
Me
hani
s to ManifoldsAn Introdu
tion to Quantum Me
hani
sAndrew Sta
eyO
tober 11, 1999x1 Introdu
tionThis seminar was originally given as the �rst of a series of three whi
h aimed toexplain some of the 
onne
tions between Me
hani
s and Geometry. They weregiven last term by myself and Paul Cooper. The aim of this talk was to be anintrodu
tion to Me
hani
s.The original text of this seminar is still available on the web via the graduategeometry home page. Also available is the text of the third seminar and theway we organised the three seminars means that the �rst and third stand alonewithout referen
e to the se
ond.In that talk I gave an introdu
tion to various of the theories of Me
han-i
s, 
on
entrating on Newtonian and Quantum Me
hani
s. Today I want to
on
entrate on Quantum Me
hani
s alone.There are a few theories of Me
hani
s, and it 
an sometimes be hard toseparate them in the literature and appli
ations. There are three main prin
iplesbehind them. These are the Newtonian1, Relativisti
 and Quantum Theories.I have thus divided Me
hani
s into six areas:1. Newtonian Me
hani
s.Appli
able to systems on a large s
ale whi
h are moving slowly2.Newton published Prin
ipia in 1687.2. Spe
ial Relativity.Not so mu
h a theory of me
hani
s, but it has impli
ations for me
hani
altheories. Appli
able to systems on a large s
ale whi
h are moving fast inthe absen
e of a gravitational �eld.Einstein published his �rst papers on Spe
ial Relativity in 1905.Minkowski published Spa
e and Time in 1908.3. General Relativity.This in
ludes gravitation into relativity.Einstein published his �rst papers on General Relativity in 1915.4. Quantum Me
hani
s.Appli
able to systems on a small s
ale whi
h are moving slowly.1Often 
alled Classi
al.2\Large" and \small" are in 
omparison to the nanometre (1�10�9m). \Slow" and \fast"are in 
omparison to the megametre per se
ond (1� 106ms�1).1
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Figure 1: Theories of Me
hani
sPlan
k proposed that energy 
ame in quanta in 1900.Einstein proposed his Quantum Theory of light in 1905.de Broglie proposed the prin
iple of wave-parti
le duality in 1923.S
hr�odinger published his theory of wave me
hani
s in 1926.5. Quantum Field Theory.Represents a uni�
ation of Spe
ial Relativity with Quantum Me
hani
s.Dira
 published his equation for a relativisti
 
harged parti
le in 1926.Pauli and Heisenberg formed a QFT based on Lagrangians in 1929.6. Quantum Gravity.Represents a uni�
ation of General Relativity with Quantum Field Theory.Various theories have been proposed (twistors, superstrings, et
.) but nonehave yet been widely a

epted.Diagrammati
ally, one 
ould represent these six as in Figure 1. The theoriesare always formulated with the fundamental 
onstants in
luded by symbol. Thisis mainly due to the fa
t that writing out the exa
t speed of light be
omes anannoyan
e after about the �rst time. One e�e
t of this is that we 
an regardthese 
onstants as variables in the theory and so 
onsider the limiting theories.What this would mean in appli
ation is that the s
ale of the problem is su
h thatthe substitution of the limit indu
es no signi�
ant ina

ura
y in the solution.I want to provide you with an introdu
tion to Quantum Theory. AlthoughI shall be 
on
entrating on Quantum Me
hani
s, most of what I say holds truefor Quantum Field Theory as well. Although I shan't try to justify QuantumTheory in any way, I shall des
ribe some experiments that have been done whi
hshow Quantum phenomena. Although Quantum Theory 
an seem very strange2



to the new
omer, it does provide in
redibly a

urate des
riptions of the worldas we see it.x2 Why bother with Physi
s?The short answer to this question is that a lot of new 
on
epts and ways ofthinking originate in Physi
s. Physi
s is a major part of the interfa
e betweenMathemati
s and the Real World. Thus one way to motivate Real Mathemati
s- i.e. beyond that needed to �ll in a tax invoi
e - to the non-mathemati
ian is toshow how useful it is in s
ien
e, then we leave it up to the s
ientists to explainwhy s
ien
e is worth anything.The boundary between Maths and Physi
s allows information to 
ross bothways. Sin
e so mu
h 
rosses from us to them it is natural to ask whether a fairamount 
omes ba
k again, and this is indeed the truth. In dis
iplines wherethere is a 
lear appli
ation to the Real World, su
h as Me
hani
s, then this ismore true than anywhere else.Nearly all of the major intuition jumps in Me
hani
s have 
ome from Physi
s.The way that this usually works is something like this:First someone noti
es something odd about the universe. Maybe somethingdoesn't move quite the way expe
ted, or a 
areful observation of a planet revealsthat it's not anywhere near predi
ted3. Then someone tries to develop a modelfor this new behaviour. Using this model, new experiments are devised and doneuntil it is fairly well tested and a

epted by the establishment. At some point,while the Physi
ists are arguing about whether some 
onstant should have a 4or a 5 in its thirtieth de
imal pla
e, someone else 
omes along and abstra
tsa general prin
iple. This is then in the realms of Mathemati
s. The prin
ipleis used and tested, and 
an lead to a new bran
h of Mathemati
s. Finally aPsy
hologist gets hold of the new lingo and tries to use it to explain why JuliusCaesar 
ould never 
onquer Britain.This is the general pro
ess, some times it goes faster than other times. O
-
asionally then the same person is involved at every step. More often, not. It'salso hard to separate where the Physi
s ends and the Mathemati
s begins, buton
e someone tries extending the prin
iple to in�nite dimensions, it's a safe betthat that person has never seen a laser outside a dis
o.x3 Me
hani
sMe
hani
s is that bran
h of Mathemati
s and Physi
s whi
h deals with motion.The idea is that given the state of the universe now, what will it be like in30 se
onds', 10 minutes', 5 million years' time? There are two parts to thisproblem. The �rst is the amount of information required to spe
ify the problem- so-
alled Cau
hy data - and the se
ond is how that information evolves in time- so-
alled dynami
s.Usually, knowing the dynami
s tells you what data you need to know, butit is often through 
onsidering the data that the laws of dynami
s are initiallyderived.3If you want to be at the forefront of the next big idea then probability says you shouldbe an Astronomer. 3



A general prin
iple tells one how to set up the problem, what data to lookfor. Then using this prin
iple, one sets up the model. Often this involves sim-pli�
ations whi
h one hopes are negligible. For example, in planetary motionsthen the physi
al size of the planets is negle
ted be
ause it is small 
omparedto the radii of the orbits. One model is better than another if it predi
ts thefuture of the universe more a

urately than the se
ond. One general prin
ipleis better than another if it allows one to 
onstru
t better models or to 
onstru
tmodels for a wider variety of problems.x4 The Language of Me
hani
sThere are several words whi
h get 
ung around in me
hani
al theories, a fewof whi
h I want to des
ribe here. These are states, observables, parti
les and�elds.x4.1 States and ObservablesThe 
on
epts of states and observables are very important in 
onsidering thetheories of me
hani
s.A pure state is a possible 
on�guration of the universe. The key idea is thatthis state, however it is Mathemati
ally formulated, 
ontains all the informationneeded to des
ribe the universe, as exa
tly as theoreti
ally possible.An observable is a fun
tion on states whi
h gives the result of an experimentdone on the universe. It 
an be a measurement of displa
ement or momentum ina parti
ular dire
tion, it may be the total energy or the 
harge. Mathemati
ally,the result must always be a real number. Of 
ourse, one 
an always interpretthat real number in any way one likes and so this isn't restri
tive at all. Itshould be emphasised that these are real experiments. Physi
ally, a fun
tionquali�es as an observable if you 
an 
on
eive of an experiment whi
h wouldallow you to measure something whi
h gives the value of this fun
tion on allstates. Mathemati
ally, that's not a workable de�nition and so we work with aset whi
h 
ontains all observables whether anyone has 
on
eived of experimentsor not.This leads to a di�eren
e in de�nitions for quantities whi
h are observable. AMathemati
ian would say that a quantity is de�ned by the fun
tion whi
h 
orre-sponds to it, a Physi
ist would say that a quantity is de�ned by the experimentwhi
h observes it.x4.2 Parti
les and FieldsIn Classi
al Me
hani
s, there are two very di�erent obje
ts 
alled parti
les and�elds. They are very easy to distinguish between be
ause a parti
le has a veryde�nite position whereas a �eld is spread out over the entire universe.A parti
le is basi
ally a billiard ball. It 
an have di�erent properties, rangingfrom zero volume to in�nite elasti
ity, but the basi
 pi
ture you should have isof a billiard ball.A �eld is more 
ompli
ated to visualise, but easier to des
ribe mathemati-
ally. It is a fun
tion on the universe whi
h des
ribes some global phenomenon.4



Examples are the for
e felt due to a gravitational attra
tion or a magnet, or thedensity of matter or the temperature.Classi
al Me
hani
s deals with these as separate obje
ts and a lot of the
ompli
ated stu� 
omes when you try to deal with the intera
tion of parti
lesand �elds.What Quantum Me
hani
s says is that all parti
les are �elds. What Quan-tum Field Theory says is that all �elds are parti
les. Thus we 
an use whi
heverpi
ture seems most appropriate at the time, knowing that both are allowed4.x5 Quantum Me
hani
sx5.1 The Formulation of Quantum TheoryNewtonian Me
hani
s is all very well when the obje
ts are large and slow, butwhen things get very small or very fast then the predi
tions be
ome una

ept-ably ina

urate.For example, the 
lassi
al model of the Hydrogen atom is of an ele
tronorbiting a proton mu
h as a planet orbits the sun. However, the ele
tron isan a

elerating 
harged parti
le and 
lassi
al theory says that su
h an obje
tshould radiate energy. Thus energy is 
onstantly being emitted from the systemand it must eventually 
ollapse. Atoms do not 
ollapse beyond a 
ertain size,and they do not 
ontinuously radiate energy.Quantum Me
hani
s allows one to 
onsider situations in whi
h the obje
tsare very small. They still have to be moving slowly with respe
t to light, oneneeds Quantum Field Theory to deal with that problem. However, the basi
prin
iples involved in Quantum Field Theory are the same as those for QuantumMe
hani
s.From the Physi
s end, the prin
iples of Quantum Me
hani
s are as follows:every parti
le exhibits wave-like properties and thus 
an be assigned a wavefun
tion. A wave fun
tion is just a normalised �eld, whi
h is a map from
on�guration spa
e to the 
omplex numbers. These wave fun
tions are thenthe states of the universe. The time evolution of a state is 
ontrolled by theequation: H = i~� �twhere H is a Hermitian operator obtained from 
onsidering the 
lassi
al prob-lem. This is the mysti
al pro
ess of Dira
 quantisation. It is not well de�ned;there are 
hoi
es to be made. In fa
t, this method of quantisation is the reverseof a well de�ned pro
edure - that of letting ~ tend to zero.For a free wave we have the 
elebrated S
hr�odinger equation:i~� �t = � ~22m4 :The de�nition of Quantum Me
hani
s from the point of view of Mathemati
sis as follows:1. The pure states of the universe are rays in a Hilbert spa
e (that is, unitve
tors of arbitrary phase).4However, you should also be aware that neither is a
tually 
orre
t. These are just helpfulpi
tures whi
h must be dis
arded the moment they 
ease to be helpful.5



2. The observables in a Quantum system are Hermitian operators on thisspa
e. The expe
tation value of an observable B of a state  is h jB i =h jBj i. This is the mean of many observations of B all 
arried out onthe same state  .3. The Hamiltonian H is the in�nitesimal generator of the time evolutiongroup. The momentum P is the in�nitesimal generator of the spa
e trans-lation group. The angular momentum J is the in�nitesimal generator ofthe spatial rotation group.That is, the wave fun
tion propagates a

ording to the rules:i~� �t = H ; i~� �x = P ; i~� �� = J :Thus the problem be
omes �nding the Hilbert spa
e and the operatorsH;P; J and this is where the method of quantisation 
omes in. Usually theHilbert spa
e is L2(M; C ), whereM is a manifold 
orresponding to the universeunder 
onsideration - i.e. to the 
on�guration spa
e. The inner produ
t is:h j�i = ZM  �� d�The operators H;P; J are determined from the 
lassi
al observables by the pro-
ess of quantisation.x5.2 States and ObservablesThe Mathemati
al formulation of Quantum Me
hani
s de�nes the states andobservables. However, it is worth looking at what information a state 
an 
arryand how this is observed. There are two points that I wish to dis
uss: quanti-sation and indetermina
y.Quantisation here refers to the original dis
overy whi
h lead to QuantumTheory, namely that it is found, and experimentally veri�ed, that the observedvalue of an observable is an eigenvalue of the operator. One tends not to have toomany 
on
eptual problems with this when 
onsidering observables like positionwith spe
trum the whole real line, but it 
an 
ause interesting results in other
ases. For example, the angular momentum of an ele
tron orbiting a nu
leus
an only take dis
rete values.Closely linked to this is the fa
t that the a
tion of observation interfereswith the universe. That this is so qualitatively 
an be seen by 
onsidering thea
t of observing an ele
tron. To observe it, we need to boun
e some light o� it.However, boun
ing the light o� it gives it a push and so it is no longer movingalong in the original dire
tion.Quantum Me
hani
s says that this 
an be made quantitative as well. Thea
t of observation for
es the universe into a state whi
h is an eigenve
tor ofthat observable - hen
e the fa
t that the result of an observation is always aneigenvalue.A 
onsiderable 
on
eptual problem now arises be
ause eigenve
tors of oneoperator are not ne
essarily eigenve
tors of another. The 
ondition for there tobe simultaneous eigenve
tors is that the operators 
ommute.If this does not happen, then when we make one observation, followed byanother, followed by the original one again, then there is no reason whatsoeverfor the �rst and last observations to mat
h.6
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Possible path for the neutrons at all timesPossible path for the neutrons without the barrier presentPossible path for the neutrons with the barrier presentFigure 2: The Stern-Gerla
h Experimentx5.3 The Stern-Gerla
h Experiment and SpinAn example bringing out the signi�
an
e of quantisation and indetermina
y isthe Stern-Gerla
h apparatus for measuring the spin of a parti
le (1924), Fig-ure 2. The apparatus separates a beam of parti
les a

ording to their spinabout a parti
ular axis. It is observed that the beam of parti
les splits intoa �nite number of beams, rather than a spread, indi
ating that the operator
orresponding to spin has a �nite dis
rete spe
trum.In the 
ase of the neutron, the beam would split in two and we 
all neu-trons in the upper beam spin-up, and those in the lower, spin-down. Sin
e theapparatus has a parti
ular orientation, we additionally spe
ify this axis.We suppose that we have a similar apparatus that separates the beam andthen re
ombines it again, allowing us to blo
k o� one beam in the middle ifwe so desire. It should be noted that this is a hypotheti
al apparatus whi
h,although feasible, has a few diÆ
ulties in pra
ti
e. However, the prin
iple is7



sound.We 
onsider an experiment where we have a sour
e of neutrons moving fromthe left to the right whi
h we know are spin-up with respe
t to the z-axis. Wefeed this beam into the apparatus above whi
h is oriented with respe
t to thex-axis. We feed the output from this apparatus into the original Stern-Gerla
happaratus oriented with respe
t to the z-axis. Thus we 
an measure the spinof emerging neutrons with respe
t to the z-axis by looking at whi
h of the twopossible beams are present.We will do this with and without an obstru
tion in the �rst apparatus. Notethat there are two possible pla
es a neutron 
ould end up and two possible pathsfor it to have travelled in order to arrive there.With no obstru
tion, what we measure is that there are no spin-down neu-trons emerging from the other end. All the neutrons emerge in the upper beam.If we now blo
k o� one of the paths in the �rst apparatus, thus for
ing theneutrons to be, say, spin-up with respe
t to the x-axis, then we get a di�erentresult. Suddenly, we get both spin-up and spin-down parti
les out of the end,and in equal proportions.Classi
ally, one thinks of the neutrons as parti
les separated into two beams.Thus a neutron arriving at the left hand side must 
hoose5 whi
h path it travelsalong in the �rst apparatus and then 
hoose again whi
h it travels along in these
ond. Now we 
an develop a theory of spin whi
h a

ounts for either of theseresults, but not for both. Either we 
an say that spin in perpendi
ular axes isindependent. Thus although our neutron was for
ed to 
hoose whether it wasspin-up or spin-down with respe
t to the x-axis, it was still spin-up with respe
tto the z-axis. This neatly explains the �rst result. However, this theory saysthat blo
king o� one path in the �rst apparatus makes no di�eren
e to the z-axisspin so we should get the same result the se
ond time. Or we 
ould say thatthere is a unique axis of spin and when we for
e the neutron to pass throughthe se
ond apparatus then we rotate this axis to align with the x-axis, whi
hit does so with equal probability as up or down. But then when we for
e theneutron through the se
ond apparatus, this should happen again and it shouldbe spin-up or spin-down with equal probability. This explains the se
ond result,but not the �rst.However, Quantum Theory predi
ts when a parti
le has several possiblepaths between two points then it behaves as if it travelled along all of them.Provided we do not disturb the system in between, say by making a measure-ment, then the initial state determines the �nal state. In this 
ase, although weknow that an individual neutron \had" to travel along one path or the other,so long as we don't know whi
h then the neutron emerges in exa
tly the samestate as it went in, i.e. as spin-up with respe
t to the z-axis.Thus we have an experiment whi
h 
annot be explained 
lassi
ally and whi
hshows �rstly the prin
iple of quantization and se
ondly that of indetermina
y.x6 Con
lusionThe purpose of this talk was to introdu
e you to some of the basi
s of QuantumMe
hani
s in order that you have a basis of knowledge for the talks this termwhi
h will be aimed at understanding some of the links between Geometry and5Please forgive my anthropomorphi
 tenden
ies here.8



Physi
s - in parti
ular Quantum Theory. I have not tried to justify the theoriesof Me
hani
s, if you want to know how they 
ame about and why they are now
onsidered as the best theories going then I suggest you read an elementaryPhysi
s book or a History of S
ien
e book.Referen
es[1℄ Leighton: Prin
iples of Modern Physi
s.M
Graw-Hill (1959).[2℄ Abrahams and Marsden: Fountations of Me
hani
s.Addison-Wesley, (1978).[3℄ Glimm and Ja�e: Quantum Physi
s. A Fun
tional Integral Point of View.Springer-Verlag (1981).
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