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1. Find something irritating
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Axiom: There is an inaccessible cardinal
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Hey look! π2(X) is abelian! And I know why!
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Obvious Question
Who would want to, and why?
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(
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Cohomology Operations

Definition
To each topological space

X
a group homomorphism
θX : Hk (X)→ Hl(X)

such that
for every continuous function

f : X → Y

Hk (X) Hl(X)

Hk (Y) Hl(Y)

θX

Hl(f)

θY

Hk (f)
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The Grit
To say “for every” means sets form a set

paradox

Slightly Sanitised

Some sets are “big” and some are “small”.

And some are very, very tall.

The Pearl

Can talk of “functions” between “big sets”.
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A Category has:
I Objects, X .

Possibly lots.

I Arrows, X → Y . Possibly lots.
But not too many between two objects.
Act a bit like functions.

The Deal

Don’t examine objects too closely.

The Consquence

A thing is not what it is,
nor what it does,

but how it relates to other things.
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More Grit

Question
Why is π1(X) a group?

Answer
Because it is.

f ,g : S1
→ X , (f ∗ g)(t) =

f(2t) 0 ≤ t ≤ 1/2

g(2t − 1) 1/2 ≤ t ≤ 1

Question
But Why? And why not π0(X)?
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The Platonic Group

Theorem (Lawvere)
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It’s a category!

I Objects: N
I Arrows: m→ n

All ways of producing n–elements from m–elements
in all groups.
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Group Objects

Definition
A

group object
in a category

is a shadow of the Platonic group.

A
co-group object

in a category
is a shadow of the Platonic group in a mirror.



They Do It With Mirrors, Y’Know

Theorem

I A shadow of a shadow of the Platonic group is a
shadow of the Platonic group.

I Mirrors cancel in pairs.
I A shadow of the Platonic group in Set is a group.
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The Answer From the Shadows

I π1(X) group: S1 shadow of Platonic group
I π0(X) not group: S0 not shadow of Platonic group



Aside

Remark
Nothing special about groups!

Same works for

I Abelian groups
I Rings
I Algebras
I Lattices
I Compact Hausdorff Spaces
I Banach Spaces (almost)
I Banach Algebras (almost)
I C ∗–Algebras (exactly!)
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The Grit

Group-like things appear everywhere.

The Disgusting Part

Constructing a “Platonic Group” seems far from intuition
of “a group”.

The Pearl
Can prove Big Theorems in one go.
Can link ideas in group theory, ring theory, C ∗–algebra
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π2(X) � π1(ΩX) � π0(Ω2X)

Question
Which is the best description?

I S1 is a (mirror of) a shadow of a group
I ΩX is a shadow of a group

So π2(ΩX) is a group for TWO reasons!(
a ◦ b

)
∗

(
c ◦ d

)
=

(
a ∗ c

)
◦

(
b ∗ d

)
same multiplication and commutative
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