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Problem 1

a) (2 points.) Show that d(x, y) = |e−x − e−y| defines a metric on R.

b) (3 points.) Show that the sequence (xn)∞n=1
where xn = n is a Cauchy sequence in

the metric space (R, d). Is (R, d) a complete metric space?

Problem 2

Let F : C[0, 1] → C[0, 1] be defined by

(Fx)(t) = 1 +

∫ t

0

sx(s)ds, 0 ≤ t ≤ 1.

a) (4 points.) Show that F is a contraction if C[0, 1] has the d∞-metric. State
(without proof) Banach’s Fixed Point Theorem, and explain why F has a unique
fixed point x∗.

b) (3 points.) Let x0 = 0 and define xn by xn = Fxn−1 for n ≥ 1. Show that for
n ≥ 1

xn(t) =

n−1
∑

k=0

t2k

2kk!
,

and use this to find a formula for x∗(t).

Problem 3

The 3 × 4-matrix A satisfies PA = LU where

P =





0 0 1
1 0 0
0 1 0



 , L =





1 0 0
0 1 0

−1 1 1



 , and U =





2 1 2 2
0 1 1 1
0 0 0 0



 .

a) (2 points.) Find a basis for kerA = N(A) and im A = C(A).

b) (3 points.) Find a basis for im AT = C(AT ) and ker AT = N(AT ).

Problem 4

(3 points.) Find the Cholesky factorization A = CT C (C upper triangular with cii > 0)
if

A =





1 1 1
1 5 3
1 3 11



 .


