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Problem 1
We note that A% = 41, then A = 42 are the only possible eigenvalues. Let A\ = 2 and
Ay = —2. Then
-3 1 1 1 1 0 0 -1 1
1-3 1 1 010 — 1. :
A—\I= 1123 11~1o0oo01 21 and r = || Bsan eigenvector.
1 1 1-3 000 O 1
Since A is diagonalizable, Ay = —2 has geometric multiplicity 3, and also
1 1 1
-1 -1 1
_ 1 _
E_5 = span{z}~ = span{ el ] 2 }.
-1 1 -1
Thus
2 11 1 1
-2 11 -1 -1 1
T _ FO ==
@ AQ = —2 =211 1 1 1
-2 1 -1 1 -1
Problem 2
Here Ps(\) = 1 1= (A —2)?, and we have \; = 2 and m; = 2. We
_ 1 1 11 1 1] . .
get A — M1 = [ 1 1 } ~ [ 0 0 } and x = 7 [ 1 ] is an eigenvector. Let

yzx}i[i}’thenU:\}ﬁ[—} i]isunitary,and

N 12 2|
va=]? ) on
A is not diagonalizable since d; =1 < m; = 2.

Problem 3

A basis (), ..., x(g) of Ex C F™ can always be extended to a basis x(y),. .., ) of F".
With S = [z(y)] ... |2(m)] we have

e [ M| B
s AS—{%W}
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since S_lASG(Z-) = S_IASC@ = S_l)\:L‘(i) = )\S_lx(i) = )\6(1) if 1 <¢<d. Thus

Py(t) = Pg-145(t) = (A — )" Pe(t)
and d < m.

Problem 4

a) We have
A ifj=i
Jij=41 ifj=i+1

0 otherwise,

and we prove that (Jk)ij = (liz) Ne=i+i i < j by induction on k. This is correct if

k =1, so assume the formula holds for £ > 1. Then
n

S i =Y (Virdrj  (Jeg =0t r # 5 —1,5)

r=1

= (J%)ij-1+ (JF)iA

_ k N aazas it k \k—itit
joi—1 j—i

A 2

_(k+1 ALt
J—i ’

and the formula follows by induction.

b) Using the formula in a) we get
1
(€)= H(Jk)ijtk

k
:Zl k A\k—i+igk
— kI \j — i
)\k—j—f—z‘

2. G—i)k—j+9)

0<j—i<k

B (Z ﬁtl) <jtj—;>!

ko [l=k—j+1
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And (e*);; = 01if i > j. Thus

(1t 220 ot (n— 1) ]
ot — Nt 2/2!
. t
_0 1 -
c)
A1 0
=10 X1 u =
0 0 A
1t &7 Ja 1 t e
u:et‘]uoze)‘t 01 ¢ co :cle)‘t 0 —i—ch’\t 1 +03e’\t t
00 1 c3 0 0 1
Problem 5
a) We find the characteristic polynomial
1
1-x 1 0 1 1\ 1 1
PiN=| 0 2-A 0 0 J=@=XN] 0 2-x 0
—1 1 2—A 1 —1 1 3—A
-1 1 0 3—A

=2-N[1-NB-N+1]=(2-1"

Hence the only eigenvalue is A = 2 with m = 4. Since all the roots of P4(A) =0
are real, A has a real Jordan form. From (A = 2)

1101 1 -1 0 -1
0000 0 00 0
A=M=1 17 17011~lo 00 o
1101 0 00 0

we see that the geometric multiplicity is 3, and a Jordan form of A is

20 00
02 00
J= 0 0 2 1
00 0 2
The eigenspace F» is given by
1 0 1
1 0 0
T=T1 + s 1 +1 E r,s,t € R.
0 0 1

We need to find z(3) and z4) such that
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2) AJZ(4) =2z + 2(3)-

Then z(3) € Ey, say x(3) = (r +1,7,5,t) # 0. We solve for x4 in 2):

110 1]|r+t 11 0 1] r+t
0000 r 0000 r
1101 s |7] 000O0|-r+s—t
110 1] ¢ 0000 —r

This system has a solution if 7 = 0 and s =t # 0 (v(3) # 0). Let ¢ = 1 and
74 = (=1,0,0,0). Then 23y = (1,0,1,1). Then we need to choose two eigenvectors
x(1y and x(9y such that z(y), z(7) and z(3) are independent. We can take

1 0
1 0
x(l): 0 and l‘(2): 1
0 0
Then
1 01 -1
1 00 0
§= 01 1 0
0 01 0
is such that S™1AS = J where
2 0 0 0
0 2 00
J = 00 21
00 0 2
b) One finds
010 0
1 0 01 -1
i 0 00 1]’
-1 1 0 1
and
1 000 1-¢t t O t
0100 0 10 0
tA _ o tJo—-1 _ 2t 1 2t
6_565_65001t5_6 bt 1t
0 0 01 —t t 0 1+¢
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c) We have

C1
W =Au = u(t) = eug = e 2
cs
C4

1-t¢ t 0 t

1 0 0

_ 2 2 2 2
= cie 4 + coe ‘ + c3e 1 + cye ‘
—t t 0 1+¢

Remark: If we had not been asked to find e**, we would simply write
W=Au = ut) =e?uy = Set! ST huy = Setc ete.

where ¢ = S~™!ug, and we need not find S~!. This gives

2t

u(t) = cre + coe® + cqe?t + ¢yt

SO ==
o= O O
_ = O =
~ «+ o |

Problem 6

a) i) Ifz#0, then 27(A+ B)z = 27 Az + 2" Bz > 0, and A+ B > 0.
ii) If A has eigenvalues A1, ..., \n, then A¥ (k € Z) has eigenvalues \¥,... \F,
and A > 0= A% > 0.

iii) If A has eigenvalues \Ap, ..., A,, then e has eigenvalues e, ..., e* and they
are all > 0. Since e clearly is symmetric, we have e > 0.

b) We have that A = CTC where

is non-singular, hence A > 0.
Problem 7

a) ATA =2 [é‘f

10

values \1 = 4, Ao = 2, A3 = 0. Thus the singular values are o1 = 2, 09 = V2
and

—_O

] has characteristic polynomial —A(\ — 2)(A — 4) and hence eigen-

0 0
V2

0
0

O O O N
o O O
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Corresponding orthonormal eigenvectors are

1 0 1
v 1 0 v 1 v 1 0
0= 5 J 2 = ’ ®) = 75
V2| 0 V2
So let
1 1 0 1
V=—1]10 v2 0
ﬂ 1 0 -1
Then we let
1 0
1 0 1 1
_ 1 _ 1 _
=A== sl e T s = 5
0 1

In order to extend wy),u(2) to an orthonormal basis for R4, let

1010
B_{0101]'

We get that Bx = 0 has the general solution

0
1
u=si _ +1 0

-1
Since these two columns are orthogonal, we normalize and let

1

V=11

O = O =

—_ o = O
|

O = O =

_ o = O

Then A = USVT is a singular-value decomposition of A.

b) From the formula AT = VETUT we find the pseudo-inverse of A to be

Jroooryrpoooopiobop
+_ - 0o L 00
A2?\é§_01 V2 10 -1 0

i 0 0 0 0 01 0 -1

1'1010

1010
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