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1184 SELBERG

43 Coulomb gauge, for initial data in H'™, any & > 0. This result is optimal in
a4 the sense that the critical Sobolev exponent for MKG on R'**is s, = 1, and
45 one does not expect well-posedness in H® for s below this critical value; see
46 the introduction in Ref. [8] and Section 1.3 below, where we also make
47 some remarks on the open question of well-posedness in the critical data
48 norm H'.

49 The analogous result for a hyperbolic model problem, obtained from
50 the MKG system Eq. (6) below by setting the non-dynamical variable
51 Ay=0 and ignoring all cubic terms, was proved by
52 Klainerman—Machedon,® for small-norm initial data. That result was
53 reproved, using different norms, and without any smallness assumption
54 on the data, in the recent survey article.”) The proof given there also
55 used some ideas from Ref. [8], where the corresponding model problem
56 for the Yang-Mills equation is considered.

57 The present work builds on the treatment of the model problem in
58 Ref. [7]: To obtain a priori estimates on solutions of MK G with the requisite
59 regularity, we complement the bilinear estimates proved there with estimates
60 for cubic terms, and terms involving the non-dynamical variable, which
61 satisfies an elliptic equation. It should be emphasized that the difficulty is
62 to obtain LWP when s is very close to s, = 1. If s is sufficiently large, one can
63 prove LWP by much simpler methods than those employed here. See
64 Section 1.3 and Remark 1 in Section 1.4.

65 Our method here can be modified' to treat the full Yang-Mills system
66 in R'*™, proving LWP in H'"®, but only for initial data with small norm.
67 This extends the result of Klainerman-Tataru® on a model equation for
68 Yang-Mills. The reason for the small-norm restriction is that the elliptic
69 equation in the Yang-Mills system relative to the Coulomb gauge is far
70 more complicated than the one for MKG, and not in general globally
71 solvable. To avoid this problem one can include the elliptic variable in the
72 Picard iteration. Then to close the iteration one must assume small-norm
73 data, since there is no way of compensating for large data by letting the
74 existence time go to zero, as one can for an iteration involving only hyper-
75 bolic equations in a subcritical regime. Of course, using Picard iteration for
76 an elliptic equation seems somewhat contrived. A better approach for Yang-
77 Mills on R'** may be to work in the temporal gauge, as Tao!'”! has success-
78 fully done for the case of R'**. We hope to address this in a future paper.
79

80

81

82 'we do not prove this here, but hope to address it in a separate paper dealing with
83 the Yang-Mills equations on R'™ in Coulomb as well as temporal gauge. Note that
84 Yang-Mills essentially contains MKG as a special case.
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85 Most of the previous work on MK G has been in dimension 1 + 3. Let
86 us summarize the known results for this case. LWP in the energy norm H'
87 was proved by Klainerman and Machedon.! By conservation of the MKG
88 energy, their result implies global well-posedness. In particular, they recov-
89 ered an earlier global regularity result of Eardley and Moncrief' for smooth
90 data. Cuccagna!'! proved LWP for small-norm data in H*, s > 3/4. For
91 1+ 3 dimensions, the critical regularity is s, = 1/2, but the question of
92 LWP below s = 3/4 remains open. In both Ref. [4] and [1] the Coulomb
93 gauge is used. More recently, Tao'” has proved small-norm LWP
94 for s > 3/4 using the temporal gauge, for the more general Yang-Mills
95 equations.

96 Our method here can be used to remove the small-norm restriction in
97 the result of Cuccagna. The essential reason for this limitation in Ref. [1] is
98 that the elliptic variable was included in the iteration. If instead one solves
99 the elliptic equation and reduces to a purely hyperbolic system, as we
100 do here, this obstruction is removed, and one can get a large data LWP
101 result. A crucial fact needed to make this work is that in the
102 Klainerman—Machedon bilinear estimates used by Cuccagna, the space—
103 time derivative |D, ,|™ acting on the product can be replaced by |D,|™“,
104 as observed in Ref. [11] (cf. also the remark in the Appendix), rendering
105 unnecessary the decomposition in Fourier space used in Ref. [1]. See also
106 Remark 3 in Section 4.

107 Finally, we remark that our proof should generalize without difficulty
108 to the higher dimensional case of MKG on R'™ with n > 5, giving LWP for
109 s>s5,=(m—2)/2. In fact, the difficulty of the problem decreases with
110 increasing dimension.

111

112

113 .

114 1.1. The Maxwell-Klein-Gordon System

11 . . . C .

112 The Klein-Gordon equation can be derived as a relativistic analogue

17 of the Schrédinger equation for a free particle. It is obtained from the
relativistic energy-momentum relation E* = p*c®> + m*c*, where E is the

118 . . . .

119 CDETEY of the particle, m > 0 its rest mass, p its momentum and ¢ the light

120 speed. Setting ¢=1 from now on, and applying the quantum mechanical

191 principle of replacing classical quantities by operators:

122 9

123 Energy E—i—,

124 ot |

125 Momentum p— -V,

126 !
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127 one obtains the free Klein-Gordon equation
128

129 o = m’¢, 1 AQ1
130

131 Where ¢(¢,x) € C and [0 =9,9" = —37 + A is the wave operator on R'™".

13 Here we use relativistic coordinates 7 = x°,x',...,x" on the Minkowski

133 Spacetime R'*" with the metric diag(—1,1,...,1); indices are raised and

134 lowered relative to this metric, and the Einstein summation convention is
135 1n effect: roman indices j, k, ... run from 1 to n, greek indices u, v, ... from 0
136 o n. We write 9, for 9/0x", and 9, = 9. We shall use %z and 3z to denote
137 the real and imaginary parts of z € C.

138 The coupling of Eq. (1) to an electromagnetic field represented by a
139 Dbotential 4,(7,x) € R is achieved by the so-called minimal substitution

140 .

141 d0,— D, =09, +i4,,

142 where iA, acts as a multiplication operator. This gives

143

144 D, D'¢ = m’¢. 2)
145

146 which is the Klein-Gordon equation. It has an associated current density
147

148 Ju=3(¢D, ) = 3(#9,9) — A, leI’, 3)
149

150 satisfying the conservation law

151 u

152 @j, =0. 4)
153

In fact, one has the general identity 9,3(¢D*¢) = J(¢D, D" @), so Eq. (4)

154 follows immediately from Eq. (2).

156 The Maxwell-Klein-Gordon system is then obtained by coupling
:23 Eq. (2) to the Maxwell equation

158 OF, = J, )
159

160 where F,, = 3,4, — 0,4, is the electromagnetic field tensor and j, is the
161 Klein-Gordon current density Eq. (3). The system Egs. (5), (3), (2) is then
162 what we—provisionally—call the Maxwell-Klein-Gordon system. We want
163 to consider this as a system of second order PDE in the unknowns 4, and ¢,
164 but there is an obvious problem with this, since F,,—and hence the obser-
165 vables, i.e., the electric and magnetic field vectors, whose components are
166 entries of the matrix F,,,—are not uniquely determined by 4,,. This is known
167 as the gauge ambiguity, and to resolve it one adds another equation to the
168 system, a so-called gauge condition, which uniquely determines 4,.
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169 The standard gauge conditions are (i) Lorentz: 3“4, =0, (ii) Coulomb:
170  3'A4; = 0 and (iii) temporal: 4, = 0.

171 In this paper, we shall rely on the Coulomb condition, which carries
172 the advantage—as Klainerman and Machedon observed in Ref. [4] for the
173 case of n=3—that the bilinear terms involving derivatives turn out to be of
174 null form type, and therefore have better regularity properties than generic
175 products. Since the derivation of the null form structure in Ref. [4] uses the
176  special vector calculus of n =3, in particular the curl operator, we include a
177  generalization of this argument to arbitrary dimension in Section 1.5.

178

179
180 1.2. Main Result
181
182 If we add the Coulomb gauge condition & A; =0 to the MKG system
183 Egs. (5), (3), (2) and expand, we get:
184
ot Ady = —X($3,:9) + 9]’ Ao, (6a)
187 O14; = —3(0;6) + 161> 4; — 99, 4o, (6b)
188 ¢ = —2id ;¢ + 2idod,¢ + i(d,40)p + A" A, + 1, (6¢)
189 j

dA4;=0. 6d
190 ! (6d)
191" In the rest of the paper, with the exception of Section 1.3, we will take n = 4.
192

Thus, the unknowns are

193
194 Ay, A4; R*™ >R ¢:R™ - C.
195 ’
:zj When convenient, we shall write 4 for the four-vector field (4/ )j=1,...4- Initial
198 data are specified at time t =0 :
;£ Ao =ac H', 8Al,_o=bheH"", (7a)
201 Plioo=¢o € H'. 4l =1 € H'™, (7b)
202

203 where H'={f € S(RY): (I — A)"*f € L*(R*)} and a,b are real vector
204 fields. In view of the Coulomb condition Eq. (6d), we must require

205

206 ¥a;=d'b; =0. (8)
207

208 Observe that no data are specified for the non-dynamical variable A4,. This is
209 quite natural, because A, is determined by ¢ and 9,¢ at any time ¢ by solving
210 the elliptic Eq. (6a).
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211 Theorem 1. For all s> 1, the Cauchy problem Egs. (6-8) on R'™ is
212 locally well-posed.

213

214 Local well-posedness here includes (a) existence of a local solution
215 .

216 Ay € C([0, T1, H) N C'([0, T), L?) (%a)
2 Anpe (0.7} H)NCO. T (%)

219 up to a time T > 0 depending continuously on the H*-norm of the initial
220 data; (b) uniqueness of the solution; (¢) continuous dependence on the data;
221 and (d) persistence of higher regularity. A more precise statement, for an
222 equivalent system, can be found in Theorem 2, Section 1.5. In particular, the
223 uniqueness is proved not in the class (9), but in a smaller space determined
224 Dby the iteration norms; see Eq. (20).

225 To prove Theorem 1 we shall in effect eliminate the nondynamical
226 wvariable A, from the equations, by solving the elliptic equations. This
227 leaves us with a system of nonlinear wave equations, which we then prove
228 is locally well-posed. Once this has been achieved, we can go back to the
229 original system Eq. (6), and conclude that this is also well-posed.

230 Let us be more precise. We introduce a new variable B, = 9,4,.
231 Applying &’ to Eq. (6b) and using Eq. (6d) yields

232 L :

233 ABy = =39 (¢9;9) + 9 (1¢I°4)). (10)
234

Now we eliminate A, and 9,4, = By from Egs. (6b) and (6¢) by solving

235 Eqgs. (6a) and (10). Thus 4y = Ay(¢) and By = By(A, ¢) are nonlinear opera-
236 ¢ors. Since the Coulomb condition Eq. (6d) turns out to be automatically
237 satisfied because of the constraint Eq. (8), we obtain a system of nonlinear
8 ave equations

239

200 4= MA.9). (11a)
241

oy ¢ = N(4,9), (11b)
243

where M and A are certain operators®, nonlocal in the space variable,
which are sums of terms of the following types: (i) bilinear and higher
order multilinear expressions involving A4 and ¢ and their first derivatives,
(ii) terms involving 4y(¢), and (iii) a linear term m*¢ in Eq. (11b). Moreover,
all the bilinear terms have a null structure, due to the Coulomb gauge, and
for these terms one already has good estimates (see Ref. [6], and also Ref. [8]
for the case of Yang-Mills; here we shall rely more particularly on variants

244
245
246
247
248
249
250
251
252 ?See Section 1.5 for precise definitions.
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253 of these estimates proved in Ref. [7]). We complement these with estimates
254 for the higher order multilinear terms and terms containing A4,(¢), and local
255 well-posedness of the system Eq. (11) then follows by the general theory
256 developed in the author’s paper Ref. [12].

257 Then the original system Eq. (6) is also locally well-posed, by reversing
258 the steps leading to Eq. (11). That is, if (4, ¢) has the requisite regularity (see
259 Eq. (20)) and solves Eq. (6) on a time-slab, and if we set A, = 4y(¢), then
260 9,4y = By(A, ¢) in the sense of distributions and the triple (4, 4, ¢) solves
261 Eq. (6) on the same time-slab.

262 Thus, we show that the systems Eqs. (6) and (11) are equivalent for
263 sufficiently regular solutions.

264

265

266 1.3. Scaling, Optimality and the Null Condition

267

268 As for many other field theories, there are two types of “critical”

269 behaviour associated to the MKG system on R'™. On the one hand,
270 there is the critical regularity s. such that the homogeneous initial data
271 space H* is left invariant under the natural scaling transformation
272 associated to MKG:

273
274 A/l.(la X)a ¢(Za X) - )“A/L()"la )\.X), )"d)()"tv )"X)a (12)
275  where A is a positive parameter.® Since
276
. — (=221 ~
217 [ G o= 2221 S g (13)
278 .
979 W€ conclude that s, = (n — 2)/2. In general® one expects field theories to be
280 locally well-posed (LWP) for s > 5. and ill-posed for s < s.; we say more
281 about this below. In the critical case s =s. one expects some type of
weakened well-posedness® for data with small norm.
282 . . . .
283 On the other hand, there is the energy-critical dimension » such that
the critical regularity is at the level of the energy:® s, = 1. For MKG this
284 . . . . . . .
g5 Means n = 4, which is the dimension we consider in this paper. For field
286 theories in general, one expects global regularity in the critical dimension, as
287
288 3 . .
289 By this we mean that if 4,,, ¢ solve MKG, then so do the rescaled fields, although
the rest mass hanges from m to A\m.
290 4gee Ref. [7, Section 1.3] for further discussion and references.
291

SFor example, one does not expect smooth dependence on initial data, which rules
292 out proof by iteration. A good example is wave maps into a sphere; see Tao [Ref. 15,
293  Section 1] for a summary of the regularity results for wave maps.

294 °MKG has a conserved energy which is at the level of the H ! data norm; see Ref. [4].
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295 well as in subcritical dimensions (s, < 1), and breakdown of regularity for
296 large data in supercritical dimensions (s, > 1).

297 As mentioned above, the global regularity is known in the subcritical
298 dimension n = 3 for MK G, but the question of global regularity in the critical
299 dimension n = 4, even for data with small energy, remains open. By conser-
300 vation of energy, a LWP result, for small-norm data, at the critical regularity
301 s, =1 would settle this question in the affirmative, but it is perhaps more
302 realistic to expect a more direct proof of global regularity in analogy with the
303 results of Taol'>!'® for wave maps into a sphere. It is to be hoped that our
304 almost optimal LWP result will play some role in any such result.

305 The expectation of ill-posedness for s < s, is based on the scaling
306 Eqgs. (12) and (13). First, if blow-up occurs for smooth, compactly supported
307 data, then one can construct data in H*, s < s,, with arbitrarily small norm,
308 for which there is no local existence; see, e.g., Ref. [13, pp. 98-99] for this
309 argument. However, this is not a very convincing point to make here, as we
310 do expect global regularity for MKG on R!'**. We can show, however, that
311 it is impossible to prove any well-posedness result for s < s, using an itera-
312 tion argument based on estimates. The idea can be illustrated by the follow-
313 ing example: As is well-known, the algebra inequality

314

315 |72l = Conll Sl (14)
316 holds for H*(R") iff s > n/2. A rather crude way of ruling out the range
317§ < n/2 is to observe that if Eq. (14) holds, then by rescaling’ x — Ax and
318 Jetting A — 0o, we get 1 < A"/2.

319 This idea is easily applied to the iteration for MK G written in the form
320

Eq. (11). Let us take m = 0 here to make the system scale invariant. If
321 4 =p=0 in Eq. (7a) and ¢; =0 in Eq. (7b), then the first iterate of A
322 solves® AV = — PP VVe©®) with zero data, where ¢ is the solution
323 of ¢ = 0 with data (¢, 0). If we can prove LWP in H* by iteration, there

324 pust be an estimate

325

326 sup HA‘”(I)H < o 30 (15)
327 0<<1 LS

328

for all ¢ with sufficiently small norm. Now assume s < s.. We then claim
329 that Eq. (15) implies A" =0, which is absurd. Indeed, given T > 0, apply

22? Eq. (15) to the rescaled iterate
332 AV, x) = 24D (0t Ax)
333

334

335 In the limit A — oo, the inhomogeneous Sobolev norm H* scales like H*.
336 ®Here P denotes the projection onto divergence free vector fields. See Section 1.5.
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337 attime t = T/A. As A — oo this gives
338
339
340
341
342 whence A(l)(T) =0.

343

344 Remark. This argument has nothing to do with the null condition, of course.
345 A more careful analysis (see Ref. [7, Section 1]) suggests that for a generic
346 equation of the form

A58

AYD)| < 0 gl

347

348 Cu = udu

349

gg? on R one needs s > max((n — 2)/2, (n + 1)/4) in order for the iterates to

352 stay in H*, and this is consistent with Lindblad’s counter examples.!'”

353 However, if the right hand side is replaced by a null form expression like

354 Egs. (23) or (24), then one only needs s > max((n — 2)/2, (n — 1)/4), so the

355 null condition improves matters when n < 4.

256 As remarked already, the main difficulty is to prove LWP when s is

a5, Very close to s,., whereas simpler arguments can be used for larger s. Let us
be more precise. Observe that relative to Lorentz gauge, MK G on R isa

358 . . -

350 system of nonlinear wave equations of the schematic form (see Ref. [7,
Section 1])

360

361 3

362 Ou = udu+u”, (16)

363

364 and for this system LWP for s > n/2 can be proved by standard methods,
365 just using the energy inequality for the wave equation and Sobolev embed-
366 dings. This can easily be improved to s > (n — 1)/2 by using a L>L> space-
367 time estimate instead of just Sobolev embedding. For n = 4 this gives LWP
368 for s > 3/2, which is still one quarter of a derivative above what one expects
369 (cf. remark above) from the analysis of the first iterate of Eq. (16), namely
370 s> 5/4. No proof of LWP of Eq. (16) in this range seems to exist in the
371 literature, but it should be obtainable using the spaces H*? (see Section 1.4)
372 and L’ bilinear estimates for the homogeneous wave equation of the type
373 first proved in Ref. [S]. However, to go below the regularity 5/4, one really
374 needs the null condition, which seems to rule out Lorentz gauge. Of course,
375 once a LWP result has been proved in one gauge, one can in principle use
376 gauge transformations (see Ref. [4]) to transfer this result to other gauges;
377 but to make this rigorous requires sufficient regularity of the solutions, and
378 we will not consider this question here.
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379 1.4. Function Spaces
380
381 Here we define the spaces that we make use of. See Ref. [7] for more
382 details. )
383 The Fourier transform of f(x) [resp. u(t, x) ] is denoted f(&§) = Ff(§)
384 [resp. u(t,&) = Fu(z,§) ]
385 We say that a norm || - ||, on some space X’ of tempered distributions,
386 depends only on the size of the Fourier transform if
387
388 |a] < 19| = llull < |IvIl.
389

390 (Here we assume, of course, that the Fourier transform of any element of X’
391 I1s a function.)

392 If X and Y are two normed spaces, the notation X< ) means
393 continuous inclusion.
394 For any o« € R we define Fourier multiplier operators A%, A% and
395 AZ by
396 — 227
397 Af(E) = (1 + [E[)Vf(8),
398 ASu(r.8) = (1+ 7 + ) a(r. §),
399 ) sy \ @2
400 ~a (T — &) .
ANu,d)=1+—-"" u(t, ).
o ) ( i) BECL
402

403 It should be remarked that the weight of A% is comparable to
404 (14 ||z| — |€]])*, but the former has the advantage of being smooth.

405 The Sobolev and “Wave Sobolev’ spaces H* and H*? are given by the
406 weighted L? norms

407

408 I/ s = I8 f N pgey and ull e = ||ASA€H||L2(R1+4>-

409

410 We shall also use the related space H*? defined by

411

412 lullzpo = Nl ot ]| yoro ~ AT AL A U] 2.

413

414 In view of Plancherel’s theorem, these norms depend only on the size of the
415  Fourier transform. It is an important fact that when 6 > 1/2, the spaces H*’

416 and H*’ can be localized in time, since then the embeddings
417

418 H" < C,(R,H*) and H"%< C,(R, H*)N CH(R, H*™") (17)
419
420 hold. See Ref. [7, Section 3].
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421 Since L*(|£]*d§) € Li,.(R*) € S'(R*), we may define
422 7 SRy, B |

424  Thus H' is a Hilbert space with norm ||f||i—,, = fw |§|2|f($)|2 d&. We remark
425 that if W' = {f: Vf € L*}, then H' is obtained by identifying elements of
426 W' differing by a constant. Observe also that S is dense in L2(|§|2d§), hence
427 in H'. We shall use frequently the fact that

428

129 H'< LYRY. (18)
430 In other words, ||fll,+<Ilfllz. This holds by the Hardy-Littlewood-
431 Sobolev inequality (see Stein Ref. [14, Chapter V]).

432 If X is a separable Banach space of functions on R*, and 1 < p < oo,
433 we denote by L (X) the space L”(R, X) of X -valued functions. In particular,
434 we write

435

436 1/p

437 el 2y = (/ Hu(l, ')”iq(mﬁ) dl)

438 R

439 with the usual modification if p = oo.

440 We also need a version of this last norm which only depends on the

441 gize of the Fourier transform: If u € S’ and # is a tempered function, set
442

3 - Az, 6)|3(r.6)dTde v e 8.9 — 1
444 ”u”E/"(E({) = Sup R |U(T, s)}V(f, s) T s veS,v=>0, ||V||L][7/(Lf\’,/) - P

1+4
445
446 where 1 =1/p+1/p and 1 =1/q+ 1/4. Let LY(LY) be the corresponding

447 subspace of S'. Then |||l ) is a translation invariant norm on L(L%).

jjg Note that £2(£2) = LX(R'**) and

:2(1’ lull rgesy < Nullprzsy  whenever 4> 0. (19)
452 e refer the reader to Ref. [7, Section 4] for more details on these spaces.
453 We can now make precise the regularity statement Eq. (9). The solu-
454 tions we obtain are in the following spaces:

455

456 Ay € €0, T), HY) N C'([0, T], L?), (20a)
457 5,0 —y A =127 ply o8

458 A; e H*" N ATYAZVE[L (L)), (20b)
459 ¢ e H"Y, (20c)
460

461 where 6 > 1/2 and y > 0 depend on s. For technical reasons, it is useful to
462 iterate 4; and ¢ in these global spaces, but in the end we are only interested
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463 in their values on a time interval [0, 7] whose size depends on the norms of
464 the data. Since the space H*? can be localized in time, this presents no
465 problems.

466

467 Remark 1. The auxiliary space £)(£Y) in Eq. (20b) is necessary when
468 s < 5/4. See Theorem 8.2 in Ref. [7] and the remark following it.

469

470 Note. Throughout the paper, we use the convenient shorthand < for < up
471 to a positive multiplicative constant C. Usually C is completely innocuous,
472 and only depends on parameters that may be considered fixed. There are
473 exceptions, notably for Lipschitz estimates (then C is only ‘locally”
474 constant), but these are clearly pointed out.

475
476
:;; 1.5. Reformulation of the MKG System
479 As discussed in Section 1.2, an important step in our proof is to recast
480 the MKG system Eq. (6) as a system of nonlinear wave Eq. (11). Here we
481 . . .

describe this in detail.
482 As was shown in Ref. [4], the first termson the right hand sides of
483 Eqgs. (6b) and (6¢) can be expressed, due to the Coulomb condition Eq. (6d),
484 . -1
485 in terms of the bilinear null forms
486
187 Qjic(u, v) = 0;u Oy — 01t ;v. 21
488

489 Since the argument in Ref. [4] was special to the case n = 3, we include here
490 a proof of this fact which works for any dimension. First, let P be the
491 projection onto the divergence free vector fields on R*. In terms of the
492 Riesz transforms R; = (—A)_l/zaj,

493

494 PX; = X; + RiR*X; = R"(R X}, — R X)).

495

496 Observe that P is bounded on every L?, 1 < p < oo, since this is true for the

497 Riesz transforms (see Stein'Y). Moreover, it is clear that the Riesz trans-

498 forms, and hence P, are bounded on any space whose norm only depends on

499 . . . . s
the size of the Fourier transform, in particular on any Sobolev space H".

22(1) .S.ince 0;(udv) — 9 (ud;v) = Qj(u,v), it follows immediately from the
definition of P that

502

503 k —172

504 Pud;y) = R (=A)" 7 Qplu, v), (22)
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505 whence

506

507 P(=3[#96]) = 2R (=) 0,0, 50). (23)
509
510
511
512
513
514
515
516 . . .
517 2479 = Qu(¢ (—A)P[R'A" — REA)). (24)
2:2 Remark 2. The calculations leading to the identity Eq. (22) are certainly
5o9 Justified when u and v belong to the Schwartz class S(R*). Moreover,
501 both sides of the identity are bounded bilinear operators of (u,v)e
500 H' x H' into H™', where s > 1. Thus the identity holds for all u,v € H’,
503 and we conclude that Eq. (23) holds for all ¢ with the regularity Eq. (20c),
504 since by Eq. (17) this implies ¢ € Cx(R, H*). To bound the left hand side of
505 Eq. (22), use first the dual

526

527 =) ey < 1 1) (25)
528

529 of Eq. (18). Since P is bounded on L”, it then suffices to observe that

530

531 Nudivll o < llull s ll0uall 2 < Nl g VI s (26)
532

533 Wwhere we used Eq. (18). To prove boundedness of the right hand side of
534 Eq. (22), it is enough to show

535

536 =)D S 1 g1 llgll g

537

538 This can be reduced, via the self-duality of L?, Plancherel’s theorem, and the

539 Cauchy-Schwarz inequality, to the fact that |£]~'(1 + |.§|)7172("71) belongs to
540 L2(IR4), since s > 1. Similar, but simpler, considerations show that the
541 remaining bilinear and cubic terms in (6a,b,c) and (28a,c,d) are bounded
542 into Cy(R, LY3(R*)) when regarded as operators on Ay, A, ¢ in the class
543 Eq. (20). For example, for a cubic expression uvw we have by Hoélder’s
544 inequality and Eq. (18) that

545

546 luvwllgas < Nullgalvlizsllwll s < Null g vl g llwll g (27)

Also,
20uPX = Qu(u, (—A)PIRX* — R X)),

as one can see by expanding the right hand side. Therefore, if A4 is divergence
free, so that P4 = A, then
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547 Returning to the main thread of our argument, we now use the null
548 form identities derived above to arrive at an equivalent formulation
549 of MKG:

550

551 Ady = —3($0,9) + |¢I* 4y, (28a)
D2 Addg = =3V (@5 + V(19 4) (28b)
554 [4; = 2R (—A) "0 (R, 3¢) + P(I¢1° 4)) (28¢)
oo 06 = —iQu (. (—a) R A — R4

557 +2id0d,p + i(3,A0)p + A" A, P + . (28d)
558

559 This system acts as a stepping stone between Eqgs. (6) and (11).

560

561 Proposition 1. The systems Egs. (6) and (28) are equivalent. More precisely,
562 any local solution of Eq. (6) with the regularity Eq. (20) and divergence free
563 initial data is a solution of Eq. (28) and vice versa.

564

565 Proof. To go from Egs. (6) to (28), observe that 4; is divergence free by
566 Eq. (6d) apply & to Eq. (6b) to get Eq. (28b) apply P to Eq. (6b) and use Eq.
567 (23) to get Eq. (28c¢); finally, Eq. (28d) follows from Eq. (6¢) using Eq. (24).
568 To go the other way, observe that by Eq. (23), the right hand side of
569 Eq. (28¢) is divergence free; thus [0’/ A; =0, and since the initial data of 4;
570 are divergence free, Eq. (6d) follows. Then, in view of Egs. (24), (6¢) and
571 (28d) are equivalent. Finally, to go from Egs. (28c) to (6b), it suffices to
572 check that the right hand side of the latter is divergence free. But this follows

573 from Eq. (28b). U
574
575 Once the system has been written in the form Eq. (28) it is easy to

576 eliminate A, and 0,4, and obtain the system of wave Eq. (11). We now
577 describe this in more detail.

578

579 Lemma 1. Given ¢ in the class Eq. (9b) Eq. (28a) has a unique solution
580 Ay, H' on every time-slice {t} x R*, and these solutions assemble to a
581 space—time function Ay = Ay(¢) € C,(R, H'). Moreover, we have bounds, on
582 every time-slice {t} x R*,

583

584 4ol gn < 210,61l 2

585

586 and

587
588 1 4o(®) — Aol gp SN — Yl + 10,0 — 0,1l 12,
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589 where the suppressed constant depends polynomially on ||@|| g, || g1, 10,0 12
590 and |9,V 2, but is independent of t.

591

592 This is proved in Section 4.

593 Next we consider Eq. (28b), with 9,4 replaced by the new variable B,
594

595 S

596 ABy = =3/($3,0) + ¥ (161 4)). (29)
597

598 Lemma 2. Given (A, ¢) in the class Eq. (9b), the Eq. (29) has a unique solution
599 By € L? on every time-slice {t} x R*, given by

600

601 By = RI(=A)"*[3(¢9,) — 191’ 4)), (30)
602

603 and the solutions assemble to a space-time function By = By(A4,¢) €
soa Ci(R, Lz). Moreover, we have bounds, on every time-slice {t} x R*,

605 5
%t 1Boll2 < COL+ Al Il

607 .

608 for a constant C independent of t, and

o I1Bo(A, ) = Bo(A', )l > S 1A = Allgp + 16— &'l

611 \vhere the suppressed constant depends polynomially on || A, | Al g, 191l g
612 and ||¢'|| 1, but is independent of t.

613

614 Proof. To see that Eq. (30) is in L2, first apply Eq. (25), then estimate as in
615 Egs. (26) and (27). That Eq. (30) is the only L’ solution can be seen by

616  taking the Fourier transform of both sides of Eq. (29). O
617

618 In view of the above lemmas, Eq. (28) implies Eq. (11), with

619

620 M:(Mla"')Mll)a M_/:Mjﬂl_{_Mj,z’ N:N1++N6,
621

622 where

623 T

624 M/ﬂ] == 2R (—A) Q]k(J{(P, \S(P),

o M;a =PI94)),

627 Nl = —Z'ij<¢’ (_A)fl/Z[RiAk _ RkAj]),

o Ny = 2idy($)d,,

630 N3 =iBy(4, $)¢,
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631 Ny =4 ¢,
632 2

Ns = 4|9,

633 5= 2| ¢
634 Ne=m"¢,
635
636 and |4|* = A;4" in the next to last line.
637 Arguing as in Remark 2, and using Lemmas 1 and 2, it is readily

638 checked that the multilinear expressions in M and A are all continuous
639 maps into C,(R, L*?) [or C,(R, H™") in the case of M; ] for (4,¢) in the
640 class Eq. (20b,c). However, proving the following theorem requires much
641 more sophisticated estimates.

642

643 Theorem 2. The system of wave Egs. (11), with M and N defined as above, is
644 [ocally well-posed for initial data in H’, all s > 1, in the following sense (all

645  pairs (A, @) are understood to belong to the class Eq. (20b,¢) in what follows):

646
(a) (Local existence) For all initial data Eq. (7) there exists a T > 0, which

647
648 depends continuously on the norms of the data, and there exists a pair
649 (A, ¢) which solves Eq. (11) in the sense of distributions on (0, T) x R*
650 and satisfies the given initial condition.
o571 (D) (Uniqueness) If T > 0 and we have two solutions (A,¢) and A',¢) of
652 Eq.(11) on (0, T) x R* with identical initial data, then they agree on the
653 entire time-slab.
654 (¢) (Continuous dependence on initial data) If, for some T > 0, (A, ¢) solves
655 Eq. (11) on (0,T) x R* with initial data Eq. (7) then for all initial data
656 (@, b, ¢, @) such that
657
223 8= lla—dllp+1b="bllger + g — Dol + llp1 — il
22? is sufficiently small, there is a solution (A',¢') on the same time-slab and
662 with these initial data. Moreover, we have
663 14— A'llgs + 18,4 = 3, A | g1 4 Nl p — ¢ ll
664 + 10,6 — ¢ ll 1 < C8
665
226 uniformly in 0 <t < T.

7
668 (d) (Persistence of higher regularity) If k is a positive integer and (A, ¢)
669 solves Eq. (11) on (0,T) x R* with initial data in H* (that is, Eq. (7)
670 holds with s replaced by s + k), then
671
672 A,¢ € C(0, T, H*) n C'([0, 7], BN,
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673 (e) (Classical solutions) If the data belong to HE for every k, then the
674 solution is smooth:

675 A,p € C([0, T] x RY).

676

677 The proof of this theorem will occupy us in the next two sections.
678 Here we want to show that Theorem 1 can be deduced from Theorem
679 o 1t clearly suffices to demonstrate the equivalence of the systems Egs. (6)
680 and (11). The remainder of this section is devoted to a proof of this fact,
2:; assuming that the conclusions of Theorem 2 hold.

683 Proposition 2. The systems Egs. (6) and (11) are equivalent for local solutions
22; in the regularity class Eq. (20), with divergence free initial data.

686 In view of Proposition 1, it suffices to show the equivalence of Egs. (28)
687  and (11). We have seen already that Eq. (28) implies Eq. (11). The converse
688  is not quite so obvious, but for sufficiently regular solutions it follows by
689 some straight forward calculations and the fact, proved in Section 4, that the
690 only H' solution of the elliptic equation Au = |¢|>u is u = 0. For general H*
691 data we then choose an approximating sequence of sufficiently regular data,
692 yse the persistence of higher regularity and continuous dependence on initial
232 data, which hold by virtue of Theorem 2, and pass to the limit.

We now turn to the details.

695 Assume that (4, ¢) is in the class Eq. (20b,c) and solves Eq. (11) on a
696 {ime-slab Sy = (0, T) x R*, with initial data satisfying Eqs. (7) and (8). Set
697 Ay = Ayg(¢). Then Eq. (28) is satisfied, but with 9,4, replaced by
698 By = By(4, ¢) in Egs. (28b) and (28d) . Thus, all we have to prove is that
699 the distributional derivative 0,4, agrees with B, on S7. At first glance one

700 may think that this is simply a matter of taking a time derivative of Eq. (28a)
701 and using the conservation law Eq. (4) to conclude that A9, 4, = AB,, but
702 this is a circular argument since the derivation of Eq. (4) is not valid unless
703 e know that 9,4y = By.

704 In what follows, keep in mind that A4, and B, are real-valued.
;gg Applying 9, to Eq. (28a) gives

707 AT A 2

708 Ad Ay = —3(pdP) + 20 (P0,¢) A + |10, 4. (3D
709

710 Since Egs. (28c) and (8) hold, it follows as in the proof of Proposition 1 that
711 A is divergence free. Therefore, Eq. (24) holds, and since Eq. (28d) holds
712 (with 9,4, replaced by By), we conclude that

713 .

114 ~3¢+ Ap = O = —2iA/ 8¢ + 2iAd,p + iBop + A" A, + m*¢.
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715 Using this expression for 8¢ gives, after some calculation,

716 — L . —

717 —3(¢pd7¢) = —30 ($9,6) + 2%(pD,P) A’ — 2R($3,$) Ay — BylI.
718
719 ‘ .
720 —39/(¢9;9) = ABy — (191’ 4)),
721
722
723
724
725
726

;’;‘; A3, Ay = ABy — 3 (1017 4)) + 2%(¢3,0) 4 — ByloI” + |¢1°8, 4.

729 But

730

T & (16°4)) = 203,94 + ¢° 4; = 2095, 9) A’
733 since A is divergence free, and so we finally get

734

73 A3, Ay — Bo) = |#1°(3,4o — By)-

736
737
738
739
740
741
742 By € C([0, T], H"), (33)
743

744 then it follows by the uniqueness result alluded to above (see Lemma 8 in
745 Section 4) that 8,4, = B, in [0, T] x R*.

746 But Egs. (32) and (33) certainly hold under the additional assumption
747 that the initial data Eq. (7) of 4 and ¢ belong to H*** for every positive
748 integer k. Leaving aside the proof of this assertion for the moment, we note
749 that any / € H® can be approximated in the H* norm by a sequence belong-
750 ing to every H**, by convolution with a C%° approximation of the identity,
751 and if fis divergence free, then so is the approximating sequence. Combining
752 these facts with the continuous dependence of 4 and ¢ on their H® initial
753 data (Theorem 2), and the continuity of the operators 4y and By (Lemmas 1
754 and 2), we conclude by passing to the limit that the equality 9,4, = B,
755 holds in the sense of distributions on (0, 7) x R* for all initial data Eq. @)
756 satisfying Eq. (8).

Since

we get
—3(pPd) = ABy — V(12 4,) + 2R(p0,B) A’ — 2R(¢0,8) g — Boll’.

Inserting this in Eq. (31) gives

The above manipulations are justified provided
3,4, € C([0, T], HY. (32)

If, moreover,
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757 It remains to prove that Eqgs. (32) and (33) hold if the initial data Eq. (7)
758 of A and ¢ belong to H* for every positive integer k. For Ay, this follows by
759 persistence of higher regularity (part (d) of Theorem 2), the inductive regu-
760 larity step Eq. (73) in Section 3.2 and Lemma 5 in the same section. As for B,
761 in view of Eq. (30) it is clear that, on every time-slice,

762

763 1Bollzn < > (163l 2 + 111 Ayl 2)

764 J

765
766 and by Holder’s inequality and Sobolev embedding it iseasy to see that the

767 right hand side is dominated by [|@| ;1 |9l ;2 + ||¢||§{2 |All ;2. Butif 4 and ¢
768 have initial data in A st1 then by persistence of higher regularity (part (d) of
769 Theorem 2) we know that 4, ¢ € C([0, T1, H?).

770

771

772 2. PROOF OF THEOREM 2

773

774 Here we discuss the estimates needed to prove local well-posedness of the
775 gystem (11), with M and N defined as in Section 1.5.

776 The local existence for the system (11) is proved by Picard iteration in
777 the spaces (20b) and (20c), which are defined using the spacetime Fourier
778  transform, and hence are global. However, since they embed in (9b), they
779 can easily be localized in time. In fact, this time localization smooths out the
780  singularity of the inverse []~! of the wave operator, and—if done with
781 sufficient care—allows one to handle large initial data by taking a suffi-
782 ciently small time interval. These matters are considered in detail in the
783 author’s paper,m] and also in Ref. [7, Section 5], and we refer the interested
784  reader there. Fix 1 < s < 2. (For larger s, the result can be proved by simpler
785 arguments.) Let 6 > 1/2 and y, & > 0; these quantities depend on the choice
786 of 5, and will be specified later. Now define

787

788 X =HY N ATATV el e},

789 )

790 &y =H,

791 Ve=AATX, k=12

792

793 with norms

794

795 141z, = 1 Allyso + A7 A2 Al 21
796 P12, = Npllpges

797

798 1Flly, = 1AT A Flly,, k=1,2.
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799 All these spaces are complete (see Ref. [7, Proposition 4.2]), and by Ref. [7,
800 Proposition 5.6], X} and X, satisfy the hypotheses of Ref. [12, Theorem 1].
801 Consequently, by Ref. [12, Theorem 2], the system Eq. (11) is locally well-
802 posed for H® data if the following Lipschitz conditions’ hold:

803

o IM(A, ¢) = M )lly, S 14— Allx, + ¢ — ¢, (34a)
s06 IN(A4.9) = N (A By, < 14— Ally, + 19— &L, (34b)
807

808 where the suppressed constants depend continuously on

809

810 14lx,s 140x,,  lIglly, and [1¢]r,.

811

812 . .

g3 In fact, these estimates guarantee that the conclusions (a,b,c) of Theorem 2
814 hold. In the next section we show how to prove parts (d) and (e) of the same
815 theorem.

816 It suffices to prove Eq. 34 with M replaced by M, and with N/
817 replaced by NV, ..., 5. Furthermore, in view of the multilinear structure,
818 it suffices to prove (concerning the suppressed constants, see note below):
819

820 IM;ally, S 16, (35)
821 5

822 IM;2lly, < 4llx 191k, (36)
823

824 N1y, < 140,19y, (37)
825 IN2lly, < 140z, 18]lx,, (38)
826

827 IN3lly, < 1Bo(4, )z, Il x,, (39)
828

829 INally, S 1Ao@D 1 Ao@I 2, 1D, (40)
:2‘1’ INslly, S 1415, 191, (41)
832 INslly, < l9ll,, (42)
833

834 ”AO”L?C(HI) < ||¢||Xzs (43)
835

836 ||AO(¢) - A0(¢/)”th(yl) < ||¢ - ¢/||X2> (44)
837

838

839 “Keep in mind that M and A vanish at the origin, so if we take A’ =0 and ¢/ =0,
840 we simply get bounds for M (4, ¢) and N (4, ¢).
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841 where Z; and Z, are certain intermediate spaces, to be specified later,
842 such that
843
2 3
8a4 I4ollz, < lollx, + 9llk,. (45)

" 40(6) — 4@z, < 19— ¢l (46)

847 1Bollz, < (1+ 41l ¢, (47)
:jg 1Bo(A, §) — Bo(A', )z, S 14— Allx, + 1 — ¢l (48)
850
851
852
853
854
855
856
857
858
859
1 . (3
:Z? 5< 0 < mln(4, ;) (49a)
862 0 Lin(2 -6, 50 (49b)
863 DA V)
864 1
866
867 Having fixed 6 and ¢ satisfying these requirements, we define p and r by
868
869
870
871
872
873
874
4 : 1
875 —<min(20—-1,1——). 5hH
876 q p
877
g7g Observe that as s — 1, the triple (p, ¢,r) — (1,00,2). Now set
879

It should be emphasized that in the Lipschitz estimates Eqs. (44), (46) and
(48), the suppressed constant depends polynomially on the norms ||¢|| v, and
|¢ll x,» and in the case of Eq. (48) also on |4y, and ||A'|x,. Observe that
the estimate Eq. (42) for the linear term is trivial, since the norms only
depend on the size of the Fourier transform.

The following was proved in Ref. [7, Theorem 8.6].

Theorem. The estimates Egs. (35) and (37) hold provided

1 1
_25_9_25, —=1-0—2e (50)
p 2 r

and we choose ¢ so large that

880 14ollz, = A" Agll 2 re)- (52)
881 —1
882 ”BO”ZZ = A BO”L’,’(L%”)‘ (53)
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883 For easy reference, we list here some estimates that we shall use (here
884 p,q,r are defined as above):
885 s—1 1
886 [A(=A) " @Vl reey < Nullgsollvllgs-re, (54)
887 Neell 2sy < Nutll e (55)
888

ul| ;- < Null gs.o, 56
889 l ||L,(L§,) lloell .0 s . (56)
890 b _ —
oo ||u||L§v(Lf) < llull gsos > +0+2e—25< B < 26, (57)
892 lull go.orer S llull 212y, (58)
893 L
894 ||”||g}(g§,) S IAAT u”g}([g%): (59)
895 /&l < UA S liglpn + IA gl o L f Nl oo (60)
896
gg7 Where in the last inequality,
898
1 1 1

899 c0>0, —+—==, 2<p,<o0.
900 Pk gk 2
901 The inequality Eq. (54) follows from a theorem of Klainerman-
902

Tataru;® we give the details in an appendix.

The Strichartz type estimates Eqs. (55-57) are special cases of Ref. [7,

Theorem D]. (The [non-optimal] upper bound for 8/8 in Eq. (57) guarantees
905 that the pair (2p, B) is wave admissible; the lower bound is chosen so that we
906 4o not exceed s space derivatives on the right hand side.)
907 The inequality Eq. (58) can either be proved directly, using
908  Pplancherel’s theorem, Holder’s inequality, Minkowski’s integral inequality
909 and the Hausdorff-Young inequality, or it can be proved by interpolation,
910 35 in Ref. [7, Section 6(vii)]).

903
904

M Inequality Eq. (59) a special case of Ref. [7, Proposition 4.8].
912 The calculus inequality Eq. (60) is Lemma 1 in Ponce-Sideris."”’
913 As mentioned already, Eqgs. (35) and (37) hold by Ref. [7, Theorem
914 8.6]. We now prove the remaining estimates Eqs. (36) and (38—48), thereby
915 concluding the proof of parts (a,b,c) of Theorem 2.
916
917
918 2.1. Proof of Eq. (36)
919
920 Since the norm only depends on the size of the Fourier transform, we
921 can ignore the projection P. More accurately,
922
923 2
Sty < 4],
924 M 2lly, |pl”A; ”
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925 Thus, it suffices to prove
926 X .
927 AT A @)y, S Nl [Vl IWllggeo
928
929 or, equivalently,
930
931 ||MV‘V||HX—I.H+8—] S ”u”H.\,H || V”H.\,G ”M/”H.\,O,
—1 5 —e—1/2
932 IAY AT AT 2 0w) g1 sy S Nl IV lgeo 9o
933
934  Since all the norms depend only on the size of the Fourier transform, we
935 may assume that u, v, w have non-negative Fourier transforms, and we see

936 that it is sufficient to prove (note that y 4+ 2¢ < s — 1 by Eq. (49))
937

938 leovw]| go.ore—1 < ||u||H1‘9||V||H;.6||W||,H.s,6, (61)
939 —1 —S—l
o HA A~ 2(uvw)”£}(£ﬁ) < el 1Vl 9]l pges (62)
941
942 By Eq. (58) and Hélder’s inequality,
943
944 ||MVW’||H0<9+;:—I < ”u”L,o"(L‘\‘,)||v||L[zl’(L§)||1/V||L’ZI’(L§),
945
946 and Eq. (61) follows by Sobolev embedding and Eq. (57).
947 Using Egs. (59) and (19), we get
948 . ]
949 [T Az )], S Bl S el Wzl
950 o
951 Now use Sobolev embedding and Eq. (55).
952
953
954 2.2. Proof of Eq. (38)
955
956 We have to show
957
958 luvllggsrover S A ul| oo IV llor0
o, < N L Py
959 Li(LY)
960 By Egs. (58) and (60),
961
s—1
222 vl ps-roves S DA @) oz
s—1 s—1
964 s’ u||L7(L‘(,)||V||L$O(L§1/z_|/q)*1) + ||u||L'[’(L3C)||AY V||L$°(L%)-
965

966 The desired estimate now follows by Sobolev embedding, since 4/¢ < s — 1.
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967 2.3. Proof of Eq. (39)
968

969 We must prove

970

971 luv]| 10401 S ||AS*1M||L;(L§/3)||V||H»v9-

972 '

973 By Eqgs. (58) and (60),

974

975 ]| gemrovr S N @) 12y

976
977
978
979
980
981
982
983 2.4. Proof of Eq. (40)
984
985
986
987
988
989 By Egs. (58) and (60),

990

991 ||u2V||H.\—|.9+571 < ||As_l(u2v)||L/;(sz)
992
993
994
995 o
996 SAAT ull s lull ooy VI
997
998
999
1000
1001
1002
1003
1004
1005
1006 luvw| gs-rove—t < lutllgge [V] 30 | Wllggses

1007

1008 but this was proved above; see the proof of Eq. (36).

SUA ™l o 9 gy + el Al 2y (63)
Now apply Egs. (55) and (56). Note also that ||u||Lr(L3/3)$ ||As_ll/l||Lr(L8/3),
t X t X 6

since A% is bounded on I’ for all 1 <p<oo and §>0. In fact, A~
corresponds to convolution with an L' function; see Stein.!'¥

It suffices to show

2 s—1
02l proveer S el gy 1Al IVl

s—1
S A ““Lf(L‘{)||uV||L;,Q(L&l/271/L/)*')
-1
+ lull ooy 1A @)l 212

Lozt

—1
-i-||U||L;>0(L‘§)||U||L¢(L;:°)||A3 V||L,°°(L‘f)'

Now apply Sobolev embedding, and use Eq. (51).

2.5. Proof of Eq. (41)

It suffices to show
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1009 2.6. Proof of Eqs. (43) and (44)
1010
1011 These follow from Lemma 1, which is proved in Section 4.
1012
1013
1014 2.7. Proof of Eqgs. (45) and (46)
1015
1016 Since
1017
018 gy = (=8)7[3(#5,8) — 16140,
1019
102054 suffices, taking into account the multilinearity of the terms inside the
132; brackets, as well as the estimates Eqs. (43) and (44), to show that
]ggj A =AY @)l sy S Null g1V o,
1025 A =) ow) L ary < el s 1o 19 o -
1026

1027 The former is exactly Eq. (54), and the left hand side of the latter is <
1028

1029 1=2)" @ow) gy + (=)0 )
1030
1031

. 64
LY(LY) 64

Here we applied the following useful result, which is an immediate conse-

1032 quence of Lemma 2(ii) in Chapter V of Stein.['
1033
1034 [ emma 3. For a > 0 and 1 <p<o0,
1035
1036 o o
o IR VRS (CONGET]
1038
1039 Where the suppressed constant only depends on o .
1040
1041 Returning to the sum Eq. (64), note that by Sobolev embedding, it is <
1042
1043 Nevwll ooy Fuvwll o o2y
1044
1045 where
1046 [ O B YA
132; ar 2 q 4 8 2¢q)°
1 3—s 1 1 2—s 1
1049 [ +—=- 2( +_>
1050 o 4 q 4 8 2
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1051 Thus

1052

1063 leevwil gy < el e 101 o g Wl ey K =1,2
1054

1055 \where
1056

1057 1_1+1 1_2—s+1
1058 B 8 2¢° B 8 2q
1059

1060 Using Eqgs. (49b) and (51) it is easily checked that
1061

1062 5 8 8
1063 §+9+28—2s§2—s§E<E<29,
1064

1065 5o we may apply Eq. (57) to finish the proof.
1066

1067
1068
1069
1070
1071
1072
1073
1074
1075 1A Bollzm) < 1Bollyem, + | (=22 By
1076
1077
1078
1079
1080
1081
1082 where
1083

1084 1
1085 a
1086

1087 Since By is given by Eq. (30), and since the Riesz transforms R; are bounded
1088 on I, 1 < p < oo, we see that it is enough to prove

2.8. Proof of Eqs. (47) and (48)

We prove Eq. (47); the same proof gives Eq. (48) if one exploits the
multilinearity of the terms defining Bj.
First observe that by Lemma 3,

Ly
Therefore, by Sobolev embedding, we have to estimate

H(—A)I”Bo H k=1,2

" o, >
Ly(LY)

1089

1090 vl gy S Nl oo 9] v

1091

1092 vl gony < el g 19l g 91l
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1093 By Hoélder’s inequality,

1094

105 vl ey = Ml gy 100 ey
1096

1097
10908 Where

1099 131 - 29 Y= 49

1:3‘1’ 11 s=1 1 1 s—1
1102 /32 2 4 V%) 4 4
1103 Now apply Eq. (56) and Sobolev embedding.

1104

1105

”36 3. HIGHER REGULARITY
1107
1108
1109
1110
1111
1112

3 The key to proving part (d) of Theorem 2 is to establish, for

M4 4012
1115 T

1116 IA*M(A4, D)y, < A Allx, + 1A Dlx,} + B (65a)
s IAN (A, @)y, < el A ALy, + 1A Bl } + By (65b)
1119  where

1120
1121
1122
1123
1124 The case k = 0 is of course true by Eq. (34), but it is useful to include it here
1125 for technical reasons.

1126 In the absence of the lower order term B,, we could now appeal
1127 directly to Ref. [12, Theorem 2], to conclude that part (d) of Theorem 2
1128 holds. However, we can easily modify the proof given in Ref. [12] to cover
1129 this more general case, as we demonstrate below.

”uvw”Lf(Lﬂfk) = ||u||L;‘(L§.) ||V||L$°(L§)||V||L<;O(Ltk)a

Here we prove parts (d) and (e) of Theorem 2.

3.1. The Persistence Property

o oy depends continuously on |4y, and ||¢] x,,
e Bo=0, . .
e B, for k > 1, depends continuously on ||A _1A||Xl and ||A _1¢||X2.

1130 First, however, let us dispose of proof of the above estimates. Observe
1131 that we have the equivalence of norms

1132

1133 1A ully, ~ Y l135ully,-

1134 lo| <k
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1135 This is trivial in view of the fact that the norms only depend on the size of
1136 the Fourier transform. It is therefore clear, from the multilinear structure of
1137 M and N, and the product rule for derivatives, that Eq. (65) follows from
1138 the very estimates proved in Section 2. The only exception is the nonlinear
1139 operator Ay(¢), for which we need the following estimate, replacing Eq. (43):
1140

1141 Lemma 4. If A*¢ € X5, then

1142

Aol S B IA Bl + (1A Gl ) o all el < K,
1145 . .

146 where vy and 1y are continuous functions.

1147 .. . .

1148 This is proved in Section 4.3.

1149 Let us now turn to the proof of Theorem 2, part (d).

1150 The issue is to show that if we have a pair (4, ¢), belonging to the class
151 Eq. (20b,c), which solves Eq. (11) on S = (0, T) x R* with initial data
1152 Eq. (7), and if the data have some additional regularity, say H*™* then
1153 this extra regularity persists throughout the time interval [0, 77 :

1154 stk 1 s+k—1

1155 4.6 e (10, T, H*) n ! ([0, 7], 1), (66)
1156

1157 Now, as proved in Ref. [12, Section 6.4], it suffices to prove this for some
1158 T > 0 which depends continuously on

1159

1160 Ey = llalg + 1501 + [ bo]| o + b1 ] -

1161

1162  We shall prove this using the Picard iterates corresponding to the given data.
1163 It will be convenient to introduce the notation

1164

1165 Eye = llallgeos + 181 it + |90l goss + 81 s

1166

1167 Now fix an integer K > 1, and denote by « and B the pointwise

1168 maxima of o and B, respectively, taken over all 0 <k < K. Let us
1169 assume that the initial data belong to H*™X, that is,

1170

1171 Ex < oo.

1172

1173 It is proved in Ref. [12] that for any 0 < T < 1, there is a linear

1174 operator Wy, which is bounded from ); — &; (j = 1,2), and such that
1175 u = W F solves the inhomogeneous wave equation [Ju = F on (0, T)x
1176 [R* with vanishing initial data at 7 = 0. Moreover, if C; is the maximum
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1177  of the operator norms, that is,
1178

179 Cr= max(” Wrlly
1180

1181 then

1182

1183 Cr—0 as T—0. (68)

1184
1185 The sequence of Picard iterates (4™, ") is then defined inductively as

1186 follows. First, let A9 and ¢>(0) be the solutions of [14” = 0 and []¢>(0) =0
11g7 with initial data Eq. (7) and then multiply them by a smooth bump function
1188 Wwhich equals 1 on the interval [0, 7']. By Ref. [12, Theorem 1],

Wilyon) (67)

1189
1190 18540y, + [ Ak, < CE, (69)
1191
1192  with E, as above. Then define
1193
1194 AMD — 4O g (A(m)’(ﬁ(m)),
1195
1196 ¢ = ¢ 4 woN (A('”), ¢(’”)>.
1197
1198  Let us write
1199
1200 R;(m) — H AkA(m) + HAkd)(m) ,
1201 X 2
1202 W™ — H o A(m—l)H + H o™ — ¢<m—1>) '
1203 X X,
1204 .
1205 Then by Egs. (65), (67) and (69) (with k£ = 0), we have
1206 R < CEy+ Cra(RURYY,  m > 0.
1207
1208 If we choose T so small that
1209
2Cra(2CEy) < 1, 70
1210 ra(2CEy) < (70)
1211 then it follows by induction on m that
1212
1213 R <2CE), m=>0. (71)
1214

1215 Then, using the Lipschitz estimates Eq. (34) (and making « larger if
1216 hecessary),
1217

m+) 1, (m)
1218 w =0,
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1219 so the sequence of Picard iterates is Cauchy in X} x X5, and therefore
1220 converges; the limit is of course the unique solution (4, ¢) of our equation.

1221 We shall prove that, with T as in Eq. (70),

1222

1223 R™ < Cu(Ey, ..., E), k<K, m>0, (72)
1224

1225 where Cj is some continuous function.

1226 Let us first see why this implies the desired conclusion Eq. (66) for

1227 k < K. The point is that by Eq. (72), the sequence of Picard iterates is
1228 bounded in the Hilbert space H*%? (recall that X, X, = H*?), and there-
1229 fore, some subsequence converges weakly in that space. Since weak conver-
1230 gence in H*™? implies convergence in the sense of distributions, we conclude
1231 that the strong limit (4, ¢) agrees, as a distribution, with this weak limit.
1232 Thus, (A4, ¢) belongs to H0 and this immediately gives Eq. (66).

1233 We shall prove Eq. (72) by induction on k.
1234 We already have the case k = 0, by Eq. (71).
1235 Now assume that k < K and that Eq. (72) holds. We claim that this
1236 implies Eq. (72) for k + 1. Indeed, by Egs. (65), (67) and (69),
1237
Egg RUD < CEyy + Cra(RY™RYY, + Crp(RY™).
1240 Taking into account Eqs. (71), (70) and the induction hypothesis, we get
1241
1242 1 B(CL(Ey, ..., E)

(m+1) (m) k=05 > Lk
1243 R/c+1 < CEpyy + ERkJrl + 20(2CEy)
1244
1245 for m > 0. It now follows by induction on m that
1246
1247 B(Ci(Ey, ..., Ep))

(m) K\ L0 > Lk
1248 Rkil < 2'C'E‘k-k—l + 05(2CE0) 5 m = 03
1249
1250 using Eq. (69) for the case m = 0.
1251
1252
1283 3.2. Classical Solutions
1254
1255 Here we outline the proof of part (e) of Theorem 2. In view of part (d)
1223 of the same theorem, it suffices to prove the inductive step
1258 00 00
1259 A.¢e () C"(0.TLH) = 4.¢ € () C"' (0. T). H*). (73)
1260 k=1 k=1
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1261 But since (4, ¢) solves Eq. (11) on (0, T') x R*, we have there
1262
1263 FA=AA—M(4,¢),

1264 2, _

1266 .-

1267 and so it is clear that Eq. (73) follows from

1268 -

1269 A.¢ e () C"(0. T). H*)

1270 k=1

1271 o

1272 = M(4,8).N (4,0 € (" (10, T), 1), (74)
1273 k=1

1274 . . .

1275 The key observation is of course that M and A only contain first
1276 order derivatives in time. Recall that M and N are sums of multilinear

1277 expressions in 4 and ¢ and their first order derivatives, and terms involving
Ay(p). But Ag(¢p) is determined by the elliptic Eq. (28), which also contains

1;;3 only first order partial derivatives in time of ¢.

1280 Thus, to prove Eq. (74), simply apply up to m — 1 time derivatives and
1281 any number of space derivatives, say K, to M and N, and use the product
1282 rule for derivatives. It is then easy to show—we omit the details—that on

1283 cach time-slice, the L*-norms of the resulting expressions are bounded in

1284 terms of (here « is a multi-index)

1285 . . .

1286 31 AN s 13l e and (13,05 Ao(@)]] g

1287

1288 forj <m, |a| < K and k sufficiently large. Then one appeals to the following
1289 higher regularity result for 4y(¢), which is proved in Section 4.3.

1290

1291 Lemma 5. Let m, M be non-negative integers. If ¢ € ™o, 1, HY),
1292 that is, lf

1293

1294 Jop e C([o, T],Lz) forall j<m+1 andall |al <M +1,
1295
1296
1297
1298
1299
1300 .
1301 and ||B’,8§’A0(¢)||Lw([0’ 7). 8 1S bounded by a continuous function of the norms
1302 (|3l o, 77, oy Sor k < m+ 1.

where « is a multi-index, then

y,’aszo(@ec([o,T],Hl) forall j<m andall ol <M,
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1303 4. ELLIPTIC ESTIMATES
1304
1305 Our object here is to prove Lemmas 1, 4 and 5.
1306
1307

1308 4.1. Basic Estimates
1309

1310 We first prove existence and uniqueness for the equation
1311

1312 Au—|pl*u = =3(¢f) (75)
1313

1314 on R*.

1315

1316 Lemma 6. Let ¢ € H' and f € L*. Then the Eq. (75) has a unique (real-valued)
1317 solution u € H', and

1318

1319 lull o < 2] /] ,2- (76)
1320

1321 Proof. Recall that H', as defined in Section 1.4, is a Hilbert space with inner
1322 product [ Vu - Vv (by Plancherel’s theorem), and that H les 1% We denote
1323 by %H' the corresponding real Hilbert space, with inner product S Vu- V.

1324 By definition, u € H' solves Eq. (75) in the sense of distributions iff
1325

1326
1327
1328
1329 for all v € S. Since S is dense in H' and
1330

1331 ‘/¢2quX

fR 4 (Vu Vv + |¢|2uv> dx = / (@) dx (77)

2 2
< ullj4l|vll;e < MNull vl s 78
1332 < Nplzallull vl o = NPl laell i IV (78)

1333

1334 ’/?‘(‘f’f)”ix

1335

1336 we conclude that u solves Eq. (75) iff Eq. (77) holds for all v € H'. Taking
1337y =7 gives

1338

1339 —

1340 lull s + pull 7> = / J(@Nmdx < llgull 21112

1341

1342 and since (a+ b)2 < 2(a2 + b2) for all a,beR, we conclude that
1343 N? < 2N fll;2 where N = |lull g1 + ll¢ull;2 < oo. Therefore Eq. (76) holds,
1344 and uniqueness follows. Of course, u must be real, since if u solves Eq. (75),

< NNz N2Vl s S NPl IVl g 1SNl 225 (79)
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1345 then Ju solves the same equation with / = 0, and therefore Ju = 0 by what
1346 we just proved.

1347 To prove existence, observe that the left hand side of Eq. (77) defines
1348 an inner product on RH', and in view of Eq. (78), the corresponding norm is
1349 equivalent to the usual norm. Moreover, by Eq. (79), the right hand side of
1350 Eq. (77) is a bounded linear functional F(v) on RH'. Existence therefore
1351 follows from the Riesz representation theorem. ]
1352

1353  Remark 3. As discussed in the introduction, our method can be modified to
1354 generalize the result of Cuccagna'! for MKG on R!'*? to large data in H*,
1355 s > 3/4. For this, we need the fact that Eq. (75) has a unique solution in
1356 H'(R®) for ¢ € HY*(R*) and f € H4(R?). Again we multiply the equation
1357 by u and integrate. Using Plancherel’s theorem we get

1358
1359
1360
1361
1362 and since

1363

1364 pull s < Nl gva llull g
1365

1366 on IR3, we get lull g SNl gsnll [l g-1s. It is also easy to show that the
1367 operator B, defined by Eq. (30) is bounded in L? for ¢, A; € H3/4([R3).
1222 Next, we prove a difference estimate for Eq. (75).

1

1270 Lemma 7. Let ¢, € H' and f,g € L. Let u,v € H' be the solutions of
1371

1372 5 N

1373 Au — |¢| u= —\S((Pf‘),

1374 Av = [y['v = =3(ye).

1375

1376

1377

1378

1379 lu =g <N — Yl + 11/ —gll2

1380

1381 where the suppressed constant is a polynomial in |||l g, |Vl g and ||gll 2.
1382

1383  Proof. Subtracting the equations gives

1384
1385
1386

2 2 _
Null g+ Npullz> < Npuall goss Il S Wl gg-1is + Npll gposall 11 105

Then

Au—v) — 1817w —v) = (191> — W)y — [o(f — )] — (¢ — Y)gl-
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1387 Then by a density argument as in the previous proof,

1388

1389 /(V(u — ) V(u—v) + ¢ (u — v)*) dx

1390

1391 ~ ~

1391 = [(wP = 197)+ 30607 = 91+ 3006 — Vg — vy

1393 < ¢ = Yl si@llzs + 1Yl L)Vl s llu — vl s

1394

oo + 1l LS = gzl = Vil + 116 = Yl sl 2l = Vil o,

1396 giving the desired conclusion. O
1397

1398 We now consider the more general equation

1399

1400 Au—|pPu=f (80)
1401

1402 Lemma 8. Given ¢ € H' and f € L3 the Eq. (80) has a unique solution
1403 ue H', and
1404

1405 ”u”Hl =< C‘”f“L“/3 (81)
1:33 where C is independent of ¢,f and u. Moreover, if

1408 Au—|¢Pu=/, (82)
1409 5

1410 Av—|y|v=g, (83)
1411 . 43

1412 Where u,v, ¢, € H and f,g € L"", then

1413

1414 e = vl = CUoNz+ [0 )l sl = W + €L = o

1415

1416 Wwith the same constant C as above.

1417

1418 Proof. Proceed as in the proof of Lemma 6, but with the right hand side of
1419 Eq. (77) replaced by — [ vf dx. Thus Eq. (79) is replaced by

1420

1421 ‘ / vf dx
1422

1423
1424
1425 ) 2 )

e Wbt — [f < )

1427

1428 where C is independent of u, f and ¢, and Eq. (81) follows.

< vl e ||f”L4/3 S il g Hf||L4/3'

Existence then follows, and any H' solution satisfies
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1429 Subtracting Eq. (82) from Eq. (81) gives
1430
1431 (A =191 —v) = (] = ¥ +f .
1432
1433 . . . .
1434 and applying Eq. (81) gives the desired estimate. [
1:;2 Next we prove a uniqueness result in space—time:
1437

L 9.8
14zg Lemma uppose
1439 . .
1440 ¢eC(0,T),H") and ue L*(0,T],H"),
1441
1442 and that u solves
1443
1444 Au—|plfu=0 on (0,T)xR*
1445
1446 P, _
1447 in the sense of distributions. Then u = 0.
1:23 Proof. Set S; = (0, T) x R*. For every test function v(z, x) in C(St),
1450
1451 /{Vu - Vv + |¢|2uv} dtdx =0. (84)
1452
1453 . . . . .
qa54 The left hand side is a bounded linear functional in v. In fact,
1455
1456 Vi Vvdrdx| < [ Vull s, I V¥ sy = Null 2 112
1457 u vV X| = u L2(Sy) Vv LX(Sy) = u L[Z(Hl) 4 L,Z(Hl)’
1458
1459 ‘/(pqudtdx < ||¢||2L’°°(H‘)”u”L,z(Hl)”v”L%(Hl)
1460
1461 . . . . . 4
1462 Here we used Hoélder’s inequality and the embedding H™ — L.
1463 But CSO(ST)zis dense .i? L2([03 T, H", 50 it follows that Eq. (84) must
1464 hold for all v € L([0, T], H"). Taking v = u gives
1465
1466 /{|Vu|2+ |1 u*} dt dx = 0.
1467
1468 )
1469 This implies Vu =0, hence u=0 (H ' as we have defined it, does not
1470 contain any nonzero constants). ]
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