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Problem 1

a) Since d(x, y) = |x− y| is a metric on (0,∞) we get for all x, y, z ∈ X

1) d̃(x, y) =
∣∣∣ 1
x −

1
y

∣∣∣ ≥ 0 for all x, y ∈ X; and d̃(x, y) =
∣∣∣ 1
x −

1
y

∣∣∣ = 0 ⇐⇒ 1
x = 1

y
⇐⇒ x = y.

2) d̃(x, y) =
∣∣∣ 1
x −

1
y

∣∣∣ =
∣∣∣ 1
y −

1
x

∣∣∣ = d̃(y, x).

3) d̃(x, y) =
∣∣∣ 1
x −

1
y

∣∣∣ ≤ ∣∣ 1
x −

1
z

∣∣ +
∣∣∣1
z −

1
y

∣∣∣ = d̃(x, z) + d̃(z, y).

Thus d̃ is a metric on X, and (X, d̃) is a metric space.

b) If xn = 2n then d̃(xm, xn) =
∣∣ 1
2m − 1

2n

∣∣ ≤ 1
2m + 1

2n , and hence given ε > 0 we
have d̃(xm, xn) < ε if m,n ≥ N where N > log2(

2
ε ). Thus (xn)n is a Cauchy

sequence in (X, d̃). If xn → x in X, then d̃(xn, x) =
∣∣ 1
2n − 1

x

∣∣ → 0 as n →∞. But∣∣ 1
2n − 1

x

∣∣ → 1
x 6= 0 as n → ∞, and (xn)n is not convergent. Hence (X, d̃) is not

complete.

Problem 2

a) We have |Fx(t)−Fy(t)| = |
∫ t
0 x(s)ds−

∫ t
0 y(s)ds| ≤

∫ t
0 |x(s)−y(s)|ds ≤

∫ t
0 d∞(x, y)ds

= td∞(x, y), and hence d∞(Fx, Fy) ≤ ad∞(x, y). If a < 1, then F is a contraction
on C[0, a].
Banach’s Fixed Point Theorem: If X 6= ∅ is a complete metric space and F : X →
X is a contraction, then F has a unique fixed point x∗ ∈ X. (F is a contraction if
there exists an α < 1 such that d(F (x), F (y)) ≤ αd(x, y) for all x, y ∈ X.)
Since C[0, a] is complete and F is a contraction, F has a unique fixed point x∗.

b) From x1 = 1 we get x2(t) = Fx1(t) = 1 + t − t2

2 and x3(t) = Fx2(t) = 1 − t2

2 +∫ t
0

(
1 + s− s2

2

)
ds = 1− t2

2 + t + t2

2 −
t3

3! = 1 + t− t3

3! .

Assume by induction that xn = 1 + t− tn

n! which is true for n = 1 (and n = 2, 3).
Then xn+1(t) = Fxn(t) = 1− t2

2 +
∫ t
0

(
1 + s− sn

n!

)
ds = 1− t2

2 + t + t2

2 −
tn+1

(n+1)! =

1 + t − tn+1

(n+1)! . Thus xn = 1 + t − tn

n! for all n ≥ 1. Let x∗(t) = 1 + t. Then
d∞(xn, x∗) = maxt

∣∣ tn

n!

∣∣ = an

n! → 0 as n → ∞, and we see that x∗ = limn→∞ xn in
C[0, a]. We then know that x∗ is the unique fixed point of F .

1



Problem 3

a) We have

U ∼

1 −2 0 −1
0 0 1 1
0 0 0 0


and thus 

2
1
0
0

 ,


1
0
−1

1


is a basis for ker A. From

A = P T LU =

0 0 1
1 0 0
0 1 0

1 0 0
0 1 0
1 −1 1

1 −2 −3 −4
0 0 1 1
0 0 0 0

 =

1 −2 −4 −5
1 −2 −3 −4
0 0 1 1


we see that 1

1
0

 ,

−4
−3

1


is a basis for im A.

b) A basis for im AT is 
1
−2
−3
−4

 ,


0
0
1
1

 .

A basis for kerAT is the last row of L−1P (since U has one row of zeroes). Since 1 0 0 1 0 0
0 1 0 0 1 0
1 −1 1 0 0 1

 ∼

 1 0 0 1 0 0
0 1 0 0 1 0
0 0 1 −1 1 1

 ,

L−1P =

 1 0 0
0 1 0
−1 1 1

0 1 0
0 0 1
1 0 0

 =

0 1 0
0 0 1
1 −1 1

 ,

and a basis for ker AT is  1
−1

1

 .

c) Since yT A = 0 ⇐⇒ AT y = 0, any such y has the form

y = α

 1
−1

1


where α ∈ R.
Since [1 0 2]A = [1 − 2 − 2 − 3] we get the solution

z =

1
0
2

 + t

 1
−1

1

 , t ∈ R.
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