CONVERGENCE OF THE DIRAC-MAXWELL SYSTEM TO THE
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ABSTRACT. We study the behavior of solutions of the (mixed state) Dirac-Maxwell sys-
tem in the simultaneous non-relativistic and semi-classical limits, i.e., as the speed of light
¢ tends to infinity and the Planck constdmtends to zero. Under a constraint of the form

% exp(hiM) = 0(1), whereM is a sufficiently large integer, and with suitable conditions

on the initial data, we prove that the scalar Wigner transform of the Dirac spinors converges
weakly to a solution of the classical Vlasov-Poisson system. Our key technique is a blend
of null form bilinear estimates with the machinery of the Wigner transform.

1. INTRODUCTION

The Dirac-Maxwell system (DM) is one of the key equations in quantum electrodynam-
ics, describing the self-consistent interaction between spinor (representing a 4-component
electron-positron state) and electromagnetic fields. According to quantum statistical me-
chanics we do not assume that the initial state is defined/prepared as only one “pure state
but rather as a statistical mixture of infinitely many states, which is essential when apply-
ing Wigner transform techniques, since it allows for specific assumptions on the occupation
probabilities as an additional initial datum.

We write the Maxwell equations as wave equations for the potentials, choosing the
Coulomb gauge condition d& = 0, which has the crucial advantage that the main bilinear
terms in the Dirac equation appear as null bilinear forms. Hence we consider the following
formulation of the DM system oR; x R :

ihary§ = —ihca®owyf + pyf — Aja®yi — Agwi, jeN,
o0
M ARG = 1", p= 2 v
oo -
CeA” =P (3 /c), JSZCZj=1i?<a‘/’J’E"/’i€>C4‘

The unknowns are (i) the sequence of 4-spin{cw$(t, X)}jen C C*, regarded as
column vectors, (ii) the electric potenti&¥i(t, x) € R and (iii) the magnetic potential
A%(t, x) = (AL, A5, AY) € IR3. Here, the particle charge and rest mass have been set equal
to unity. The superscript

(=)
e:=(-,h
c

is used to emphasize the dependence of the solution on the param#terspeed of light,
andh, the Planck constant. Our aim is to perform the mathematically rigorousdimnitO.
Thus,c tends to infinity (thenon-relativisticlimit) and h tends to zero (theemi-classical
limit).

b
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We writegy = &, o = =% fork = 1,2, 3, V = (61, do, 63) for the spatial gradient,
at axK p g

0 = (60, V) = (%at, V) for the spacetime gradient, amd = 213:1 ajz for the spatial
Laplacian. Furthelc = C—lzatz— A is the wave operatoP is the projection onto divergence
free vector fields ifR3 and thex*’s and are the Dirac matrices

I 0 0 ok

(5 2) (5 )
1 (0 1 o (0 i 3 (1 0
=1 o) =0 0) =65

are the Pauli matrices. Repeated lower and upper roman indices are understood to be
summed over 12, 3. Thus,akex = 3°2_; a¥éy, for example. Finally{ -, - )4 is the stan-
dard inner product of£* and (ay, v ) denotes the 3-vector with compone(mé‘ v, 1//)
fork=1,2, 3.

The data for (1) consist of (i) a non-negative seque{rﬁt}ej ey € 11 (the probability
densities) and (ii) initial values for the dynamical variables:

where

2 yik=o=vyj, forjeN; A’lio=2a], 0A"li=0= Db,

where we must require daf = divbf = 0 due to the Coulomb condition.
Throughout we assume that for all

(3) i8>0 and > A% =1,

4) {y/f|} . isorthonormalin L2(R3)4,
e

© (X2 |vus,

whereB > 1 is a constant independent af Note that (3) means that the Weiglif}:,are
indeed “occupation probabilities”, whereas (5) says that the kinetic energy and the energy
of the electromagnetic field are bounded initially.

Furthermore, we assume

) 1/2 ) 1, L
() DA o) Ve e+ 6 e = Bew( ).

2\¥? B 1
Y (Zeilliil) = coolim)

for all e. Heremg is a fixed positive integerHs = HS(Ri) is the standard.?-based
Sobolev space, and we use the following notation for the upper and lower 2-spinors of the
4-spinor ﬁ6|d3//f:

()

and similarly for the initial data;/iI . Arough heuristicis tha{txf} represents electrons and

{;7?} positrons. Thus, (7) guarantees that the energy initially is concentrated in the upper
component, or electron part, of the spinor fields. As it turns out, this property persists in
the evolution.

2 vz & 1 &
) Vel sl <

&

2
Yi ‘
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In our work we are interested in the asymptotic analysis of DM (and the related Klein-
Gordon-Maxwell system) with respect to the non-relativistic limit (also called post-Newtonian
limit) and the (semi-)classical limit.

The following sketch shows the connection of the different levels of asymptotic approx-
imation of DM :

’ Dirac-Maxwell (DM)‘ hi? ’ Relativistic Vlasov-Maxwell (RVM1)
J{C—)oo N %:OOO lc—>oo
’ Schidinger-Poisson (SFD h—_lg) ’ Vlasov-Poisson (Vﬁ)

The limit represented by the vertical arrow on the right was established by J. Schaeffer
[15]; see also P. Degond [5].

The vertical arrow on the left, and also the corresponding limit for the related Klein-
Gordon-Maxwell (KGM) system, was proved recently by the authors in joint work with P.
Bechouche [2, 3, 4] and independently by N. Masmoudi and K. Nakanishi [14].

The lower horizontal arrow is due to P.-L. Lions and T. Paul [9] and, independently, P. A.
Markowich and the first author [10] for a slightly regularized system; both papers deal with
mixed state case, the only pure state result available so far being for the one-dimensional
case, see [16].

As for the upper horizontal arrow, the linear problem, i.e., the passage from Dirac with
given electromagnetic field to rel. Vlasov with given Lorentz force has been given in [7] —
however, for the nonlinear problem this formal limit remains at the level of a conjetture.

In this paper we prove a result corresponding to the diagonal arrow, under the constraint,
however, that tends to infinity much faster thary (cf. condition (9) below). Also, for
the three dimensional case that we consider, the use of mixed states and the condition (30)
on the initial data is indispensable.

Let us mention that there are also "semi-nonrelativistic” models like the selfconsistent
Pauli equation which contains corrections to the 8dimger equation ab(1/c) (cf [13],

[4], where the situation concerning both rigorous modeling and asymptotic limits is still
open, with work of the authors in progress.

Note that for the purpose of the combined non-relativistic/semi-classical limit from
Dirac-Maxwell to Vlasov-Poisson, the local well-posedness result in [14] is not strong
enough, since it only gives existence on a uniform (wcj.time interval for fixedn. The
result in [4] however, yields a rate of growth @ which is crucial to ensure a nontrivial
time interval for the limit considered here.

2. STATEMENT OF RESULTS

A major open question is whether solutions of DM exist globally in time for, say, smooth
compactly supported data of any size. For small data, this question has been answered in
the affirmative by Georgiev [6]. Although the case of large data remains open, it was
proved by the present authors in joint work with P. Bechouche [4] that the local existence
timeT = T(c) grows at least as fast as i@y asc tends to infinity, if the data are uniformly
bounded inH. In this resulth was set equal to unity, but this can easily be achieved by

Lin recent work by P. A. Markowich and C. Sparber [12] a WKB analysis of DM in the semiclassical limit is
carried out for small data and for small times.
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rescaling, hence the results of [4] can be applied also to thedimit O; in so doing, we
need to assume

9) c> exp(i—-ll\;?)

in order to ensure a uniform time interval, [ly] of existence ag — 0. This condition
will be tacitly assumed from now on. Here, and throughout the paper, wa ase M,
and later als&, to denote sufficiently large constants which are independentati T,

but may depend on the fixed parametBrandmg; moreover, these constants change from
line to line. Thus, in the end we choos@andM in (9) so large that the right hand sides of
(14), (20), (22) etc. are(1) ase — 0.

From now on, we consider the arbitrary, but finite, time intervall) to be fixed. We
then have the following existence result, which follows rather easily from our earlier paper
[4]:

Theorem 1. (Uniform local existence for DM.)
(i) For any fixede, the system (1) is locally well posed for d4®) satisfying (3)—
(5). The solution t— ({ch}’ A, tA%)(t) exists in a non-trivial time interval
0<t < T = T{(e B)and describes a continuous curve in the sfatetermined
by the conditions (4), (5). In particular, the?lorthonormality (4) is conserved
in time:
(10) /< Wi (t, %), it %) )@ dx =0y forall j,kand0<t<T.

(iiy Assume (3)—(5) hold for all. Then there exist absolute constants a and M, and
there exists & = d(B) > 0 depending on the bound B in (5), such that for all
¢ = (1/c, h) satisfying|¢| < ¢ and the condition (9), we have(d, B) > Ty, i.e.,
the solution exists in the time inten@l< t < To. Moreover®

, 2\ , aT
(12) (z/ﬁhZHVW]‘“ Lg) +m||aA£(t)||L§sCexp(h—hf),

forall 0 < t < Tp, where as beforé = (%at, V) is the spacetime gradient.
(Recall also the convention concerning constants, set out above.)

(iii) Assume in addition that (6), (7) are satisfied for all Then the solution t»
({y/j?}, Af A% (1), for 0 < t < Tp, describes a continuous curve in the space
determined by the norm in the left hand side of (6), and we have bounds

2 \ V2 T
42 (Z A ng(t)HHs) 1/4 [oAZ®)] 4 < Cexp(a 0)

AT
(13) [oA*®) | 2 < Cexp(h—w?) :

12
(1) (Zalnof,.) = Cen(in)

foralleand0 <t < Tp.
2The regularity of of the non-dynamical variabll% = A_lpg, on the other hand, is of course directly
determined by that of th$

SHere the factoc—1/4 is chosen somewhat arbitrarily; it could in fact be replaced ¥ for anya > 0, but
thenC in the right hand side would of course dependvorin any event, the choice = 1/4 works well enough
for our present purposes.
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A key idea behind our main convergence result is that for the kinetic energy
PR MZHCT
i YilLe

the exponential bound in (11) can be improve@@l) by writing the DM system as a per-
turbed Schidinger-Poisson (SP) system for which the total energy is “almost conserved”.
This involves the decomposition

(15) wi =i +yi_

where

16 S P P L
(16) Wj,i—i{'//j [«¢(hD)] (i tl//j+AoWj)}

andu©(D) is the (spatial) Fourier multiplier with symbol

(17) 1o&) = /2P + ¢4, hence u(D)=+v—c?A+c,

¢ being the Fourier variable corresponding<toThe decomposition (15) is related to pos-
itive and negative energy, and to first order in powers/a@fil.coincides with the splitting

(8) into upper and lower components; see [4], and Sect. 4 below. In view of (14) it is
therefore not surprising that; _ is negligibly small for our present purposes. Thus, we
retain only the positive energy part, from which we subtract the rest energy, i.e., we define
(the “Foldy-Wouthuysen” transformation)

itc2
(18) ¢f =Myt

Then we have the following result:

Theorem 2. (DM as a perturbed SP systemQonsider the solution of (1), (2) obtained in
Theorem 1, with initial assumptions (3)—(7), and assuming also (9), as always. Then the
4-spinors¢?, defined as above, satisfy the perturbed SP system

. h? o .
ihatf/éj§ = —7A¢J§ + Véqﬁj§ + Errorj, j €N,
(19) ,

AVE = —né, né = Zij? ¢

on[0, To] x R3, with data
1 -1, .
#il=0= 5 {wi1 + [ OD] 7} (—ihea ac], + Byt — @navi))]

and for the spinor valued error terms we have the estimate

1
e . 2\2 C aTy
(20) (Z A% || Error; (t) H Hl) << exp(h—M)

forall ¢ andO <t < Tp. The perturbed conservation law

H & 2 & &
(21) an® +divJg = EZAJ Im<Errorj,¢j >C4,
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holds, wherelg = h Z,ljf Im< Vi, ¢ >C4 is the Schodinger current density. Further-
more, comparing with the solution of (1), we have

P ite2/h en2 \2 _ C aTo
22) (> #5150 = &< Puro]f) fEeXp(h—M),
: : C aT
3) o -0l < Coxp(B) for 1< p .

forall e and0 <t < Tp, and

(4) ¥ -35-Vx (D 2(S.¢7)) > 0 InD((©0,To) x R) ase — 0.

. k
Here ¢ ¢¢)denotes the three-vector with compon ¢ #¢) where § = o 0 .
i°?j P 1”7 0 ok

Finally, the total energy is uniformly bounded:

1 2 2 2
(25) E2 (1) = E/}RQszh ‘ngj?(t,x)‘ +[vvet, 0 dx < C.
To be precise, we have initiallyjE(0) < C, and furthermore
X , C aT
(26) Efot() < Eior(0) + 2 eXp(h—,\,?)

foralleand0 <t < Tp.

The semi-classical limih — 0 from the (exact) SP system to Vlasov-Poisson was
done independently by Lions-Paul [9] and (for a slightly regularized system) Markowich-
Mauser [10]. Since the error in Theorem 2 converges strongly to zero, we can adapt the
argument used in the aforementioned papers to our present, more general case.

The key tool for the semi-classical limit is tWigner transform(see [7] and [9] for
exhaustive surveys), which for spinor valugdy € L?(R3)# is given by

1 ; h h *
Wh(f, 0)(X,v) = 21)? /R3 goyf (X - EY) [g (X + EY)i| dy
y

for (x, v) € R3 x R3, whereg* denotes the conjugate transposgoThusW"(f, g) takes
values in the space of 4 4 complex matrices. We then define, for a solution of DM,
27) WAL, X, 0) = D0 ASWP (i ), pi(E, ) (),

whose trace gives thezalartransform

: 45 . h _ h .
(28) w* (t, X, 0) = Z (27[])3 /R?’ < ‘//jé (t’ X = Ey)g 1//1'6 (t, X+ Ey) >C4 elv'ydy.
y

We denote the initial values of these quantities/My(x, v) andw{ (X, v).

For our main result we need, in addition to (3)—(7), the assumption that the Wigner
transform is uniformly bounded ih? on the phase space. This is possible if and only if
we consider mixed states with special properties of the occupation probabilities that have
to depend on the semiclassical parameter in a very particular way:

9 [, <8

for all ¢; as we shall see, this is equivalent to

(30) > (25)? < (2zh)*B.
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For a discussion of this condition and a comparison to the results in the 1-d “pure state”
case, see [11].

In (29) theL 2 norm is taken with respect to the Euclidean matrix npAh= /{ A, A}
associated to the inner produch, B) = Zj,k ajkb_jk for complex 4x 4 matricesA =

(ajk) andB = (bjk). Thus, (29) implie§ w{ || , = O(1).

Theorem 3. Consider the solution of (1), (2) obtained in Theorem 1, with initial as-
sumptions (3)—(7), and assuming also (9), as always. Consider the Wigner transform
WE(t, X, v) and its tracew® = tr W#, given by (27) and (28). As before, we denote their
initial values by W (x, v) andw{ (X, v). Assume (29) (or equivalently (30)) is satisfied.

Let fi be a weak l,%’v limit point of w? (in view of (29) there exists at least one such
limit point). Then

(81) fy>0(ae) fely,nL:, and /|v|2 fi (x,0)dx dv < oo.

Moreover, there exists a sequenge— 0such that as > oo,

(32) wf! — in L2(R3 x R3)) weakly

(33) W4 —s WO in L*°((0, To), L2(R3 x R3)™4) weaks,
(34) w —> f in L°°((0, To), L2(R3 x R?)) weaks,
(35) -A] —V in L((0, To), LO(R?)) weaks,

(36) —VAY — VV inL®((0, To), LA(R3)) weaks,

(37) p¥ —n in L((0, To), L"3(R3)) weaksx

(38) J—J in D'((0, To) x R3),

where the matrix valued Wis hermitian and positive semi-definite (a.e.) ane:fr WO >
0 (a.e.) is a weak solution of the Vlasov-Poisson system

af+o-Vyf—=V,W.V,f=0, O<t<Ty XovekRS
(39) \
AV = —n, n:/fdo, O<t<Tp, xelR>
with data
(40) f(0,x,0) = fj(X,0).

The limitJ of the current density®' is given by
(41) J(t, x) =/uf(t,x,v)dv + Vg x (/tr (év\P(t,x,u)) dv),

wheretr(SWP) denotes the three-vector with componenfS*W°), with S defined as in
Theorem 2. The conservation law

(42) an+divl=0

holds inD’((0, To) x R3). Furthermore, fe L>((0, To); Ly, N L)Z(’U), and the energy is
uniformly bounded:

(43) /|u|2 f(t,x,v)dxdv+/|VXV(t,x)|2dxg C

fora.e.0 <t < Tp.
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Remark. The initial assumptions can be restated in a more synthetic form in terms of
the initial densityxf (X, y) = ZA*J? q/j? | (x)[q/j? | (W)]* and the associatettensity operator
(state operator)

00 = [ ko ) dy

acting on 4-spinor valued functions. For example, (3) and (4) say Tfias a non-
negative Hilbert-Schmidt operator drf(R3)4, with tr(T¢) = 1, and (29) translates to
tr([Tf]Z) = 0O(h®). Conversely, given a family of operatof,°}, with these properties,
diagonalization produces an orthonormal baajﬁl }jen Of eigenvectors, and associated
eigenvaluesf,/lf}jeN satisfying (3), (4) and (29).

3. LOCAL EXISTENCE IN A UNIFORM TIME INTERVAL

Here we prove Theorem 1 by applying results from [4] concerning the local well-
posedness of DM and the asymptotic behaviour of solutiorts-asco. In these results,
howeverh was set equal to unity, so first we have to rescale the system, setting

pi(t,x) =hyf(ht,hx),  Aj(t,x) = Ag(ht,hx) and A®(t,x) = A(ht, hx).
Then({@f}jeN, Af), A?) solves DM withhg,, replaced by,,. Thus,h no longer appears
explicitly in the equations, and the dependencéd dmexclusively through the initial data
pi0,x) =hyf (hx), A%0,x) =ai(hx), &A"(0,x) = hbf(hx).
From (4)—(7) we have

N e P iage 10B
(44) (Z’Iéj “ ¥ (t= o)|||2_|1> + ”8A (t= 0)“L2 < W’
. 1 3 L
(49 (X Alvie=0l3s)" + oAt =0)] s < 108 exp(m),
|| e % 10B 1
(46) (Z A ||’lj (t=0 |||2_|2) < exp(w) ,

where7é denotes the lower 2-spinor qi«fj6 (analogously to (8)). Note thaiﬁ' is unaffected
by the rescaling. }
We can now apply the results from [4] €oy{}jen, Ag, A%). Define norms

(0= (a1 O17)" + e [oA O] yeos

where 0 < o < 1/2 is a fixed parameter; in fact, as in Theorem 1 weeset 1/4,
just to make a definite choice. Again we emphasize that althbuglstill present in the
superscript, the dependence dnis only through the initial data. Thus, until we use the
information given by (44)—(46), the only important asymptotic parameter is

Local well-posedness (for fixed) for data with ;' (t = 0) < oo was proved in [4,
Theorem 6.1], and this gives part (i) of Theorem 1. The conservation (10) aftirener
product is an easy consequence of the Dirac equations for the ﬁ?ldad i Using the

L2 inner product, multiply the Dirac equation fmjf’ on the right byy, then do the same
with j andk interchanged, and subtract the results. In particular, this implies

~ 1
47) Al = ¢

for all t in the interval of existence.
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For part (ii) of Theorem 1, we use the following key result from [4]:

Proposition 1. (Se€[4, Theorem 14.3) There exist

() T* > 0, depending only on R sup..; > 45 l J/f(t =0) ||2|_2 and

(ii) absolute constants, GV, cg > O,
such that itV (0) < B uniformly, thenV¥(t) < CBforall0 <t < T*andallc> coBM.
Moreover, the dependence of ©n R can be taken to be

1)

1+ RK’
whered > 0and K € N are absolute constants.

T"(R) =

This result can be iteratel times to give existence up to timéT*, for ¢ sufficiently
large. A crucial fact is thal * remains constant, because of theconservation law (10).
Moreover, higher regularity persists:

Proposition 2. (Se€[4, Proposition 14.4) Fix k € N, and assumg/{ (0) < B uniformly.
Given0 < T < oo, let N be the smallest integer such that N® T, with T* as in
Theorem 1. Then

£(t) < P(CNB) for 0<t<T, provided c>co(CN7IBYM.
Here C, M, ¢p are absolute constants ang; BB a polynomial.

By (44) we haveN7(0) < 10Bh=%/2 here, and from (47) we see that we may take
T* = o6hK for some choice of absolute constastandK. So applying the last theorem
with T = Tg/h (and hence witiN the smallest integer such thit > %), and then
scaling back to the original variables, we get part (ii) of Theorem 1. Moreover, from
(45) we haveN¢(0) < 10B exp(ﬁr%a), so the same argument also gives part (i) of the
theorem, except for the bounds (13) and (14). To prove those, we apply the following:

Proposition 3. (Se€4, Theorem 14.5 and Lemma 1.pFixk € N. Given0 < T < oo,
let N be the smallest integer such that N¥ T, with T* as in Theorem 1. Suppose

1
. . I B
NE@©) < B and (2 z§||;7§(t=0)||2Hk_l)2 <

hold uniformly. Then

(Z /1]; ” ﬁ?(t)”ik_l)z < %Pk(CN B)

forall 0 <t < T, provided c> co(CN-1B)M. Here C, M, cq are absolute constants and
P« is a polynomial.

Moreover, if we strengthen the assumptibfi(0) < B by additionally requiring that
(recall the presence of the small parametein the definition of\V) | 0A? (t = 0) | k-1 <
B uniformly, then

oA ®)]\yke1 < P(CNB)

forall 0 <t < T, provided c satisfies the same condition as above.

Applying this withk = 3, T* = JhX (as above)T = To/h andN the smallest integer
such thatN > %, and of course making use of the bounds (45) and (46), we then get
(13) and (14), after scaling back to the original variables.
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4. DM AS PERTURBEDSP: lROOF OFTHEOREM 2

Let us first look at the decomposition (15) in a bit more detail. We want to relate it to the
splitting into positive and negative energy parts for the free Dirac equiatian= 9°(D)u,
where the free Dirac operat@°(D) = —icaKax + c24 has Fourier symbaiéa® + c24.

This symbol has two eigenvalugsu®(¢), each of multiplicity 2, withu® given by (17).
The corresponding eigenspace projections are

1
m5.(0) = > {1 £ (kDN *Q°(D)}.

Note that the formal limits as — oo are, in 2x 2 block form,

(48) HSE’:((I) g), H?:(g lo)

(Cf. the decomposition (8).) In fact (see [1, Lemma 2.1]) we have:
Lemmal. Forall s € R, II§ (D) is bounded from 8§ — HS umformly in c. Moreover,
n$(D) =0y + R (D) =0 + zia aki R 5(D)
where theR‘J?(D) are multipliers bounded from #— HS~ unlformly in c. (In fact, the
symbolsl%‘j’(é) are O(|¢))) for j =1, 2)
This suggests that the decomposition
yi = NS (hD)y{ + N (hD)yf

of the Dirac spinors is related to positive and negative energies, or to electrons and positrons,
and we now wish to compare it to the decomposition given by (15) and (16). But using the
Dirac equations for the/jg, from (1), we see that

(49) NS0 — vy = £ (D)) (Afakys).

From this and the bounds in Theorem 1, we deduce the following estimates, recalling that
HS is an algebra fos > 3/2:

2\ ¢ T
(50) (Zﬂé v () — TG (D) () ) smexp(ﬂ),

H5 hM
1
2 \? T
(51) (Zﬂi 0] H5)2 < Cexp(%),
(52) (Zxﬁ

2 \2 aT
P (1) H5) <C EXP(h—M) )
(53) (Z A

1
. 12\ _C _ [aT
wi—(© H2) =< EXp(h—)

forall ¢ and 0< t < Tp. Here, as we recall,

(54) g7 = dONys =Ny ety e,
Thus, (52) follows directly from (51). But (51) follows from (50) and the uniform bound-
edness of1% (D) on H®. In view of (50), it suffices to prove (53) Witbi_ replaced by

I1¢ (h D)y/f, but in that case it reduces, by Lemma 1, to the estimates (14) and (12) from
Theorem 1.
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Observe that the estimate (22) in Theorem 2 is a direct consequence of (53) and (54).
Since, for anyp > 1,
2 1/2
=)

0 . < (Zﬁ {H vi(®)
e (51410 - My 0] 2)

(1)

2
|_2p+’

we then immediately get (23).

Let us then turn to the proof of the crucial error estimate in Theorem 2. The first step is to
note that (see [4, Lemma 2.1] for this)

; € e e e . L itc2/hme
Ihat¢j - {,uc(h D) — CZ} ¢j = _A0¢j + Ee|tc /h Rj
where
g “1(one 3 =3 € 3 e
Rj = hc{/‘c(hD)} (2'A -V +|Ekakl//j - BkSkq/j)

(55)
+ {ue D)} ™ (A i + [4ShD) = & AS] Wiy — v ).

k
Here [, -] denotes the commutato®¢ = (00 O,Ok)1 Ef = VA — %atA*? is the electric
field vector andB? = V x A¢ the magnetic field vector. Next, note that
h? 1
c 2 c

whereR§(D) is a multiplier bounded fromHS — HS=* uniformly in c. (In fact, the
symbolR§($) is O(I€]%).) Finally, writing —Ay=V?®+r¢, where

art = =375 (2Re{wi o v ) o (Vi vis o)
we conclude that (19) is satisfied, with
1 itc2/h oe 1 c 3 Y
Error; = Ee' Rj + §R4(h D)¢j +re¢],

and it only remains to prove the estimate (20) for each of the three terms in the right hand
side.

The termc—lzRZ(h D)¢§ satisfies (20) with 1c? instead of Xc, in view of (52). The
term r3¢]§ we estimate as follows. By Leibniz’ rule, dttler’s inequality and Sobolev
embedding| fglly: < C ATl 5 [1Qlly2- Thus,

1
(X5 lraoly,) <claroles (X

so recalling (52), and estimating

[Ar )] s <C 3 2 [gj H w,—”,imHLz] lvi_o] ,

(o))

we conclude, using (51) and (53), that (20) holdsrf'cwf.

2 \3
#0l)

o
V/j,_(t)HHl> ,

i+ ()
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Finally, we consider terms frorﬂf. For the bilinear terms
hef{u®(hD)} ™" (2iAS Yyl +iEfakyl - B,iSky/f)

we use the rather crude estimatfu®(h D)}_l(fg)”Hl < g—z I fllyz 119l g2, which in
view of (12) yields (20) for these terms. Similarly, for the cubic term

{kehD)}* (|A%[ )

-1 .
we use|{«°(hD)} " (fgh)| 41 < G I fghle < G I f Ik liglye Ihilys. Finally, for
the commutator terms

(56) {e*hD)} ([,ﬁ(h D) — c2, Aé](v/f,i)),

we can in effect treafx°(h D)}_l as 1/c?, and u¢(hD) — ¢ aschV. In fact, since
(& + 1) — 1C(n)| < c|é], it follows readily that

[[«°(hD), f1g| 2 < Cch|Af |l 2 Igly2 .
Hence, the term (56) taken in the no(@ ,Iﬁ‘ ”‘”2H1)1/2 is dominated by

) 2\ b
Slamol: (X4 Jviaof,)"

2
and sincg| AAG() || 2 < X025 [ wi (D) H L4 We get the desired estimate from (12) and (51).
This concludes the proof of the error estimate.

Next, we bound the energy. Let us first prove the “almost conservation” estimate (26),
and then at the end of this section we bound the initial energy, using a Lieb-Thirring type
inequality from [9]. Write(f,g) = [( f,g) dx for the L2 inner product. From (21),
whose easy proof we omit, we have

d1l

dt2/ |va(t)‘ dx = Re(VatVS vVvé ): _Re(Aﬁth,Vg)

= Re(gn", V%) = ZAF Im (Erro V¢F)

and
dt2/ Zﬁhz‘w (t)‘ dx_ZighRe(hvatgbg,V(f)

—h> 1m ([vv€]¢*?, v¢j?) +h> 241m (v Error;, V¢J¢) .

In the last equality, the first term on the right hand side is nothing else-tiaf VV?),
and so it follows that

ddEEOt > 25im (v Error hvgzsf) n EZA;? Im (Error]?, v¢f) —1° 4 1IE,

We now estimate the terni$, 11¢ on the right hand side in absolute value.
By the Schwarz inequality,
2\ 3
2)

= (T4

V Errof; Hiz)% (Z 25 h? ” Vi
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By Holder’s inequality and Sobolev embedding,

L2 ,
0] < = > 4% |Error HLB IVies |5,
1 1
< 2wV (Zii’ Erroﬁﬂil)z(zii’ %} i)
But from (49) we hav%{qs;' L < H vl .+ H‘”i&l—”Lz’ so by (53),
1
(57) (Z/l"] 0] iz)z <1+ % exp(i—;o).

Using (20) we then conclude:

:13 C
dt < (Ef) < X o

uniformly in 0 < t < Tp, and this clearly implies (26).
It remains to proveef;(0) < C. By (5), this reduces to boundinwvg(O)HL%. But

5/12 7/12
[vVel < Clave] es =C | g5 < Cn°[[25° o] 7.
2
and||né|| Ly < > /1? ¢f L2 is uniformly bounded by (57), so it suffices to boud (0) || 7/s.
X

To this end, we apply a Lieb-Thirring type inequality from [9] (there the inequality was
proved for complex valued functions, but the same argument works for spinors):

Theorem. (See[9, Appendix]) Assume given an orthonormal spinor valued sequence
{uj}jen in L2(R3)* and a sequenciu j }jen of non-negative numbers, such tiﬁtgl2 <

ooand [ Y uj |Vu; ()| dx < co. Define

a(x) = > uj \uj(x)\2 and b)) = D uj Im{Vuj(x), uj(x) )ca-

Then
47 o o2 N
(58) lall 7s < C |[{uj}z /zy, IVuj0[*dx)
2/7 2 >/
(59) bl s < C |l ()] /Zﬂ,- VU002 dx) .

Applying this to the solution of (1) gives
3/7

1 ) 2/7 ) 2
60 broleesc(pXe?) (Zarefviol)

which implies||p?(0)]| 75 < C, on account of (5) and (30).But from this and (23) we get
also||n®(0)|| 75 < C.

Finally, we prove (24). With notation as in (15), defipfe, = gtite?/n yi . Then (see [4,
Lemma 2.1])

. 1.2
ihai; o =+ {u°(hD) — 2} ¢ . — Mg} . + 2" "RS
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WhereR‘]? is given by (55). Thus, from (51), (53) and the proof of (20), we conclude that

(7 lass o) < conn().
(5l -0lz) " < Ten(F2).
Now write, for the vector components &f,
o 245 {a v, vi )= e A (o (viw+ vic) (i +vis))
= cz/ljf <akwj,+, wi 4 > + Cz/l“]f <akt//j,_, i >
+ CZ&? <Ockl//j’+, l,ui_ > + CZ/I? <ak1//j,_, {//jg,+>

=li+ 12+ 13+ la

(61)

First, we prove thats, 14 — 0inD’((0, To) x R3) ase — 0. Butl3 can be written

oot T (bl ) == () E [0l )

so we simply multiply this by a test function, integrate by parts and make use of (61), and
similarly for 15. By (53), the terml, converges strongly to zero in, e.g¢.L uniformly in
0 <t < To, so we are left with 1. In view of (50), we can replacgzyJ 4+ by s (h D)l//]

in 11; this only introduces an error which converges strongly to zerbllrunlformly in
0 <t < Tp. Thus, we redefine

I = cZAj( KIS (hD)y, g(hD)w;>.

Using the expansion given in Lemma 1, and basic properties of the mdiifess defined
in (48), namely, 1 = (T1)", (1) = M, MPM® = 0 andakTI3* = M®aX, one
finds that

1 aT
e mEfodaazon ) o (on(2E)

in L} uniformly in 0 < t < To. In view of (14), we can remove the projectdr®, and
using the identity (here the summation convention applies)

aka! = oK1 4un + iEkImSm, where S" = (aOm Uom) ’
we conclude that
I = Z’li |m<akl//j€, y > Zic Reeklm< S"ays, wi >+ o ( exp(f;;o))
= > 25m (i, v )+ ;Z’” "o (S"vi. i)+ 0 (1 exp<aT0))

in L)l( uniformly in 0 < t < To. Moreover, in the first two terms on the right hand side, we
may replace//f by ¢%, on account of (22), and this concludes the proof of (24).
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5. FRoMm DM 10 VP: PROOF OFTHEOREM 3

Let We(t, x, ») andw® = tr W¢ be given as in (27) and (28). Since Tﬁu? are real,
W¢ is hermitian, ando® is real valued. In fact, thé]? are non-negative, but this does not
imply that W¢ is positive semi-definite. The latter property can be recovered, however,
by mollification of the Wigner transform using Gaussians. In factHbsimi transform
defined by

e—IxI?/h
( h)3/2’

W8 = WF sy, G, where GM(x,0) =g"(x)g"(v) and g"(x) =

is hermitian and positive semi-definite. For this and other basic facts concerning the Wigner
transform, we refer to the surveys [9] and [7].

Writing
KXy = D 2w [y ]

ﬁs(t,x,y)zzce(t,x—%,xﬁt)—z/),

(62)

we have from Plancherel’s theorem:
63 WE (t = - i (t = 1 et
(63) I ()||L§,D—(2,r—h)3/z||’C ()”Lﬁ’y_(zn.—h):%/Z”K O], -

It follows that theL2 norm of the Wigner transform is conserved in time:
1 1
& 2 _ 2 2 &9¢e & & — 2 £y2
(64) ”W (t)”L%U - (271. h)3 j - illlk (l//J (t), Wk(t)) (27rh)3 j (lj)

where we used the Dirac spinb? conservation (10) to get the last equality. This confirms
the equivalence of (29) and (30). Next we note that

(65) lp°®)| p<C for 1<p<7/5.

Indeed, forp = 1 this follows from (3) and (10), and fqu = 7/5 we use (60), (30) and
(25). Then it follows not only tha¥ Ay is uniformly bounded in_2, but in fact that for
somes > 0 we have

(66) [V A§ O] s < C.

Thus, the quantities in the left hand sides of (32)—(37) are all uniformly bounded in the
appropriate spaces appearing in the right hand side, so we can extract subsequences con-
verging as stated. Thus, from now on we may assume that (32)—(37) hold, and it only
remains to verify the key properties of the limit. Our arguments here follow closely those
in [9] and [10], so we give few detalils.

First, since the Husimi transform is hermitian and positive semi-definite, it follows im-
mediately that the same holds for the lin®t®. Thus, f = tr WO is non-negative, and by
constructionf is in Lﬁ’v uniformly in time. We still have to prove that

(67) A+pAfely,
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uniformly in time. To this end, one can use the following identities involving the Husimi
transform and its tracé® = tr W¢:

(68) [ txn o =pt e s g0

(69) /mf(t,x,u)dxdu =/pg(t,x)dx=z/1]? _1

70 28t dxdo = P A L
(70) o & x oy dxc = [ 32 vyt 0| dxt

From Theorem 2 we know that the right hand side of (70) is uniformly bounded, so it
follows that [(1 + [v]?)@¢ dx dv is uniformly bounded. Hence, recalling the weak *
compactness of bounded sets in the spat@: x R3) of finite measures, one concludes
that the limit(1 + |»|%) f must belong toM(R3 x R3); but since this limit is in fact a

non-negative function, this is the same as saying that it belongﬁ,};o By the same type

of argument we conclude from (65) thae L1 N LZ/S uniformly in time.

It only remains to prove thatf, n) satisfies the Vlasov-Poisson system, and that (38)
holds, with the limit given by (41); the conservation law (42) then follows immediately
from the conservation la p® + divJé = 0 for (1).

The fact thatAV = —n is of course an immediate consequenceAd; = p°. Itis
less obvious thaf f dv = n. Suppressing the time variable for notational convenience,
what we have to prove is thdt f (x, )0 (x) do dx = [ n(x)d(x) dx for all test functions
0 € Cg°. In view of (68), this reduces to proving that

(72) /F|(z))dz)—>/F(z))dv

asl — oo, whereF(v) = [ 0% (x,0)0(x)dx andF(v) = [ f(x,0)0(x)dx are non-
negativel ! functions. Of course, sinad® — f weakly, we do know that

(72) /F|(v))((v)dv—>/F(v))((u)dv

for all test functionsy € CZ°. It is easy to show that (72) implies (71) if and onlyFif is
compact at infinity, in the sense that

limsup F () do

l-00 Jp|>R

converges to zero @& — oco. Butin our case(1+ [v|?)F (v) is uniformly bounded ir.1,
which clearly implies compactness at infinity. This concludes the pro¢f btlo = n.

It only remains to prove thak f + v - Vy f — V'V - V, f = 0 is satisfied in the weak
sense, with datd [—g = f, i.e.,

To
// f{—=0i0 —0vVx0 + V4V - V,0} dtdx b +/ fi (X,0)8(0,x,v)dxdv =0
0



CONVERGENCE OF THE DIRAC-MAXWELL SYSTEM TO THE VLASOV-POISSON SYSTEM 17

for all test function®) e C°([0, To) x RS x R3). For this, it is convenient to use the
Wigner transform with//f replaced by)?, appearing in (19). Thus, we redefine

w’(t, X, v) = Z (2/:)3 /Ra <¢e< DY), ¢J€ (t, X 4+ gy) >C4 vy dy

/ (tr®)(x, hy) €Y dy

T (@)®

wherek? (X, y) is defined as in (62) but wnlpf replaced bygsl?.

The difference between this Wigner transform and our original definition (28) converges
strongly to zero as — 0, in L , uniformly in time, as is easily seen from the estimate
(22), using Plancherel’s theorem as in (63). In particular, we have

(73) [rzé|,, <C

(2n h)3/2 |

uniformly in time. Moreover, (32) and (34) still hold, with our new definitionugf; (35)
and (36) hold with— Ag replaced by ¢, and (37) holds withp* replaced byr®, on account
of (23), which also implies that (65) and (66) hold wjth replaced by* and A replaced
by V. Thus,

(74) [vvem|,s < C.

for somes > 0.
A straightforward but tedious calculation, taking into account drfa!;olves (19), re-
veals thatv® satisfies

(75) o’ + v - Vxw® — Vi Ve . V,0f = (21)% (A° 4 B® + C?),
where
- / (tr &) (x, hy) (=) F*(t. x. y)e*¥ dy,
R

VE(t, X — hy/2) — VE(t, x + hy/2)

Fé = P —y- Vi, x),
BS= 1 Zf<Error°(t X — n ) ¢S (t X+ = y)> dvydy,
C* = Be.

Let us first prove that the terms in the right hand side of (73) tend to zero in the weak
sense. FoB? andC¥, this is immediate from (20), and in fact the convergence is strong in
Liv uniformly in time, as one can see from the appropriate analogue of (63). To prove that
A — 0in the sense of distributions it suffices, in view of (73), to show Efatonverges
strongly to zero inL2 (R} x R3) uniformly in 0 < t < To. To this end, one writes

1/2
Fe(t, X, y)=/ {VxVEe(t, x +shy) — Vx VE(t, x)} ds-y.
-1/2
and applies, e.g., the elementary inequality (valid for &ny0 andR > 1)
lg0x +y) = g0z < gl ((sup [¢4Y = 1| + R7?),
I€I<R
combined with (74).
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It now only remains to prove that the left hand side of (75) converges to+ v -
Vi f — ViV - V, f in the sense of distributions. The issue is to prove that the nonlinear
termVy Ve . V,w® = div, (w® VxV#) converges to/xV - V, f = div, (f VxV) in D', or
equivalently thaiv® VyVé — f V4V in D'. This is not obvious, since the factar$' and
V«Vé are only known to converge weakly Ir?. The crucial fact, however, is that some
subsequence dfx V¢ converges strongly imﬁm(Ri), uniformly in 0 < t < Tp. To see

this, one first notes tha, V¢ is compact inLZ (R2), in view of (74). Thus, it suffices

to prove equicontinuity oVx V4 (t) in L%C(Ri). By LP interpolation, Sobolev embedding
and the estimate (74), one has

[VVEr) — VVe(s)|| L2 = C [VVE() — VVi(s) ||9L7/6(BR)

t %
-c ( [ 127V sy dt’)
S

forsome 0< § < 1landall0< s <t < Ty, whereBgr denotes the balx| < R. ltis
therefore enough to prove thid VV?(t)|| 76(gg) is uniformly bounded. But from (19)
and (21) we have

aVVE = —A"van® = A7vdivig — A7tvre,
whereJg = h3 4§ Im<V¢j?, 5 ><c4 is uniformly bounded irL ”/8(R2), in view of (59),
and where¢ = %Zij? Im<Error*j‘, 5 >C4. Thus,

[6VVE O oy < 950 rege, +Cr [A71r )]

L2(RY)
<C+Cr ”rg(t)” L6/5(R?) >
and by (20) and (52) the very last term is seen to be uniformly bounded.
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