REMARK ON THE OPTIMAL REGULARITY
FOR EQUATIONS OF WAVE MAPS TYPE

Sergiu Klainerman and Sigmund Selberg

Department of Mathematics
Princeton University
Princeton, NJ 08544, USA

1 Introduction

The goal of this paper is to review the estimates proved in [3] and extend them
to all dimensions, in particular to the harder case of space dimension 2. As in
[3], the main application we have in view is to equations of Wave Maps type,
namely systems of equations of the form

(1) O¢" + Tk (4)Qo(¢”, ") = 0.
Here, 0 = —9? + A denotes the standard D’Alembertian in R"™! and Qo is
the null form Qg (¢, ) = 0a¢ - 0% = —0yd0st) + > 0;00;:7).

i=1

The main estimates of the paper are described in Theorems 2 and 3. Tt is
easy to see, using the arguments in [3] and [5], that these estimates imply the
following result:

Theorem 1. Assume that the functions T'(¢) are real analytic. Then the initial
value problem for the equations (1), in R™*1 subject to the initial conditions

(2) ¢(O,$) :fO(x)v atdj(oax) :go(ﬂf),
is well posed for fo € H*(R"), go € H*~1(R") and any s > 5.

In particular, in two space dimensions, our result comes very close to proving
“well posedness” in the “energy norm” H*'. In [1] the above Theorem was proved
in the special case of dimension n = 3. The proof in higher dimensions does
not require any new idea. The case of dimension n = 2 was studied by Y. Zhou
[6], who showed well posedness for H®, s > 1+ %. Here we rely on a slight
modification of a new version of Strichartz type estimates proved in [4].

As in [3], the proof relies on estimates for the null quadratic form Qg in the
spaces H%°. The estimates diverge logarithmically for the critical exponents



s=13%,0= % In this paper we keep track of the precise divergences by using
the modified spaces H!*%! which will be discussed below.

Estimates involving the homogeneous * version of these norms, for the opti-
mal exponents § = :l:% in R3*1, have first appeared in [2]. For example section
6 in [2] proves, essentially, the estimates included here in Theorem 4 for the
particular case of space dimension 3, and applies them to derive the following
sharper version of estimate (4) of Theorem 2 in the case when O¢ = iy = 0
with initial data bounded in H 2 (R3):

71+ 16D li71 - 1€l 7* @o(6,0)

L2541 < oQ.

The inhomogeneous version of the norms, which have appeared in [3] and
[5], was inspired from Bourgain’s work [1]. The inhomogeneous norms appear
naturally in connection with Bourgain’s time cut-off idea, which allows one,
essentially, to replace the symbol 72 — |§|2 of O by wy - w_(7,€) and thus
circumvent the difficulties which appear when trying to treat the sharp local
well posedness in HZ. That problem remains in fact open and probably requires
to go back, in some way, to homogeneous estimates.

2 Notation

We define the space H[*®/(R*") to be the completion of the Schwartz space
S(RY7") w.r.t. the norm

)

13

Il gtes = w3 Lw) (. wl Lw-)(r, £)d(r. )|

L2
where 5 is the space-time Fourier transform of ¢, the weights w4 are given by
wy (7, €) =2+ ||| £ [¢]]
and L : (0,00) — (0,00) is a function with the properties

e [ is increasing,
o L(2z) < CL(x) for all z > 2,
dz

o J5 s <o

zL2(z
Note that the first two properties imply that for any a > 1,
(3) L(az) < CyL(x) for all x > 2.
Examples of such a function L are the following:

o L(z)=z", for any € > 0,

H.e., with wi (7, &) replaced by HT\ + \§||



o L(z) =logz,
o L(z) = (logx)? loglog z.
Introducing the notation

w[i] = wi L(wy)

wl? = w’ L(w_),
we have

s 87
6l = o] -

The symbol < will mean < up to a multiplicative constant, which may depend
on the space dimension n and other fixed parameters, but not on any variable
quantities. Similarly, ~ means = up to a constant.

3 The Main Estimates
Theorem 2. Assume that s > 5 andn > 2. Then

(4) HQ0(¢7¢)”H[5717*%] < H¢||H[*"'%1 ||¢||H[s,%1 :

Also, if P is a polynomial in k variables, P(x) = Zla\<N anx®, then

(5) ||P(¢17"'7¢k)QO(¢7¢)”H[s—1,—%]
< CHCISt gy C IR o) Iy 19
where p(x) = 32|, <n |aa| 2 and C is a constant independent of P.

Theorem 3. Assume that s > % and n > 2. Then

(6) (R e =X e [ e
and
(7) ”@/}”H[S*l’*%l < ||¢HH[571,7%J ||1/’HH[S,%] :

We will show that Theorem 2 follows from Theorem 3, which in turn can be
reduced to the following two bilinear estimates for solutions of the homogeneous
wave equation.

Theorem 4. Let ¢ and 1y be solutions of the homogeneous wave equation on
R1+nan > 2,with data ¢(07) = fa 8t¢(0a ) =0 and ¢(07 ) = 975t¢(07 ) = 0.
Then the following estimates hold:

®) RS R S 1 Y Py
k3

9) LKHLZ&/J(T, §) S Ao @y 9l a2 ey -
(Il +1¢)) 2 .,



Here, ||f|l gs = H|£|S f(f)HL2 is the homogeneous Sobolev norm of exponent s.
¢

To see that Theorem 2 follows from Theorem 3, first notice that

(10)  Qo(¢,¥)(r,€) = / Go(T = X &= m A mo(T — X & —md(A ) dhdn,
where ¢q is the symbol of the null form Qy, i.e.,
Q(T,&An) =TA =& 1.

From the identity 7A — £ -n = % [(T +A)?2 -+ 77|2 -T2 4 |£|2 — A2+ |7}\2}7 it
follows that

lgo(1,&; A, m)| S wiw (1 + X E+n) +wiw_(7,8) +wiw_(\,n).

Combined with (10), and since we may assume w.l.o.g. that 5 and {/; are both
non-negative, this shows that

Qo (&, V)l o—1,- 1
< \qﬁwHH[s%] + ||(A+A—¢)¢HH[571,7%] + ||¢(A+A—¢)||H[sf1f%] )

where the operators Ay are defined by 1@ = wiqz. Thus, (4) follows from
Theorem 3, while (5) follows by an induction argument using (4) and (7).

4 Proof of Theorem 4

We will need two lemmas.

Lemma 1. Ifn; and ne are two points on the ellipsoid |n| + | —n| = 7, where
T > |¢|,€ € R™, then

o\ 1
= me| = [Im| = [mel] S (7% = 1€) %
1
Proof. 1f g — 2| < (7% — |§|2) 2 this is clearly true, so we assume |n; — na| >
1
(2 = |§|2) 2. Then

= mel” = [l — nel|”

Im — n2| + |ma] — 2]

_ 2mllnol = m o) _ 2(Iml el = m - o)
— — 1

\771 - 772| (7.2 _ |€|2)5

[ — 2| — H??l| - \772|| =

But in [4] it was proved that |m;||72] — 71 - 72 < 72 — |¢[°, and we are done. [



Lemma 2. Assumen > 2 and a,b € R. The estimate

2 2\ — 252 6(7—_ |77| B |§—T)D 2—a—b
) i in <
=k / nl* € — " i

holds for all (,€) with T > |¢| if and only if a,b < L.

Proof. We denote the above integral by I. Introducing polar coordinates n =
pw, we calculate

R P’ a3 i-a -
=i [ LTt ) o)

_ _ g : : _ T Y I
where p = p(7, 52, w) = =) Introglucmg the notation A\ = Y = v
P A2 de _  A\2-1
and x = 6 = 20y Ve have dy = 307 and hence

_n=3 —a—btn— dx e 7a _
T (=€) T P [ e =) drges )

n—3 1 n—o
= (72 = )T JgPm e [ S satee b g2)
1

where the last step follows from the formula

n—3

2 dy.

i-w ogn-1(w) = ogn—2(w 1 — 92
/Sn_lf(|g| ) doge—r(w) /SMdS' ( )/_lf(y)(l v?)

Noting that 2% — 2%y? = (\? — 1)(% —(z— %)2), we finally get

n—3

s [ 1 A\ 2\ 2
2—a— —a —
I ~|¢ /A_l PR O b<4—(x—2>) dx

n—3 n—3

1 — —
§|§|27a7b/71()\+x)17a(1+x) 2 ()\—x)lfb(l—x) z dux,

and it is clear that

1
/ Ot 2)1=(1 4 2) (A — 2)1 =21 — )7 dgp < A2—0—"

-1

for all A > 1 if and only if a,b < "7'"1 O

To prove (8), it is enough to prove that it holds with q;zvb replaced by ¢ 1y =
¢4 * 1Yy, where

O+ (1,6) = 8(1 — I€]) F(€)
b (M) = §(AF |n])g(n).



Note that

G = = [0GF =) FE T P

where F(¢) = f(€) and G(n) = n|* §(n).
We estimate ¢4 14 first. Applying the Cauchy-Schwarz inequality w.r.t. the
measure (7 — [n| — [ — n]) dn, we get

Il il |0 < i — ] f S

< [ o(r—1nl-1e - n|) FI2 (6 = )G (n)di,

so it suffices to show that

S(7 — |n = 1€ =]
(1) () [T gy <
nl
when 7 > |£]. Introducing polar coordinates, (11) can be written
il / —1p(T = p)
12 —_— Pt ———dogn-1(w
( ) 7_2 _ |§|2 Sn—l pn S ( )

where p = (T fl 3 Noting that 0 < p < 7, we see that (12) is indeed bounded

independently of (7,&).
To estimate ¢, 1_, we write? ¢ 1)_ = A+ B, where

)dn
)

Alr,€) = /lnl<256(r+|n € — ) F(E - )

B(r.€) = /mwd(”'" €~ ) F(e ) an.

By applying the Cauchy-Schwarz inequality as above, the estimate for A is
reduced to showing that

5(7"" In| — 1§ — 77‘)
— |7 dn <1

when |7] < |£|. This integral can be written

|§| |T‘ pn—1p<7-:_p) dO‘Sn—l(w),
61" = 72 Jsn1ng0<p<zleny P
where now p = %, and this integral is obviously bounded independently
of (7,¢).
2See [3].



To estimate B, note that if |n| > 2|¢|, then | — n| ~ |n|. Thus, we have

FI(E -Gl ,
€= Inl?

Denoting this last integral by I, what we have to show is that

B(r.6) < /5(T+ Inl — 1€ — )

(13) / (6] = [7) I drde < [|FI2 G2

To prove this, we use an argument introduced in [4]. First, we write

2
1] 1_1/ (4l =l =) =

Multiplying by || — |7| and integrating w.r.t. drd¢, we get
[ =11y i? ar e

< [ (1€1= lle = ml = 1) (0 = ] = I + Ioe] ~ 1€ = )

« |F| (§ —n1) |"G\ (7712 |F| (€ *:72) |Gn| (12)
\5—771|X |771\Z |§ —772|X |772\Z

dny dng d§.

Now we change variables
(57771’772) I (6/77711777/2)
§=E8—m—m m=-m, n=-mn
This gives
=& —n—n
E-—m=¢& —n
E—m =& —m,

so the last integral is transformed to, when we drop the primes on the new
variables,

J 1= =l = i€ = ml = el )31 = ml + bn| = el = I = e

L FLE=m) G (=m0) [F] (€ = 1) [G] (=m2)
€= mlT il lg = el ¥

dmy dno d§.

Applying Cauchy-Schwarz w.r.t. the measure

§(1€ = ml + | — In2| — 1€ — m2]) dny dn dE,



we bound this by

</(|€m = sl = |1€ = ml = 2l ) 5(1€ = mul + I | = el — 1€ = m2])

1
2

y |FI? (€ —m) |G (—771)
€ —m2]? [na]?

x </(€—m =2l = [1€ = m| = Il ) (1€ = mu + I | = ol — I = m2])

dny dny d§>

FI2 (6 — G2 (— 2
(P €= m)] |gn2)dn1dn2d§>
1€ —m|? [m|?

Thus, the estimate (13) has been reduced to the following lemma, which is an
immediate consequence of Lemma 1 and Lemma 2.

Lemma 3. Ifn > 2, the integral
(1n = ol = 1nl = Inol| ) ( = In| = I¢ = n)
I(Taé.vn()) :/ 1 = d’l]
&= nl* Il

is bounded uniformly in (1,&,n9), where T > [€] and |no| + |£ — no| = 7.

Finally, we consider (9). If n = 2, the estimates (8) and (9) coincide, so we
assume n > 3. Proceeding as in the proof of (8), the proof of (9) can be reduced
to an estimate

/ M 1P drde < |FI2. G2

where now Fle ) Gn)
I=[6(r+nl—le—n)——P0 g
/ 1€ —n[* [n|?

In other words, we have to prove the estimate

1
f—1m)? —~—
SR ) sl NP 2 RO B

(‘7'| + |§|) : L?—‘g

In fact, something stronger is true. In [4] it was proved that

1 —_~

(|T| + |£|) : szg

when n > 3.



5 Proof of Theorem 3

We first prove (6). Writing

we have

d\dn

)

T

[s], [3] Y (5] [%]/\
wiw (7 6 — 77)“’ w2 (\,n) L2,

T

so by the self-duality of L2, it will be enough to prove that

[, (2)
(14) /w+ 2T |F (T — N €~ 77)|G|()‘ n) [H|(7,¢) d\dndr d€

W7 =2 €~ mulle )

S FI 2 reny 1Gl L2 reny 1H ] 2 gren)
for all F,G, H € L*(R'*™). From now on, we drop the absolute values on F,G
and H, and simply assume that F,G, H > 0. In order to estimate the integral

(14), we split the domain of integration into several pieces. First, note that by
symmetry, we may assume

er()‘»n) < ’LU+(T - )‘75 - 77)
Combining this with the inequality

(15> w+(7_a§) < w+()‘777) +w+(77>\a§*7])7
and making use of the property (3) of the function L, we get

wil(m,€) Swil(r =N e—n),

so we are left with the integral

1

I_/ 2(,§)F(7_)\f—77) ( ) (TaE)
= 1

W7 =2 e —mullu )
To deal with the factor w[f (1,€) in the numerator, we need the following lemma,
the proof of which can be found in [5].

(16) d\dndr de.

Lemma 4. We have

(17) w—(ﬂf)Sw—(T—)\af—W)‘Fw—()\ﬂ?)+di(f—7lv77)7
where

dx(€ = nm) = |ll€ = nl = Inl| -

and we choose + or — according to whether T — X and X\ have equal or opposite
S1gns.




Using Lemma 4, we split the domain of integration of I into three parts,
according to which of the three terms on the right hand side of (17) is largest.
Using once more the property (3), we thus get I < Iy + Is + I3, where

(18) I, = / Fr = )\75[5]_ Yz]G()\’ nH(7,€) dAdndt d§
wilw# (1)
(19) L= / F(TH_ LG, 7[’3]H(T’ &) andyar ag
w2 (1 = A& —n)wi (A1)
(20) I — / diL(di)(fm‘ 0 mF (T — A€~ 77) (A ) H(7,€)
w2 (e = 2,6 = w2, )
Now we perform the change of variables
(21&) (7’7 )\) — (u’v)
(21b) u=lr=A—=l¢=nl, v=—1nl.

d\dn dr de.

Without loss of generality, we assume that 7 — A > 0. Thus,
u=T=A=[{—nl, v==EA-]|n,

and we have

ful€ =g Hu o (1€ — 1 £ 0], €)
< / ( dudvdnd€

2+ o) L2+ [v])(2 + ) L(2 + |n])
1.2</ ful&=mgo(M)Huo (|€ =0l £ [n],€)
T @A ul) 2L+ [ul)(2+ ) L(2 + [n])

dudv dndg,

where

fu(€) = F(u+1¢],€)
gu(n) = G(F(v + [n]),n)
Hy,,(1,§) = Huxtv+7§).

Therefore, using the following lemma first w.r.t. the (u,v) variables and then
w.r.t. (&,n), we get the estimate I; < ||F|| ;2 |Gl 2 |1 H] 2 for i =1,2.

~

Lemma 5. Assume a > %,n > 1. Then

f(@)g(y)h(z +y)
drdy < " - |[R ny -
L[ s dady <1l gl ey Wil

Proof. By the Cauchy-Schwarz inequality, the above integral is dominated by

(/ (2+|$|)22l]€2(2+|x| ) / (/|f ) [ ( m+y)dx)% dy.

By the assumptions on L, the integral in front is bounded, so applying Cauchy-
Schwarz once more finishes the proof. O

10



We now turn our attention to the difficult part, I3. We obtained I3 after
using Lemma 4 and then restricting I to the region where

'LU_(Tf Aaf*ﬁ)aw—()\ﬂ?) < di(f*ﬁﬂ?)

Note that w_(7 — A\, £ —n) and w_(\,n) measure how far removed the points
(r =X\ &—n) and (A, n) are from the light cone through the origin. Thus, we
may think of I3 as the part of I that results from concentrating F' and G on the
light cone.

To estimate I3, note that by the triangle inequality, di (£ — n,n) < 2|n|.
Therefore, by the properties of L, we have L(d1)(§—n,n) < L(wy.)(A, 1), whence

d\dr dn de.

[1

n dA(E =, F(r = A€ = MGONH(7,€)
Tl xg el o e + )

Performing the change of variables (21), we get

Y Jiw + Juw
IB ,S/ / 1 - ; 1 dUdvv
—ood oo 24 |u))2L(2+ |ul)(2+ |v])2L(2 + |v])
where
1

T = [ ulE ) Ho (6 =0l =€)

Note that if we can show that

(22) Taw S I full g2y 190]l L2 oy 1 1] L2 (gamy

then the estimate
Is S Fllp2 Gl 2 ([ H | 12

follows after an application of the Cauchy-Schwarz inequality w.r.t. du and dv.
To prove (22), we rewrite the integral J.*  as follows:

uU,v

/ lI7] - |€||%fu(f —1)go ()3 (7 F In| — € — 1) Huo(7,€)

ol dn dr d.

This is dominated by

dn HH%UHL?(RH—TL) .

Liwi

i ulS — v o(r - —
H‘m_f”z/f(é n)g (n)7§|g$ln| ¢ —nl)

Noting that (i) |Hyw| ;2 = [[H] 2, and (ii) by the proof of (8),

dn S I full 22 1lgoll 22

71— el / Jul€ — n)gv(n)Tslf;F [nl — 1€ —nl)

2
L

11



the proof of (6) is complete.
To prove (7), it suffices to prove that

[s— 1] %]
(23) /w+ (T f) (T - AE—n)G ()‘ nWH(7.¢) dXdndr d€

s—1 3 s
I x e — o)
SNz Gl 2 1Hl 2 -
First, we use (15) to dominate the integral in (23) by the sum of the two integrals

/ w2 (O F(r =\ € — )G

[N

H(7,¢)

(24) = = [l’]”) ddn dr d¢
w_ 2 (T - >‘7£ - n)er U}f (Aan)
1 N
) [T A GO 4y
Wb Tl = x e — s )

Next, using the fact that (since L is increasing)

w2 (17— A, & —n)L(w-)(7,§)
w2 (1, ) L(w_)(T = A\, § —n)
% 1w )(r,6)

\ = | =

if w_(r—X\¢&—n) <w_(7,§)

IN
g €
| v | ol
SR
g
|
5
|
>
T
3

1 if w7(7>§)§w7(7_>\a5—77)7
w2 L(w-)(7,€)

we see that (24) reduces to the integral (16), which was estimated above, while
(25) is dominated by the sum of the integrals

,i

/ w (r O F(r = N6 = NG\ ) H(r,€)
wb e X e = ()
o) /w@(T—As E(r =\ €= n)GANH(TE)
R R U YOI W)
Integral (26) reduces to integrals of the type (16) when we consider separately
the regions where wy (A, n) < wi (T — A {—n) and wi (7 — A —n) < wy(T,E),

so we are left with the integral (27), which after a change of variables takes the
form

(26) dXdndr d¢

d\ dn dr de.

/ w2 (7, ) F(r, )G\ H(r — A, € — 1)
wl w7 — A € = w2, p)

(Here we have replaced G(A,n) by G(—X, —n).)

(28) dXdn dr de.

12



We now consider the two regions given by
1
(29) w—(T*Aaffﬁ)er—()\»??) > idﬂ:(gfnan)

(30) w7 = A=)+ w () < (€~ n,1)

Using Lemma 4, we find that (28) restricted to the region (29) is dominated by
the sum of the two integrals

F(r H(r - —
/ [S | G mH(r [11/\75 . i dp dr d
el
(T 5) : (T—A §— 77)w+(A m)
Both these integrals reduce to integrals of the type (18) or (19) when we consider

separately the regions wy (7,¢) < wy(A,n) and wi (A, n) < wy(T,§).
Now assume that we are in the region (30). Then by Lemma 4,

7

w\»—A

(31) B, €) S d2L(de)(E — ).

In fact, we also have

- n=2
(32) w6 2 D L(D£)(E — 0 ),
where Dy (€ —n,n) = |[€ — 1| £ [n]| + |£]. This follows from the estimate

we(r,€) > [7] +16 > S D€~ mm),

which clearly holds in the — case, and which in the + case is a consequence of
the following lemma and the requirement (30).

Lemma 6. If 7 — X\ and X\ have the same sign, then

171 = (1€ = nl + Inl) | € w-(r = X &= m) +w-(A,m).

The proof is obvious.
Using (31),(32) and the fact that dy < Dy, and hence L(dy) < L(Dy), we
have then to show that

/ di (€ —nm)F(T, )G nH(T - A §—n) d\dn dr dE

1

2
e —nnuw® - xe— @+ e )
SF e Gl gz I1H -

Performing the change of variables (21), we find that the estimate can be reduced
to proving that

(33) JE, SNF e lgoll o 1hall 2 »

U,v ~

13



where g, (1) = G(£(v + [nl),n), hu(§) = H(u+ [¢] ) and

di (€ -
Jiu—/Dni“ 1) p(uto+ l =) £ ol G (£ + nl),n)
H(u+ € —n],&—n)dndE.

Setting F, ,(7,&) = F(u £ v+ 7,§), we rewrite JX, as follows:

u,v

/ ||T| - |€|’%5(7— + |77| - |§ - n')f?u,v(ﬂg)gv(n)hu(f - 77)
(Irl+1¢) = In]

Applying the Cauchy-Schwarz inequality w.r.t. the measure dr d¢, we see that
(33) follows from the estimate

dndr d¢,

7l = [€l]? [ go(mhule —m)d(r  n] — € — 1)
dn
2 7]

(Il + 1€]) L2,
S llgollz [Thall gz s

which holds by the proof of (9). This concludes the proof of Theorem 3.

References

[1] J. Bourgain, Fourier restriction phenomena for certain lattice subsets and
applications to nonlinear evolution equations I, II, Geom. Funct. Anal. 3
(1993), 107-156, 209-262

[2] S. Klainerman and M. Machedon, Space-time estimates for null forms and
the local ezistence theorem, Comm. Pure Appl. Math. 46 (1993), 1221-1268

[3] S. Klainerman and M. Machedon, Smoothing estimates for null forms and
applications, Duke Math. J. 81 (1995), 99-133

[4] S. Klainerman and M. Machedon, Remark on Strichartz type inequalities,
International Mathematics Research Notices 1996, No. 5

[5] S. Klainerman and M. Machedon, On the regularity properties of a model
problem related to wave maps , Duke Math. J. (to appear)

[6] Y. Zhou, Local regularity for two space dimensional equations of wave maps
type, Math. Z. (to appear)

14



