TMA4145 Linear Methods

Norwegian University of Science and Technology Solutions
Department of Mathematical Sciences Exam December 17, 2007
Problem 1

a) For z,y € C[0,1] and 0 < ¢ < 1 we have
(G)0)— G = | [ s(ats) — y(s)s
< [ st~ s
< ([ a9t
_ %t2doo(x,y) < %doo(m,y).

Hence doo (G, Gy) < 3doo(z,y) for all z,y € C[0,1] showing that G is a contrac-
tion.

b) We prove this by induction. If n = 1, then (Fzo)(t) = % = Zizl(—l)kﬂ%.

Assume the formula holds for (F™x()(t), then

n+1 _ ﬁ . . 1\k+1 b g2kt
(F"ao)(t) = (—1) ds
0

2 2k k!
k=1
2 n 2k+2
= e (— )k+1L
2 P 2’€+1(k + 1)!
n+1

_ Z(_l)kJrlﬁ
P 2kf!
Hence the formula holds for all n > 1.

c¢) Since C]0, 1] with dw is a complete metric space, and F' is a contraction, it follows
from Banach’s Fixed Point Theorem that F' has a unique point x*. Moreover,
xz* may be found by iteration: z¢g = 0 and z,41 = Fz, (n = 0,1,2,...) gives
x* = limz,,. Pointwise z* is by b) given by

* _OO k+1t2k _ -5
z(t) =) (-1) g =l-e T 0<t<l
k=1 '
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Problem 2
a) ATA=2 [(1) g (1)] has characteristic polynomial —A(\ — 2)(A —4) and hence eigen-
values A\; = 4, Ao = 2, A3 = 0. Thus the singular values are o7 = 2, g9 = /2
and

2 0 0

10 V20

X = 0 0 O

0 0 O

Corresponding orthonormal eigenvectors are

1 | L 0 . 1
Y@ = 0, vg=|1], vo=—%5| 0
v2 1 0 V2 1
So let
1 0 1
1
V=—10 v2 0
ﬁ 1 0 -1
Then we let
1 0
1 0 1 1
1 1
) = o V(1) — ﬁ 1 ; U2) = ;QAU(Q) = ﬁ 0
0 1

In order to extend w(y), u(2) to an orthonormal basis for R4, let

1010
B_{0101]'

We get that Bx = 0 has the general solution

1 0

. 0 ; 1
uU=S3s 1 + 0
0 -1

Since these two columns are orthogonal, we normalize and let

=
O = O =
= O = O
|
S = O =
= O = O

Then A = UXVT is a singular-value decomposition of A.
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b) From the formula AT = VXTUT we find the pseudo-inverse of A to be

[t oo 173 0 00 3(1) (1) (1)
- 0 5= 0 0

AT=y (1) \f _01 V2 10 -1 0
0 0 00 0 1 0 —1

1 1 0 1 0

1010

Problem 3
Let M = span{u,v} where u(t) = ﬁcost and v(t) = ﬁsint in L?(0,27). Then u,v

is an orthonormal basis for M, and a and b are given by the projection in L?(0,27) of
x onto M. We have
projyrz = (x, u)u v)v

+ (2,
where (z,u) = OQWx(t)wdt = ﬁfo costdt = %sma and (z,v) =

T(l — cos ).

Thus a = S22 and p = 1=wosa,
Problem 4
Let 2 = (2,)22, € £? be given, i.e. > °° |z,]*> < co where z,, € C, n > 1. Then let
™ = (21,29,...,2,,0,0,...) for n > 1. Then (™ € £y and we have
[e.e]
2™ =zl = (D fal)?
k=n+1

and since >°°° | |z,,|? converges, B () — 2|l — 0 as n — oo. Hence & = limz(™ and we
see that x € ¢y. This shows that £y = ¢2.

Problem 5
a) A€ C™"™ is normal if and only if A*A = AA*.

b) If A is normal, then ||A*z|? = (A*z, A*z) = (AA*z, 1) = (A* Az, x) = (Az, Ax) =
| Az||?, and hence ||A*z| = ||Az|| for x € C™.

¢) We have (A — A)*(A— M) = (A* = A)(A = M) = A*A — XA* — XA+ D =
AA* = QNA* = MA+ I = (A= X)(A* = XI) = (A= AI)(A— XI)*. Hence A — \I
is normal. Then we have

Av=X < (A-AN)z=0<||(A—-A)z||=0

S [[(A=A)*z|=0& (A* - X))z =0
o A*x = M.
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Problem 6

a) We need to show that for all z,y,z € R:
(i) d(z,y) 20, and d(z,y) =0z =y
(i) d(z,y) = d(y, z)
(i) d(z,y) < d(z,2) + d(z,y).

Since f(0) = 0 and f is strictly increasing the first part of (i) is clearly satisfied,
and if d(z,y) = f(Jx—y|) =0, then |x —y| = 0 giving = = y. Since |z—y| =

|y—l‘|,
(ii) holds. From f(z +y) < f(z) + f(y) for all x,y, we get (iii):
d(z, ) [z —yl)
f(lz— 2|+ |z —yl|) (f is increasing)
fllz =z + f(lz —yl)
= d(x,z )+ d(z,y).

Thus d is a metric on R.
b) Let (z,)52, be a Cauchy sequence in (R, d). Then to € = 1 there is an N such that
if m,n > N, then d(x,,2,) < 1. Since d(x,y) = |z —y|+1 > 1 if & # y, this
means that z,, = z,, for all m,n > N. Let x = . Then clearly x,, — x. Thus
()22, is convergent, and (R, d) is complete.
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