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Several stochastic models with environmental noise generate spatio-temporal Gaussian fields of log densities for the
species in a community. Combinations of such models for many species often lead to lognormal species abundance
distributions. In spatio-temporal analysis it is often realistic to assume that the same species are expected to occur at
different times and/or locations because extinctions are rare events. Spatial and temporal b-diversity can then be analyzed
by studying pairs of communities at different times or locations defined by a bivariate lognormal species abundance
model in which a single correlation occurs. This correlation, which is a measure of similarity between two communities,
can be estimated from samples even if the sampling intensities vary and are unknown, using the bivariate Poisson
lognormal distribution. The estimators are approximately unbiased, although each specific correlation may be rather
uncertain when the sampling effort is low with only a small fraction of the species represented in the samples. An
important characteristic of this community correlation is that it relates to the classical Jaccard- or the Sørensen-indices of
similarity based on the number of species present or absent in two communities. However, these indices calculated from
samples of species in a community do not necessarily reflect similarity of the communities because the observed number
of species depends strongly on the sampling intensities. Thus, we propose that our community correlation should be
considered as an alternative to these indices when comparing similarity of communities. We illustrate the application of
the correlation method by computing the similarity between temperate bird communities.

Species diversity is an emergent property of communities
that is of crucial importance for conservation of biodiver-
sity as well as for understanding of trophic interactions
and ecosystem processes. This has lead to much work in
developing indices of similarity that can be used to compare
differences between communities or samples from com-
munities (Peet 1974, Pielou 1975, Koleff et al. 2003,
Magurran 2004). The first attempts leading to the classical
Jaccard (1912)- and Sørensen (1948)-indices were both
based on the number of species present in both samples and
the numbers only seen in each of them. Although presence
and absence should refer to the total community, these
indices are most commonly used by counting species
present in samples.

The Jaccard- and Sørensen-indices relate directly to
Whittaker’s (1970, 1972) partitioning of species diversity
into the a-diversity component within localities, g-diversity
in the whole region and b-diversity defined as the turnover
of species among samples at different localities generating
the difference between the local and regional diversity. A
large number of studies have used this decomposition to
estimate relative contribution of these diversity components
(see references in Koleff et al. [2003] and McGill et al.

[2007]). Whittaker’s decomposition is closely related to
the concept of similarity as large b-diversity implies that
samples will show decreasing similarity when recorded at
increasing spatial distance (Engen et al. 2008).

In a pioneering study, Fisher et al. (1943) presented the
idea of describing communities by studying the distribution
of species abundances among the species in a community.
Although Fisher initiated his analysis by assuming that
abundances were gamma distributed and thus described by
two parameters only, he showed surprisingly that even the
simpler one-parameter model obtained as the shape para-
meter approached zero fitted well to a large number of
communities. Preston (1948, 1960, 1962, 1980) considered
an alternative parametric approach by empirically showing
that the log-normal species abundance model fitted well to
a large number of species abundance distributions cover-
ing communities from a wide range of taxa. Taking into
account how complex the spatio-temporal dynamics of
communities with a large number of species is likely to be,
the most interesting findings of these pioneers is the
simplicity of these purely descriptive models and the fact
that the same kind of patterns seems to be applicable to
a large number of different communities, suggesting a
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relatively general description of the distribution of species
abundances (Tokeshi 1993).

More recent research on the structures of communities
has focused on underlying population dynamical mecha-
nisms, possibly including speciations and extinctions,
generating patterns of similar types as those described by
the above pioneers. Such spatio-temporal models are
naturally classified into two major categories. One is the
group of neutral models using essentially Fisher’s model to
describe the species abundance distribution in a large meta-
community together with an analysis of local community
dynamics by migration and local extinctions (Hubbell
2001). Local dynamics is described by demographic
stochasticity only, that is, birth and deaths of individuals
are independent events among individuals. Furthermore,
the neutrality assumption also implies that the dynamics of
all species are described by the same mathematical rules so
that all species and individuals are actually interchangeable
in the models (Leigh 2007). The other category contains
models where the dynamics of species abundances are
driven by environmental stochasticity generated by a
fluctuating environment affecting all individuals of a species
in the same or a similar way. Engen and Lande (1996a)
presented a model of this type with speciation and
extinction and linear dynamics on the log scale, leading to
a lognormal species abundance distribution. In a parallel
paper Engen and Lande (1996b) also showed that a similar
kind of model with somewhat different assumptions for the
density regulation generated the gamma distribution inclu-
ding the special case of Fisher’s model as well as the
extended form of the gamma model with negative shape
parameter in the interval (�1, 0) (Engen 1974, 1978).
Heterogeneity, that is, parameters describing dynamics
differing among species, was also included in the lognormal
model of Engen and Lande (1996a). Later this class of
models has been extended to describe spatial as well as
temporal species abundance fluctuations (Engen et al. 2002,
2008, Lande et al. 2003, Engen 2007a, b), models with
environmental as well as demographic stochasticity (Loreau
and de Mazancourt 2008), and models including competi-
tion between species (Mutshinda et al. 2008, 2009). Engen
(2001) showed that even dispersal, described as smooth
continuous diffusion of individuals, could be included in
linear models on the log scale in such a way that log
abundances of a single species was still a Gaussian spatial
field and pointed out that such models with migration can
also generate lognormal spatio-temporal species abundance
models. An important feature of all these spatio-temporal
lognormal species abundance models is that the community
autocorrelation can be used to partition species diversity
following Whittaker (1970, 1972) into a-, b- and g-
components (Engen et al. 2002, 2008, Lande et al. 2003).

Many of the above models with environmental stochas-
ticity generate communities in which the log abundance of
single species are Gaussian fields in space and time. Further,
homogeneous as well as classes of heterogeneous models
lead to species abundances being lognormally distributed
among species at a given location and time. Considering
two different locations possibly at different times, the dis-
tribution of log abundances among species is then the
bivariate normal distribution defined by 5 parameters, the
means and variances as well as the correlation. Engen

et al. (2002, 2008), Lande et al. (2003) and Walla et al.
(2004) utilized this class of models to perform temporal and
spatial analysis of communities by studying the correlation
structure obtained by considering the correlations between
all pairs of observed communities in space and time. Even if
noise components that affect all species in the same way will
make the abundances of species dependent, Engen and
Lande (1996a) showed that such noise is confounded with
the mean values and will not affect the correlations.
Assuming that the abundances are independent among
species therefore gives a correct estimate of the correlation
even if such common noise components are operating (for
details see Engen and Lande [1996a] and Lande et al.
[2003]). The realism of assuming independent dynamics
apart from the common noise terms is also supported by
Mutshinda et al. (2009), who estimated these correlations
to be quite small.

The lognormal species abundance model has been widely
applied in analyses of how structures of communities vary in
space and time (May 1975, Ugland and Gray 1982, Tokeshi
1993, Engen et al. 2002, 2008, Lande et al. 2003, Magurran
2004, McGill et al. 2007). Here we focus on the analysis of
spatial and temporal structure of communities when any two
communities can be described by a bivariate log-normal
species abundance distribution, that is, the log-abundances
(X , Y ) in the two communities follow a bivariate normal
distribution among species. As the marginal distributions are
normal, this is in agreement with Preston’s (1948, 1960)
lognormal species abundance model when each community
is considered separately as well as the Poisson lognormal
model for samples based on Poisson sampling (Bulmer
1974, O’Hara 2005, Golicher et al. 2006).

The community correlation described above is a measure
of similarity between two communities. If the correlation
equals one, the communities are identical. If it is zero,
they are independent in structure. A negative correlation
expresses that species that are abundant in one community
are likely to be rare in the other. However, this measure-
ment is based on the assumption that the species at the two
locations are the same, so the Jaccard- and the Sørensen-
indices for the total communities as well as the abundance
based analogy of these indices defined by Chao et al.
(2005), are equal to 1. This is a realistic assumption as
long as the communities are connected spatially by mig-
ration or when a given community with temporal fluctua-
tions in species abundance are studied through time. There
is no lower limit for the log abundance in the model, so a
species present in one community sample may have such
a small abundance in the other that it is practically
impossible to observe even under intense sampling. Hence,
even large samples may have species common to both com-
munities as well as species present in only one of them so
that the Jaccard- and the Sørensen-indices estimated direc-
tly from the samples can be substantially smaller than 1. For
very diverse communities, the Jaccard- and the Sørensen-
indices tend to be very close to 1 when the sample sizes
get extremely large, so the assumption of a common set
of species including many species with abundance that is
practically zero, but still positive, is often likely to be a
realistic model (Magurran 2007). In particular, when
studying temporal fluctuations in community composi-
tion based on similarities estimated from time series of
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community samples, this assumption seems realistic since
extinctions are rare events.

In this paper we present the correlation in log abun-
dances between pairs of communities as a simple index of
similarity. We show how this correlation can be estimated
by maximum likelihood from samples of communities
using free available software. We then show how the
community correlation, based on the assumption of a
Gaussian field of log densities for the species in commu-
nities, relates to other measures of community similarity
(Koleff et al. 2003, Magurran 2004, Chao et al. 2006).
Finally, we illustrate the practical applicability of our
approach by estimating the community correlation in two
studies of bird communities.

Estimation

Fisher et al. (1943) defined species abundances as contin-
uous variables that could take any positive value. As they
mainly analyzed individuals caught in light traps the
abundance of a species was defined as the mean number
of individuals caught by some given sampling effort which
is a measurement of the density of individuals. For a given
species with a given abundance Fisher et al. assumed that
the number of individuals observed was Poisson distributed
with mean value proportional to the abundance of the
species. By this assumption of abundances being gamma
distributed the number of individuals caught then has a
negative binomial distribution among species. Because the
number of species that are not observed is unknown, Fisher
et al. used the zero-truncated distribution for which he
derived the limiting distribution as the shape parameter was
sent to zero and the number of species in the community
approached infinity, obtaining what is known as Fisher’s log
series distribution.

Using Fisher et al.’s approach applied to two commu-
nities, each species is represented by a realization of a
bivariate random variable expressing its abundance in the
two communities. The natural generalization of the
lognormal species abundance model to two communities
is accordingly the bivariate lognormal distribution. Assum-
ing Poisson sampling, as proposed by Fisher et al. (1943),
estimation of the correlation r can be performed by
maximum likelihood using the bivariate Poisson lognormal
distribution (Engen et al. 2002, Lande et al. 2003, Walla
et al. 2004) truncated to exclude the double-zero observa-
tions. Let us first consider a sample from one community
described by a distribution of densities among species at
a given location and time. Assuming random sampling
the number of individuals sampled of a species with log
abundance x, say N, is then Poisson distributed with mean,
say nex�ex�ln n, where the parameter n expresses the
sampling intensity. For the lognormal species abundance
distribution, x is normally distributed among species
with mean m and variance s2, whereas the log of the
Poisson mean, x�ln n, is normal with mean m�ln n and
the same variance s2. We define the Poisson lognormal
distribution with parameters (m,s2) as the mixing distribu-
tion obtained when the log of the Poisson mean is normally
distributed with mean m and variance s2 (Grundy 1951,
Bulmer 1974, O’Hara 2005, Golicher et al. 2006), imply-

ing that the mean is lognormally distributed. Accordingly,
the number of individuals sampled from all s species in a
community then constitutes a sample from the Poisson
lognormal distribution with parameters (m�lnn, s2). For
n�1 this is the Poisson lognormal distribution with
parameters (m, s2), as follows

P (N �n;m;s2)�q(n;m;s2)�g
�

��

hn(m;s2; u)f(u)du;

where

hn(m;s2; u)�
exp(usn � mn � e�(us�m))

n!
;

and f(u) is the standard normal distribution.
Since s is unknown, we only consider the observed

number of individuals for the species represented in the
sample as proposed by Fisher et al. (1943). For a given
sampling intensity n, the distribution of the number
of individuals then follows the zero-truncated Poisson
lognormal distribution

q(n; u� lnn;s2)=[1�q(0;m� lnn;s2)];

defined for n�1, 2, . . . . The maximum likelihood estima-
tion of the parameters of this distribution was first derived
by Bulmer (1974).

The similarity r between two communities (possibly
different locations and different times) can be estimated
from random samples from the communities, using the
corresponding two-dimensional model. For two commu-
nities considered jointly the log abundances among species
has the bivariate normal distribution with parameters,
say (m1;s

2
1;m2;s

2
2;r): The same sampling assumptions

now lead to the bivariate distribution of the number of
individuals of a species in the two samples, (N1, N2),
conditional on presence in at least one of them. This
bivariate Poisson lognormal distribution takes the form

q(n1; n2;m1� lnn1;s
2
1;m2� lnn2;s

2
2;r)=

[1�q(0; 0;m1� lnn1;s
2
1;m2� lnn2;s

2
2;r)];

where the function q here is redefined for the two-
dimensional case as

q(n1; n2;m1;s
2
1;m2;s

2
2;r)�g

�

��
g

�

��

hn1
(m1;s

2
1; u)

hn2
(m2;s

2
2; v)f (u; v;r)dudv:

Here f (u, v;r) denotes the standard bivariate normal
distribution with correlation r. Simulations from the
bivariate lognormal distribution and corresponding Poisson
lognormal distributions of counts are illustrated in Fig. 1.

From two samples with S5s different species observed
in at least one of the samples, that is, S recordings of (N1�
n1, N2�n2), the log likelihood is the sum of ln[q(n1, n2)/
(1�q (0, 0)] over the S observed species with inserted
parameters. Hence, computation of the likelihood requires
a large number of two-dimensional integrations, so the
numerical maximization is a bit time-consuming.

Notice that the parameters s2
1; s

2
2 and r can be estimated

without any knowledge of the unknown sampling intensities
n1 and n2. This is a very important observation because it
makes it possible to perform a complete spatio-temporal
analysis even when the sampling intensities vary and are
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unknown, which is often the case. The estimation can be
performed using the R-package (R Development Core
Team 2007) poilog. The mean values are confounded
with the sampling intensities and cannot be estimated.
However, the parameters mi�ln ni of the Poisson lognormal
distribution can be estimated, implying that estimates of the
mi can be found if the sampling intensities ni are known.

Examples showing approximately unbiased estimation
of r from samples of different sizes are illustrated in
Fig. 2. A number of other simulations (see also Fig. 4)
indicates that the correlation estimate is approximately
unbiased for a realistic range of parameter values. Notice
that the uncertainty seen in Fig. 2 only decreases very
slowly as the number of individuals in the sample

increases. The reason for this is that the number of
observations S entering the likelihood function is actually
the number of observed species and not the number of
individuals sampled. As the number of individuals sampled
increases, the number of species sampled increases slowly
as indicated in Fig. 2, and the standard deviation of the

estimated correlation is roughly proportional to 1=
ffiffiffi
S

p
:

Even for an infinite sample size we can not do better than
to actually observe the underlying densities of individuals
which is a sample from the bivariate lognormal distribu-
tion of size s, the number of species in the community.
Hence, the variance of these estimators will not approach
zero as the sample size approaches infinity as is usually the
case in standard estimation theory.
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Figure 1. Simulated realizations from the bivariate lognormal distribution (a) and (b) and the bivariate Poisson lognormal distribution
(c�f) for different correlations r between the log-abundances of the the species in the two communities. The sampling intensitites n1�n2

in the bivariate Poisson log-normal distribution are adjusted so that 80% (middle row) and 30% (lower row) out of the 100 species in
total are expected to be observed during the Poisson sampling process. The vertical line to the right in each panel show the interval
covering 95% of estimated correlations r obtained by generating 500 realizations of the data and estimating r by maximum likelihood,
and the horizonal line shows the median estimate. Other parameter values are m1�0; m2�0; s2

1�4; s2
2�4:
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Deviations from the assumption of a
lognormal abundance distribution

Although many communities seem to have species abun-
dances following approximately the lognormal distribution,
other models have been discussed widely in the literature.
The deviation seen in practice is usually that there are more
rare species than those predicted by log normality. This is
the form one finds for the distribution of log abundance
when the abundances follow a gamma distribution with
shape parameter k smaller than one. The extreme case
of Fisher’s logarithmic series model with k�0 corresponds
to the degenerate distribution that is constant for large
negative log abundances, representing an extreme, actually
infinite, negative skewness. Also, the neutral model of
Hubbell (2001) leads to distributions skewed to the left
typically between the normal distribution and Fisher’s
model. To investigate how the correlation estimate per-
forms when the distribution has this skewness we have
performed simulations and estimation for a bivariate
gamma model. This model can be obtained by defining
two abundances (X, Y ) by X�W1�W2 and Y�W2�W3,
where the Wi are independent gamma distributed variables
with scale parameter 1 (which is not interesting because it is
confounded with sampling intensity) and shape parameters
kr for W2 and k (1�r) for W1 and W3. Then the marginal
distributions of X and Y are gamma with shape parameter k,
and corr(X, Y )�r. However, to compare to the lognormal
model we must find the corresponding correlation between
log abundances corr(lnX, lnY ). This can be found by
numerical integration, but is most easily computed
by calculating the correlation from an extremely large
simulated sample of (lnX, lnY ). This gives approximately
the log abundance correlation r as function of r. Then we
have simulated count data from this model under random
Poisson sampling. The counts then follow a bivariate

negative binomial distribution. From these simulated data
we have estimated the correlation r using the bivariate
Poisson lognormal. The results given in Fig. 3 show
surprisingly small bias in the estimator, even for distribu-
tions that are heavily skewed to the left. This indicates
that the estimation method based on the bivariate Poisson
lognormal model is robust against the type of skewness one
often finds in real communities.

Relations to indices of similarity

The community correlation r, that can be estimated
without any knowledge of the two sampling intensities
involved, is also a measurement of similarity which has
been used to perform spatial as well as temporal analysis
of community dynamics (Engen et al. 2002, 2008, Lande
et al. 2003). We now proceed to analyze the relation
between r and the Jaccard-index calculated directly from
the samples which is

J �
A

A � B � C
;

where A is the number of species present in both samples,
while B and C are numbers of species present only in one
or the other. The Sørensen-index is defined as

L�
2A

2A � B � C
:

The relations between these indices are simply L�2J/
(J�1) and J�L/(2�L). Thus, they are actually equivalent
in the sense that the value of each one of them uniquely
determines the value of the other.

Samples of species from communities collected at the
same or different locations, possibly at different times, are
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Figure 2. Simulations from the bivariate Poisson lognormal model with s�80 and s2
1�s2

2�m1�m2�0 and r�0.2 for different
sampling intensities giving different expected number of individuals and species in the sample. The filled circles are the maximum
likelihood estimates of r fluctuating around the true value (dashed line). The open circles are the esimates of the Sørensen-index
standardized by choosing p�q�0.5 fluctuating around the true value (solid line). These are estimated by first estimating r and then
calculating the index using the expression for the Sørensen-index as a function of r given in the Appendix. The dotted line is the expected
fraction of species represented in each sample.
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always different (Colwell and Coddington 1994, Lande
1996, Gotelli and Colwell 2001). Even parallel samples
from the same locality taken at the same time differ because
many species tend to be rare in the samples so that their
presence is a stochastic event (Magurran 2004, Mao and
Colwell 2005). Thus, the recording of a single individual or
species will depend on the sampling effort as illustrated in
Fig. 1. In addition, abundant species often show large

differences in abundance in space due to spatial hetero-
geneity, as well as fluctuations through time generated by
environmental and demographic stochasticity (Engen et al.
2002, Lande et al. 2003, Engen 2007a, b, Magurran 2007,
Engen et al. 2008). Thus, samples only contain a fraction of
the species actually present in the community. When the
Jaccard- and Sørensen-indices defined for the total com-
munities are estimated by replacing A, B and C by the
corresponding number of species recorded in the samples,
their values (or the mean value under sampling) will
vary considerably with sample size and sampling effort
(Fig. 1, 2), making comparisons among characteristics of
communities difficult.

In the bivariate lognormal species abundance model the
bivariate log abundance of a species in the two commu-
nities, (X , Y ), is assumed to be generated from a bivariate
normal distribution. The total community of s species is
accordingly assumed to be a sample of size s from the
bivariate normal density. The corresponding standardized
log abundances U�(X�m1)/s1 and V�(Y�m2)/s2 then
follow the standard bivariate normal distribution with
correlation r, that is, the marginal distributions have zero
means and unit variances.

Under the assumption of Poisson sampling the prob-
ability that a species with log abundance x is present in a
sample under sampling intensity n is 1�exp(�nex ) and the
expected fraction of species present in a sample is the
expected value of this probability with respect to the dis-
tribution of x among species in the community. However,
since the correlation r is defined as a property of the
community unaffected by the stochasticity in the sampling,
we should rather define ‘‘presence’’ without reference to a
sampling distribution in order to compare the measure-
ments. For a given sampling procedure, the presence of a
species depends on the sampling intensity. If we for example
define ‘‘presence’’ as ‘‘the probability that the species is
present in the sample is larger than 1/2’’, this is equivalent
to defining ‘‘presence’’ as ‘‘the abundance exceeds a given
threshold’’. In the above example of Poisson sampling, using
probability 1/2 in the definition, this threshold is ln(ln 2)�
ln(n). For a different sampling distribution, such as the
negative binomial or Poisson lognormal, this threshold
would be different, but still a decreasing function of n. For
any sampling model in which the probability of observing a
species increases with its abundance the ‘‘presence’’ defined
as above (with 1/2 replace by any probability) is equivalent
to ‘‘x exceeding some threshold’’. Therefore, in order to
compare the correlation measure to the Jaccard- and
Sørensen-indices with no reference to particular sam-
pling distributions we define ‘‘presence’’ as ‘‘abundance
exceeding some threshold’’. Decreasing the threshold then
increases the number of species ‘‘present’’ corresponding to
what happens in general when sampling intensities increase
and more rare species occur in the sample.

For the bivariate lognormal species abundance model
it is mathematically most convenient to define thresholds
referring to the standardized log abundances. Hence, for
a species with log abundance X we consider the event
U�(X�mx)/sx�zu . The expected fraction of species
exceeding the threshold zu for U, that is, the fraction of
species defined as present, is then P(U�zu)�1�F(zu),
where F is the standard cumulative normal distribution.
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Figure 3. The upper panel shows estimated correlation between
log abundances, found by fitting the bivariate Poisson lognormal
model to abundance data simulated from different bivariate
gamma models for abundances (described in the main text),
against the true correlation between log abundances. In the biva-
riate gamma distribution with shape parameter k and scale para-
meter 1 the expected fraction of species q observed in the sample is
given by q�1�(1�n)�k and the sampling intensity n that
gives a certain fraction of observed species is n�(1�q)�1/k�1.
For each values of k sampling intensities were chosen so that a
fraction q�0.6 of the species in the community was expected to
be observed in samples. For correlations r�0.01, 0.02, . . . , 1 in
the bivariate gamma distribution we estimated the corresponding
correlation between log abundance from 2 000 000 samples.
Estimates of correlations in log abundance by fitting the bivariate
Poisson lognormal distribution were based on 500 samples.
Dashed lines show estimated correlations as functions of true
correlations for different values of k, smoothed by polynomial
regression. The solid line indicates equality between the true
correlation and estimated correlation. The lower panel shows
the marginal distributions of log abundance for the 4 different
gamma distributions used in the upper panel which have shape
parameters 0.1 (largest negative skewness and largest deviation
from the normal distribution), 0.2, 0.3 and 0.4 (smallest negative
skewness, closest to the normal distribution).
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Hence, the threshold zu is comparable to a sampling effort
that reveals a fraction p�1�F(zu) of the species abun-
dance distribution on the log scale (as well as on the
absolute scale). Hence, specifying this threshold is equiva-
lent to specifying some sampling intensity, actually the
intensity corresponding to the given fraction of species
being ‘‘present’’. Correspondingly, for the other commu-
nity, we define a threshold zv for V�(Y�my)/sy . The
expected fraction of species with standardized abundance
above v in the second sample is then q�1�F(zv).

For the two-dimensional model the distribution of
(U, V ) among species is now the standard bivariate normal
distribution f (u , v ;r) with correlation r. Writing s for
the number of species, the expectation of quantities enter-
ing the expression for the Jaccard- and Sørensen-indices

are A� sf
�

zu
f
�

zv
f (u; v;r)dudv; B� sf

�

zu
f

zv

��
f (u; v;r)dudv

and C � sf
zu

��
f
�

zv
f (u; v;r)dudv: When these integrals are

plugged into the expressions for J and L, the parameter s
disappears, so that the indices, say Jp,q and Lp,q , are simply
functions of the community correlation r only. Now,
writing G(zu , zv ;r)�P (U�zu , V�zv) and using the
fact the the distribution of U given V�v is normal with
mean rv and variance (1�r2), the two-dimensional
integral defining G(zu , zv ;r) can be written as the
univariate integral

G (zu; zv ;r)�g
�

zv

�
1�F

�
zu � rvffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 � r2
p

��
f(v)dv;

where f(v) is the standard normal density. Writing
P (U�zu ,VBzv)�P (U�zu ,�V��zv) and using the
fact that (U,�V ) is standard bivariate normal with
correlation �r, we find P (U�zu , VBzv)�G (zu ,�zv ;
�r), and in the same way P (UBzu , V�zv)�G (�zu ,
zv ;�r). Hence, the indices referring to expected fractions
p and q of species being revealed by the samples,
can be written as

Jp;q �
G (zu; zv ;r)

G (zu; zv ;r) � G (�zu; zv ;�r) � G (zu;�zv ;�r)

and

Lp;q �
2G (zu; zv ;r)

2G (zu; zv ;r) � G (�zu; zv ;�r) � G (zu;�zv ;�r)
:

Assuming p�q, we see from Fig. 4 that the Sørensen-
index L for two communities containing an equal number
of species is dependent on the sampling intensity as well as
the correlation of the log abundances r.

The above integrals G(zu , zv ;r) must be computed
numerically except in the special case when one half of
the species in the communities are expected to be sampled,
that is, p�q�0.5. Analytical solutions for J0.5,0.5 and
L0.5,0.5 are given in the Appendix.

Simulation of samples based on two communities with
an equal number of species, but different correlation of
the log-abundances, shows that the mean estimate of
the correlation-index is, in contrast to the Sørensen-index,
independent of the proportion of species sampled (Fig. 5),
although the uncertainties for low sampling intensities may

be large. The estimate of the abundance-based analogy of
Sørensen’s-index L defined by Chao et al. (2005) also tends
to decrease with decreasing sampling intensity.

Example: temperate bird communities

In this section we will illustrate the practical application of
our method by making two comparisons of bird commu-
nities. In a bird community in East Forest, Surrey, outside
London in southern England (Gaston and Blackburn 2000)
the correlation of the log-abundances at two different years
was high (Fig. 6a, r̂�1:00 with 95% confidence interval
[1.00,1.00]), showing large similarity over time in commu-
nity composition. Notice however, that the counts are not
on a straight line even if the correlation estimate is 1. This is
because it is the correlation between the underlying species
abundances that is one, not the correlation between the
counts which is somewhat smaller due to sampling effects.
In contrast, the similarity between two bird communities
located ca 350 km apart in central Norway (Hogstad 1967,
1968) was substantially smaller (Fig. 6b, r̂�0:60 with
95% confidence interval [�0.28,0.99]). Notice that the
value of the correlation is hard to judge just from inspection
of the scatter plot of observed counts due to the effect of
Poisson sampling.

Discussion

It is well known that estimates of indices of similarity based
on presence�absence data are very sensitive to sampling
effort (Lande 1996, Gotelli and Colwell 2001). As sample
sizes increase, an increasing number of species will be
present in both samples and the indices tend to approach
their theoretical upper value. Indices based on species
abundances rather than presence and absence are generally
easier to estimate in a way that corrects for sampling effort.
For example, this is the case for the classical Morisita-index
of similarity (Morisita 1959), which is closely related to
Simpson’s diversity index (Simpson 1949). This index is a
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Figure 4. Sørensen’s similarity index L as a function of mean
fractions of species p�q exceeding the thresholds for different
values of the correlations between the log-abundances of species
in the two communities r.

226



dominance index, and is therefore essentially only affected
by the few most common species in the communities.

Here we use the bivariate lognormal species abundance
model, assuming that the two communities have the same
species in agreement with several stochastic spatio-temporal
community models (Engen and Lande 1996a, Engen et al.
2002, Lande et al. 2003, Engen 2007a, b). In these models
there is no lower bound for the log abundances, so in
practice species may be unobservable in one site while
being observable in the other. Using the correlation as a
measurement of similarity, we obtain an abundance-based
index of similarity that, contrary to the Morisita (1959)-
index, is equally affected by common and rare species. This
model enables us to express the most well known similarity
indices based on presence�absence as functions of the
correlations between the communities when presence of
species is interpreted as abundance exceeding a given
threshold. Fortunately, this correlation can be estimated
by maximum likelihood even if the sampling intensities
at the two locations are different and unknown (Fig. 5).
Hence, the value of presence�absence indices referring to
any sample sizes can also be estimated. Alternatively, if the

indices are defined using expected number of species in
the samples relative to a given sample distribution, such
as the Poisson, the index is basically still a function of
the correlation (Fig. 5, 7), but it may also depend slightly
on other parameters. However, by fitting the bivariate
Poisson lognormal model to the data, all parameters can be
estimated and values of the indices relative to any given
sample sizes can be evaluated.

Many proposed indices of similarity based on the counts
A, B and C are equivalent. Koleff et al. (2003) and Chao
et al. (2006) list a number of indices of this type, many of
which can be expressed as functions of the correlation in the
bivariate lognormal model. If we physically consider A, B
and C to have ‘‘dimension’’ d, indices can be expressed by
r if they have dimension 1. The Jaccard- and Sørensen-
indices are fractions with dimension d in the numerator
and denominator, thus having dimension 1. A number of
indices are of a similar type, with the same dimension in the
numerator and denominator, giving dimension 1. In all
these indices, the species number disappears as for the
Jaccard- and Sørensen-indices so that the index is a function
of the probabilities G (zu , zv ;r) only.
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Figure 5. The 95% interval estimates of the incidence-based Sørensen-index based on simple species counts (dotted lines), the abundance
based Sørensen-index (dashed lines) and the correlation r (solid lines) estimated from the bivariate Poisson lognormal distribution. Data
was simulated from the bivariate Poisson lognormal distribution with parameters m1�0, m2�0, s2

1�7; s2
2�7, and r was 0.3 and 0.7 in

the upper row and lower row respectively. The total number of species in the communities was 150, and the sampling intensities n1�n2

in the left column were adjusted so that the expected fraction of species observed was 0.1, 0.3, 0.5, 0.7 and 0.9 respectively. In the right
column we varied the sampling intensity n1 such that the expected fraction of species observed in sample 1 was 0.1, 0.3, 0.5, 0.7 and 0.9
respectively, whereas sampling intensity n2 was held constant such that the expected fraction of species observed in sample 2 was 0.5, thus
giving unequal expected number of species observed in the samples.
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Because the fractions p and q are approximately the
fraction of species found in the samples, they can be
estimated as one minus the zero-term of the univariate
Poisson lognormal distribution with estimated values of
mi�lnni and s2

i plugged in (Bulmer 1974). This enables
estimation of the Jaccard- and Sørensen-indices for the
actual sample size using the relation derived earlier.
However, more interestingly, we can now estimate the
indices defined by any choice of p and q using the general

expression for these indices as functions of r. On the other
hand, since these are just increasing functions of r, nothing
is really gained by transforming from r to one of these
indices.

Our approach differs from the classical indices just
based on the presence and absence by using a parametric
model that utilizes the abundances of the species and
accounts for sampling. Chao et al. (2005, 2006) also
included the relative species abundances in a derivation of
an index of community similarity that had a similar
mathematical form as the Jaccard- and Sørensen-indices.
For two communities let U1 and U2 be the relative
abundances of the shared species. Chao et al.’s analogy to
the Jaccard-index is then
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Figure 6. The correlation between log-abundances of bird species
in Eastern Wood, Surrey (Gaston and Blackburn 2000) in the
years 1960 and 1961 (a), and the correlation between a bird
community outside Oslo in southern Norway in the year 1966
(Hogstad 1967) and in Budal in central Norway (Hogstad 1968)
in the year 1968 (b). The parameter estimates were m1�ln n1�
0.57 [�0.42, 1.11], m2�ln n2�0.55 [�0.37, 1.14], s2

1� 1.33
[0.39, 2.96], s2

2�1.50 [0.49, 3.05] and r�1 [1, 1] in (a), and
m1�ln n1��1.16 [�3.77, 0.04], m2�ln n2��0.56 [�2.89,
0.56], s2

1� 3.03 [0.66, 8.26], s2
2�1.94 [0.27, 5.33] and r�0.60

[�0.28, 0.99] in (b). Subscript 1 corresponds to year 1960 in
(a) and Budal in (b). Numbers inside square brackets denote the
lower and upper limits for 95% confidence intervals obtained by
parametric bootstrapping. We calculated a goodness of fit statistic
ĉ based on the distribution of the deviance calculated from
the fitted model divided by the deviance calculated from 1000
bootstrap estimates (see Connolly et al. 2009 for details). This test
statistic normalizes model deviance relative to the expected level of
deviance due to random sampling and a value of ĉ�1 indicates
that that estimated model’s lack of fit is equal to the lack of fit
expected due to random sampling from the model. Estimates
(mean and 95% confidence limits) were ĉ�0.957 [0.67, 1.53] and
ĉ�1.13 [0.72, 2.01], indicating that there is no strong evidence
for lack of fit of the Poisson lognormal model.
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Figure 7. The incidence based Sørensen-index (dashed lines) and
the abundance based (Chao et al. 2006) Sørensen-index (solid
lines) estimated from samples from the bivariate Poisson lognor-
mal distribution with parameters m1�0, m2�0, s2

1�7; s2
2�7;

and r varying from �1 to 1 (x-axis). The sampling intensities
n1�n2 were chosen to reflect varying fractions of species observed
in the samples. The thick lines show medians whereas the thin
lines show the 2.5 and 97.5% quantiles of the distribution of
parameter estimates obtained by a large number of repeated
samples.
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Jchao �
U1U2

U1(1 � U2) � U2(1 � U1) � U1U2

�
U1U2

U1 � U2 � U1U2

:

Although this is a mathematical analogy to the Jaccard-
index, it is a very different measure of similarity. A striking
similarity is that it equals one if all species are shared, but
a large difference is that Chao’s index depends on the
abundances Ui of shared species, treating all shared species
as a group. When these relative abundances are given, the
value of the index is not affected by the species numbers,
neither the shared ones nor those present in only one
community (Fig. 7). In addition, it is not influenced by
the distribution of the abundances of the species that are
not present in both samples. If one individual is chosen at
random from each of two communities i (labeled 1, 2), let
Ci denote the event that they belong to the shared species
in community i . The Chao-index can then alternatively
be written as Jchao�P (C1SC2)/P (C1@C2)�P (C1SC2j
C1@C2). Neither of these three expressions for the index
make it easy to interpret in practice. If two communities
have index 0.4, while two others have 0.6, these values
alone give little information about the true similarities
because it is not based on single species abundances, but
only the total abundance of all shared species. Hence, it
may not make the appropriate distinction between com-
munities that are very different with respect to abundances
(Fig. 5, 7). If two communities are equivalent (same spe-
cies and same relative abundances), then Jchao�1. This
is because the index is constructed for a different reason
than our correlation r, focusing on proportion of indi-
viduals belonging to species that are shared across com-
munities. Therefore, Jchao still takes the same value if
the species with large abundance in one community are
those with small abundance in the other (Fig. 7), corres-
ponding to a negative correlation. The index may therefore
be inappropriate for comparison of communities that
basically have the same set of species, which is the rule
rather than the exception in analysis of b-diversity in
communities of species distributed continuously in space
or in analysis of temporal fluctuations in community
composition at a given location.

One of the most important applications of indices of
similarity is in analyses of spatial and temporal variation
in species diversity of communities. In particular, when
measuring temporal similarity, that is, the similarity bet-
ween the community seen at a given location at two
different times, the same species are likely to have a non-
zero abundance during both sampling processes. This is
because extinctions are generally rare. However, with many
rare species, samples may still appear as rather different.
Actually, due to the stochasticity in the sampling process,
samples may look rather different even if the communities
are identical. This is illustrated in Fig. 6a, where samples
are taken in 1960 and 1961. The correlation estimate
appears to be one, even if the points are not on a straight
line. The deviation from a line is not large enough to
conclude that it is not just a sampling effect in two perfectly
correlated communities. In Fig. 6b, however, there is a
large spatial distance between the samples, as well as a

temporal distance of 2 yr, giving an estimate of 0.60. Again,
similarity may seem smaller by inspection of the graph,
illustrating the difficulty in estimation, which is here over-
come by using the maximum likelihood estimate assuming
Poisson sampling. In this example there is a large group of
species that are common in both samples as well as a group
of species that are rare in both. Accounting for sampling
effects, this leads to the relatively large value of r. More
detailed analysis of temporal as well as spatial analysis of
communities based on the correlation measure are given in
Engen et al. (2002, 2008), Lande et al. (2003), and Walla
et al. (2004). These applications utilized properties of the
underlying spatial and temporal processes that actually
generate multivariate normal distributions of log abundance
in space and time. This enables partitioning of the variance
parameter in the lognormal species abundance distribution
into components of species diversity due to permanent
differences between species, heterogeneity in the landscape
and sampling effects, as well as components due to envi-
ronmental stochasticity in the temporal process of each
single species. The statistical analysis based on estimating
correlations between communities makes it possible to
estimate all these components. Such a thorough analysis
of b-diversity can hardly be done with other indices
because they lack the link to multivariate normal theory
that makes this decomposition possible.

One interesting yardstick for presence�absence indices is
based on the sample sizes where half the species in the
communities are expected to be present in the sample, i.e.
zu�zv�0. For the lognormal model this is the sample size
with the largest number of species appearing as rare in the
samples, hence it is the sample size likely to be most sensi-
tive to stochastic presence and absence of species. However,
using the threshold definition, all definitions referring to
specific fractions of species counted, as well as all the indices
listed by Chao et al. (2005) are equivalent as long as the
description of the two communities can be given approxi-
mately by the bivariate lognormal species abundance model.

Using the bivariate lognormal species abundance dis-
tribution is, in principle, not different from using the
normal and bivariate normal distribution as approxima-
tions in statistics in general. The product moment correla-
tion (Pearson’s correlation) is in any case a measurement
of covariation between variables, so the estimate obtained
from the bivariate Poisson lognormal is likely to be a
relevant description of similarity even if the bivariate
lognormal model only is an approximation to the real
species abundance distribution. We have checked the robu-
stness of the method by applying it when the abundances of
two communities follow a bivariate gamma distribution.
The method performs surprisingly well even for marginal
distributions of log abundance that are far from normal
with negative skewness which is sometimes realistic.
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Appendix

Mean log abundance as threshold

The integrals defining G (zu , zv ;r) have to be computed
numerically except in the case when the log abundance
thresholds are the mean values of the marginal distribution,
which is equivalent to saying that half of the species
are expected to be counted. The indices then depend on
G (0, 0; r), which is the probability that the standardized
log abundance of a species is positive in both communities.
This is a classical problem in the analysis of the bivariate
normal distribution first solved by Sheppard (1898),
showing that the probability that the standardized bivariate
normal variate takes a value in the first quadrant is 1/4�
arcsin(r)/(2p). Hence G(0, 0; r)�1/4�arcsin(r)/(2p),
and G(0, 0;�r)�1/4�arcsin(r) giving

J �(r)�
1 � 2 arcsin(r)=p

3 � 2 arcsin(r)=p
;

where J *�J0.5,0.5. Since arcsin(�1)��p/2, arcsin(0)�0
and arcsin(1)��p/2 we see that J *(�1)�0, J *(0)�1/3
and J *(1)�1.

The corresponding Sørensen-index takes the simpler
form

L�(r)�1=2�arcsin(r)=p

where L*�L0.5,0.5, with special values L*(�1)�0,
L*(0)�0.5 and L*(1)�1. Expressing r by the indices we
find

r� sin

�
p

2
(2L��1)

�
� sin

�
p

2

�
3J �� 1

J �� 1

��
:
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