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Problem 1

a) Banach’s Fixed Point Theorem: Let (X,d), X # (), be a complete metric space,
and let f: X — X be a contraction. Then f has exactly one fixed point.

b) Since X # ) is complete and f2 is a contraction, Banach’s Fixed Point Theorem
gives that f2 has a unique fixed point z* € X. Since f2(f(z*)) = f(f*(z*)) =
f(z*), the uniqueness gives that f(z*) = 2*. Hence z* is a fixed point of f as well.
If f(x) = o, then also f?(x) = x, and again by the uniqueness of z*, x = z*. Thus
f has exactly one fixed point.

¢) For z,y € C[0,1] and ¢ € [0, 1] we have

t
Fa(t) — Fy(t)] = | /0 (2(s) — y(s))ds]
< /0 () — y(s)|ds
< /0 05)doo (1, )

= tdeo(, ).

This gives that

F2a(t) — FPy(t)] < / [Fa(s) — Fy(s)|ds
0

< (/0 8ds)doo (2, Y)

1
= §t2doo($a y)
1

IN

Hence

1
2 2 2 2
= — < -
doo(Fz, F7y) OmS%IF x(t) — Foy(t)] < 2doo(x,y),

and F? is a contraction on C[0,1] with the doo-metric. By b) F has a unique
fixed point x* since (C]0, 1], dx) is a complete metric space, and we can find 2* by
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iteration starting from any zo € C[0,1]. Let g = 0, and let x4 = F2z,. Then

2
2o t4
zo(t) =1t torta 30 o
and we get by induction that
t2 t3 tQTL
=1
xn(t) = + + o +- (2n)!
for n > 1. Since do-convergence implies convergence for each t € [0,1], we get
that
* . " t
x (t):zm:e —1.
n=1

(It is also true that F"zy — x* as n — 00.)

Problem 2

Here AT A = [21] and the eigenvalues are A\; = 3, Ay = 1 with corresponding orthonor-
mal eigenvectors

Hence
V3 0] 1 |1 1
S=|0 1| and V_[l _1]
0 0 2
Next:
1 1
1 1 1 1
U(l) = %A'U(l) = % ? and 'U,(Q) ﬁAv@) = E 2
Let

12 1
B_L 0 —1]

and solve Bx = 0. This gives x = #(1,—1,1), and we let

Then 1/\/6 1/\/5 1/\/3
U= |2/V6 0 —1/V3
1/vV6 —1/vV/2  1/V3

and a singular value decomposition of A is A = UXVT.
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The pseudo inverse of A is then

v o[Vv3 ool 1721 -1
A_V[o 10}[]_3—11 2|’

and the (unique) least squares solution of Az = (2,1,2) is

2
z=A" 1| = H
5 1

Problem 3

a) The characteristic polynomial of A is

3-A -1 -1
PN =] 0 2-X 0 [=-(\-2)3
1 -1 1-2X

Thus A = 2 is an eigenvalue of algebraic multiplicity 3. From

1 -1 -1 1 -1 -1
A-2I=10 O Ofl~1]0 0 O
1 -1 -1 0 0 O

we see that A = 2 has geometric multiplicity 2. Hence a Jordan form of A is

2 00
J=1(0 2 1
0 0 2
The eigenvectors of A are
s+t
r=1| s |, (st)#(0,0).
t

We must find x(3) such that (A — 2I)x3) = x(9) is an eigenvector. From

1 -1 —1]s+t
0 0 0 s
1 -1 -1 t

we see that this is possible if and only if s = 0, so let s = 0 and t = 1. Then we
can use the solution

1
.%'(3) = |0
0
with
1
x(g) = |0
1
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We can then put s = 1,¢ = 0. This gives
1
l‘(l) =11
0
(z(1), T(2), T(3) must be linearly independent.) Hence
1 1 1
S=11 0 0
010
is such that S™1AS = J.

b) The solution is

u = eug
= Set‘]SiluO
62t 0 0 C1
=S[0 ¥ te?| |co (e = S"tug)
0 0 e c3

1 0 1+t
= cleZt o + cze% 1] + C3€2t 0
0 0 t

where ¢, co,c3 € R.
Problem 4
a) Let Sy = 25:1 Anen and sy = 25:1 JAn|?>. For M > N we then have (by
Pythagoras’ Theorem)

M

1Sar = SnlZ =D [Aal® = [sar — swl.
n=N+1

Thus (Sy) is Cauchy if and only if (sy) is Cauchy, and the claim follows since
both H and R are complete.

b) Let M = span{l,t} C L?(0,1) (with the usual abuse of notation). Then 1 and
V/3(2t — 1) is an orthonormal basis for M (here v/3(2t — 1) is t — (¢, 1) normalized),
and

projrel = (e, 1) + (e, v/3(2t — 1))V/3(2t — 1)
—e—1+ 3(/1 ef(2t — 1)dt)(2t — 1)
0

=e—1+33—-¢)(2t—1)
= (4e — 10) + 6(3 — e)t,

hence a = 4e — 10 and b = 6(3 —e).
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Problem 5

a) If x € C[0,1] and y € M we get

lo -yl = / 2 (t) — y(t)dt
/ ]dt—l—/]w —y(t)|?dt
0

1

2 2
2/0 |z (t)|°dt.

Let x,, € M such that z,, — x in C[0,1]. We show that = € M. By the above

[

/ (&)t < | — 2l — 0
0

1
asn — oco. Hence [? |z(t)|?dt = 0, and since z is continuous we must have z(t) = 0
for0<t< %, i.e., x € M. Thus M is closed.

Iz — 1|2 > / dt =
0

and ||z — 1] > % If 2o € M with ||zg — 1||> = 1, then

: .
[ |xo<t>—1|2dt=||xo—1u2—/ dt = 0
1 0
2

and zo(t) =1 for % <t < 1. This contradicts the continuity of xy and no such xg
can exist.

b) If x € M, then by a)

l\.')\r—t
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