

1

(2π h̄)3/2
∥∥κ̃ε(t)∥∥L2

x,y
=

1

(2π h̄)3/2
∥∥κε(t)∥∥L2

x,y
.

It follows that theL2 norm of the Wigner transform is conserved in time:

(64)
∥∥Wε(t)

∥∥2
L2

x,v
=

1

(2π h̄)3

∑
j

∑
k

λεj λ
ε
k

(
ψεj (t), ψ

ε
k (t)

)
=

1

(2π h̄)3

∑
j

(λεj )
2

where we used the Dirac spinorL2 conservation (10) to get the last equality. This confirms
the equivalence of (29) and (30). Next we note that

(65)
∥∥ρε(t)∥∥L p ≤ C for 1 ≤ p ≤ 7/5.

Indeed, forp = 1 this follows from (3) and (10), and forp = 7/5 we use (60), (30) and
(25). Then it follows not only that∇ Aε0 is uniformly bounded inL2, but in fact that for
someδ > 0 we have

(66)
∥∥∇ Aε0(t)

∥∥
H δ ≤ C.

Thus, the quantities in the left hand sides of (32)–(37) are all uniformly bounded in the
appropriate spaces appearing in the right hand side, so we can extract subsequences con-
verging as stated. Thus, from now on we may assume that (32)–(37) hold, and it only
remains to verify the key properties of the limit. Our arguments here follow closely those
in [9] and [10], so we give few details.

First, since the Husimi transform is hermitian and positive semi-definite, it follows im-
mediately that the same holds for the limitW0. Thus, f = tr W0 is non-negative, and by
constructionf is in L2

x,v uniformly in time. We still have to prove that

(67) (1 + |v|2) f ∈ L1
x,v
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uniformly in time. To this end, one can use the following identities involving the Husimi
transform and its tracẽwε = tr W̃ε:∫

w̃ε(t, x, v)dv = ρε(t, ·) ∗ gh̄(x),(68) ∫
w̃ε(t, x, v)dx dv =

∫
ρε(t, x)dx =

∑
λεj = 1,(69) ∫

|v|2 w̃ε(t, x, v)dx dv =

∫
R3

x

∑
λεj h̄

2
∣∣∣∇ψεj (t, x)

∣∣∣2 dx +
3h̄

2
.(70)

From Theorem 2 we know that the right hand side of (70) is uniformly bounded, so it
follows that

∫
(1 + |v|2)w̃ε dx dv is uniformly bounded. Hence, recalling the weak *

compactness of bounded sets in the spaceM(R3
x × R3

v) of finite measures, one concludes
that the limit (1 + |v|2) f must belong toM(R3

x × R3
v); but since this limit is in fact a

non-negative function, this is the same as saying that it belongs toL1
x,v. By the same type

of argument we conclude from (65) thatn ∈ L1
x ∩ L7/5

x uniformly in time.
It only remains to prove that( f,n) satisfies the Vlasov-Poisson system, and that (38)

holds, with the limit given by (41); the conservation law (42) then follows immediately
from the conservation law∂tρ

ε
+ div Jε = 0 for (1).

The fact that1V = −n is of course an immediate consequence of1Aε0 = ρε. It is
less obvious that

∫
f dv = n. Suppressing the time variable for notational convenience,

what we have to prove is that
∫

f (x, v)θ(x)dv dx =
∫

n(x)θ(x)dx for all test functions
θ ∈ C∞

c . In view of (68), this reduces to proving that

(71)
∫

Fl (v)dv →

∫
F(v)dv

as l → ∞, whereFl (v) =
∫
w̃εl (x, v)θ(x)dx and F(v) =

∫
f (x, v)θ(x)dx are non-

negativeL1 functions. Of course, sincẽwεl → f weakly, we do know that

(72)
∫

Fl (v)χ(v)dv →

∫
F(v)χ(v)dv

for all test functionsχ ∈ C∞
c . It is easy to show that (72) implies (71) if and only ifFl is

compact at infinity, in the sense that

lim sup
l→∞

∫
|v|>R

Fl (v)dv

converges to zero asR → ∞. But in our case,(1+|v|2)Fl (v) is uniformly bounded inL1,
which clearly implies compactness at infinity. This concludes the proof of

∫
f dv = n.

It only remains to prove that∂t f + v · ∇x f − ∇xV · ∇v f = 0 is satisfied in the weak
sense, with dataf |t=0 = f I , i.e.,

∫∫ T0

0
f {−∂tθ − v∇xθ + ∇xV · ∇vθ} dt dx dv +

∫
f I (x, v)θ(0, x, v)dx dv = 0
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for all test functionsθ ∈ C∞
c

(
[0, T0) × R3

x × R3
v

)
. For this, it is convenient to use the

Wigner transform withψεj replaced byφεj , appearing in (19). Thus, we redefine

wε(t, x, v) =

∑ λεj

(2π)3

∫
R3

y

〈
φεj

(
t, x −

h̄

2
y
)
, φεj

(
t, x +

h̄

2
y
) 〉

C4
ei v·y dy

=
1

(2π)3

∫
R3

y

(tr κ̃ε)(x, h̄y)ei v·y dy

whereκ̃ε(x, y) is defined as in (62) but withψεj replaced byφεj .
The difference between this Wigner transform and our original definition (28) converges

strongly to zero asε → 0, in L2
x,v uniformly in time, as is easily seen from the estimate

(22), using Plancherel’s theorem as in (63). In particular, we have

(73)
1

(2π h̄)3/2
∥∥tr κ̃ε

∥∥
L2

x,v
≤ C

uniformly in time. Moreover, (32) and (34) still hold, with our new definition ofwε; (35)
and (36) hold with−Aε0 replaced byVε, and (37) holds withρε replaced bynε, on account
of (23), which also implies that (65) and (66) hold withρε replaced bynε andAε0 replaced
by Vε. Thus,

(74)
∥∥∇Vε(t)

∥∥
H δ ≤ C.

for someδ > 0.
A straightforward but tedious calculation, taking into account thatφεj solves (19), re-

veals thatwε satisfies

(75) ∂tw
ε
+ v · ∇xw

ε
− ∇xVε

· ∇vw
ε

= (2π)3
(
Aε + Bε + Cε

)
,

where

Aε =

∫
R3

y

(tr κ̃ε)(x, h̄y)(−i )Fε(t, x, y)ei v·y dy,

Fε =
Vε(t, x − h̄y/2)− Vε(t, x + h̄y/2)

h̄
− y · ∇Vε(t, x),

Bε =
1

i h̄

∫
R3

y

∑
λεj

〈
Errorεj

(
t, x −

h̄

2
y
)
, φεj

(
t, x +

h̄

2
y
) 〉

C4
ei v·y dy,

Cε
= Bε.

Let us first prove that the terms in the right hand side of (73) tend to zero in the weak
sense. ForBε andCε, this is immediate from (20), and in fact the convergence is strong in
L2

x,v uniformly in time, as one can see from the appropriate analogue of (63). To prove that
Aε → 0 in the sense of distributions it suffices, in view of (73), to show thatFε converges
strongly to zero inL2

loc(R
3
x × R3

y) uniformly in 0 ≤ t ≤ T0. To this end, one writes

Fε(t, x, y) =

∫ 1/2

−1/2

{
∇xVε(t, x + sh̄y)− ∇xVε(t, x)

}
ds · y.

and applies, e.g., the elementary inequality (valid for anyδ > 0 andR ≥ 1)

‖g(x + y)− g(x)‖L2
x

≤ ‖g‖H δ

(
sup

|ξ |≤R

∣∣∣ei ξ ·y
− 1

∣∣∣ + R−δ
)
,

combined with (74).
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It now only remains to prove that the left hand side of (75) converges to∂t f + v ·

∇x f − ∇xV · ∇v f in the sense of distributions. The issue is to prove that the nonlinear
term∇xVεl · ∇vw

εl = divv(wεl ∇xVεl ) converges to∇xV · ∇v f = divv( f ∇xV) in D′, or
equivalently thatwεl ∇xVεl → f ∇xV in D′. This is not obvious, since the factorswεl and
∇xVεl are only known to converge weakly inL2. The crucial fact, however, is that some
subsequence of∇xVεl converges strongly inL2

loc(R
3
x), uniformly in 0 ≤ t ≤ T0. To see

this, one first notes that∇xVε is compact inL2
loc(R

3
x), in view of (74). Thus, it suffices

to prove equicontinuity of∇xVε(t) in L2
loc(R

3
x). By L p interpolation, Sobolev embedding

and the estimate (74), one has∥∥∇Vε(t)− ∇Vε(s)
∥∥

L2(BR)
≤ C

∥∥∇Vε(t)− ∇Vε(s)
∥∥θ

L7/6(BR)

≤ C

(∫ t

s

∥∥∂t∇Vε(t ′)
∥∥

L7/6(BR)
dt′

)θ
for some 0< θ < 1 and all 0≤ s ≤ t ≤ T0, whereBR denotes the ball|x| ≤ R. It is
therefore enough to prove that‖∂t∇Vε(t)‖L7/6(BR)

is uniformly bounded. But from (19)
and (21) we have

∂t∇Vε
= −1−1

∇∂tn
ε

= 1−1
∇ div JεS −1−1

∇r ε,

whereJεS = h̄
∑
λεj Im

〈
∇φεj , φ

ε
j

〉
C4

is uniformly bounded inL7/6(R3
x), in view of (59),

and wherer ε =
2
h̄

∑
λεj Im

〈
Errorεj , φ

ε
j

〉
C4

. Thus,∥∥∂t∇Vε(t)
∥∥

L7/6(BR)
≤

∥∥JεS(t)
∥∥

L7/6(R3
x)

+ CR

∥∥∥1−1
∇r ε(t)

∥∥∥
L2(R3

x)

≤ C + CR
∥∥r ε(t)

∥∥
L6/5(R3

x)
,

and by (20) and (52) the very last term is seen to be uniformly bounded.
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