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ABSTRACT. We study the behavior of solutions of the Dirac-Maxwell system (DM) in the
nonrelativistic limitc — oo, wherec is the speed of light. DM is a nonlinear system of
PDEs obtained by coupling the Dirac equation for a 4-spinor to the Maxwell equations for
the self-consistent field created by the moving charge of the spinor. Theclimit oo,
sometimes also called post-Newtonian, yields a 8dimger-Poisson system, where the
spin and magnetic field no longer appear.

We prove that DM is locally well-posed fad ! data (for fixedc), and that ag — oo
the existence time grows at least as fadbgéc), provided the data are uniformly bounded
in H1. Moreover, if the datum for the Dirac spinor converge:HiiH, then the solution of
DM converges, modulo a phase correctiorGiio, T]; H1) to a solution of a Sclidinger-
Poisson system. Our results also apply to a mixed state formulation of DM.

The proof relies on modifications of the bilinear null form estimates of Klainerman
and Machedon, and extends our previous work on the nonrelativistic limit of the Klein-
Gordon-Maxwell system.

1. INTRODUCTION

In this paper we study the behavior of solutions to the Dirac-Maxwell (DM) system in
the limitc — oo, wherec is the speed of light. Coupled to the Coulomb gauge condition,
this system has the form

(11) (lyﬂa#_M+gyl‘Aﬂ)l//=0’ 6UFIL¢\J=\]/1/C, 6JAJ =0.

Here the unknowns are the spinor figidt, x) € C*, regarded as a column vector, and the
electromagnetic potentiah, (t,x) € R, x = 0,1, 2, 3. Further,F,, =8, A, — 3, A, is
the electromagnetic field tensor, and

- 0, u
J —C<V Y W,W>C4

is the 4-current density. On the Minkowski spacetiRfe2 we use relativistic coordinates
x0 = ct e R, x = (x}, x2,x%) e R3. g, stands fors2;. Thus,d = 16, whereg, = &.
We also WriteV = (01, 82, 83), A = 07403+05 andD® = (—A)¥/2for s € R. Indices are
raised and lowered using the met(ig,,) = diag(—1, 1,1, 1). The Einstein summation
convention is in effect. Thus, repeated greek indiges, ... are summed over,Q@, 2, 3,
and repeated roman indicgsk, ... over 1 2, 3. For exampleA = 6181. We denote by
(-, -)cn the standard inner product @f'.

The physical constants aM = mgc/h, g = e/hc, wheremg is the spinor’s rest mass,
h is the Planck constant arelis the unit charge. By #, 1 = 0, 1, 2, 3, we denote the
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4 x 4 Dirac matrices, given in 2 2 block form by

o (1 O i_ (0 ol

whereg! = (g_) é) 62 = (? _OI) ande3 = (g') _01) are the Pauli matrices. The

following related matrices occur frequently:

. . j m 0
j_,0,i_(0 o ikl _ (o
al =y —(0, 0), S"i=iy%y _(o Um),

where(k, I, m) is any cyclic permutation ofl, 2, 3). Note the identities
(1.2) alo = —akal + 2611 = 61KI +iel¥g.
The first equation in (1.1) is the Dirac equation. Multiplying it on the leftfyand

taking the imaginary part of it€* inner product withy yields the conservation law
9, J* = 0. Thus, the “charge” is conserved:

(L.3) [ (v, v ®)cs dx= 1w @1, = const.

The second equation in (1.1) is the Maxwell equation. We gpliinto its temporal part
Ao, the electric potential, and its spatial part= (AL, A2, A3), the magnetic potential.
Hence the electric field is given ly= V Ag — 6oA and the magnetic field bg = V x A,
and the second equation in (1.1) is seen to be equivalent to the Maxwell system in classical
form, with charge density = JO%/c and current density = {Jk}k:1’2,3.

The third equation in (1.1) is the Coulomb gauge conditionAdi= 0. The reason
for this choice of gauge is explained below. It is equivalenPfo = A, whereP is the
projection onto divergence free vector field®if. The second and third equations in (1.1)
are then equivalent ta Ag = c~1J% and (c=20% — A) A = c¢~1PJ provided the initial
data of A are divergence free. Thus, when properly rescaled (see [1], [22]), the system
(2.1) is conveniently expressed in terms of a small dimensionless parameter

1
&= —

c
as follows:
(1.4a) oy’ = —ie takocy® + 2y Opf — Aﬁaky/g - Ay,
(1.4b) ANy = p°,
(1.4¢) A% = ePJ°,
where we have put in superscripts to emphasize the dependeacéiere

O, =202 — A

and
(1.4d) pt =y’ vt )<C4 , J = £_1<5u//‘5, wt )C“ )

Here(aw, v ) denotes the 3-vector with compone(‘uﬁé< W, W ) We consider the Cauchy
problem for (1.4) with “finite energy” initial data
(1.5  vlh—o=y§ e HYL (A%, 0A%)|—0 = (8], &) € PH' x PL2

We prove three types of results for this systenzas 0. First, local well-posedness
(abbreviated l.w.p.) with a logarithmic lower bound on the existence time. Second, con-
vergence in the nonrelativistic limit if the initial datum @f converges. Third, we prove
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some more precise results on the asymptotic behavior of the Dirac spinor under various
smallness assumptions on its “positron part”. These results are described in detail in the
next three subsections.

Our results generalize to so-called “mixed states” of quantum statistical mechanics;
see Sect. 14. This formulation is indispensable when dealing with the semiclassical limit
h — 0, since it allows for specific assumptions on the occupation probabilities as an ad-
ditional initial data. The combined nonrelativistic/semiclassical limit from Dirac-Maxwell
to Vlasov-Poisson is dealt with in a forthcoming paper [21].

1.1. Local existence.There are two issues here: (i) l.w.p. fofixed, and (ii) the nature
of thee-dependence of the local existence time as 0.

Concerning (i), the main difficulty is that one cannot directly estimate the bilinear term
Ajaj w in the Dirac equation whep is at much higher frequency th#n due to the fail-
ure of the Strichartz estimate fQA”L?L‘x"’ in 1 + 3 dimensions. The crucial fact proved
here is that when the Dirac equation is squared, the bilinear terms resulting from this dan-
gerous term can all be expressed in terms of null bilinear forms, provided the Coulomb
gauge condition is used, and this enables us to prove lL.w.p. of DM in the data space
(v (0), A(0)) € H! x HY, aresult entirely analogous to that of Klainerman and Machedon
[13] for the Klein-Gordon-Maxwell (KGM) system. (The square of the Dirac eq. is similar
to the Klein-Gordon eq., but contains some additional bilinear terms due to the presence of
spin.)

L.w.p. of DM was first proved by Gross [10] for sufficiently regular data. Bournaveas
[5] studied the problem at low regularity, and proved l.w.pH®?2+° x H1t9 for 6 > 0,
using linear Strichartz estimates. This was improvedifd? x H1 in [23], by partially
employing the null structure of the squared Dirac equation (in fact, using the null structure
of the Klein-Gordon terms, not of the additional bilinear terms due to the spin; the null
structure of the latter terms are however crucial for Bt x H? result obtained in the
present work).

Of course, theH /2 x H1 result proved in [23] implies L.w.p. itd1 x H3/2, but it does
not imply ourH® x H? result. The point is thaA is kept at the same regularity in both
cases. In fact, DM is Lw.p. itdS x H for 1/4 < s < 1; this is proved in a forthcoming
paper by the third author. (Scaling suggests ttfak H'/2 should be the optimal resuilt.)

The question of global existence and uniqueness for DM remains largely (ipersee
Georgiev [9] for a small data result), however, we prove—and this brings us to the second
issue mentioned above—thatas> 0 the local existence time goes to infinity at a certain
rate, subject to the initial assumptions

1
@8 [l =0, |y +elails=0(55) as e
where
1
2.7) O<A <

2

will be kept fixed throughout the paper. (The upper boup@ i explained by the factor
¢1/2 appearing in thé 2 bilinear estimates discussed in Sect. 3; this quantifies the fact that
the magnetic field is a relativistic effect.)

IThis in contrast to the situation for KGM,; see [13]. The crucial point is that KGM has a definite energy
density, unlike DM.
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Theorem 1.1. (H! Lw.p. of DM.) The initial value problem (1.4), (1.5) is locally well
posed for fixed, with an existence time,T> 0 depending only o and the size of the
norms of the data. Moreover, if (1.6) holds, then

(1.8) T >r Iog} as ¢ — 0,
&
where r is a constant depending sop...q | w§| - but independent of. Moreover,
1
@9 I Oln=0a, A0l +elarnl.=o (%)

uniformly in every finite time interval as— 0.

We remark that théd1/2 x H® L.w.p. result in [23] does not give any rate of growth of
the existence time as— oo (i.e., asc — 0), but only existence in a uniform time interval
whose size depends on the size of the data norm. To be precise, the data spacewsed for
in [23] is c"¥2HY2 + H1 (which at fixedc is the same abl1/?) and they prove existence
in a uniform time interval provided that

Iyiow (@)1 + Y2 | prigh(0) | 12 = O(L)

and that theH® norm of the data for the magnetic potentiald$1). Here yo and Whigh
denote the low£ ¢ ~ 1/¢) and high & ¢ =~ 1/¢) frequency parts o (t).

We remark that for the purpose of the combined nonrelativistic/semiclassical limit from
DM to Vlasov-Poisson [21], the L.w.p. result in [23] is not strong enough, as it only gives
existence on a uniform time interval but not any growth rate in

The key idea which allows us to get a growth rateTpis already present in our earlier
paper [2] on KGM, but is not used to full effect there, since for KGM local well-posedness
in H! in any case becomes global by conservation of energy.

Our idea can be summed up in the following two steps.

(i) One expects that DM approaches a S«limger-Poisson system (SP)as> 0.
As is well-known, SP is L.w.p. ir_?, and this extends to a global result due to
conservation of th&? norm. For example, this can be proved (see [2]) using the
Strichartz norm

Z(y) = Iy liers + vl zee

for the Schodinger equation in ¥ 3 dimensions. Heuristically, one may expect
that the same argument should apply to KGM/DMeas 0, modulo some error
converging to zero, and this is exactly what we prove; we obtain closed estimates
for y andA in certain spacetime norms, and in particular hhaorm of the low
frequency partyon. We are able to fine tune the estimates so that terms not
containing theZ-norm have some positive power ofn front of them, and thus

lose their influence as— 0.

We then use a bootstrap argument to prove existence up to & timepending
only on the 2 norm ofy§, providede is sufficiently small, depending on the size
of (1.6).

To see this argument in its clearest form we refer the reader to Sects. 2 and
5in [2], where it is done for KGM. The estimates for DM, which we deal with
here, are considerably more difficult, due to the new bilinear terms which appear.
We prove that the extra terms have a null structure, and we prove some bilinear
spacetime estimates which are needed to control these terms.
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(ii) On account of the conservation of charge (1.3) for the Dirac equation, théltime
is a constant, and we can iterate our existence argument a niNnbelog (:g—l

times to obtain the long time result. See Sect. 7. The point here is that for each
iteration, i.e., each time we advance the timeldy the bound (1.6), which dic-
tates how smali must be taken, may grow by some fixed factor. Thus, to make
N iterations, i.e., to reach a tinie ~ N, we need: < 6C~N, whered depends

on the initial data norm, an@ > 1 is an absolute constant. Taking the logarithm

gives the relationshipp ~ N ~ log (%) ase — 0.

A key tool used in this paper is? spacetime bilinear estimates, related to those first
proved by Klainerman and Machedon. The estimates we use are discussed in Sect. 3, but it
seems worthwhile to include a brief heuristic discussion here. For the moment, takke
to simplify.

A crucial problem is to control bilinear interactions between magnetic potential and
spinor. Since we work with XSP spaces”, it suffices (cf. Theorem 4.1 in Sect. 4) to
consider interactions between a free wave = 0 and a solution) of the free Dirac
equation, which is then also a solution of the Klein-Gordon equdfiort- o = 0. The
spacetime Fourier transforrigz, &) ando(z, &) are measures supported, respectively, on
the light coner = =+ |¢| and on the hyperboloid (of two sheets)= +(1 + |§|2)l/2. The
key observation is that for large frequencies, the hyperboloid looks like a cone, and so the
interaction between andv is essentially like that between two free waves, which was the
case considered by Klainerman and Machdeon. On the other hagdnfameighborhood
of the origin, the hyperboloid it has more curvature than a cone, which provides additional
smoothing.

Let us be a bit more precise. In fact, for the purpose of the nonrelativisticdimitO, it
is crucial to (i) splitv = v4 + v— into positive and negative energy parts (in Fourier space
this corresponds to restricting to the upper and lower sheets of the hyperboloid) and (i) to
subtract the rest energy, which corresponds to a translation in Fourier space, to the surfaces
t=%[(1+ |f|2)1/2 — 1]. The expression inside the square brackets j§| for |¢] < 1
(giving a paraboloid-like surface) and |&| for |£] = 1 (a cone-like surface), suggesting
thatoy should behave like solutions of the free Sidinger equation at low frequency, and
like solutions of the free wave equation at high frequency. These points are discussed in
more detail in later sections.

We stress the fact that no convergence assumption was made on the data in Theorem
1.1—all we need is the uniform bound (1.6). However, ifdeeassume thay converges
in H1, then we can pass to the nonrelativistic limit, which we discuss next.

1.2. Nonrelativistic limit. The nonrelativistic limit of the linear Dirac equation with a
given time-dependent electromagnetic potential was treated in [1] (earlier papers, see e.g.
[6], dealt only with the static case, i.e. time-independent potential). There are also some
results on the nonlinear Dirac and Klein-Gordon equations in the literature, see e.g. [24]
and recently [19], but for the coupled nonlinear KGM and DM systems there are no results
previous to our work (i.e. the present paper as well as [2, 3]) and the independent and
parallel work of Masmoudi and Nakanishi [23].

Let us now state our result. We split the Dirac spinor into its upper and lower compo-
nents:

(1.10) v = (%)
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where 7 and are 2-spinors, i.e. column vectors@f. Before one can pass to the limit
& — 0, the rest energy must be subtracted, which for the upper “positive energy” compo-

nent means multiplication b@it/é‘z and for the lower “negative energy” component multi-
plication bye=it/#*.

Theorem 1.2. (Nonrelativistic limit of DM.) Consider the solution of (1.4), (1.5) obtained
in Theorem 1.1, with data satisfying:

(i) vo = lim,_0 y§ exists in H,

(i) 2] 2 +¢ 2] - = O (%) ase -
Denote the upper and lower 2-spinorsugfbyuar ando, respectively, and letu, v, v-)
be the solution of the Sobdinger-Poisson systém

. A
(1.11) AU=n,  n=o P+ o2, (|ati5) g +Uns = O,
with initial data v |i—o = v . Then as: — 0,

(1.12a)  y° =gt/ (”g) + etit/e? (DO) +o() in HY

(1.12b) AS = u 4 o(1) in HY
(1.12¢) pP=n+o0(1) in LP, 1<p<3,

uniformly in every finite time interval. Moreover, the relativistic current density converges
as follows: Let

P =1Im(Voy, oy )ce —IM(Vo_,v_)c2
(1.13) 1 . 1 .
+ EV X (004,04 )2 — EV X (00—, 0_ )2

where( Vo, vy ) and(c o, v4 ) are the vectors with componefi@ v, v+ )and(s v, v ),
respectively, for =1, 2, 3. Then

/
(1.14) ¥ -3 in [cg(Rt x Ri)] weaks

ase — 0. (The first line in the right hand side @fL.13)is the conserved current asso-
ciated to the limiting syster(l.11) whereas the second line consists of the well-known
divergence-free additional terms due to the interaction spin-magnetic field18ge

We remark that the corresponding result where in the assumption (i) and the conclusion
(1.12a) one replaces the spddé by c™/2HY? + H!, was proved in [23]. While the
spacec™/2H1/2 + H1 s larger thanH1, it also has a smaller norm, so although in [23]
the initial convergence assumption is less strong, then so is the conclusion.

We can improve the convergence rat€x) by strengthening the initial assumptions.
Thus, we shall prove:

Theorem 1.3. Strengthen the hypotheses of Theorem 1.2 by assuming
1
[wglue = O, [ Vah] s +2 ] = O (S_A)
+
v = (”8) +0() in H!

2This system is globally well posed far data.
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ase — 0. Moreover, assum@ar e H®. Then
(1.15) y® = eit/e (“g) +0() in H! as ¢—0

uniformly in every finite time interval. Furthermore, the convergence in (1.12b) and (1.12c)
is also O¢).

Remark1.4. The hypotheses are not strong enough to guarantee strong convergence of
the current density)® locally uniformly in time. In fact, a simple counterexample is
given by the initial datumy§ = [vg, e0d]". ThenJ¢ initially has vector components
2Re{s v, vg ), which does not agree with the weak linift given by (1.13).

Itis instructive to compare the last theorem to the formal derivation of the nonrelativistic
limit usually reproduced in physics textbooks, the basic premise of which is a smallness
assumption on the lower componeéjitof the spinor. The idea is to defihe

(1.16) ¢ = ()’(]g) — eit/{:zl//&.

Then (1.15) can be restated
(1.17) 2 =vy+0@(), #*=0() in H! as ¢— 0.

The Dirac equation (1.4a) gives

(1.18) iDox® =—io!Djn’, IDonez—laJDjxé—grle,
where we writeDg = 0y —icAgandDj = 9j —ieAj. Thus,

€ 1 j & 21 ; € g ¢ g _j.¢&
(2.19) n =—8§IO' ojxf —¢ é{l@tﬂ + Agn” + Ajo’ x },

and substituting this in the first equation in (1.18) gives, after some algebra,
. 1, 2 1 ;
oy = 5 (iV+eA%)" x° — Agx® — ESBJ-SO'JXS —er®

wherer® = 351 Dj (an° —iAjn®) andB? = V x A?. Then by formal considerations

of magnitude, in particular assumidgy® = O(1), one obtains a Schdinger equation in

the limite — 0. It is possible to make this argument rigorous, but it has a fundamental
weakness which limits its usefulness, namely that can be no better tha@(1/¢) unless

one adds a further constraint on the initial data. In fact, it is clear from (1.19pthfat=

O(1) in L2 initially if and only if the constraint

1 .
(1.20) 7 = —siiajaj)(g + 0(?)

holds inL2 at timet = 0, assuming the data (1.5) af41).

However, the constraint (1.20) is not needed in Theorem 1.3, the reason being that
instead of the simple splitting into upper and lower components as in (1.10), we apply
the eigenspace projections of the “Dirac opera@(D) = —ia*éx + y ® whose Fourier

3Here we break the symmetry of the signs in (1.12a), i.e. between “electrons” and “positrons”, but this is not
important since the lower component is in any case expected to vanish.
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symbol is a 4x 4 matrix with eigenvalues-4(¢), whereA(&) = /1 + |€]%. As in [1] we
use the spectral decompositi@{¢ D) = 1(¢D)I1;(¢D) — A(¢D)II_(¢D), where

(1.21) A(eD) =vV1—¢2A,  T4(eD) = % (| + [i(aD)]_lQ(gD)) .

Since the positive and negative eigenvaldgge D) correspond to positive and negative
energies of a free Dirac particle, the spectral decomposition is related to electrons and
positrons ([7]). The formal limit — 0 of I1(¢ D) yields the operators

1 [0) 0 0
0 0 0 0
ne == +99), nl _(O 0) I _(0 I)'

The following basic lemma shows thal} is the leading order term in a series ex-
pansion ofll(¢D) in powers ofe, and moreover that (1.20) is basically equivalent to
II_(¢D)y? = O(e?), a condition which resurfaces in the next subsection.

Lemma 1.5. Forall s € R, IT1.(¢D) is bounded from 8 — HS uniformly ine. Moreover,
(1.22) M.(¢D) = N9 F RS

1 :
(1.23) =1 ¥ mEakak T e2RS

whereR? denotes an operator bounded fron® H> HS~I uniformly ine.

Proof. This follows immediately from

(1.24) Mi(eD) — N9 = :F%[i(sD)]‘li oo T % (1 _ [A(SD)]-l) y0
and the fact that the Fourier symbol of-1[A(¢ D)] ! satisfies the inequalities
(1.25) 0c1-—— 1 min {1, ¢ €1, 62112
V1+e2|E?
where¢ is the Fourier variable correspondingxo |

Before moving on, we prove that the initial data assumption (i) in Theorem 1.2 implies
something stronger, namely the convergencH ofe D) y/§.

+
Lemma 1.6. If lim,_,0 y§ = vo = (ZQ) exists in H., then
0

+
. e __ UO H & __ O
![}no Iy (eD)yy = ( O) and ![)nOH_(eD)t//O = (vo_)
in HL.
Proof. It suffices to prove(IT4 (eD) — 112) & — 0 in HL. But the proof of Lemma
1.5 shows that the Fourier symbol dfy(¢D) — HQE is bounded in absolute value by

min{1, ¢ |¢]}. Thus(IT+(eD) — Q) (y§ — vo) — 0in H, and by Plancherel's theorem
and dominated convergend@] (¢ D) — Hoi) vo— 0inHL. O
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1.3. Semi-nonrelativistic limit. As in [1], by the “semi-nonrelativistic limit” we under-
stand the approximation of the upper component of the Dirac equation by the Pauli equa-
tion for a 2-spinor, which reads

. 1 X : e
(1.26a) o = §(|v+gAb)2X,g—Agx,g—EEBJ@UIX;
with initial condition

(1.26b) Xblt=0 = xpo € H™.
Note that the naive “upper and lower components” approach in (1.18)—(1.19) can give at
best anO(¢) approximation to the Pauli equation, assuming the initial constraint (1.20),
which as remarked is essentially equivalenfito(¢ D)y = O(e?).

In contrast, by using the Dirac projectiofik. (¢ D) instead of justiI%, we can prove

an O(¢2) approximation, with the same initial constraint. In fact, we have the following
result:

Theorem 1.7. Consider the solution of (1.4), (1.5) obtained in Theorem 1.1. Define
as in (1.16) and lety;, be the solution of the Pauli equation (1.26). Assume the initial
conditions

M Jvglps = 0@, |vaglya+eaifs = O,
(i) [T-(D)yg 2 = Ote),
(ii)) [T-(D)y§] 2 = O,
ase — 0. Then if

(1.27) [%° = Bl r = O
holds at time t= 0, it also holds uniformly in every finite time interval. For the current
density we then have

o1 L., .
(1.28) J6=3;+EVX(JX;,X;)CZ+O(8) in LI,

uniformly in every finite time interval, whed§, = Im((V —ieA%)xh, xb )(C2 is the cur-
rent density associated to the Pauli equation.

The remainder of this paper is organized as follows: In the following section we square
the Dirac equation and reinterpret it in terms of the projectidnge D) w* of the spinor,
and we prove that the main bilinear terms can be expressed in terms of null forms. Then
in Sect. 3 we discuss the linear and bilinear spacetime estimates of Strichartz type that are
used in this paper. The proofs of those estimates that are not already in the literature can
be found in Sect. 12. In Sect. 4 we define the function spaces that we use, and recall their
main properties. The main estimates for the nonlinear terms are proved in Sect. 5, which
is the heart of the paper. Then in Sects. 7-11 these estimates are applied to prove the main
theorems.

To close this section we introduce some notational conventions which will be in effect
throughout:

e For function spaces we use the following notation.Xlfis a Banach space of
functions orR?$, we denote by_tpx the space with norm

[es) 1/p
g = ([ mueng at)
—00

with the usual modification ip = co. The localization of this norm to a time
slabSr = (0, T) x R®is denoted|ull py(s;)-
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¢ In estimates, we use the notatignto mean< up to multiplication by a positive
constantC independent of. Moreover, in estimates over a time sl&p, C is
also understood to be independentof

¢ For exponents, we use the convenient shorthahdresp. p~) for p + ¢ (resp.
p—¢) with ¢ > 0 sufficiently small, independently ef The notatioroo™ stands
for a sufficiently large, positive exponent.

e We denote byf (x) — fA(g*) andu(t, x) — U(z, &) the Fourier transforms dR®
andR1*3, respectively. As in [2] we split function$ (x) into their low (&] <
1/¢) and high (¢| = 1/¢) frequency parts,

(1.29) f = fiow + fhighs
corresponding to a smooth partition of unity in Fourier space.

2. PRELIMINARIES

As already mentioned, our approach to the Dirac equation is to square it and apply
technigues similar to those used for KGM in [2]. It is therefore convenient to work with
the “KG splitting”

e 1
@) vi= (5) =5 [ 220w + Ao
+

as used in [2]. In order to compare this to the Dirac projections (1.21), observe iitfat if
solves the Dirac equation (1.4a), then

‘ 1 e ke
(2.2) v = M (D)y’ F 5e’[A(eD)] (AL y®).
But using the estimate

2.3) H[i(sD)]_lfHHU <& | flgor for O<r <1,

followed by Holder’s inequality and Sobolev embedding, we see that

(2.4) &2 H[A(SD)]—l(Aﬁakw) S |A gy [yf] e for 0<o <1,

Ho'
so the right hand side of (2.2) ®(e}~*) in H! at timet if the bound (1.9) in Theorem
1.1 holds. As far as proving Theorem 1.2 is concerned, it is therefore immaterial whether
we usey§ or 11 (¢eD)y?.

For later use we note the following consequences of (2.2) and (2.4). First,

@5 [vilue S 197 lwe + 627 [ e |97 for 0o <1,
using the uniform boundednessiaf. (¢ D). Second,

(2.6) 17200 + 17z < & vt s + &2 1A% [w? s
where we used (1.22) and the orthogonality¥f and11°.

Let us now restate the system (1.4) in terms of the splitting (2.1) of the spinor. First we
subtract the rest energy, defining

(2 7) ¢g _ Xi . :I:it/e2 3

. :l: —_— '71 -— l//:l:.

Thus

(28) v =yt = e gl ety
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Lemma 2.1. In terms of the splitting2.8), defined vig2.1)and (2.7), the Dirac equation
(1.4a) is equivalent to a system of two equations

(2.9) LE g8 = —AZPpE + %e”/*“'2 R°, Lig% =—-Ajept — %e—it/sz R,

provided the constrain2.2) is satisfied at time t= 0, or equivalently that the Dirac
equation is satisfied at+ 0. Here

A(eD) —1

and R is given by
(2.11) (DR =¢ {2iA8 SV +idivA® +iEfaX — B§§‘} we

+ 2 (AP p” — [AG, AeD) (Wi — vo).
Further,[-, -] denotes the commutator and
(2.12) Ef = (E§, E5, E5) = VA, —eqA®, B = (Bf, BS, BS) == V x A°.

Remark2.2 An obvious, but rather important fact is that in the commutator we may re-
placel(¢D) by the better behavet¢D) — 1.

Proof. Squaring the Dirac equation (1.4a) yields (cf. [7, Sect. 70])
(2.13) {gZ(i G+ AP+ (V —i6A)2 — 72 —ieEfal + ngsi} e = 0.

Applyingi o+ Aj to both sides of (2.1) and using (2.13) artdi +AYYE = A(eD)(yi—
w?) (this follows from (2.1)), one easily obtains (2.9). Reversing these steps, one finds that
(2.9) implies the squared Dirac equation (2.13). But the latter implies the Dirac equation,
since we assume that (2.2) holds initially, which amounts to saying that the Dirac equation
is satisfied initially. O

Let us make a brief, heuristic comparison of (2.9) with the expected limit (1.11). As it
turns out,R? vanishes in the limit, so (2.9) tends to the Sidinger equation in (1.11). In
fact, the Fourier symbol ofi(¢D) — 1)/¢2 is

112 N ‘mz/z for ¢] S 1/e,

14 /14 2|2 <1 /e for || 2 1/e,

so L. tends to the Sclidinger operatore; + A /2 ase — 0. Moreover, the charge and
current densities (1.4d) are given in terms of the fields (2.7) by

(2.15) pf = (x5, xS+ (B a8 )+ s ) + (e, )
+2 Re{e‘zn/‘gz(xi, o)+ g~ 2it/s? (ne, n” )} ,

(2.14) he (&) i=

2 . .
(2.16) JE:;Re{<a‘xi,ni>+<a’xi,ni>
2it/£2< e € > —2it/£2< j.e € >}
€ e .
+ o xZ,ny )+ (2 PN/ =123

We expect [cf. (2.6)] thay®, »% — 0. Thus, in the right hand side of (2.15) only the first
and fourth terms are of importance, and\, = p* tends to the Poisson equation in (1.11).

4Note that the term dité vanishes ifty®, A7) is a solution of the full system (1.4), (1.5).
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For later use we note the estimate
(2.17) 0< €]/ = he(&) S &2
This reduces to — a(r) < 1, where

r2

2.18 af) i= ————.
(2-18) : 1++/1+7r2
Butr —a(r) =r +1—s=1- -, wheres=v1+r2

We now turn to the problem of obtaining closed estimates for the modified DM system
(2.9), (1.4b), (1.4c). A serious obstacle to estimating the bilinear terms in (2.11) is the
failure of the endpoint Strichartz estimate for the wave equation in dimensioB.1The
salient feature of the Coulomb gauge, however, is that these problematic terms can be
expressed in terms of the null bilinear forms

(2.19) Qo(u,v) = dgudgv — VU - Vo,  Qup(U,v) = 0, Udgv — pUd,0,

wheredg denotesé; and 0< a < B < 3. These bilinear forms enjoy better regularity
properties than generic products of derivatives.
We emphasize that in the following resyitdoes not have to solve the Dirac equation.

Lemma 2.3. (Null structure.) Given a potentiaf A, (t, x)} satisfying the Coulomb con-
dition divA = O, defineE = VAg — ¢8A andB = V x A, and consider the linear

operatory — {2iA -V +iEja) — B;S'} y appearing in (2.11). We have the following
identities:

(2.20) A Vy =-Qj(Dtal¥, y)
and
{i(Ej — 8jAg)al — B; si} v
(2.21) = Q(D*earal,U) — Qu(D*gal¥, a'u)
+ Qo(Aj, a!U) + Qoj (Ax, ala*U) — %Q]k(Am, elMsa™u)
where g¢ = Rj A« — RcAj, Rj = D719 and U = U (y) is given by
(2.22) O,U = —i (gat +aia,-) v, Uhkeo=0, i26Uleo= yo.

Here yo denotesy |i—o.

Proof. (2.20) goes back to the work of Klainerman and Machedon [13] on KGM, so we
concentrate on the new identity (2.21). Define= &y & ! 6; and observe that
(2.23) (0_Aj)al = —(Ej —0jAg)a) —iB;S,

where we used the second identity in (1.2) and the assumptioh éiv0. By the first
identity in (1.2),040- = .. Thus (2.22) implies thab = y —i0-U satisfieso,w = 0
with w|i—o = 0, whencey = i6_U. Apply (2.23) to this and usé; (a'U) = a!o_U +
261U [by (1.2)] to rewrite the left hand side of (2.21) as

(0-Aj)o4(@IU) — 2(6-Aj)d'U.
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To the last term we apply the identity (2.20); this we can do sincédv= 0 for u =
0, 1, 2, 3 by assumption. To the first term we apply the following general formula, obtained
using the second identity in (1.2),

(@-$)(@:U) = Qo(¢, U) + Qo (¢, a1 U) — %ij(ﬁbafjklsu),

whereg is a function and) a 4-spinor. This last formula is due to Klainerman and Mache-
don [15]; we remark that it was used in [5] to reveal a null structure in the equation for the
magnetic potential. O

3. BILINEAR SPACETIME ESTIMATES

The main technical tools used in this paper are spacetime estimates of Strichartz type
for solutions of the free initial value problems
- O.u =0, Ult=o = f, OtUli=0 = 0,
(31) o =0, vlt=0 =0,
onR*3, Let us first describe the nel’” product estimates that are proved in this paper,
and then we recall the estimates proved in [2]. All these estimates are analogues of bilinear
spacetime estimates for two solutions of the free wave equation, which were first inves-
tigated by Klainerman and Machedon. A systematic discussion of such estimates can be
found in the article of Foschi and Klainerman [8]. In our case, one of the free waves is
replaced by a solution df’.o = 0. As discussed in the Introductiompehaves like a free
wave in the high frequency range, and we are then able to modify the usual proofs of the
bilinear estimates, as given in [8]. In the low frequency range, on the other hand, there is
additional smoothing, and the proof is less delicate; in particular, the null condition plays
no role at low frequency.

Let 4 and A be dyadic numbers of the form 2j € Z. Denote byA , the Littlewood-
Paley operator given byA, f)~(&) = B(&/u) F(£), where is a bump function sup-
ported in|¢| ~ 1 such thatzjez[)’(é/Zj) = 1foré # 0. We writef, = A, f and
similarly forg, u, . Thusf = Z# f, etc.

We shall prove the following:

Theorem 3.1. The solutions uv of (3.1) satisfy the following dyadic spacetime estimates:
O [Aniwn ]z, < e 2ulifillizlgllz i p << 1/e
(i) | AU 2, S eV2uY212 10z gl e i o S A, A 1.
(iii) [u.0s] 2, Sev2min(u, A) | fu 2 92l 2 forall  u, A
See [8, Thm. 12.1] for the analogous estimates wihandv both solve the free wave
equation. Cf. the remarks above.
By decomposing the produciy into dyadic pieces, then applying Theorem 3.1 and

finally exploiting the orthogonality properties in Fourier space to sum up, one obtains the
following corollary. (The complete argument can be found in [8, Sect. 12].)

Corollary 3.2. ||D= (uo)| 12, < Cas e¥2 ) fllys, 9l s, provided that 8,5, < 1,
c<jzands+S+o=1

Estimates of this type for the case wher@ando both solve the free wave equation
were first investigated by Klainerman and Machedon. The ¢ase&y, ) = (0,1, 0) is
excluded, a fact related to the false endpoint case of the Strichartz estimates for the wave
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equation in K 3 dimensions. However, by assuming a little extra regularity one can easily
sum the dyadic pieces and one obtains the following nonsharp bilinear estimate.

Corollary 3.3. luvll 2 < Cse' 2| f1l.2 9]l yr+s forall 6 > 0.

Proof. It suffices to prove the sharp estimate
(32) luozllz, S 21 fll2 211Gl

Writeu = Zﬂ u, and consider the casgs< 4 andu > 4. In the first case,

u
’(Zuﬁi u#) v L2 S zufj Jusval RS gt/ (Zﬂgz 7 | . ||L2) AllgallL 2,

where we used Theorem 3.1(iii) to get the last inequality. In the second case we have, by
orthogonality in Fourier space,

2 2
IO WD S (171 %

and by Theorem 3.1(iii) we dominate this by} f [|Z, 1% g;[1Z,. g

Here we could also také in H1™ andg e L2, but we shall not need this. However, for
null bilinear forms one can get the sharp result @.e= 0). Thus, we recall the following,
proved in [2, Proposition 4]:

(33) Qi (u.0) 2, < &2 Flaz gl

whereQjj is given by (2.19). We remark that this is the analogoue of an estimate for two
solutions of the free wave equation proved by Klainerman and Machedon.

Since we will prove part (ii) of Theorem 3.1 by a reduction to linear Strichartz estimates,
let us recall these (for + 3 dimensions). We say that a péy, r) of Lebesgue exponents
is wave admissiblé (q,r) # (2, 00) and /g + 1/r < 1/2, andsharp wave admissibié
the last inequality is an equality.

For the free wave in (3.1) one has the well-known estimate

(3.4) ||U|||_? LY < Cq,r ¢t/ [ f lys

for wave admissiblgq,r) ands = 3/2 — 3/r — 1/q. As proved in [17], this can be
improved if the Fourier support of is small. Thus, iff is supported in a cube with side
length~ 4 and at distance- 4 from the origin, where: « 4, then

1/2—1/r
(35) lullong, < Car e (5) 7 1Tl

forq, r, sas above.
Foro satisfying (3.1) we have, as proved in [2, Proposition 1],

(36) 01l g1, < Car (IGiowllgaa + &Y | ign] 1250

for sharp wave admissibl@y, r). (Then one can use Sobolev embedding to obtain es-
timates for all wave admissible pairs.) In order to prove Theorem 3.1(ii) we need the
analogue of (3.5) in this context. Thus, we shall prove:
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Proposition 3.4. Letv be asin (3.1), and suppog§ds supported in a cube with side length
~ p and at distance~ 1 from the origin, where: <« 1. Then

1/2—1/r
(37) lollen, < Car (5) 7 (I9iowllia + 6™ ahighl za)

for sharp wave admissiblg, r).

Finally, recalling the basic heuristic thaf, behaves like a Schdinger operator at low
frequencies, it is not surprising that we have the following 8dhnger type estimates,
proved in [2]. We say that a paig, r) is Schibdinger admissibléf g,r > 2 and 2q +
3/r =3/2.

Proposition 3.5. Let(q, r) and (g, ) be any two Sclirdinger admissible pairs. Then for
the solution of .0 = F with datav|i—o = f we have

||U|ow|||_ﬂ|_;<(3T) + ||Ulow|||_t°°|_§(sT) 5 I f|ow|||_2 + I:Iow|||_tﬁ’ LE/(ST) s

1,1 1,1
Wherea+?:landr=+ﬁ=1.

4. FUNCTION SPACES

We shall use the following spaces of functionsih 3 with weighted norms defined in
Fourier space:
HS? with norm || (&)S(|z| — e~ |€])0TU(z, &) | L2
HS with norm [|IZ[8 (2] — =2 |£1)90(z, &) | Lgf.
o M0 with norm ullyso + & Ul oo,
o L0 with norm jufl e + & llaeull o0
o X with norm || (¢€)S(z = h,(£))?T(z, &) ”L'f{ andh, asin (2.14).

t=+h, ()
Here (-) stands for 14 |-|. These spaces are by now standard, and we will recall their
main properties without proofs. For more details and further references to the literature,
the reader may consult e.g. [26], [16].
It will be convenient to introduce the notation

4.1) Ue(t) = gt(eD)=1)/e? _ ith:(®) gty = 872, we(r) = dtP/e
for the propagators associated to, respectively, the opelafodefined in Lemma 2.1, the
Schibdinger operator and the wave operator.

(i) Superposition principleA fundamental property of the so-called “Wave Sobolev space”
Hgsﬂ is that any function in this space can be written as a superposti®vélued integral

over the real line) of solutions of the free wave equation with initial datd $n (See [16,
Proposition 3.4] for the precise statement.) This, in effect, replaces Duhamel’s principle in
the framework of the Wave Sobolev spaces, and it has the following simple but extremely
useful consequence (see [16]):

Theorem 4.1. (Transfer Principle.) Suppose T is a multilinear operatofy (x), ..., fk(X)) —
T(f1,..., fK)(X) acting in x-space. If T satisfies an estimate

IT (W& fr, o WEED B [ Lag, < Ce™/T s - I ficll s
for all combinations of signs, then

1
IT (Ut Wl s < Cos™ ull oo - Nkl 500
X e e
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holds for all u; € Hf’j ’9, providedd > 1/2. Moreover, the same statement holds with H
Sj .0 .
and H'" replaced by their homogeneous counterparts.

Remark4.2 The space1=>(S Hih (&) are related to the equatidn®.o = O in the same
way that the Wave Sobolev spaces are related to the free wave equation. Thus, we have
a superposition principle and hence a transfer principle for these spaces as well. To be
precise, in the above theorem, one can replace any one dtligt) by U¢(+t) and

correspondingI)Hp beT ih @

Applying the transfer principle to estimates from the previous section, we have, for
0>1/2,

(4.2) | unign L S Y2V | upign| X, for sharp wave adn(g, r),

(4.3) lUowll gy, S uiowllyos - for Schibdinger adm(q, r),
he (¢

(4.4) ||U|ow|||_2|_oo S ||U|ow||X19

r==hg (&)

Here (4.3) follows from Proposition 3.5 with = 0. By Sobolev embedding we reduce
(4.4) to the caséq,r) = (2, 6) of (4.3). Finally, (4.2) holds by virtue of (3.6) and the
trivial estimate

(4.5) | frigh|| s < &7 || frigh[| ys+w  for o > 0.

(i) EmbeddingsThe most basic embeddings are
(4.6) H3?, X300 6 = Co(R; H),  H o Co(R; HY),

which holduniformly ine for anyd > 1/2. Also uniform in¢ are

1 1
(47) LpL2 s HOH 1’ X?Q:H’:E ) for 3—0 <p< 2, E <6 <1
5—

In fact, the dual statemeit®1~¢, X% liﬁ = LP L2 follows by interpolation between
the trivial casep = 2,0 = 1 and (4.6). We shall also need

(4.8) ||ei't/g u|| X001 ( < g—21-0) lull yoo-1.
r=+xhg($) ¢

This is obvious ifti(z, ¢) is supported imr [—1&] /e\ < £~2; then we can in fact replace the
left hand side byjull, 2. On the other hand, fi(z, &) is supported if| | — |&£] /&| > ¢ 72,
then (4.8) follows from (2.17).

(iii) Time cut-off We denote b)Hfﬁ (Sr) the restriction to
Sr=(0,T) x RS,

The norm||u||Hso(ST) |nf{||o|| ps¢ v =uon Sr} makes this a complete space. Norms
on the other restriction spaces are similarly defined.

The idea behind the following “cut-off lemmas” originates in the work of Bourgain [4]
on the Schidinger and KdV equations, and was developed further by Kenig-Ponce-Vega
[11] in their work on KdV and by Klainerman-Machedon [14] and the last author [25] for
the wave equation. In fact, the argument given in [11] applie¥%8 spaces in general,
and in particular proves the following.
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Lemma4.3. Suppose Lv = F on § witho|i—o = f. Letd > 1/2. Thenfor0 < T < 1,

<C f s+ ||F -
”Dllxjﬂ hg(g')(sr) > Lo (” ”H ” ”xfﬂ ﬁg(@(ST))
where G is independent of T and

By rescalingx — &¢x we reduce the next result to the case 1, which in turn follows
from estimates proved in [14].

Lemma 4.4. Supposél.u = F on § with (u, 6;u)|i—o = (f, g). Letd > 1/2. Then for
0<T<1,

1
(4.9) Iull20(s.) < Co (II fllgr+ellall 2+ - [ FIIHg,Hl(ST))
where G is independent of T and Also, for M € N large enough,

(410) HUHHEH(ST) < CF)S_M (” f ”Hs + ”g”HS_l + ” F”HS_LH_J'(ST)) .

The last inequality is not sharp w.rd, but it will only be used in a situation where
powers ofe are not important. In order to estimate the Dirac current density we shall need
the following “integration by parts”-version of Lemma 4.4.

Lemma 4.5. If O,u = €/¢°F on § with vanishing data, then
Iull o sy S € lotFllaesr + IFlzuys + &2 IF L2
forl/2 <9 <landall0<T < 1L

Proof. Write &V/4°F = (¢2/i) & [e“/‘?ZF]—(ez/i)e“/”zatF andu = u1+u, accordingly.
Now let Fext be any extension of to all of R1+3, and setG = €!/4°Fey. Split
G = G1 + G2 such tha@l(r, &) is supported inz| < |&| /e while ég(r, &) is supported
in|z| > |¢| /e, and writeu; = uy 1 + uy 2 accordingly; i.e.[J,us j = (¢2/i) &Gj on Sr,
with vanishing data.
By (4.9), ”“1,1”7{1"’(&) < ¢l&G1ll 2, and by Plancherel's theorem and the assump-
tions on the Fouriergsupport,

~

1 1 1
[2tGallL2 S g||DGl||L2 = EHDG” 2= g”DFeXt” L2

Hence||u1,1||H3,e(ST) SIF I zhis-
Finally, to estimateu; » we first observe that it has an extension to alRdt3, defined
in Fourier space by

U12(r,¢) = |[@/Dace] 0.

Thus|Gy2(z, )| ~ %}62(1,5”, and since
luralyao sy < lunallypogusy < 1ol +1ED0eT = 11 /)" Taa(z, O] 2
we conclude thaH”l,ZHHgﬂ(sr) is dominated by

~ ~ F
o017 Bale, O 2, S ele + 162 Fenr, &) 2. S 1o Fortle + gl
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where we used the assumpti®rc 1 to get the first term on the right hand side. Siaces
a local operator, taking the infimum over all extensiégg gives the desired estimatel]

5. MAIN ESTIMATES

Here we prove the maia priori estimates for the nonlinear terms in DM. Throughout
this section we shall assume<0T < 1. We define norms

£ = A . - € ) = .

(5.1) X =27l ”Hgﬁ(sﬂ - YO =1l ”ngihg(c)(ST) ’
Z“gl; ()= ||(')|0W|||_12|_§m|_?0|_§(51.) >

for a fixedd > 1/2 satisfying [cf. (1.7)]

(5.2) A+1-20>0.

In estimates where the choice of signvf | is open, we will simply writeYs .
5.1. Estimates for Ag.

Lemma 5.1. Consider the operator diy] = A1 (y, v ). Splity = yiow + Whigh and
write

(5.3) Aoly] = AG'Tw] + A'w]

where A’ corresponds to “low-low” interactions: §[y] = A~ ( wiow, Wiow ). For these
operators, the following estimates hold:

(5.4) 1A Aol Tll ey sy S Y5 ()? for 1<r <3,
(5.5) 1A Aol 1l ir () S Y (0)? for 1<r<86.
(5.6) ARSI 2y (o) S ZF ()2 for 1<r<3/2
(5.7) | AR TV vy sy S €Y7 (0)? for 1<r <3/2
(5.8) |AA Tyl LPLE?* (sp) < Z5(p)? for 1<p<2,
(5.9) [AA Tl Ly o g, S el YE(p)? for 1<p<2

Proof. (5.4), hence (5.5) for < 3, follow from Hbdlder’s inequality and Sobolev em-
bedding, while (5.5) for larger follows from the estimat¢|y/||,_{1,_§r(sr) < Yi(y) for

2 < r < 6; by Sobolev embedding and the transfer principle (see Theorem 4.1 and the
remark following it), the latter reduces to the/L# Strichartz estimate (3.6). Let us now
prove (5.8) and (5.9); the proofs of (5.6) and (5.7) are similar. Write

L
(5.10) 1w vl @z < Iwllig Iwllgr S lwlite wllis -

For v = yiow the Ltzf norm of this is clearly dominated by the right hand side of (5.8).
On the other hand, if at least opgigh is present, then we dominate by the right hand side
of (5.9) using theH* < L& Sobolev embedding and the estimate (4.5). O

In connection with the above estimates we shall need the embeddings
(5.11) | f llLge SAf ||L§(3/2)— + |Af ||L(X3/2)+ )
(5.12) ”Vf”L;C§||Af||L§—+||Af”|_§+~
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In particular, these imply the estimates (not involving time)

(5.13) 1A0- wline S (1A Aol gz~ + 1A Aoll @orr ) 1l

(5.14) 1V A0 wliur S (1A Aoll s + 1A Aoll g+ ) Iy lls
Next, we consider estimates for the commutator term in (2.11).

Lemma 5.2. With notation as in Lemma 5.1, we have the estimates
(5.15) [[AOLw1. 2eD) = 1] '] Lo(s) S 6 YEWPY5 (),

S (1861 asecsry + V26 10| avasny ) Y0,

(5.16)

Proof. As proved in [2, Lemma 9],

[1a=2(fg), AzD) - 10

L2 =Gl sy Igllass Ihllya - (forall p > 0),

yielding (5.15). For (5.16) we simply expand the commutator, and use the fagt iy —
1 can in effect be replaced . To be precise,

(5.17) [(4ED) =D fll2 Sellfllye,
in view of (2.14). O

5.2. Estimates for the main bilinear terms. Here we prove estimates for the key bilinear

terms appearing in the “remainder®it/¢* R? appearing in Lemma 2.1. We make use of the
null structure inherent in these terms (cf. Lemma 2.3) and the following null form estimate.

Theorem 5.3. Let1/2 < 0 < 1. Then
1Q, v)llyos-1 < Co Iullzo ol aroa

holds onR**+3 for all null forms Q in (2.19). Moreover, if @ Qj, then the normiu]| ;1
in the the right hand side can be replaced |yl ;1. '

By a standard procedure we reduce this to well-known bilinear estimates for the homo-
geneous wave equation; the proof is in Sect. 13.

Theorem 5.4. Fix ¢ > 0. Given a spinor(t, x) and a potentiaf {A.(t, x)} satisfying
the Coulomb conditiodivA = 0, we definde = VAg — ¢6tA andB = V x A. Lety be
the solution of the IVP

(618  {ica +iaka— (1%} v = —eAw*p—chog.  vleo= o,
in the fixed time slab+S Then for the bilinear expression [cf. (2.11)]
B:=[(eD)] te {2iA V4 iExak — Bksk} w

5The fields are assumed to be sufficiently smooth. The precise regularity is not important since we shall
derive a priori estimates.
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we have the estimates [recall (5.1)]

(5.19) ||ei't/6 B”Xwih INCIRS S eWE=N"c (YT(W) + Y7 (¢))

(5.20) IBll 25 < €C (YE(w) + Y5 (),
where C depends polynomially (with coefficients independes)taf the norms

(5.21) X5 (A), ”AAOHLSOL?/Z#(ST) and ||AAO|||_I2|_§i(Sr)~

Proof. We first prove (5.19). Using (2.3), (5.3) and (4.7) we reduce to estimating
_ || oxit/e? [; _ k _
N1 = ||e {I (Ex — dkAg)a Bk } t//” Xoeﬂ} (S’

N2=[A-Vylizs). Na=| ZHL(Sr)"

The estimate folN3 is obtained directly from (5.14). FdX> we apply Lemma 2.3 and
(3.3) via the transfer principle (Theorem 4.1 and the subsequent remark); thid\gives
Y2 AXE (A)YE ().

For Ny we write {i (Ex — dcAo)aX — BcS} w = > 1, where

_ {i (Ex — 0k Ag)aX — BkSk} Ay

and the sum is over all dyadic numbersfthe form 2, j € Z. HereA , is the Littlewood-
Paley operator defined in Sect. 3. We split into the cases §)1/¢ and (i) ¢ > 1/e.

Case (i).By (4.7), we can reduce to proving
(5.22) H DI ey S £ W20 X2 (AVYE (),

but this follows from Corollary 3.3 via the transfer principle (see Theorem 4.1 and the
remark following it). Note that we used the assumptior 1/¢ to recover the small loss
of regularity (thed) in Corollary 3.3.

Case (ii).Using (4.7) we write
(5.23) |etit/e®)

# ” XOHj:EL @ Sr) ~ ||| ” L2(Sr) “eilt/e I ” XOHi% .©(S1)

where 0 < ¢ <« 1 will be chosen later. Proceeding as in case (i), but using the sharp
estimate (3.2), we obtaiﬂl,,HLz(ST) < eY2EAXE(A)YE(y). Further, we claim there
exist¢ > 0 andM e N, both independent ef and £, such that

G24) e e e SeTMHTC W)+ @],

whereC’ depends polynomially on (the first two) norms in (5.21). Granting this claim for
the moment, we see that by choosingufficiently small in (5.23), depending dvi, and
summing the inequalities over > 1/¢, we get the desired bound (5.19).

Let us prove the claim. In the notation of Lemma 2.3,

I, = Qjk(D~teaal®, A, U) — Q(D~taal%, a'A,U)
) . i )
+ Qo(Aj, o) A, U) + Qoj (A, ala®A,U) — éij(Am,eJk'SamAﬂU)
where
(5.25) O.U=——"5%% +eAwX¢+eAop, Uleo=0, iedUJi—o0= wo.
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Thus, using (4.8) and Theorem 5.3, we reduce (5.24) to

(5.26) [ 84U p201g) < Cee™Mu™CC [Y3(w) + Y5 (9]

for ¢ > O such that & 0 < 2 — 2¢. Clearly, it suffices to show

Ul 2-c1g,, < Cee™"C/ [YF (1) + Y (@)],
but using (4.10) and (5.25) we reduce this to (5.13) and

| A8 ]l opic sy < Cee 2 XEAYE (@),
which follows from Corollary 3.2 and the transfer principle. This concludes the proof of
(5.%'?125.- left hand side of (5.20) is ¢1” N1 4+ ¢N + Na, whereN, and N3 are as above,
while N1 = ||i (Ex — &Aooy — B Sy | L2Ho (sp) here we used (2.3) with = ot.

Write Ny < Ny.1 + Ny 2 corresponding tas = v, + whigh. For the low frequency case
we can use (5.22). By Sobolev embedding aridddr’s inequality,

Noo S (IVAILezes + 2 18AT ez sn ) Tvmionl 2 e ) -

where(2%, co™) is chosen to be sharp wave admissible. Now apply (4.2). d

5.3. Estimates for the current density. Let F — [O7'F be the solution operator of
O.u = F with vanishing initial data.

Lemma 5.5. Consider the bilinear operator (cf. (1.4c))

A'lp, y] =07 P (ag, v ).
Recalling the splitting (1.29) into low and high spatial frequencies, as well as the definition
(5.1), we have the estimates

(5.27) X5 (A%Trow, ¥1) S e Y5 @) Iy lleLzesy »

(5.28) X5 (Anigh, 1) < e Y5 (@) Y5 ().
Moreover, recalling the definition 2.10,

it/e2 —it/e? — e 3
(529) X5 (AT how, €/ yiol) S &M HYE ($) Y5 ()

_+8A+GQY’(”L1¢HL%&0Y$(w)+”G%¢)”LiW”L%Sﬂ)’

where the signs in £¢ and L w can be chosen completely arbitrarily.

Proof. We remark thal is simply “thrown away” here; it is uniformly bounded on all the
spaces we work with.

For (5.27), we apply (4.9), followed by (4.4). For (5.28), apply (4.9) again, followed by
the general estimates

lunighviow ||| 2 < || Unigh| Leerz lolowll 2 g0 < & || unign| X o ||v|owllngih€(§) )
Jungonio] 2 < Jungnl o Fomnl s < % [umignl o [omnln,

these follow from (4.2) and (4.4).
By Lemma 4.5, (5.29) reduces to proving the same estimate for

630) M aF M F g + £

Lo +2 His 1€ Iz -
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where F¢ = (adiow, wiow ). For the first term, writdedy = ¢L% + (4(eD) — 1)/¢
and make use of (5.17) and the estimiigw | _«(s;) < ¢~ Y27 Y (u), which holds by
Sobolev embedding and (4.6). For the second term in (5.30), we write

” Fg” L2H1(Sr) S ||¢||L[°°H1(Sr) ||l//low|||_t2|_§o(sT) + ”¢|0W”Lt2L§°(ST) ||l//|||_t°°|-|1(sT) >
using (4.4) and (4.6). The same estimate is used for the last term in (5.30). O

6. ITERATION SCHEME AND LOCAL EXISTENCE
For fixede we have the following local existence theorem :

Theorem 6.1. For fixede, the Dirac-Maxwell-Coulomb systefh.4)is locally well posed
for initial data in the spac€l.5). The existence time ¥ 0 only depends on and the size
of the norms of the data, and the solution is in the space

(6.1) p'e HM(Sr), A eMM(S),  AjeC(0,T]; HY,
forall 1/2 < 6 < 1. Moreover, the solution is unique in this class, and we haiec
X+ 1. (Sr), wheregs, is defined by2.1)and (2.7).

T=

We shall prove this by Picard iteration, using the scheme

(6.2a) {i ey +iakex — (1/8))/0} psmMl — —eAﬁ’maky/e’m —eAG YoM,
(6.2b) AAS™ = pom,

6.2c) O, ASML = gpgem,

(

with initial data as in (1.5). Herg®™ andJ®™ are given by (1.4d) withy® replaced by its
m-th iteratey®™. Note thatAg is not really iterated; (6.2b) simply defin@%’m in terms
of w®™M, Observe also that d&*™ = 0 for all m, sincew = A>™ — PA®M satisfies
Ow = 0 with vanishing initial data.

By convention we start the iteration at = —1 and set all iterates identically equal
to zero there. Thus, the iterates-, A>0 are just solutions of the free Dirac and wave
equations with data (1.5). Define [cf. (2.1) and (2.7)]

X 1 . _

63a)  pi™t =Sy D)) (it Ay ]
;,m
(6.3b) P = (Xﬁtm) = gt/ em
N+

Proceeding as in the proof of Lemma 2.1 one finds
(64) fl:¢im+l — —Aé’m¢im + %eiit/sz Rc,m’
where

(6.5 ROM=[i(eD) " {EB““ +e2CoM — [AFT, AeD)] (v - wi’m)] :
(6.6) B =[2AAMM.V iEETAN - B o,

67 M= {Aﬁ’mAf’m_lakal + AP AT gk — Ag’mA?m_lak} poml
andE.’™, B are given by (2.12) with:, replaced byA>:™. Note also that

©8)  [wE"Ofus S Iy O s+ |ATTEO [ v O]
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this is just the analogue of (2.5) for the iterates.
We now turn to the proof of Theorem 6.1. By standard arguments, this reduces to
proving closed estimates for the iterates in the space (6.1). Set
(6.9) BT = "™ yrosp) + [A" 0 s
and denote byBp the norm of the data (1.5). Then it suffices to prove

(6.10) B! < CP(Bo) + CT?P (B + BI"Y),

for some constant€, § > 0 and a polynomiaP with P(0) = 0. HereC and P may
depend orx, but since the latter is fixed here, we do not indicate this explicitly. In what
follows, C, 6 andP may change from line to line. (Observe also that since all the nonlinear
terms in DM are in fact multilinear, the same arguments then give estimates for a difference
of two iterates.)

By Lemma 4.4,

2
(6.11) [A=™ 3205y = C (180l + 2 3]l o) + CT I w™ M| Lags )

where theT? comes from applying (4.7) anddttler’s inequality in time. Apply (3.6) via
the transfer principle to see thWHH(sT) ||u||H19(ST) in general. In order to estimate
w®M*+1 we use the splitting (2.8) and the embeddIMHso <e ¥ lullyse ~ , which

1_ +he (&

follows from (2.17). Thus, using also Lemma 4.3 and (4.7), we see that

(612) ” l//e,m+l‘

n20(sn S 182 O+ T71AG™ 2™ | Lo ppasry

+it /62 pe,
+ ”e It/e* Re m”xgﬂiﬁ (ST

The first term on the right hand side is covered by (6.8); for the second term we use (5.13)
and

(6.13) | aAs™ LeLL(S) ||v'g’m||f43ﬁ<s” for 1<r<3,

where we used Sobolev embedding followed by (4.6). For the third term we claim that

(6 14) ”e:tlt/S R? m||X10:H% (5)(ST)

<CT’P (BT + B¥1_l) (”‘/’g’mHHl”(sT) + [y 1||H19(5T))

For the bilinear terms (6.6), this follows from Theorem 5.4 and (5.5); the key observation
is that theY-norms appearing in those estimates can be replacédifynorms. Indeed,

the bilinear estimates in Corollaries 3.2 and 3.3, as well as the null form estimate (3.3), are
valid also in the case where batlandv solve the homogeneous wave equation, so we can
apply the transfer principle for the$? spaces instead O(T +h, (¢)"

It should also be remarked that the proof of Theorem 5.4 shows that one can insert
factorsT? in the right hand sides of (5.19) and (5.20); the observation here is that if (4.7)
is used withp < 2, and we use Blder’s inequality in time to pass tp = 2, then we gain
a factorT?.

For the cubic terms (6.7), apply [this holds by (4. 7) and (2.3)]

(6.15) |t/ (D)1 Wl s S ||“||L2 L2(sr)°

followed by [ fghllz < I f Il g lgllLs INliLs < Il F e Iglne IRl 1.
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For the commutator term in (6.5), we use Lemma 5.2 (here tooYtherms can be
replaced byH -?-norms), followed by (5.11) and Sobolev embedding.

7. UNIFORM H1 BOUNDS AND LONG TIME EXISTENCE

Setting
7O =y O+ (|A° O 12 + 2 [0A° O L2),
we have the following result.

Theorem 7.1. Consider the solutiory?, A;) of (1.4), (1.5) from Theorem 6.1, existing
up toatime T > 0and belonging to the space (6.1) over this time interval. There exist
(i) atime T* > 0depending only osup._¢ | w§| 2.
(i) constants CM, ¢o > Oindependent of,

such that if

(7.1) 7°(0) < B forall g,

where we assume B 1, then

(7.2) T°(T)<CB for O0<e< Bg—ﬁ/l and 0<T <min(T*, T,).
Moreover, there is a polynomial P with(B) = 0O, independent of, such that
(7.3) 21 (@) = C o] o +2P(Z°(0),

for T, e asin(7.2). [See (5.1) for the definition ofiZ]

Remark7.2. It follows from the proof (see (7.9) in Corollary 7.4), that the precise depen-
dence ofT * on R = sup..q | y/§ | can be taken to be of the fori*(R) = 1"k, where
n > 0 andK e N are constants independentsof

We claim that this result, together with Theorem 6.1, implies Theorem 1.1. To see
this, first observe that Theorem 6.1 impli€s > T* for ¢ as in (7.2). In view of the
conservation of charge (1.3) for the Dirac equation, we can now iterate the argument any
number of timesT* will not change), obtaining

74) T,>NT* and sup Z°(T)<CNB for O<e< — 0 _
74 °T OngNpT* M= ~ (CNApM
for all N € N. But from the last inequality we have
1 BM
log = > log (—) + Nlog (CM).
€ £0

Thus, az — 0 we may choos&l proportional to logl/¢), and sincel, > NT* we get
the key estimate (1.8) in Theorem 1.1.

In the proof of Theorem 7.1 we use the iterates from Sect. 6. Set [recall (5.1)]
XM= X (RS, VP = V(5™ 4+ YE (427,
25" = Z5 (457) + 2 (627,
and also
75 Xo==" ([l +elaill ), Yo =lvslu and Zg=]y5].
for initial data (1.5). Then we have:
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Proposition 7.3. There exist Cy, > 0 and a polynomial P with F0) = 0, all indepen-
dent ofe, such that the estimates

(7.6a) X&M< CXE + 7 PEM,
(7.6b) YE™ML < CYE 4+ CTO [ZEMPYEM 4 o7 PEM,
(7.6¢) Z3™ < CZg+ CT[Z5M 25" + ePE™,

hold forO < T < 1and m> —1, where

P(Xg+Y5) for =-1,

7.7 PrM =
(7.7) T { P(XF™+ X%m'l + Y™+ Y?m‘l) for m> 0.

In fact, these estimates hold for [recall (5.2)]

(7.8) y < A+1-20.

The proof is deferred to the end of this section.

Corollary 7.4. There exist Cé > 0 and a polynomial Q, all independent of such that
if y > Ois sufficiently small depending ax, and if T, ¢ > 0 are taken so small that

(7.9) T2 v+ <L 2:72QX5+YE) <1,
then

(7.10a) X5 < 2CXE + &7 /2(XE + Y§),

(7.10b) YE™ < 2CY5 + &7 2(XE + Y§),

(7.10c) Z5™ < 2CZ5 + 17 2(XE + YE),

form > 0.

Proof. This is a simple induction. Sinde(0) = 0 in Proposition 7.3, there is a polynomial
Q(r) such thatPt(4[C + 1]r) < rQ(r) forr > 0. Then

(7.11) PE™ < Q(X§ + Y§) - (X§ +Y§)

holds form = —1, in view of the definition (7.7). Hence (7.10) for = O follows from
(7.6a)—(7.6c) and the fact that the iteratemat —1 all vanish. Now assume (7.10) holds
for 0 < m < mp. Then (7.11) holds for suam, and using (7.9) and (7.6) we obtain (7.10)
form=mg+ 1. O

We are now in a position to prove Theorem 7.1. Indeed, from the proof of Theorem
6.1 we know that the iterates;™ converge in thér-norms tog%. We can therefore pass
to the limitm — oo in Corollary 7.4. Thus, from (7.10a) and (7.10b) we get (7.2), since
7°(0) = XG+ Y5 andZé(t) < X3 +YfforO<t <T, by (4.6). Further, from (7.10c) we
get

(7.12) Z:(#%) < 2C [yl - + 1.

Substituting this in the second term in the right hand side of (7.6¢) in the himis oo,
we then obtain (7.3). This proves Theorem 7.1.
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Proof of Proposition 7.3 We claim that [cf. (6.5)]

it/e? pme, (1/2=A)~ pe.m
(7.13) |e=E R XYL (s S Ps
(7.14) IR=™| L2 S ePp™

For the bilinear terms (6.6), this follows from Theorem 5.4 and estimate (5.5) in Lemma
5.1; for the cubic terms in (6.7), we proceed exactly as in the proof of Theorem 6.1. Fi-
nally, consider the commutator term in (6.5); for (7.14) we apply Lemma 5.2 followed by
(5.11) and (5.4); for (7.13), we apply (6.15) followed by Lemma 5.2 (but wﬁh'n (5.16)
replaced byL?"), then (5.11) and finally (5.9). This proves (7.13) and (7.14).

To prove (7.6a), we writd*M+1 = A%0 4 (-1PJ#M; the first term in the right hand
side is covered by Lemma 4.4; to handle the other term, we shall decodip8smiitably
and apply the estimates in Lemma 5.5. In fact, we decompose it as in (2.16), using (6.3);
then we further decompose each of jHie andz'’s into their low and high frequency parts,
as in (1.29). For any term in this expansion containing at least one high frequency factor,
we use (5.28) in Lemma 5.5. The remaining terms are all low-low interactions; those
among them that contaip_ or n4 can be estimated using (5.27) and

12" + 102" S vl + 22 IAS™ gy o,

which is simply the analogue of (2.6) for iterates. This leaves us with a single low-low
term, corresponding to the very last term in (2.16), and this can be estimated using (5.29)
in Lemma 5.5, provided we can estimate the terms in the right hand side of (6.2)3n);
but this is easy, using Lemma (5.1) and (7.14). This proves (7.6a).

Next, applying Lemma 4.3 to the equation (6.4) and using the embedding (4.7) and the
estimate (7.13), as well as (2.5)tat 0, we reduce (7.6b) to

(7.15) A5 o eageyy S TLZE Y™ + 67 [V

But this follows from (5.13), (5.8) and (5.9). The factb? comes from applying Blder’s
inequality in time.
Now consider (7.6c). By Proposition 3.5 applied to (6.4), and (2.5)a0,

Ze™h S 25+ 2 XY 4 DA | s + IR iz
*

The last term is covered by (7.14). By (5.6) and (5.7),
. . N . m2 ) - m13
| AG"pE™| LiT L2 (sp) S Ta[zfr’m] %™ LeeLaesy T e[y

Then (7.6c) follows, sincégs? ™| z:2M 4+ &Y™, by (4.5). a

|L§’°L§<ST> S
8. HIGHER ORDER BOUNDS

The local well-posedness of DM was established in Sect. 6, and a standard argument
shows that higher regularity persists, i.e., if the norm

Zn® = [v* Ol s + e (| VA Oy + & [0A O )

is initially finite, then it stays finite in the interval of existence<0T < T, for fixed e.
Here we concentrate on proving bounds which are uniform in

Proposition 8.1. If Z;,(0) = O(1), thenZ, (t) = O(1) in every finite time interval.
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More precisely, we prove the following. Givélh < oo, let N be the smallest natural
number such thall T* > T, with T* as in Theorem 7.1. Assume that

(8.1) I < B forall e.
ThenZj (t) < Pm(CN B) forall0 <t < T, providede is sufficiently small [to be precise,

provided it satisfies the last inequality in (7.4)]. H&4ds a universal constant arig}, is a
polynomial depending only om.

Proof. Step 1We introduce norms
Xi=et D XE(@A%),  Xg= e (| Vap e+ ad] i)

loc| <k
Y= 2, D V5 a(@48). Yok = v e
lal<k =+
and claim there exist, J, y > 0 and polynomialQQx—all independent of—such that
forO<T <landk>1
X7k < CXop+e” Qo (Xg+Yg) - {XF 4 + Y m}
+ Qu(XF ko1 + Y ko)
i < CYg+CT {142C |y 2} YTk
+¢” Qo (X5 +Y§) - {X7 + Yi .} + Qu(XF ko1 + Vi ko)
To prove this, we appl[lalik oy to the system, and imitate the proof of the estimates in
Proposition 7.3 (which correspond ko= 0). We single out the top order terms whére
derivatives fall on one of the fields, v or ¢4 ; these are estimated exactly like in the case
k = 0. All other terms are lumped together and yield the t@r{ X%, _; + Y, ;). We
skip the straightforward but tedious details of this argument.

Step 2.Let N be the smallest natural number such tNak* > T, whereT* is as in

Theorem 7.1. Fon = 1,..., N let X? , andY; , be the norms defined as in Step 1, but

taken over the time intervalif — 1)T*,’nT*]. Now set
0 if k=-1,
RO DYCIV d o<k
nk T Yok ifO<n<NandO<k<m.
Then by the estimates in Step 1, and sifi¢ewvas chosen so that (7.9) holds,
wnk < Con—1k + Qk(wnk-1) forl<n< NandO<k<m.

Induction onn gives, using (8.1)yx < CNB 4+ CNQk(yk—1) for 0 < k < m, whereyy =
maX<n<N @nk-. Induction onk, using the fact thag_; = 0, then yieldsyk < P«(CNB)
forO<k <m. O

9. ESTIMATES FOR THE SMALL COMPONENT

In this section we prove that if the “positron paiil_ (¢ D)y ? is small initially, then
it stays small uniformly in every finite time interval, where “small” means eit@ér) or
0O(&?).

Theorem 9.1. (i) Assume (8.1) holds for some 0, and that at t= 0,
(9.1) [TT_(eD)y*|| ym = Of(e).
Then the same estimate holds uniformly in every finite time interval.
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Moreover, if we strengthen (8.1) by assuming that at®,
92) [ VA n + & [ 627w = O,

then the same estimate holds uniformly in every finite time interval.
(i) Assume that (8.1), (9.1) and (9.2) hold for some-ni (by part (i) it suffices to
assume they hold initially). Then if, att O,

(93) [T- D)y | yms = O,
the same estimate holds uniformly in every finite time interval.

Let us interpret this result in terms gf, the lower component adt/e® wt, asin (1.16).
Firstly, (9.1) is equivalent to

(9.4) |7 | ym = OCe).

This follows from (1.22), sincgy?||ym+1 = O(1) on account of Proposition 8.1. Sec-
ondly, (9.3) implies

(9.5) leen® || ym-s = O,

while the converse implication holds if we also assume (9.1) [i.e., (9.4)]. To see this, note
that by (1.23), (9.3) is equivalent to

1
(9.6) ko’ = O(e), 7 + ieéakak)f = 0(?) in H™?

wherey¢ is the upper component eF/Szy/g, as in (1.16). But by the second equation in
(1.18),

. X .1 . .
9.7) ie2on® = n° + Iaéakak)(““ +0(% in H™?
where we used (9.2).

Proof of Theorem 9.1(i). Step $et
Z5 = D o @ owl LZLENLEeL2(ST) -
la| <k
There exisC, ¢ > 0 and a polynomiaP, independent of, such that forO< T < 1 and
O<k<m,
~ ~ 2 ~ ~
Z§ ) < CZy)+ CT{C |lyg || 2 + 1} Z5 s+ {e + Z5 o} P (X5 4+ YH ).

where by conventiori%’k = 0 fork = —1, and whereXs ,, Y18',|< are as in Step 1 of
the proof of Proposition 8.1. This estimate follows by a straightforward modification of
the proof of the estimate for th&-norm in Proposition 7.3, taking into account the bound
(7.12).

Step 2FixatimeT < oo, and letN be the smallest natural number such tRat* > T,
whereT* isas in Theorem 7.1. For=1,..., N let Zrﬁ « be the norm defined as in Step
1, but taken over the time interval{ — 1)T*, nT*]. Now set

0 ifk=-1,
en,kz 56 .
Zn,I< fO<n<NandO<k<m.

Then by the estimate in Step 1, and (the proof of) Proposition 8.1, we have
Onk < Cn_1k + (¢ +0nk—1)P(CNB) forl<n< NandO<k<m,
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providede is sufficiently small [to be precise, provided it satisfies the last inequality in
(7.4)]. In what follows,C and P may change from line to line. Induction arngives

k< CN [ @D)ow(t = 0) |y + (¢ + mc-1) P(CB) for0 <k <m,
wherenk = max<n<N 0n k. Induction onk then yields

(9.8) [ @ iow® ] m < (2 + [ @iow(t = 0)[yn ) PECNB)

for0 <t < T, providede satisfies the last inequality in (7.4). In view of (2.2)—(2.4) and
(4.5), we can replacé? )iow by I1_ (¢ D) w?. This proves (9.1) in the interval [T].

Step 3.We prove (9.2), assuming it holds initially. In view of Lemma 4.4, this reduces
to proving||J8||Ltsz(ST) = O(1), whereeJ* = 2Re(a x%, #°). If ¢ isreplaced byqﬁigh,
we can proceed as in the proof of (5.28) in Lemma 5.%ifs replaced by, we write

1
(9.9) [oc3 o<~ 20 cap |8 tiowl i 107" lpers >
Bty =a

for |a] < m, and use (4.4), (the proof of) Proposition 8.1 and (9.4). This gives, with
notation as in Step 2,

(9.10) [VA@®) | ym + & |&A° @) | ym < P(CNB)

for0 <t < T, providede satisfies the last inequality in (7.4). O

Proof of Theorem 9.1(ii)In this proof, all estimates are understood to hold uniformly in
0<t<T,whereT = NT*andT*isasin Theorem 7.1. Choo&eso large that, in addi-
tion to (8.1), we have initial boundsB, B and&?B in (9.1), (9.2) and (9.3), respectively.
In what follows,C (a universal constant) arnfe (a polynomial) may change from line to
line.

In view of the hypotheses, we have by Proposition 8.1 and Theorem 9.1(i),

(9.11) e @] ymss + [VAS®) | ym + & [AA* D) ] ym < PCCNB),

as well as (9.8), provided satisfies the last inequality in (7.4), which we assume hence-
forth. Then by (2.2),

(9.12) i — e (@D)y® | yms < e2P(CNB),

wherey? are given by (2.1); thus, it suffices to proyé = O(¢?) in H™ 1,
Settind P = dt/e? v, we have by an obvious modification of Lemma 2.1,

AeD) -1 1.
(0.13) gt - 2024 = — a4+ VR,
A(eD) + 1

(9.14) 6% + P = _A6¢a_ + _e|t/‘52 R,
g2 2
with R¢ given by
(915) AeDIR® = [2IA°- V +iEfa" — BiS (wf + p5)
A(eD) —1
+&2(A%)? (w8 + wi) — &? |:A8, 8—2] (vl —vi).

6This definition breaks with (2.7), and must be considered local to this proof.
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Note also that (9.12) and (9.11) imply

(9.16) [6% [ ames = [wi ] ymer < PCCVB),
since thel4 are uniformly bounded ohi®. From this and (9.11) it is easy to show that the
terms in the right hand sides of (9.13) and (9.14)@«&) [bounded byP(CN B), in fact]
in H™; for the terms]| Aj¢%. | ,;m., this only requires Leibniz’ rule anddider’s inequality
in combination with various Sobolev embeddings; ditto [f&¢ || ym, but then we first use
(2.3) withr = 1. We omit the details.

To estimate the second term in the left hand side of (9.13), we use (5.17) and (9.16);
similarly for the corresponding term in (9.14), but there we vv#fe:é)—” = )‘(“3—2)_1 + 31
and use also (9.8). Finally, then, we conclude that

£2

1
(9.17) lori ] um < ZPCVB).

From (9.14),¢° = &?[1(eD) + 1]7* (—iat(ﬁi — Ajp + %e“/azR&), So to prove
|62 || yms < €2P(CNB) it suffices to show|é? || jms < P(CNB). We first show
this form = 1. The higher order cases then follow by induction.

Apply a time derivative to (9.14), take ti&" inner product withe;¢? , then take imagi-

nary parts, and finally integrate in making use of the self-adjointness@#3** and Aj
(as a multiplication operator); the result is that

t ~
[adZ®] 2 < |agie =0 2+ /0 (T AsleZ] 2 + Rl 2) dt,

whereR? = %e”/gz R?. The first term on the right hand side is bounded®(€ N B); this
follows from (9.14) [and (9.12)], since (9.3) is assumed to hold initially. Thus, it suffices
to prove that the two terms inside the integral are boundeB (& B).

For the first term inside the integral, we use the fact tha§ enjoys the same bounds
ascV Ag, sinceAd Ay = —divJ® by (1.4b) and the conservation lap® 4 divJ® = 0.
Using (9.8) we then gel{or Ag]#° || . < P(CNB).

It remains to prove thaa R*|| » < P(CNB). The key observation is that

DR =2 {2A7 -V +iEal - BIS] (45 + %)

(D) — 1

+ 82(A£)2 (¢-£|— + ¢i) — g2 I:Ag > i| (P — ¢2).

(Recall thapi. = gt/e? w4 in this proof; if we had used the symmetric definition (2.7), we

would not have got rid of the phase fac@/?*.) Thus, |6t R?| 2 is dominated by a sum

of terms; using the estimates which are now at our disposal (for the moment we assume
m = 1), namely, (9.2), (9.16) and (9.17), it is an easy matter to show that all these terms
are bounded by (CN B). The details are left to the interested reader, but we point out that
when the time derivative falls on the electric potenﬁl, we get terms invoIving?tzAg;

then one must use the wave equation satisfied‘byRecall also that; A enjoys the same
bounds agV Aj, as remarked above. This concludes the case 1. To handlem > 2,

one proceeds by induction. Thus, we apfl§;, wherela| < m—1, to the equation (9.14),

and we take the imaginary part of its inner product with ¢° and integrate ix. Then,

if one takes into account the estimates proved in the previous induction steps, it is easy to
modify the argument we gave fan = 1. We omit the easy details of this argument.]
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10. NONRELATIVISTIC LIMIT

We first prove Theorem 1.2, then we discuss the modifications needed to prove Theorem
1.3.

Proof of (1.12a).This can be restated:

10.1) Ym0y (”g), e VPO yt sy = (DO) inH'ase - 0

locally uniformly in time. We claim it suffices to prove
(10.2)

&V, (eD)y® — (Dar) e VP (eD)yt — v = (DO) inHlase — 0.

To prove the claim, writél (D) y* = 113 y*=£r?. By the orthogonality betweeii? and
1%, we getl1%r? = —MM_(eD)y? andT1®r? = N° 11, (¢D)y?; but if (10.2) holds,
then the right hand sides converge to zerdHih. Thusr? = o(1) in H! and we have
proved that (10.2) implies (10.1). In the remainder of the proof we drop the supekscript
on the fields, to simplify the notation.

Using (2.2) and (2.4) we reduce (10.2) to proving

(10.3) ¢+—e(”g), ¢_——>(0) in H! as ¢— 0,

L_

uniformly in any given time interval [OT]. By (the proof of) Theorem 1.1, the solution
exists in this time interval for all sufficiently small> 0, and

H 2
(10.4) X%(A£)+§Y{i(¢i)=0(1), |e=/E RE|| g0 )(ST)zo(l)

f=ih£(§
ase — 0. Note that (10.3) holds at timte= 0, by Lemma 1.6. Thus, it suffices to prove
that there exisK, J > 0, depending off and X% (A%) + >, Y{i(qﬁi), but independent
of &, such that for every time interval= [to, t1] c [0, T],

(10.5) f(1) < Kf({to) + K|11° £(1) + o(1)

_ V4 _ O)
P+ (0> L§°H1(|xR3)+H¢_ (U—

W.l.o.g. we takd = [0, T] and only estimate the first term in (10.6). Write

ase — 0, where

(10.6) f(l) :‘

LOHL(I xR3)

t
b (1) = U (O +/O Us(t - 9) [Lo g (9)] ds

t
04 = S - [ St=9 [)©)] ds
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wheregd , of are the data op,., o4 andU*®(t), S(t) are given by (4.1). Thus

+ +
() — (”0*) ®=U) [aﬁg - (”8 )] +[U® - sw] (”8)

t
(YO
t Uo4
+/0 [S(t —s) — Ut —s)]( 0 )(s)ds
=1+ 1l2+ 13+ 4.

Clearly, Ill1ll onysy S [¢g —[vg. 01" |41, and as in [2, Sect. 5]|1|| LeoHi(s) =
o(1) for j = 2, 4, by the dominated convergence theorem and the fact that
(10.8) IVUlls + lullige S logliZ + lo- 1%, < oo

uniformly in every finite time interval. It remains to considgr By Lemma 4.3 and the
embeddings (4.6) and (4.7),

+ eV R
LEH(ST) =
The second term on the right hand side(%) by (10.4), and the first term is bounded by

(+1(5)-+1
LE°HL(ST)

But using Leibniz’ rule, Hlder’s inequality and Sobolev embedding, it is easy to see that
the terms inside the parentheses are dominatedi il ), whereK depends on the size of
X3 (AH) + >, Y7 . (#%) and (10.8). O

uo
(10.9)  Mslligenis) < H( 0+) — Pod+

The) (ST’

+ (u-— A0)¢+||Lf°H1(Sr))-

Proof of (1.12b) and (1.12c)Using Sobolev embedding we reduce (1.12b) to (1.12c). To
prove the latter, observe that (10.3) implies

(10.10) I+ > vy, y——0 ny—>0 y-—>ov_ inH'ase— 0,

locally uniformly in time. Thus (1.12c) follows immediately from (2.15) usingléter's
inequality and Sobolev embedding. O

Proof of (1.14). Multiply (2.16) by aC! compactly supported test functid®(t, x) and
integrate int, x. W.l.o.g. assume& is real-valued. The integrals corresponding to the last
two terms in the right hand side of (2.16) &¢) in absolute value. To see this, integrate
by parts in time and use

< I fllp-2 9|2

(10.11) ‘/ fgdx

and the bound, locally uniform in time,

(10.12) otp+lly-1 = OD).

The latter is easily reduced to the uniform bounds from Theorem 7.1, using Lemma 2.1,
Sobolev embedding anddttler’s inequality.
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Next, fix 1 < j < 3 and considely := % Ref(o—j;(i, n+ )G dtdx Inview of (10.10)
and (2.6),

2 )
(10.13) I_=gRe/<aJX_,v_>Gdtdx+o(1).
By (2.2),(2.4) and (10.4),
1 21
(10.14) - (Xo_) = e—'t/azgngn_(go)y/ +0(E*™) in L2

locally uniformly in time. But by (1.24),

1 i _1 (o¥ei 1 _ 7
tnen oy = steon (7o) + o (1-veon ) (7).

In view of (1.12a) and the bound (1.25), it follows that

ool
(10.15) e—"/fzgngn_(go)y/

_ _1 (o Xako— 1 _p\ (e 2t/
= 5[2D)] ( . )+£(1—[/1(8D)] )( o +)+o(1)

in L§. Moreover, by dominated convergence,
(10.16) R(eD)] Yokoww_ = o¥ow_ +0(1) in HL
Using (10.13)—(10.16) and eithedkdler’s inequality or (10.11), we conclude that

I = Re/i <0jak8kv_,v_>Gdth+ I” +o(1)

wherel” = 1Re[ g-2t/e? (0] (1=[2(eD)]"Y) vy, v ) G dt dx But the latter isO(e)
in absolute value (integrate by parts in time and use the analogue of (10.22)fddsing
(1.2) we finally conclude that

I_ = / [—Im(ajn_,v_)— %fik'ak (aw_,v—)] G dtdx+ o(1).

A similar calculation can be done fox, and this proves (1.14). a

Next, we prove Theorem 1.3. By hypothesis, (9.4), or equivalently (9.1), holds initially
and therefore also uniformly in every finite time interval, by Theorem 9.1. Next observe
that since (1.15) holds initially, we hav&. (s D) ¢ = w5 +O(e) in H! locally uniformly
in time. In fact, this follows from (2.2)—(2.4), using Proposition 8.1 with= 1. We
conclude that it suffices to prove (1.15) wilt replaced byy;. We proceed as in the
proof of Theorem 1.2, but now the remainder term in (10.5) must be improvedd¢dm
to O(e), and f (1) is given by the first term in the right hand side of (10.6). Again we
reduce to estimating the ternhs ..., I4 as given by (10.7).

The terml is estimated exactly as before, but is n@#e) since (1.15) is assumed to
hold initially. Using the fact that¢(t) — S(t) = ssz(t), whereRj(t) is bounded from
HSt4 — HS uniformly ine and 0< t < T, and the assumption that the initial datum of
vy isin H, we get| 1| LeeHL(S) = O(&?) for j = 2, 4. Forlz we use again (10.9), but
now the last term i©(¢); this follows from (7.14), using Proposition 8.1 with= 1. The
first term in the right hand side of (10.9) is estimated exactly as before. This proves (1.15),
and then it follows immediately that (1.12b) and (1.12c) are improved(t9.
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11. SEMI-NONRELATIVISTIC LIMIT

Here we prove Theorem 1.7. In view of the initial assumptions (i)—(iii), Proposition 8.1
applies withm = 4, while (9.1)—(9.5) hold witlm = 2. We write

& . .

with wi defined as in (2.1). Also, we denote p¥ the upper component ¢f,.. Observe
thatTl4 (eD)y? = wi 4+ O(e?) in HY, in view of (2.2)—(2.4) and (9.11) fan = 2. On
account of (9.3), we may therefore replgcein (1.27) byy$. By Lemma 2.1,

. AeD) -1 -
(Iat——( 8; )Xi+A8xi=R”,

where
~ . 1 ; 1
R =i A® . Vy© — ESBTU]){S + 582 (Ag)z)(g

_1 (1— [i(eD)]‘l) ¢ {2iA€ Vot — Bfojxg} + ;[A(SD)]-lg {i 3 ;78}

2
/18D —1
( ) ](g g)

1 1
-3 (1— [A(e D)]—l) 62 {(AS)ZXS} — 51D [Ag, > 25— 2%).

Recalling the bound (1.25) on the symbol o&1[1(¢D)] %, and using Proposition 8.1,
(9.4) and (9.2) withm = 2, we conclude that

I DU NP .
R = 6iA® V" = SeBfo) 1" 4 5o (A9)? x° +0(? in HY,

locally unformly in time.
Then, using Proposition 8.1 witin = 4 and noting that‘l(g'gz’—z)_l = % + EZRZ, where
R is bounded fromHst4 — HS uniformly in ¢, we further conclude that

. 1, 1,
(11.1) iarf =5 (V+ eA)? yE — Ayt — 5eBjolyf a7

wherer? = O(1) in H! locally unformly in time. Comparing (11.1) to the Pauli equation
(1.26) via the energy inequality for the self-adjoint “Pauli operatBf’ = 3 (i V + eA%)?—
%gBJ?aj, one finds that

f(1) < f(itoh) + K111 f(1) + O@?)

ase — 0, wheref (1) = | x5 — xg| LeoH1(1 g3 fOr time intervalsl = [to, ta] C [0, T],
and whereK depends ol but not one. In fact, K depends on th©(1) bound (9.11),
which holds form = 2, as we recall. We conclude th&g[0, T]) = O(e?), and this proves
(1.27).

Observe that (1.20) holds id* locally uniformly in time, in view of (1.19) and the fact
that (9.4), (9.5) and (9.2) hold fon = 2. Substituting (1.20) intd* = ¢ "2 Re(a x¢, »° )2
and using (1.27) yields (1.28).

12. PROOFS OF THE SPACETIME ESTIMATES

Here we prove Theorem 3.1 and Proposition 3.4.
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Proof of Proposition 3.4Let Q be a cube with side lengtk u centered ath, where
|0l ~ 4, and letyq (&) be a smooth cut-off function equal to 1 Gh For example, we can
take

(12.1) 0@ =1 (5 f") ,

wherey is a smooth bump function equal to 1 on a neighborhood of the origin. Then by
the T T* method, we reduce (3.7) to the decay estimate

wltl™t for 2 < 1/e,
eullt|™  for i 1/e,

(12.2) |Ke.q(t, )] S [

for the convolution kernek, o (t, X) := [rs €X <€) y5(&) d&, with h, given by (2.14).
In view of the scaling identityK. o(t, X) = ¢ 3K1.q(e %, e~1x), it suffices to prove
(12.2) fore = 1. To simplify the notation we writ& g instead ofK1 q. Thus,

00 . .
(12.3) Ko(t, X) :/ / g eete® o (rw)r? do (o) dr
0 L
whereo is surface measure & anda is given by (2.18). Note that
r 1
12.4 "y = and a’(r) = ———=—.
(124) “O=Je P O= G

We split the problem into the following cases:
() 4 < landix| 2 Alt],
(i) 2 < landix] < 4lt],
(i) 2> 1and|x| 2 [t],
(iv) 2> land|x| < [t].
Rewrite (12.3) aKq(t, X) = [5° € *Oa(r, x)r2dr where

a(r, x) == /52 €™ yo(r w) do ().
We shall need the following:

Lemma 12.1. |a(r, X)| < (r [x])"1y (r), wherey, is the characteristic function of an
interval | of length~ x and centered at a distanee A from the origin.

Proof. The statement about thesupport ofa(r, X) is obvious, and the decay statement
follows from the fact thaljfsz €X?y (w)do (w)| < 4r/|x| for any function such that
|y ()| < 1. To prove this fact, first note that by rotational invariancd@fve may assume

x = (0,0, |x|). Then passing to spherical coordinatg$, ¢) = (cosf sing, Sind sing, cosy)
we have

iX- 2r [ i|X| cosp R
/s2e y(a))da(a)):/o /0 e y(w(0,¢))3|n¢d¢d9.

Changing variabley — u = |x| cos¢ and taking absolute values then gives the desired
estimate. O

Thus,|Ko(t, x)| < f, (r/Ixl) dr ~ x4/ |x|, and this covers cases (i) and (iii).
To handle the remaining cases we write (12.3Kag(t, X) = [¢ b(w) do (w), where

_ Ooi i (ta(r)+rx-w) )(Q(I’a))l’z
b(w)_/o dr [e ]i(ta’(r)+x~w)
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Integrate by parts and write
_d | xoUaeyr? _ 2QUoyr?a’(r)  §lxqor?]
dr | i(te/(r) + X ) i(ta/(r)+x-a))2 i(ta’(r) + X )

Correspondingly we split = by + b,. Observe that the-support ofy o (r w) is contained
in an intervall of length~ x and centered at a distanéefrom the origin, while the
w-support is contained in a set given by

(12.5) L(w, w0) S p/2
for somewg € S%. Moreover, in view of (12.1) we have
(12.6) & xoro)| < 1/n.

Now consider case (iv). Then on account of (12.4) we hege) ~ 1 anda”(r) ~ 13
forr e I,solta/(r) + X - w| Z It|. Thus

by (@)] < (1/4 |t|)/I dr < /2t

which is more than good enough. Next, using (12.6) we have
o2 £ (1/1) [ (£ +72/0) dr £ G 22/ 101 5 22/ 1.

But integrating this over the region (12.5) & gives us a boung?/ |t|, which again is
more than good enough.

Finally, consider case (ii). Theri(r) ~ A anda”(r) ~ 1forr € | ,so|ta’(r) +X- co| pe
A |t]. Thus

Iby(@)] < (1 |t|)/I dr < u/1tl,

o)) < (1/210) [ (1 +72/0) dr S e+ 20/ 15 2/

Taking into account (12.5) we thus get the desired bound, and this concludes the proof of
Proposition 3.4. O

Proof of Theorem 3.1(ii)If u ~ 4, this reduces to part (iii) of the theorem, so we may
assumeu « 4 (andZ > 1/¢). But then by an orthogonality argument (see, e.g., the
proof of the analogous estimate in Theorem 12.1 of [8]) we reduce to prqj\aiusﬂg_tzX <

e2u%2312 | £ 2 |lgll 2 in the case where the Fourier transformsfog are supported
in (diametrically opposite) cubes with side lengthy and at distance- 4 from the origin.
But this follows from Hlder’s inequality and the estimates (3.5) and (3.7) Withr) =
4, 4). O

Proof of Theorem 3.1(i)If u ~ A, this reduces to part (iii) of the theorem, so we may
assumeu < 4 < 1/¢. By orthogonality, we reduce to proving
(12.7) luoll e, < &™2ulifll2lglle

in the case wherd, @ are supported in opposite cub®&s —Q with side length~ x and
at distance~ 1 from the origin. By rescalingg — t/¢ we further reduce to proving (12.7)
without thee?/? in the right hand side, and witln » given by

(12.8) O E) =@,  [OIE) = efte Ege),
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Herea is given by (2.18). Then by a standard Cauchy-Schwarz argument, see e.qg. [2, Sect.
3.4], we finally reduce to proving that

(12.9) ‘/XMWe@mmWﬂkQﬂm5&"M'ikﬂf—ﬂn)dﬂglﬁ
where
(12.10) k(p) := e La(ep).

(Here and in what follows we use the notatigp for the characteristic function of a set
A.) Then in view of (12.4) there is an absolute constgrauch that

(12.11) [K(p)| <co<1 forall p<l/e, 0<e<l

Denote byl (z, &) the integral in (12.9). In polar coordinatgs=ro,r > 0,w € S,
we havel.(z,¢) = [ga+(r,¢; ) do (w), where

o0
at(r, & ) :2/0 X{r:rweQ}ﬂ{r:rw—feQ}(r)é(T —r £Kk(¢ - rCl)|))|'2dr'

Observe that the-support ofa is contained in a set given by (12.5), so it suffices to prove
thatar < 12. Observe also that in the integral definiag, the variable is restricted to
an intervall of length~ x and centered at a distangédrom the origin.
We shall use the following fact: If : R — R is differentiable With| f’(r)| > 0, andf
has a zero atp, then

o(r —rpg)dr
12.12 o(f ar = ————
(1212) (FO)dr ==
Take
(12.13) f(r)y:==7r—-r k(¢ —row)),
for fixed z, &, w. Then forr such thatw — ¢ € Q,
1214 [P0 =15KE -re) S o1 g2,
I —rol

where we used (12.11) and the assumpfiof 1/¢. On account of (12.12) and (12.14),
we then geti. < A2 as desired. This concludes the proof of part (i) of Theorem 3.0

Proof of Theorem 3.1(iii).This reduces to proving

. 2
(12.15) /){{n:|n|~ﬂ}m{;7:|¢'—;7|~/1}('1)5(T — |l £ k(& = 7)) dg < [min(u, )]7,
for k defined by (12.10). Let us denote the above integral bgt, £). Passing to polar
coordinates we have.(z, &) = st ay(r,¢; w)do(w), where now
o0
ar(r,&w) = /O X{,;rwﬂ}m{,;|rw_§|~;v}(r)5(r —r k(¢ - rw|))r2dr.

We split into the cases (d) < 1/¢ and (b)A > 1/e.

Case (a).Then in view of (12.12) and (12.14) with(r) given by (12.13), we havay <
12. Now integrate ovef?, taking into account the fact that on the supporaof

(12.16) L, &)=L, &) < aju if w> A

Case (b).By rotational symmetry we may assurdie= (|¢], 0, 0). Now parametrize the
sphereS? by (y,0) — o = (y,\/l— y2v(0)), v(#) = (cosb,singd). Then surface
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measurado (w) on S? becomesly 9. Again we use (12.12) witti (r) given by (12.13).
Observe thatf depends implicitly ory but not ond. Denote byA = A(z, ¢) the set of
y € (=1, 1) such thatf (r) given by (12.13) has a zerg = ro(y) > 0. Since| f'(r)| > 0,

the implicit function theorem guarantees thais open andg : A — (0, co) is a smooth
function. Differentiatingf (ro(y)) = O gives

/ / / r |§|
(12.17) 0= f/(ro)ro(y) K (I oo ==,

where we used - oyw = & = |£| andw - dyw = 0.

Let us suppress the subscript and writg) instead ofrg(y) from now on. Solving
(12.17) forr’(y) and using the fact that’(r) < 0, we see tha#ér /oy is either strictly
negative or strictly positive, depending on whether we havetttsign or the— sign in
(12.15). The functiom (y) is therefore a change of variables.

With this information in hand, we solve (12.17) fdéf(r) and substitute into (12.12),
thus arriving at the identity

ré—roml or
F(Dd(z — Inl £ k(& — nl)) dy = Flo)————|—
[ Fate =ik =) an = [ [ o et |1
Changing variableg — r finally gives
rié—rom|
12.18 F(pd(r — |nl £ k(& — dn = F ———— —drdd
( ) /('7) (z = Inl £ k(¢ = nD) dy // (Ifcc>)|§|k,(|&_rw|)r ,

wherew is now a function of andd. We apply this with
FOn = xtmin~mntpic—n~2y (1)
Sincel > 1/¢, we see from (12.4) tha (|¢ — rw|) ~ 1, whence
ri¢ —rol HA
——  ~ —F(rw).
ISIK(E —Tal) €]
We now split into the subcases (bl)x 4, (b2) u ~ 12 and (b3)u > A.

(12.19) F(row)

Case (b2)In this case we can prove the estimate in Theorem 3.1(iii) directly, by applying
Holder’s inequality followed by the linear Strichartz estimate (3.6) wighr) = (4, 4).
(This works because we are at high frequency:€el/¢.)

Case (b1).Then|¢| ~ A, so the desired estimate (12.15) follows readily from (12.19) and
(12.18).

Case (b3).Then|¢| ~ u, so (12.19) and (12.18) imply

|i(T,f) ,S /1// ){{r:r~ﬂ}ﬁ{r:|§—rw|~2}(r)drd‘9~

Recall thatw is now a function of(r, §). However,|¢ —row| is independent of, so by a
slight abuse of notation we will simply write = w(r) and integrate owt, leaving us with

A / Xirr~)n{rlé—ro@)~2 (1) dr.

Clearly it suffices to prove that the support of the integrand is contained in an interval of
length~ 1. Let us assume there is no such interval, and obtain a contradiction. Fix a point
ro in the support, and write = rg + « for a general point in the support. In view of our
assumptiong varies on a scalg> 4. Thus, if we can show that

(12.20) IE —rw(r)]? =a+x%+ O(k + 4?),
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for some constard, it follows that|¢ — rw(r)| also varies on a scale- 1, and we have
the contradiction we seek, sine— rw(r)| ~ 4 on the support.

To prove (12.20), writéZ — row|? = |€]2 + (r2 = 2r |&]) + 2r (1 — w1) |€] . On account
of (12.16) we have + w1 < (1/u)?, so the last term on the right hand sided$1?). For
the second term we calculate

r2—2r || = (r8 = 2ro|€]) + 2(ro — €DK + x2.

But |r0— |5|| < [row(ro) — &| ~ A, so we conclude that (12.20) holds. This ends the proof
of Theorem 3.1. O

13. PROOF OFTHEOREMb5.3

As remarked, by a standard procedure this reduces to some well-known bilinear es-
timates for the homogeneous wave equation. The first observation is that by rescaling
X — &x we can reduce to the case= 1. Thus we suppress the subscriptléft? etc.
from now on.

Some notation: Fos € R, let D, DS and D% be the Fourier multiplier§Dsu)™ =
€8T, (DSU)™ = (Iz| + I€])°Tand (DS u)™ = ||z| — I€]|°0. The notatioru X » means
|G| < 9. We are concerned with bilinear operat@8u, v) of the form

[B(U, D)r(‘[s éf) = / b(T - /15 é /D /1’ W)G(T - /15 f - ’7){)\(;{’ 7’]) di d’]:

whereb(z, &; 4, i) is thesymbolof B. The symbols of the null form&oq, Qij and Qo
are, respectively,

(13.1a) Qo(z, &34, ) =tA—=C -1,
(13.1b) Gij (z, &3 4, ) = —=Cimj +Ejmis
(13.1c) Qoj (7, & A, i) = =y + A&

Since we rely on estimates for tladsolute valuesf these symbols, and since all norms
involved only depend on the absolute value of the Fourier transform, we may assume
U, 0 > 0 henceforth.

Fors € R, let R® be the bilinear operator with symbiol, where

( B i

F(e, & A, ) = IST+ 17l = 1& + 7l I t4 >0,
IE+nl=|IEl=Inl| i <2 <O.

We shall need the estimate, for> 1/2,

(13.2) [RY2@, 0)[ > < Iullgos ol ,

which derives from an estimate for the homogeneous wave equation via the transfer prin-
ciple; see [16] for the details. We also need

(13.3) RS(u, v) < DS (uv) + (DSu)p +uDSp for s> 0.

This follows easily from the triangle inequality, if one keeps track of the signsafd 1
as in the proof of the following lemma, which is more or less standard.
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Lemma 13.1. The following estimates hold:

(13.4a) Qij (u, ) 3 RY2(Du, DY?p) + RY2(D¥2u, Do)

(13.4b) =< RY27 (pu, DY2"p) 4+ RY27(DW/2"y, Do),
(13.4c) Qoj (u,v) 2 [rh.s(13.4a)+ Du- D_v + D_u- Do,

(13.4d) Qo(u,v) 3 [rh.s(13.4a)]+ Dyu-D_ov + D_u- D;o.

Proof. All these statements reduce to estimates on the absolute values of the symbols
(13.1). First, by [8, Lemma 13.2] we have

jaij (0. & 2, )] < 1%l < 112 In1Y21E + a2 e (& 2 ]2,

wherer is the symbol ofR as defined above. Then (13.4a) and (13.4b) follow, in view of
the fact that

(13.5) r(z, & 4, ) < 2min(iE], [nl).
To prove (13.4c), write
oj (7. &3 4, m) = (e1|E] — )nj + (4 — e2|nl)Sj — ea(IS] nj — exez |nl <),

wheree; andep are the signs of and 4, respectively. That i1z = |z| andexd = |4].
Now take absolute values and use the fact (see [8, Lemma 13.2]) that

1 nj £ 01 &;] < 1E2 Y20 + 1D Y2r (2, &5 2, )] Y2

holds for allz, &, 4, . (The sign in the left hand side is independent of the signs of)
This proves (13.4c). The proof of (13.4d) is similar. Write

do(z, &5 4, ) = (r —e1lcDA + (A — ez lnDer S| + exea [l IS =& -
and use (see [8, Lemma 13.2Jy| & — & - | < (€] + |nDr (z, &5 4, n) and (13.5). O
Finally, we need the estimate (hexg s, 61, 62 > 0)
(13.6) luollz S ullyspor Ullgspe,  fOr si+s> 3, 61462 > 3.

See [16, Proposition A.1] for the simple proof of this fact.

We are now ready to prove Theorem 5.3. By interpolation, we reduce to

(13.7) 1QU, v) Iz < Ullgyae v llgg2a

(13.8) 1Q(u, U)||Ho,(—1/2)— s ||U||H1,9 ||U||H(3/2)+,1

where||ull ;10 in the right hand side can be replaced|ly 10 if Q = Qjj.

Proof of (13.7) First observe that for the last two terms in the right hand sides of (13.4c)
and (13.4d), the estimate reduces to special cases of (13.6), since we can always replace

D_ by D? D_l[(’. Thus, it only remains to prove the estimate for the right hand side of
(13.44a), but this reduces to (13.2). O
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Proof of (13.8) First considelQjj. Applying (13.3) to (13.4b), we reduce to

(13.9a) Iuollz S ullyoaz+ lollyi+as

(13.9b) luoll 2 S ||U|||_‘|(1/2)*,(1/2)+ ||U||H(1/2)+,1 >
(13.9¢) ||UU||H0‘(—1/2)* < lull .2 ||U||H1+,1 s

(13.9d) luoll oy~ < Ulaz-o 0l gaz*as
(13.9¢) luoll yoc12- S Ullgoaa+ 10l gat.a2+
(13-9f) ||UU||H0,(71/2)— 5 ||U|||_‘|(1/2)—,(1/2)+ ||U||H(1/2)+,(1/2)+ .

Via duality and the transfer principle, these reduce to the estimates in Corollaries 3.2 and
3.3, which are valid in the case wheungo are both solutions of the homogeneous wave
equation, as remarked in Sect. 3.

It remains to consider the second and third terms in the right hand sides of (13.4c) and
(13.4d). For the second term we can apply (13.6) directly, while for the third term we

replaceD_ by p&/2” Dfrl/z)Jr, thus reducing to (13.9d). |

14. GENERALIZATION TO MIXED STATES

Our aim here is to generalize the main results to a mixed quantum state, where we have
countably many spinor field{s//f}jeN, each satisfying the Dirac equation. This general-
ization is straightforward, due to the structure of the system (the key facts being that the
Dirac equation is linear in the spinor, whereas the densities are quadratic in the spinor).
We limit our attention to the existence results from Sects. 6—9; however, the results on the
nonrelativistic limit also generalize without difficulty.

The Dirac-Maxwell-Coulomb system for a mixed state reads:

oy = —ie af oyt +e7% i — Alayl — Agyi, jeN,
(14.1) ARG = p?,
O,A° = ¢PJ,

where

R T (/) R T S (I W
j ]

j
and we have initial data

(14.3) pilkmo=yioe HY, jeN; > uf
j

Here{,u?}_ N is a given nonnegative sequencd HiN), depending on the parametgr
je

2
’ < 00,
H1

&
¥i0

(14.4) (A%, 3t A%) =0 = (8, &) € PH! x PL2.

The main asymptotic assumption (1.6) is now replaced by
(14.5) > ut
i

Then we have the following generalization of Theorem 1.1.

&
Yi0

2 1
b= 0. [l +elal=0 (%) as e —0
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Theorem 14.1.The initial value problem (14.1), (14.2), (14.3), (14.4) is locally well posed
for fixede, with an existence time, & 0 depending only oa and the size of the horms of
the data. Moreover, if (14.5) holds, then

1
T.>rlog- as ¢ — 0,
&

2
where r is a constant depending sop..o >_ #§ H ¥io ‘LZ’ but not one. Further, (14.5)

continues to hold uniformly in every finite time intervalsas> 0.

2
Sincezj ,u? 1,//j£(t)HL2 is conserved in time [(1.3) holds for eac}f], this theorem

reduces (by the argument given after Remark 7.2), to the following analogues of Theorems
6.1 and 7.1.
Letdu® denote counting measure dhmultiplied by the weights,ujf. Thus, if X is a

Banach space of functions, the notatign} € 12(du?; X) means tha}_ 15 | ||§( < 00.

Theorem 14.2.(Cf. Theorem 6.1.) For fixed the Dirac-Maxwell-Coulomb system (14.1),
(14.2) is locally well posed for initial data in the space (14.3), (14.4). The existence time
T > 0only depends on and the size of the norms of the data, and the solution belongs to
and is unique in the class

(14.6) (y])jen €12 (du®s HE(SD)), A e FEO(Sr),  Aj e C(0,TI: HY,
forall 1/2 < 6 < 1. Moreover{¢; |}jen € 12 (d;ﬁ; X:ﬁiha(f)(ST)) .

The last statement requires some explanation: We congifles {y/f}jeN to be a
vector-valued solution of the Dirac equation, and the considerations in Sect. 2, in particular
the definitions ofyi and¢? , then applycomponentwise

The same remark applies to the iteration scheme in Sect. 6. Thus, we have a vector-
valued sequence of iteratgs"™ = {yxf’m},—eN satisfying (6.2a), and (6.3)—(6.7) are un-
derstood to be vector equations, while (6.8) holds componentwise, i.e., with jrafethe
w+ andy fields. The iterates of the potentials may conveniently be written

(14.7) AT =D WS AGT AP = ARO S SATT,
whereAgT = A7H{y ™, ™), A0 is the solution of the homogeneous wave equation
with initial data (14.4) and\i"™ = A[y "™, y{"™], with notation as in Sect. 5.3.

The proof of Theorem 14.2 then follows exactly that of Theorem 6.1, with a few obvi-
ous modifications which we now list. In (6.9) we replace #é&? norm of *™ by the
12(du?; HE?(Sr)) norm. (6.11) holds with index on theA and y fields, and without
the data norm in the right hand side; multiplying both sidegu@yand summing gives the
synthetic estimate

”Ag’mﬂnﬂ}"(&) < C(|lag|| pite Hagl”LZ) + T(SZ'“? I ij’m||i4(sr)’
and (6.13) is similarly interpreted. Further, (6.12) and (6.14) hold with irjder they,
¢+ and R fields (but not onAg); squaring both sides, multiplying Qyj-' and summing
gives the corresponding synthetic estimates. Taken all together, this proves (6.10), hence
Theorem 14.2.
Similar considerations show that the results in Sects. 7-9 generalize to mixed states;
moreover, the proofs remain valid, if one observes the following simple rules: (i) For
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any quantityF estimated in some noryF ||, and which is nowector-valuedi.e., F =
{Fj}jen, we substitute|F|| by (3 15 | Fi ||2)1/2; the pure state estimates can be applied
componentwise, then squared and summed with wejgsthis works because the Dirac
equation is linear in the spinor field. (ii) For the potentials, the pure state estimates can be
used via the decompositions in (14.7), then summed with weigr(there the bilinearity
of the potentials with respect to the spinor field comes into play. Thus, we content ourselves
with stating the key results in generalized form, leaving the details of the proofs to the
interested reader.

Defining

) = (Z/f}

we have:

Theorem 14.3. (Cf. Theorem 7.1.) Consider the solutiop® = {V/f}jeN, AL of (14.1),
(14.2), (14.3), (14.4) from Theorem 6.1, existing up to a time-TO and belonging to

1
o
) N A+ faa o))

wf(t)‘

. . . . . 2
(14.6) over thistime interval. There exist B 0, depending only osup.. Zj ,u? Hy/f,o Lo

and constants CM, ¢g > 0, independent of, such that if
7°(0) < B forall e,
thenZ?(t) < CB for0 < & < B~ and0 < t < min(T*, T,).

Next, we consider bounds on higher derivatives. Set

Th(t) = (Z s
form > 0. Then we have:

Proposition 14.4. (Cf. Proposition 8.1.) Assunig,(0) < B uniformly ine. Given T <
o0, let N be the smallest natural number such that'™NI T, with T* as in Theorem 14.3.
Then

1
e
GO 41RO o e [ar 0 )

€0

N .
Zh(t) < Pn(C"B) for 0<t<T, provided 0<e < Ci-IgW

Here C, M, ¢g are universal constants andyHs a polynomial.

Finally, we have the “small positron” result.

Theorem 14.5. (Cf. Theorem 9.1.) Let k oo be given, and let N be the smallest natural
number such that NT> T, with T* as in Theorem 14.3.

1
2 \2
() SupposeZi (0) < B and (Z 1 | M- (eD)yi(t = O)HHm) < ¢B for all ¢.

Then

(Zﬂi H—(eD)wf(t)Hsz)z < ePm(CNB)

forall 0 <t < T, provided < ¢ < go(CN-1B)~M. Here (and below) CM, &g
are universal constants andyHAs a polynomial.

Moreover, if we strengthen the assumptigfj(0) < B by requiring that
|Vag|ym + ¢ |85 | ym < B forall &, then

IVA®) |y + & |6A°®) || ym < Pn(CNB)
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forall 0 <t < T, providede satisfies the same condition as above.
(i) Assume that the hypotheses of part (i) are satisfied, for sone th If, in
addition,

I3 2 % 2
M_(eD)yi (t ZO)HHml) < ¢2B.

(Z “

Then

(Zws[m-comiolfl,) < #pncts

forall 0 <t < T, provided: satisfies the same condition as in part (i).
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