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We derive formulas that can be applied to estimate the effective population size Ne for organisms with two sexes reproducing

once a year and having constant adult mean vital rates independent of age. Temporal fluctuations in population size are generated

by demographic and environmental stochasticity. For populations with even sex ratio at birth, no deterministic population growth

and identical mean vital rates for both sexes, the key parameter determining Ne is simply the mean value of the demographic

variance for males and females considered separately. In this case Crow and Kimura’s generalization of Wright’s formula for Ne

with two sexes, in terms of the effective population sizes for each sex, is applicable even for fluctuating populations with different

stochasticity in vital rates for males and females. If the mean vital rates are different for the sexes then a simple linear combination

of the demographic variances determines Ne, further extending Wright’s formula. For long-lived species an expression is derived

for Ne involving the generation times for both sexes. In the general case with nonzero population growth and uneven sex ratio of

newborns, we use the model to investigate numerically the effects of different population parameters on Ne. We also estimate the

ratio of effective to actual population size in six populations of house sparrows on islands off the coast of northern Norway. This

ratio showed large interisland variation because of demographic differences among the populations. Finally, we calculate how Ne

in a growing house sparrow population will change over time.
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The concept of effective population size Ne was introduced by

Wright (1931) by setting the variance of allele frequency during

one generation of random genetic drift equal to that of an ideal

population of constant size with discrete, nonoverlapping genera-

tions reproducing by random sampling of gametes. The effective

size of a population determines the expected rates of random ge-

netic drift and loss of selectively neutral heterozygosity, which

are proportional to 1/(2Ne) for a diploid population. The effective

population size, in combination with natural selection, also de-

termines the fixation probabilities of mutations. Thus, identifying

factors influencing the effective population size is fundamental

for understanding evolution in finite populations (Wright 1931,

1969; Lande 1979, 1980, 1985; Kimura 1983) and for develop-

ing management strategies for threatened or vulnerable species

(Frankham et al. 2002).

In an ideal diploid population half of the random genetic drift

is caused by Mendelian segregation and half is due to variance in

family size (Crow and Kimura 1970). In real populations Ne is of-

ten considerably smaller than the actual population size N because

of uneven sex ratio, deviation from a Poisson distribution of family

sizes and temporal variation in population size (Grant and Grant

1992; Caballero 1994; Nunney and Elam 1994; Frankham 1995;
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Vucetich et al. 1997; Creel 1998; Frankham et al. 2002; Waples

2002, 2006; Hedrick 2005). For populations that change in size,

Crow and Denniston (1988) distinguished the variance effective

size (governing the sampling variance of allele frequency per gen-

eration) from the inbreeding effective size (governing the expected

rate of increase in identity by descent). The variance effective size

depends mainly on the number of offspring produced, whereas

the inbreeding effective size is mainly dependent on the number

of parents. In stable populations with nonoverlapping generations

and no inbreeding these two effective population sizes are equal.

During recent years great advances have been made in studies

of the structure of vertebrate mating systems by applying modern

molecular biological techniques (Hughes 1998). A general pat-

tern that appears is that even in putatively monogamous species

the variance in reproductive success may differ greatly between

the sexes (Clutton-Brock 1998; Newton 1989), especially due

to extra-pair copulations (Møller and Ninni 1998; Westneat and

Stewart 2003; Whittinghan and Dunn 2005). Simulations have

shown that such deviations from an ideal population strongly af-

fect Ne (Nunney 1993). In addition, the mean and variance in age-

specific vital rates may also differ between the sexes. For instance,

in birds (Promislow et al. 1992) as well as in mammals (Promislow

1992) intersexual differences in survival are associated with traits

subject to sexual selection. Understanding the consequences of

such observations requires methods for calculating effective pop-

ulation sizes that account for different mating systems as well as

different life histories in males and females.

Most of the theory developed for effective population sizes

assumes nonoverlapping generations. However, natural popula-

tions generally have overlapping generations, which greatly com-

plicates calculation of effective population sizes. Formulas for

effective population size in iteroparous species with overlapping

generations (Felsenstein 1971; Hill 1972, 1979; Emigh and Pollak

1979; Nunney 1991, 1993; Orive 1993; Caballero 1994; Pollak

2000) assume a constant environment and age structure, and usu-

ally, constant population sizes. These assumptions ignore that in

most natural populations demographic stochasticity (random vari-

ation in individual fitness) and environmental stochasticity (corre-

lated variation in fitness among individuals in a population Lande

et al. 2003) produce fluctuations in age structure and total popu-

lation size that are essential when calculating the effective size of

natural populations.

Engen et al. (2005a) used diffusion theory for an age struc-

tured population in a fluctuating environment to describe demo-

graphic stochasticity in total population size. This was applied

by Engen et al. (2005b) to calculate the effective size of popula-

tions, following Pollak (2000), by using the dynamic properties of

a subpopulation of individuals bearing a rare selectively neutral

allele. Individuals with this allele are then all heterozygotes that

mate with individuals not bearing the allele. Engen et al. (2005b)

argued theoretically and showed by stochastic simulations that

the effective population size found by this approach also predicts

the correct magnitude of genetic drift for intermediate gene fre-

quencies. If the demographic variance for the subpopulation of

individuals bearing the rare allele is �2
dg, the effective population

size is

Ne ≈ N/
(
�2

dgT
)
, (1)

where N is the total actual population size and T is the mean

deterministic generation time for males and females. Although

the actual generation time will fluctuate stochastically around

the deterministic value due to demographic and environmental

stochasticity, Engen et al. (2005b) verified the accuracy of the

approximations in this formula.

Numerical computation of effective population sizes can be

performed using formulas of Engen et al. (2005b), but the gen-

eral results for two sexes are too complicated to permit analytical

comparisons with other models. Here we consider the important

special life history in which individuals become reproductive after

one year and thereafter have constant mean vital rates that may

be different for males and females. This will apply to life histo-

ries that are typical for many animal species, particularly small

birds. We assume that individuals enter the adult population one

year after they are born and that census of the population occurs

immediately before reproduction so that the size of the popula-

tion (with overlapping generations) is enumerated by the number

of adults. In this way we avoid the problem of age structure, but

we still need to apply the theory of Engen et al. (2005a) for de-

mographic stochasticity with a two-dimensional square matrix to

describe the joint dynamics of two sexes. This generalizes previ-

ous work by Nunney (1991, 1993); Nunney and Elam (1994), and

Charlesworth (2001) based on Hill’s (1972, 1979) model for the

effective size of a population of constant size. Our method facili-

tates an analysis of the influence of several simultaneously varying

parameters and the covariance among them on the effective size

of a population with such a simplified life history (Caswell 1978;

Crow and Denniston 1988). We will also examine how changes in

Ne over longer time periods are influenced by fluctuations in pop-

ulation size. Our method extends previous approaches (Lande and

Barrowclough 1987; Nunney and Elam 1994; Vucetich et al. 1997;

Waples 2002, 2006) by allowing for differences between sexes as

well as changes in population size and stochastic fluctuations in

sex ratio.

Wright’s (1931) formula Ne = 4Nf Nm/(Nf + Nm) expresses

the effective size of a randomly mating population with separate

sexes and Poisson distributed family size in terms of numbers of fe-

males Nf and males Nm in the population. Crow and Kimura (1970,

p. 359) derived a more general version of this formula expressing

the variance effective population size Ne for a population with
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discrete nonoverlapping generations as a function of the effective

population sizes of females and males, Nef and Nem, considered

separately,

Ne = 4Nef Nem

Nef + Nem
. (2)

However, as they only considered nonoverlapping generations

their definition of Nef and Nem were simply the variances of

family sizes. To deal with overlapping generations, we need to

generalize these definitions using the distribution of their vital

rates.

We have two major aims. First, we show how the effective

population size of each sex, Nef and Nem, depends on the distri-

bution of vital rates and relate this to the concept of demographic

variance of each sex considering females producing females and

males producing males only. This enables us to compare our re-

sults to Crow and Kimura’s (1970) generalization of Wright’s

(1931) formula (eq. 2). We show that Wright’s formula remains

valid for overlapping generations and fluctuating population size

if males and females have the same mean dynamics, the sex ratio

at birth is 1:1 and the expected population growth rate is zero.

Under these simplifying assumptions the variance �2
dg, which de-

termines the effective population size, is simply the mean value

of the demographic variance for the pure male and pure female

populations, a relationship that enables easy estimation of Ne if

full information about mothers and fathers of offspring is avail-

able. If the mean survival and fecundity are different for the two

sexes, a simple extension of Wright’s formula is derived when the

sex ratio at birth is 1:1. In this case �2
dg is a linear combination

of the demographic variances for males and females considered

separately, with coefficients determined by their vital rates. Sec-

ond, we illustrate the application of this approach by calculating

Ne/N in six populations of the house sparrow Passer domesticus in

northern Norway. This allows us to examine the relative contribu-

tion of males and females to differences in Ne among populations

and to analyze the sensitivity of Ne to variation in different de-

mographic traits. By combining these theoretical and empirical

approaches we develop practical recommendations for obtaining

reliable estimates of Ne/N for species with this relatively common

type of life history.

Each Sex Considered Separately
The demographic variance is usually only defined for the female

segment of the population (Sæther et al. 1998), but here we will

see that the effective size of a population with two sexes relates

to the demographic variance of each sex considered as separate

populations. To generalize Wright’s formula (eq. 2) to the case of

overlapping generations, we need to find the effective population

size of monoecious populations with the same vital rates as the

male and female segments of the two-sex population.

Consider a monoecious population with the same vital rates

as the females in which a small fraction of individuals is het-

erozygotes bearing a rare selectively neutral allele. Write Nf for

the total population size and Xf for the number of individuals

with the rare allele. Let bf and �2
f be the mean and variance

of the number of offspring (all of which are females) produced

by one individual in a given year, and let sf be the adult an-

nual survival probability. As only one of two alleles of each of

a mother’s offspring is inherited from her due to Mendelian seg-

regation, the birth rate is bf /2 and the expected population size the

next year is Nf + E�Nf = �Nf = (bf /2 + sf )Nf . The expected

number of individuals with the rare allele in the next generation

is X f + E�X f = (bf /2 + sf )X f = �X f because the rare allele is

transmitted to the offspring with probability 1/2 whereas the other

allele of the offspring must come from the major part of the pop-

ulation homozygous for the common allele. Appendix 1 shows

that under these assumptions the variance of the annual change in

allele frequency p = Xf /(2Nf ) is

var(�p) ≈
[
bf /4 + �2

f /4 + sf (1 − sf ) + cf
]

p

2Nf
. (3)

The parameter cf is the covariance between an individual’s num-

ber of offspring and the indicator variable (0 or 1) for its survival.

The deterministic generation time for this population is Tf = �/(�

− sf ) (Lande et al. 2003) and the variance of the allele frequency

across one generation is Tf var(�p). From the definition of vari-

ance effective population size (Crow and Denniston 1988) this

equals p/(2Nef ) for small values of p. Hence, we find in accor-

dance with equation (1) that

Nef = Nf

�2
dg f Tf

= Nf[
bf /4 + �2

f /4 + sf (1 − sf ) + cf
]
Tf

. (4)

We further define Nem by the same model replacing subscripts f

by m.

It is interesting to observe that the parameter �2
dgf , defined

by equation (4), which is affected by demographic stochasticity as

well as the genetic stochasticity caused by Mendelian segregation,

is identical to the demographic stochasticity of the pure female

segment of a dioecious population �2
df , according to the definition

in Sæther et al. (1998) and discussed in more detail by Engen

et al. (2003), if the sex ratio of newborns is 1:1. The demographic

variance of the female segment of a population is defined as the

variance of a single female’s contribution to the next year’s female

population that is (see Appendix 1)

�2
d f = bf q(1 − q) + �2

f q2 + sf (1 − sf ) + 2qcf ,

where q is the probability of a newborn being a female. Hence,

for 1:1 sex ratio at birth, that is, q = 1/2, we see that �2
dgf = �2

df ,

an equality leading to some simple relations between effective

population size and demographic variance.
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Two Sexes
Using the same parameters as in the previous section with sub-

scripts f and m for females and males and following a matrix

procedure similar to that of Engen et al. (2005b) we show, in Ap-

pendix 1, the derivation of the effective size of a population with

two sexes. The deterministic growth rate is � = qbf + sf = (1 −
q)bm + sm, where q is the probability that a newborn individual

is a female. To simplify the expressions we further write (with

subscripts) � = �2/b for the overdispersion relative to the Poisson

distribution for the number of offspring, and � = c/b and r = q(1

− q). The mean generation time of the population is T = (Tf +
Tm)/2 = [�/(� − sf ) + �/(� − sm)]/2. In Appendix 1 we further

show that the variance parameter �2
dg in equation (1) determining

the effective population size is

�2
dg = (a1 + a2)(bf + bm)

�2(2� − sf − sm)2
, (5)

where

a1 = bf bmr [1 + r (�f + �m − 2) + 2�f (1 − q) + 2�mq], (6)

a2 = bmsf (1 − sf )(1 − q)2 + bf sm(1 − sm)q2. (7)

Figure 1A shows examples of how the ratio of effective to actual

population size Ne/N depends on the sex ratio at birth q and the

generation time T . These results are in agreement with the effect

of bias in sex ratio previously noted by Nunney (1993) who, with

Hill (1979), assumed a constant population size.

If the sex ratio is close to 1:1, we find by inserting q = 1/2 in

equations (5–7), that

�2
dg = 1

2�2b

(
bm�2

d f + bf �2
dm

)
, (8)

where b = (bm + bf )/2. If we for simplicity assume that the ma-

jor intersexual difference in demographic stochasticity is due to

stronger selection in males than in females, we see that the effects

of sexual selection on Ne/N, that is, increasing �2
dm relative to �2

df ,

are dependent on survival (Fig. 1B). Furthermore, the decrease in

Ne/N for a given �2
dm decreases with increasing generation time

T .

The special case of nonoverlapping generations corresponds

to sf = sm = 0, which implies that � f = � m = 0 giving

�2
dg = [1 + q(1 − q)(� f + �m − 2)](b f + bm)/(4�2).

Using the relations � = qbf = (1 − q)bm, this may alternatively

be written as

Ne

N
= 4q(1 − q)�

1 + q(1 − q)(� f + �m − 2)
. (9)

For a Poisson distributed of offspring number, a 1:1 sex ratio and

� = 1, this gives �2
dg = 1 and Ne = N in accordance with Wright
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Figure 1. The upper panel (A) shows the relative effective popu-

lation size Ne/N as a function of the proportion of females at birth

q for different values of the generation time T that is the same for

males and females. The other parameters are � = 1, �2
f = bf , �2

m =

2�2
f , and cf = cm = 0. The lower panel (B) shows the ratio of effec-

tive to actual population size Ne/N as a function of the variance

of the males’ number of offspring �2
m for different values of the

male generation time Tm. The other parameters are q = 0.5, � =

1, Tf = 3, �2
f = bf , and cm = cf = 0.

(1931). We further arrive at Wright’s formula for random mat-

ing populations with two sexes and nonoverlapping generations,

Ne = N/�2
dg = 4Nf Nm/(Nf + Nm) by inserting q = Nf /(Nf + Nm)

and � f = � m = 1 in equation (9). The sex ratio in the population

is q as sm = sf = 0 for nonoverlapping generations.

We can now also compare the more general version of

Wright’s (1931) formula (eq. 2) for nonoverlapping generations

with our results for overlapping generations. For a 1:1 sex ratio

at birth we derived equation (8), expressing �2
dg as a linear com-

bination of the demographic variance of each sex. Because there
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are equal numbers of males and females at birth, the number Nf

of females in the population is NTf /(Tf + Tm) = NTf /(2T) giv-

ing Nef = Nf /(�2
df Tf ) = N/(2�2

df T). Hence expressing all three

variances in equation (8) in terms of effective population sizes

and solving for Ne we obtain a simple generalization of Wright’s

formula, also valid for nonoverlapping generations,

Ne = 4�2bNef Nem

b f Nef + bm Nem
. (10)

Note that bm, the mean number of offspring produced by males,

is not a free parameter but is determined by bf , sf , and sm through

the relation � = bm/2 + sm = bf /2 + sf . Hence, if � = 1 then

bm = 2(1 − sm) = 2dm where dm is the death rate for males. With

a similar notation for females and the mean death rate we then see

that the birth rates in equation (10) can be replaced by the death

rates at equilibrium.

We now see that Wright’s formula is also valid for overlap-

ping generations if � = 1 and bf = bm, which occurs if sf =
sm = 1 − bm/2. Hence, the application of equation (2) to fluctu-

ating populations with overlapping generations requires identical

expected dynamics of males and females and constant expected

population size (� = 1). However, the demographic stochasticity

in number of offspring defined by �2
df and �2

dm and the covariances

cf and cm may still differ between sexes.

Influence of Population Fluctuations
on Ne
INSTANTANEOUS EFFECT

Demographic stochasticity in the process for the number of indi-

viduals heterozygous for the rare allele has been calculated using

the results of Engen et al. (2005a) for the demographic variance

of an age structured population subject to environmental fluctua-

tions. Writing Z for the vector of environmental variables deter-

mining the vital rates, the parameters s, �2, and c with subscripts

f or m are all in general functions of Z. Stochastic fluctuations

in the environment Z between years then generate fluctuations in

the parameters. According to Engen et al. (2005a) the parameters

in equations (3–7) should in general be replaced by their expected

values through time, that is, for example �2
f should in general be

interpreted as E(�2
f |Z). As a consequence �2

f should be estimated

by the mean value through years of the within year sum of square

estimates based on the number of offspring produced by females

(for details, see Engen et al. 2005a). The same reinterpretation

and estimation technique apply to the covariance terms cf and cm.

Similarly, terms of the type s(1 − s) generated by the binomial

distribution of surviving individuals also should be replaced by

E{s(Z)[1 − s(Z)]} which can be written as Es(1 − Es) − var(s).

However, we can easily see that the influence of environmen-

tal fluctuations on this term usually can be neglected. For ex-

ample, if the mean survival through years is Es = 0.5 so that

Es(1 − Es) = 0.25, and the standard deviation in s generated by

fluctuations in the environment is 0.1, the correct value should be

0.24. Nevertheless, it is interesting to observe that the environmen-

tal variance in s actually leads to a decrease in the binomial term

and hence an increase in the effective population size. In extreme

cases the environmental variance in s cannot be neglected. If, for

example, s takes values 0.01 and 0.99 with probabilities 0.5 so that

Es = 0.5, then the binomial term is only 0.01, which is far from

0.25. (These comments also apply to the corresponding variance

and covariance terms in appendix C in Engen et al. [2005a], used

to calculate the effective population size for a more general age

structured model.)

LONG-TERM EFFECT

In the general model of Engen et al. (2005b) it is shown that the

environmental variance will also influence Ne through its effect

on fluctuations in population size. Because the variance of change

in allele frequency is proportional to 1/Ne (and 1/N), genetic drift

over longer time periods is determined by the mean value of 1/N,

that is, the harmonic mean population size over the period consid-

ered, �t, assuming this is sufficiently short that allele frequencies

do not change much (Wright 1931, 1938; Vucetich et al. 1997;

Kalinowski and Waples 2002; Waples 2002, 2006). Engen et al.

(2005b) showed that the effective population size defined by con-

sidering genetic drift over a time period �t, assuming no density

regulation, is given by

Ne(�t) ≈ N0

�2
dgT

(
�2

e − r
)
�t

e(�2
e −r )�t − 1

, (11)

where r = ln � is the deterministic growth rate and �2
e is the

environmental variance. From this we find that dNe/d�2
e < 0 for

all values of r and �2
e so that increasing environmental variance

increases genetic drift if the demographic stochasticity is kept

constant. These results are valid also for the model considered

here. It is, however, important to be aware, as mentioned above that

large environmental stochasticity will also affect the parameter

�2
dg.

Effective Population Size of House
Sparrows
We now show how to estimate the ratio Ne/N from data from

local populations using for illustration a house sparrow P. domes-

ticus metapopulation off the coast of northern Norway. From data

on variance in individual fitness, that is, the number of recruits

produced to the following breeding season and individual adult
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survival (Lande et al. 2003), we estimate all parameters in equa-

tions (5–7) for six local populations during the breeding seasons

1994–2001, giving estimates of Ne/N as well as the demographic

variance for each sex.

Since spring 1993, a large proportion of the house sparrows

on the islands has been captured by mist-netting and individually

marked with a metal ring and plastic color rings either during the

summer (May–August), or in the autumn (from end of September

until mid-November). During the breeding season (May–August)

fledglings in all accessible nests were also individually marked

with a metal and plastic color rings (for further details, see Ringsby

et al. 1998). Moreover, all birds marked outside the breeding sea-

son could be classified as either juveniles or adults. However, after

the molt in autumn, the age of unmarked individuals was difficult

to estimate. Because of the high proportion of marked adult birds

in the populations (Ringsby et al. 1999), we felt confident that

assuming all unmarked individuals caught late autumn and on-

wards to be juveniles only introduced an insignificant error in the

determination of parent–offspring relationships.

An individual was defined as a recruit if it was recaptured

or observed on the natal study island during a breeding season

subsequent to the year it hatched. The high recapture rate in this

metapopulation (Ringsby et al. 1999) makes us confident that birds

that hatched in a given year, but were not recaptured or observed

during the subsequent study years, were correctly classified as

nonrecruits. We also assumed that all unmarked adult birds caught

on one of the study islands during the breeding seasons 1995–

2002 were one-year-old recruits that hatched on the same island

the previous year.

The first time a bird was marked, either as a fledgling, juve-

nile, or adult, a small blood sample was taken from its brachial

vein. The number of recruits produced by each adult, within each

season was determined by genetic analyses of DNA extracted from

the collected blood, using up to nine polymorphic microsatellite

loci (for further details on the genotyping procedures see Jensen

et al. 2003, 2004). Several methods are now available for estimat-

ing parent–offspring relationship in natural populations based on

molecular marker data (see review in Jones and Ardren 2003).

We used the parenthood analysis software Cervus 2.0 (Marshall

et al. 1998) to determine the parents of recruits that hatched on the

islands during the breeding seasons from 1994 to 2001 (see Ap-

pendix 2 for further description of the procedures). Each island

was analyzed separately, and maternity was determined before

we ran analyses to determine paternity (for further description

of the parenthood-assignment procedures see Jensen et al. 2003,

2004). This procedure resulted in an assigned maternity or pater-

nity that was correct in at least 90% of cases. A single mother or

father was determined for 566 and 562 of the 724 recruits, respec-

tively. In addition 109 recruits had more than one probable mother

whereas 123 had more than one probable father. All together, we

thus determined the mother for 93% and the father for 95% of the

recruits.

The number of recruits produced by each adult male and

female in the populations in a given year was based on the par-

enthood analyses. Recruits with more than one probable parent

were assigned to adult males and females according to the proba-

bilities of being the true parent (see Appendix 2), and parameters

in equations (5–7) were then estimated for each choice. This pro-

cedure was repeated 1000 times with recruits reassigned to the

adult population each time. The mean values of the parameters in

equations (5–7) were used in the analysis.

If an adult individual produces B recruits and the indicator of

its survival is J, which equals 1 for survival and otherwise 0, then

b and s were estimated as the mean values of B and J for each sex

giving estimates of � and T assuming q = 1/2. Following Engen

et al. (2005a) the parameter � is the mean through time of

cov(B, J ) divided by b. The variances �2 for each sex were esti-

mated by the sum of squares

�̂2 = 1

n − t

t∑
j=1

n j∑
i=1

(Bi j − B̄ j )
2,

where Bij is the number of offspring produced by individual i

in year j, j = 1, 2, . . . t, i = 1, 2, . . . n j ,
∑t

j=1 n j = n, and B̄ j is

the mean number of offspring registered year j. A similar sum

of squares replacing B with J was used to estimate E[s(1 − s)],

whereas the covariance term cov(B, J ) was estimated by the sum

of cross-products

ĉ = 1

n − t

t∑
j=1

n j∑
i=1

(Bi j − B̄ j )(Ji j − J̄ j ).

For each recruit with uncertain parenthood one of its probable par-

ents was chosen as the true one, and added the number of recruits

that were assigned to individual males and females with 90% con-

fidence. This sampling procedure was repeated 1000 times with

replacement. The mean values of the estimates of B as well as the

estimates of cov(b, J ) were obtained from each sample. If parents

were chosen from the list of possibilities only once (rather than

1000 times), uncertainty in the estimates could be determined by

standard bootstrapping, that is, choosing parents and resampling

the variables (b, cov(B, J )) with replacement within each year.

However, it was required that we corrected for the fact that we

use the mean value over a large number of estimates obtained by

assigning recruits with uncertain genetic parenthood. This can be

done by simply subtracting from the above bootstrap estimates the

variance component due to sampling of parents only, which was

found through the process of choosing parents and performing

the estimation for each choice. For the data analyzed below this

subtracted variance component was small compared to the total

sampling variance.
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Uncertainty in the estimates were determined by bootstrap-

ping, resampling the variables (B, J) with replacement within each

year.

The mean value of the �2
dg across the six island popula-

tions was �̄2
dg = 0.90. The range of variation was however large

(Table 1). Statistically significant variation in Ne/N around the

mean value (0.37) was found among the islands (� 2 = 34.89,

df = 5, P < 0.001). This variation remained even after accounting

for the interisland differences in population dynamics by adjust-

ing the adult survival rate to give � = 1 at all islands (Table 1).

This indicates that interisland variation in demography was large

enough to strongly influence differences in Ne/N.

The effective population size is influenced by demographic

variation in both sexes (eq. 1–3). In our study area there was

a close association between the sex-specific components of the

demographic variance among the six island populations (Fig. 2,

r = 0.96, P < 0.003, n = 6). This was related to a high intersexual

correlation in the generation time T (r = 0.90, P = 0.049, n = 6)

and the fecundity rate b (r = 0.94, P = 0.015, n = 6), whereas

the overdispersion of the fecundity and the covariance between

fecundity and survival was less correlated between the two sexes

(r = 0.47, P = 0.357, and r = −0.27, P = 0.605).

To evaluate the consequences for Ne(�t) of fluctuations in

population size we estimated deterministic population growth rate

and environmental variance r and �2
e for the population on the is-

land of Aldra. This population was colonized by four individuals

(i.e., one female and three males) in 1998 growing to 42 individ-

uals in 2004. We assumed that the subsequent growth could be

modeled as a diffusion process (Lande et al. 2003) with stochastic

population growth rate

s = E(ln Nt+1| ln Nt ) = r − 1

2
�2

e − 1

2
�2

d /Nt ,

Table 1. Variation among island populations of house sparrows in

the population growth rate � estimated from the individual based

demographic data, the total demographic variance �2
dg, and the

ratio (± standard error of the estimate) of effective population

size Ne to actual population size N. The estimates for � = 1 are

calculated by adjusting the recruitment rate. For locations of the

study islands, see map in Ringsby et al. (2002).

�=1

Island � �2
dg Ne/N �2

dg Ne/N

Aldra 0.98 0.92 0.48±0.10 0.80 0.50
Gjerøy 0.86 0.84 0.39±0.03 0.70 0.60
Hestmannøy 0.87 0.99 0.45±0.02 0.82 0.63
Indre Kvarøy 0.80 0.86 0.37±0.03 0.65 0.71
Nesøy 0.85 0.72 0.32±0.05 0.60 0.58
Ytre Kvarøy 0.66 1.05 0.20±0.03 0.63 0.77

σ2
df
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σ2 dm

0.4
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0.6

0.7
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0.9

Figure 2. The relationship between the demographic variance for

the male �2
dm and the female segment �2

df of the island house

sparrow populations. The dotted line indicates the line through

the origin with unit slope.

and variance

var(ln Nt+1| ln Nt ) = �2
e + �2

d /Nt ,

where Nt is the population size at time t. The parameters r and �2
e

were estimated by following the procedure of Engen et al. (2001),

assuming �2
d known.

Fluctuations in population size will also influence genetic

drift over longer time intervals (Engen et al. 2005b). For a given

initial population size N0 the value of Ne(�t) in the rapidly grow-

ing population at Aldra will be influenced by r − �2
e as in equation

(11). The estimate of the deterministic growth rate and environ-

mental variance from the time series of population fluctuation

(including the immigrants) was r̂ = 0.295 and �̂2
e = 0.07. For

a time interval �t of 10 years, we expect from equation (11)

that Ne(10) = 128 (Fig. 3), which is considerably larger than

the Ne(1) = 57 based on instantaneous drift. This increase was

mainly affected by r, but was also influenced by �2
e . For instance,

�2
e = 0.01 would result in a 34.2% increase in the difference be-

tween Ne(10) and Ne(1). Similarly, assuming �2
dm = 2�2

df , results

in a 35.3% decrease in the increase between Ne(10) and Ne(1)

(Fig. 3).

Discussion
Engen et al. (2005b) derived the effective population size of a

fluctuating age structured population in terms of the means, vari-

ances, and covariances of the vital rates. Estimating the effective

size of an age structured population in a fluctuating environment

is difficult because it requires detailed age-specific demographic

data on both sexes Engen et al. (2005b). This approach may be

used for numerical calculations of effective sizes, but it becomes
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∆

∆ σ

σ

σ σ

Figure 3. Effective population size Ne(∆t) defined by the ex-

pected genetic drift over a time interval ∆t in a rapidly growing

house sparrow population on the island of Aldra for the estimated

environmental variance �̂2
e = 0.07. The prediction for smaller envi-

ronmental variance (�2
e = 0.01) is also indicated. Other parameters

were N0 = 42, r = 0.32, and �2
dg = 0.32. The number of offspring

is assumed to be Poisson distributed. The dotted line shows the

same relationship for �2
dm = 2�2

df .

too complicated for analytical comparisons. Here we simplify this

general approach by assuming age-independent vital rates (effec-

tively eliminating age structure among adults) but we still allow

for two sexes with different vital rates, unequal sex ratio at birth,

overlapping generations, and stochastic fluctuations in population

size. This simple life history is typical of many animal species, par-

ticularly small passerine birds (Charnov 1993; Sæther and Bakke

2000), and leads to a relatively simple expression for the ratio

between the effective population size Ne and the actual size N at

a particular time. In general this ratio can be expressed as Ne/N =
1/(�2

dg T) where �2
dg is given by equations (5–7).

The sex ratio at birth strongly influences Ne (Fig. 1A). In this

life history the variance �2
dg determining the rate of genetic drift is

a linear combination of the demographic variances for males and

females (eq. 8). If the adult survival rates for males and female are

identical, which implies bm = bf and if the expected population

size remains constant, � = 1, then �2
dg is simply the mean of

the demographic variances for the sexes. If data are available for

within-year variation in offspring of males as well as females the

demographic variance for each sex can be estimated by a sum of

squares (Engen et al. 1998; Sæther et al. 1998). The variance �2
dg

and the effective population size can then be estimated by inserting

these demographic variances into equation (8). If the sex ratio at

birth deviates from 1:1 then each parameter in equations (5–7)

must be estimated from demographic data on reproduction and

survival (Engen et al. 2005a).

The generation time T is another key variable determin-

ing effective population sizes with Ne/N decreasing with T

(Fig. 1B). Several results indicate that effective population sizes

for long-lived species with overlapping generations should be ap-

proximately half the actual population size (Hill 1979; Nunney

1991; Engen et al. 2005b) when there are no sex differences in

the dynamics. Using equation (8) we can also analyze the ef-

fective population size when there are sex differences in the vi-

tal rates, provided that the sex ratio at birth is 1:1 and the de-

terministic growth rate � equals one. Writing B for the number

of offspring and J for the indicator of survival of an individ-

ual, the demographic variance for one sex is �2
d = var(B + J ) =

b/4 + �2/4 + c + s(1 − s). Using T = 1/(1 − s) and b/2 + s =
1 gives

�2
d = (3/2 + �/2 + 2� − 1/T )

T
= �

T
,

where � is defined by the equation. Inserting this in equation (8)

for both sexes yields

Ne

N
= 1

�2
dgT

= 2

�m + � f
. (12)

For long-lived species bf = 2(1 − sf ) is small (Sæther and Bakke

2000), so it is often realistic that at most one offspring is produced

in a given year. Then, var(B f ) = EB f so that � f = 1. If there is

no correlation between survival and reproduction, we further have

that � f = 0, giving �f = 2 − 1/Tf . If these assumptions hold for

both sexes, we obtain the reduced formula

Ne

N
= 2T f Tm

4T f Tm − T f − Tm
. (13)

For long generation times this becomes approximately 1/2 in

accordance with Nunney (1993). Furthermore, with nonover-

lapping generations for both sexes, that is, Tf = Tm = 1,

equation (13) produces Ne = N in accordance with Wright

(1931).

The ratio of variance of male to the variance of female re-

productive success is closely related to the opportunity for sexual

selection if there is no sexual difference in life history (Shuster and

Wade 2003). By our approach sexual differences in reproductive

success will affect �2
dm and �2

df that allows us to quantitatively as-

sess (e.g., Sæther et al. 2004a) how changes in social organization

affect Ne/N. However, many estimates of Ne obtained using de-

mographic data (Grant and Grant 1992; Nunney and Elam 1994;

Frankham 1995; Creel 1998) have only included the female seg-

ment of the population or neglected variation in male reproductive

success. Our analyses show that demographic variation in males

has a strong influence on Ne/N (Fig. 1B). This has important

implications for the conservation of small populations because

management actions or human activities that influence the social

structure of the population (Caro 1998), and have altered the vari-

ance in mating success of the sexes, can have major impacts on

its genetic composition (Fig. 1).
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The demographic variance for females has previously been

estimated using the approach of Sæther et al. (1998) for a number

of bird populations (Sæther et al. 2004b). These analyses showed

large interspecific differences in the demographic variance, rang-

ing from 0.007 to 0.854. To estimate Ne/N the same kind of anal-

ysis must be performed also for males, considering only fathers

and their production of sons. In most cases this will require appli-

cation of modern molecular genetic methods (e.g., Coltman et al.

2003; Jones and Ardren 2003; Jensen et al. 2004; Coltman 2005;

Garant and Kruuk 2005). Even in the general case of uneven ex-

pected sex ratio at birth, Ne/N can be estimated from data on the

mean fecundity and survival for both sexes, as well as the variance

in survival and the covariance between individual fecundity and

survival, using equations (5–7).

Our house sparrow example illustrates that differences in

Ne/N among six populations within a restricted geographic area

were large and statistically significant, ranging from 0.20 to 0.48

(Table 1). The contribution of each sex to this interpopulation vari-

ation was quite similar because there was a close correlation be-

tween the demographic stochasticity of males and females among

populations (Fig. 2). Nunney (2000) suggested that Ne/N based

on demographic data will typically be in the range 0.25–0.75. The

estimates from the present study include a large proportion of this

range. This demonstrates that Ne/N is not a species-specific char-

acteristic, but may show large differences over short geographical

distances, dependent on the magnitude of intraspecific variation

in local demography.

A comparison of the estimates of � based on demographic

data (Table 1) and the growth rates based on the trajectories of

the populations (Sæther et al. 1999) revealed large differences.

In most populations, the estimates of � from demographic data

gave too small growth rates. This was due to our restriction of the

analysis to local populations, ignoring the interchange of individ-

uals among localities within this metapopulation (Altwegg et al.

2000; Tufto et al. 2005). This resulted in an overestimate of the

mortality because emigrating individuals were treated as dead. If

we adjusted the adult survival rate to give � = 1, this caused a sub-

stantial increase in Ne/N for all populations (Table 1). However,

the range of variation in Ne/N still was large.

Over longer time intervals genetic drift will be strongly influ-

enced by deterministic population growth rate as well as demo-

graphic and environmental stochasticity affecting the harmonic

mean population size over the period considered (Wright 1931,

1938; Vucetich et al. 1997; Kalinowski and Waples 2002; Waples

2002, 2006). Assuming no density dependence, environmental

stochasticity will strongly affect the rate of genetic drift in a

rapidly growing house sparrow population (Fig. 3), that is, the

rate of drift increases with larger environmental stochasticity and

hence the increase in Ne(�t) of the growing population with �t

will decrease with increasing environmental stochasticity. This

occurs because the rate of drift given by equation (11) is influ-

enced by r − �2
e . From this we also see that a reduction in r will

have a similar impact on the rate of drift as an increase in �2
e .

Likewise, the intensity of sexual selection will also strongly af-

fect changes in Ne(�t) (Fig. 3). Thus, understanding the long-term

fluctuations in frequency of neutral alleles in natural populations

requires estimating not only genetic parameters but also demo-

graphic parameters of deterministic population growth rate and

environmental stochasticity.
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Appendix 1
THE EFFECTIVE POPULATION SIZE FOR ONE SEX

To find the variance of X f + �X f for one sex consider a sin-

gle female with the rare allele that produces Bf offspring and

Yf offspring with the rare allele. Let further Jf be the indi-

cator variable for its survival (Jf = 1 or 0) so that the total

contribution to the next generation of individuals with the rare

gene is Yf + Jf . The variable Yf is then binomial with param-

eters (Bf , 1/2) when conditioned on Bf . The contribution to

the variance of �X f is var(Y f + J f ) = Evar(Y f + J f |B f , J f ) +
varE(Y f + J f |B f , J f ), which is E(B f /4) + var(B f /2 + J f ) =
b f /4 + �2

f /4 + s f (1 − s f ) + c f , where c f = cov(B f , J f ). Sum-

ming the contributions from each individual this gives

the drift var(�X f ) = �2
dg f X f = [b f /4 + �2

f /4 + s f (1 − s f ) +
c f ]X f . Then, we can either assume that the stochasticity in Nf

can be ignored when calculating the variance of the change in the

frequency of a allele var(�p), or apply the transformation formu-

las for diffusions (Karlin and Taylor 1981), to find

var(�p) = var[(X f + �X f )/(2N f + 2�N f ) − X f /(2N f )].

Both approaches leads to the approximation

var(�p) ≈
[
b f /4 + �2

f /4 + s f (1 − s f ) + c f
]

p

2N f
.

DEMOGRAPHIC VARIANCE FOR ONE SEX

Consider a single female producing Bf offspring and with survival

indicator Jf being one if she survives and otherwise zero so that

P(Jf =1)= sf . Conditioned on Bf , her number of female offspring,

say Uf , is binomial with parameters (Bf , q). By definition (Engen

et al. 1988) the demographic variance for the female segment of

the population is then �2
d f = var(U f + J f ). Arguing conditionally

as in the previous section this gives

�2
d f = q(1 − q)b f + q2�2

f + s f (1 − s f ) + 2qc f .

Hence �2
dg f = �2

d f if q = 1/2.

EXPECTED DYNAMICS FOR TWO SEXES

Let Wt = (Xt , Yt )T be the number of adult females and males

respectively in the subpopulation with the rare gene, where T de-

notes matrix transposition. Then, if there is no density regulation

the expected dynamics are given by

EWt+1 = LEWt ,

where the projection matrix is

L =




1

2
qb f + s f

1

2
qbm

1

2
(1 − q)b f

1
2 (1 − q)bm + sm


 .

The parameters bf and bm are the mean number of offspring of a

single female and male that survive to enter the adult population,

sf and sm are the adult female and male survival rate, and q is the

probability that a newborn individual is a female. The factors 1
2

occur because a mother or father with the rare allele transmits it

to their offspring with probability 1
2 . Because the allele is rare,

nearly all individuals bearing it are heterozygotes that mate with

an individual not bearing the allele.

Let u = (u1, u2)T and v = (v1, v2) denote the right and left

eigenvectors of L associated with the dominant eigenvalue � de-

fined by Lu = �u and vL = �v. If u is scaled so that u1 + u2

= 1, it is the stable sex distribution corresponding to the deter-

ministic model (Caswell 2001). We apply this scaling of u in all

subsequent formulas. Because males and females must have the

same expected reproduction, we have u1bf = u2bm giving u1 =
bm/(bf + bm) and u2 = bf /(bf + bm). From the equation Lu = �u
we find that the dominant eigenvalue � is qbf + sf as well as (1−
q)bm + sm. This relates the mean birth rates for males and females

as bm = (qbf + sf − sm)/(1− q). The mean generation time of the

population is T = (T f + Tm)/2 = [�/(� − s f ) + �/(� − sm)]/2

where the mean generation time for each sex is T f = �/(qb f )

and Tm = �/[(1 − q)bm]. Using these relations we see that the

sex distribution alternatively may be expressed as u1 = qTf /[qTf

+ (1− q)Tm] and u2 = (1− q)Tm/[qTf + (1− q)Tm]. The scaled

right eigenvector v turns out to be (1− q, q). The sensitivities

of this model are ∂�/∂Li j = vi u j/(vu) (Caswell 1978, 2001,

p. 209).

STOCHASTIC DYNAMICS

Engen et al. (2005b) showed that environmental stochasticity

will not affect the instantaneous genetic drift, so we only con-

sider the demographic component of the stochasticity (for details,

see Engen et al. [2005a,b]). Writing G for the stochastic ma-

trix operating in a given year so that Wt+1 = GWt, we show

below that the expectation of G is L and that the non zero vari-

ances and covariances cov(Gi j , Gkl ) of its elements can be ex-

pressed using constants aij,kl defined by ai1, j1 = Xt cov(Gi1, G j1)

EVOLUTION AUGUST 2007 1883



STEINAR ENGEN ET AL.

and ai2, j2 = Yt cov(Gi2, G j2). According to Engen et al. (2005a)

the demographic variance of the process Wt = Xt + Yt is then

approximately

�2
dg = �−2

∑
i jk

u−1
j

∂�

∂Li j

∂�

∂Lkj
ai j,k j = (�vu)−2

∑
i jk

u jvivkai j,k j ,

where all three indices ijk run over 1 and 2 so that the sum has

eight terms.

We now use the notation �2 for the variance in the number

of offspring produced, with appropriate subscript indicating the

parent’s sex, and c for the covariance between the number of

offspring and the indicator of the parent’s survival. To simplify

the expressions we further write � = �2/b for the overdispersion

relative to the Poisson distribution for the number of offspring,

and � = c/b and r = q(1− q). Using the expressions for the

coefficients aij,kl derived above, equation (4) can then be written

as �2
dg = k(a1 + a2) where a1 and a2 are given in the main text.

COMPUTATION OF COEFFICIENTS aij,kl

Consider a single heterozygote female that produces Bf offspring

and has indicator of survival Jf being one if she survives to the

next census and otherwise zero. Let F and M be the number of her

daughters and sons with the rare gene that survive to the next cen-

sus so that Bf − F− M is the number of offspring she produces that

do not have the rare gene. As she mates with a male that does not

have the rare gene, the variables (Bf − F− M, F, M) possess a tri-

nomial distribution with parameters [B f ,
1
2 , 1

2 q, 1
2 (1 − q)] when

conditioned on Bf . Hence, using well-known properties of the

multinomial distribution the conditional mean and variances of

her contribution to the next generation of individuals with the rare

gene are

E(F + J f |B f , J f ) = 1

2
q B f + J f

var(F + J f |B f , J f ) = 1

4
q(2 − q)B f

E(M |B f , J f ) = 1

2
(1 − q)B f

var(M |B f , J f ) = 1

4
(1 − q)(1 + q)B f

cov(F + J f , M |B f , J f ) = −1

4
q(1 − q)B f .

The unconditional variance of F + Jf is found by us-

ing the general formula var(F + J f ) = Evar(F + J f |B f , J f ) +
varE(F + J f |B f , J f ). Using the notation EB f = b f , var(B f ) =
�2

f , cov(B f , J f ) = c f and EJ f = s f so that var(J f ) = s f (1 − s f )

we find

var(F + J f ) = 1

4
q(2 − q)b f + 1

4
q2�2

f + s f (1 − s f ) + qc f .

Because the element G11 of the projection matrix G is the mean

value of Xt such independent contributions F + Jf , the mean and

variance of this element is

E(G11) = EE(Z + J f |B f , J f ) = 1

2
qb f + s f

and

var(G11) = X−1
t

[
1

4
q(2 − q)b f + 1

4
q2�2

f + s f (1 − s f ) + qc f

]
.

Similarly, we find

E(G21) = EE(M |B f , J f ) = 1

2
(1 − q)b f

and

var(G21) = X−1
t

[
1

4
(1 − q)(1 + q)b f + 1

4
(1 − q)2�2

f

]
.

To find the covariance term we use cov(F + J f , M) = Ecov(F +
J f , M |B f , J f ) + cov[E(F + J f |B f , J f ), E(M |B f , J f )], giving

cov(G11, G21) = X−1
t

[
− 1

4
q(1 − q)b f

+ 1

4
q(1 − q)�2

f + 1

2
(1 − q)c f

]
.

Considering in the same way the contributions from the males, we

find similar expressions for var(G22), var(G12), and cov(G22, G12)

by the same argument, replacing q by 1− q, indices f by m, and

Xt by Yt. Using the definitions of the coefficients aij,kl above, we

then have

a11,11 = 1

4
b f q(2 − q) + 1

4
q2�2

f + s f (1 − s f ) + qc f

a21,21 = 1

4
b f (1 − q)(1 + q) + 1

4
(1 − q)2�2

f

a11,21 = a21,11 = −1

4
b f q(1 − q) + 1

4
q(1 − q)�2

f + 1

2
(1 − q)c f

a12,12 = 1

4
bmq(2 − q) + 1

4
q2�2

m

a22,22 = 1

4
bm(1 − q)(1 + q) + 1

4
(1 − q)2�2

m

+sm(1 − sm) + (1 − q)cm

a12,22 = a22,12 = −1

4
bmq(1 − q) + 1

4
q(1 − q)�2

m + 1

2
qcm .

Appendix 2
The software Cervus 2.0 (Marshall et al. 1998) uses information on

which marked adult birds were present on an island in a given year,

combined with information on the estimated proportion of adult

birds that was marked, information on allele frequencies at the

microsatellite loci in each island population, and the genotypes

of recruits and their potential parents. Then a LOD score (log-

likelihood ratio) was calculated for the likelihood that a potential

parent was the genetic parent of the recruit. A LOD score of zero

means that the potential parent is equally as likely to be the true
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mother or father of the recruit as a randomly selected female or

male in the population, respectively. A positive LOD score does

on the other hand mean that the potential mother or father is more

likely to be the true mother or father of the recruit than a randomly

selected female or male (Marshall et al. 1998). The difference in

LOD scores (i.e., �LOD) of the two most likely potential parents

were compared with a critical value generated in the simulation

module of Cervus, above which the most likely potential parent is

the true parent in at least 90% of the cases (Marshall et al. 1998;

Slate et al. 2000).

In some cases there were a number of potential parents with

positive LOD scores, but where none had a sufficiently large

�LOD to satisfy the criterion generated by Cervus to provide

at least 90% confidence that the alleged parent was the true

one. In these cases we assumed that the true parent was among

the potential parents with a LOD score higher than 1.39, which

means that the parent was about four times more likely to be

the true parent than a randomly selected female or male in the

population. For recruits who had one or more potential mothers

or fathers with LOD > 1.39, these putative parents were given a

probability of being the true parent equal to their individual LOD

score divided by the sum of the LOD scores of all the putative

parents. Recruits that had no likely mother or father (i.e., all

potential parents have LOD < 1.39), were excluded from the

analyses because they were likely to be immigrants or offspring

of parents that were not sampled.
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