
Example: Diagonal Operator

2. D : `2
→ `2: D(x1, x2, x3, . . . ) = (λ1x1, λ2x2, λ3x3, . . . )

〈D?(yn), (xn)〉 = 〈(yn),D(xn)〉

= 〈(yn), (λnxn)〉

=
∑
n≥1

ynλnxn−1

=
∑
n≥1

λnynxn

= 〈(λnyn), (xn)〉

So D?(x1, x2, x3, . . . ) = (λ1x1, λ2x2, λ3x3, . . . )



Example: Matrix Operator

3. A ∈ Matn(C)

〈A?~x , ~y〉 = 〈~x ,A~y〉

= ~x>A~y

= A>~x>~y

= 〈A>~x , ~y〉

So A? = A>



Proof: Quite Easy Part

I A normal
I A has an eigenvector v, eigenvalue λ
I So (A − λI)v = 0. Thus

0 =
∥∥∥(A − λI)v

∥∥∥ 2

= 〈(A − λI)v , (A − λI)v〉

= 〈(A?
− λI)(A − λI)v , v〉

= 〈(A − λI)(A?
− λI)v , v〉

= 〈(A?
− λI)v , (A?

− λI)v〉

=
∥∥∥(A?

− λI)v
∥∥∥ 2

So v eigenvector of A?, eigenvalue λ.


