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Populations threatened by extinction are often far below their carrying capacity. A population
collapse or quasi-extinction is defined to occur when the population size reaches some given
lower density. If this density is chosen to be large enough for the demographic stochasticity to
be ignored compared to environmental stochasticity, then the logarithm of the population size
may be modelled by a Brownian motion until quasi-extinction occurs. The normal-gamma
mixture of inverse Gaussian distributions can then be applied to define prediction intervals
for the time to quasi-extinction in such processes. A similar mixture is used to predict the
population size at a finite time for the same process provided that quasi-extinction has not
occurred before that time. Stochastic simulations indicate that the coverage of the prediction
interval is very close to the probability calculated theoretically. As an illustration, the method
is applied to predict the time to extinction of a declining population of white stork in
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1. Introduction

The current species extinction rate is, at least for
some groups, among the highest ever experienced
in the history of the earth (May et al., 1995),
mainly due to various kinds of human impact on
the environment. An important tool in the con-
servation of endangered or threatened species has
been population viability analysis, which uses
data to model the risk of extinction [see recent
reviews in Beissinger & Westphal (1998) and
Groom & Pascual (1998)]. A natural conse-
quence of population viability analysis was the
introduction of quantitative criteria for risk as-
sessment, provided by Mace & Lande (1991)
where populations were assigned to different risk
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categories according to their probability of ex-
tinction during a given time period.

In practice, several problems are encountered
when estimating the risk of extinction of a popu-
lation by a population viability analysis (Beissin-
ger & Westphal, 1998). One major problem is to
estimate the uncertainty in the population pro-
jections which may be caused by uncertainties in
the parameter estimates (Ludwig, 1996) as well as
stochasticity in the population dynamics (Ludwig,
1999) due to random effects in the demography
and temporal environmental fluctuations (Lande,
1993). Stochastic effects on the population dy-
namics are commonly modelled by using discrete
time steps. Let the relative expected change in
the population size from one season to the next
be E(AN/N|N)=r — g(N), where g(N) is an
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increasing function describing the density regula-
tion which is approximately zero for small values
of N. Hence, r is the specific growth rate for small
population sizes. The variance of AN conditioned
on N may be partitioned into two components,
the demographic and the environmental variance
(Engen et al., 1998). These components are often
assumed to be constants, say o7 and ¢2, cor-
responding to var(AN|N) = ¢2N + ¢2N?2. The
demographic variance is the component arising
due to stochastic variation in reproduction and
survival between individuals within a season,
whereas the environmental variance is the com-
ponent arising due to the environmental condi-
tions acting simultaneously on all individuals. For
more precise definitions, see Engen et al. (1998).

Using Ito calculus (Karlin & Taylor, 1981),
the diffusion approximation to this process has
infinitesimal mean and variance N[r — g(N)]
and o N + 02N?, respectively. The approxima-
tion is valid if the absolute value of the specific
growth rate is small, say less than 0.1 (Turelli,
1977; Lande et al., 1999). For most populations,
the environmental term is the dominating one
(Lande, 1998), at least when the populations are
not too small. Ignoring the demographic vari-
ance, the diffusion X (¢) = In[ N(¢)] has infinitesi-
mal mean and variance pu(x) =r — 62/2 — g(e¥)
and ¢? = 62, respectively. For populations that
are threatened by extinction, the population size
is often far below the carrying capacity so that
g(€®) ~ 0 (see Dennis et al., 1991). Then, X (t) is
actually a Brownian motion with drift u =r —
¢2/2, and infinitesimal variance ¢* = 2.

For a population with size N(0) = e* at time
zero, one will often be interested in predicting
the time to extinction, or the population size in
the future. For sexually reproducing species, the
extinction barrier is often chosen to be at N =1,
corresponding to X =0. However, quite often
one will also be interested in predicting the time it
takes for the process to reach some other barrier
larger than 1, say at N, e.g. to avoid unfortunate
genetic consequences of small population sizes
(Lande, 1995). Reaching this barrier, which is
usually called quasi-extinction (Ginzburg et al.,
1982), would then be considered to have some
serious consequences for the management of the
species. Mathematically, quasi-extinctions may
be analysed in the same way as extinctions at

X =0 due to the invariance property of
Brownian motions. We then define the process
X(t) =InN(t) — In N,, which still has the same
drift and infinitesimal variance, and still define
extinction to occur at X =0. As in Dennis et al.
(1991), the following analysis ignores demo-
graphic stochasticity. For the methods to be re-
liable, the quasi-extinction barrier N, should
therefore be chosen large enough for the environ-
mental stochasticity to be the major stochastic
component. The environmental term in the in-
finitesimal variance is larger than the demo-
graphic term for N > ¢3/c2. For small passerine
birds the available estimates of demographic vari-
ance range from 0.18 to 0.66, whereas the corres-
ponding figures for the environmental variance
vary between 0.024 and 0.41 (Tufto et al., 2000). If
our method is to be applied, the barrier defining
quasi-extinction should therefore be chosen at
population sizes larger than 10, say in the region
10-100, depending on the magnitude of the dif-
ferent components of the stochastic fluctuations.
Dennis et al. (1991) have previously used
Brownian motions to estimate the risk of extinc-
tion of several endangered or threatened species.
However, they only analysed the expected time to
extinction and made no attempt to derive predic-
tion intervals for the actual time it takes until the
population reaches the extinction barrier, al-
though forecasting the population size ignoring
extinctions was dealt with. Here we extend the
approach of Dennis et al. (1991) by deriving pre-
diction intervals for the time of extinction based
on an observed time series at discrete points of the
Brownian motion. We then apply those to predict
extinctions and population sizes. Prediction inter-
vals are stochastic intervals covering the unknown
stochastic variable (Saether et al., 2000), which in
this case may be the population size or the extinc-
tion time, with probability (1 — «). We also derive
predictions of the population size taking into
account the possibility of extinction. We illus-
trate our approach by predicting the population
development of a declining population of white
stork Ciconia ciconia (Bairlein & Zink, 1979).

2. Some Properties of Brownian Motions

Let X (¢) be a Brownian motion with infinite-
simal mean and variance u and o2, respectively,
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and initial value X (0) = xo > 0. Then, by defini-
tion (Karlin & Taylor, 1981), the differences
X(t + h)— X(t), h > 0, are normally distributed
with mean ph and variance ¢2h, and the dis-
tribution is the same if conditioned on X(¢).
Furthermore, the differences are independent for
non-overlapping intervals.

If zero is an absorbing state, the distribution of
the time to extinction at zero is the inverse Gaus-
sian distribution

X0 o= (ot un/(2a%)

f(@) N (1)
(Cox & Miller, 1970, p. 221), which integrates to
one for u <0, whereas for y > 0 there is a positive
probability 1 — exp(—2ux,/a?) for the process
to be absorbed at infinity (Karlin & Taylor,
1981). For a theoretical treatment and for a
number of applications of this distribution, see
Seshadri (1999).
We shall also be concerned with the distribu-
tion of X(¢) for a given t >0, conditioned on
extinction at X = 0 not occurring before time t,

-2 1] o= (x— X0 — ut)’/(267t
[1_e XXo/0 ]e (x—xo—ut)*/(20 ),

1
g(x) =
2o o

which is the proper reparameterization of the
corresponding distribution given by Cox &
Miller (1970, eqn (71), p. 221). If X =0 represents
quasi-extinction, so that the real process actually
does not go extinct at this barrier, the above
distribution may still be applicable when we
make the distinction between those paths reach-
ing, and those not reaching, the extinction barrier
before time t. For the latter ones, X(t) has
the above distribution for x > 0. If the barrier for
quasi-extinction is chosen at some small value
and the estimate of the expected growth rate
is negative, it is very unlikely that a popu-
lation passing the barrier should not actually
go extinct unless actions are taken to prevent
this. Hence, the distribution of X (¢) used in this
case is very close to the distribution found when
conditioning on extinction not occurring before
time t.

If we only consider the finite time interval
[0, t], the process is either absorbed at zero be-
fore time ¢t when crossing the horizontal axis at
a time with distribution given by eqn (1), or it
takes a positive value X (t) with distribution given
by eqn (2) when crossing the vertical axis at time
t as illustrated in Fig. 1.
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FIG. 1. The paths of 12 simulations of a Brownian motion with xo, = In 100 ~4.61, u = —0.06 and ¢* = 0.04. Absorbing

barriers are at X =0 and ¢t =100.
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3. Predictions in Processes with no Extinction
Barriers

Following Dennis et al. (1991) we first consider
the problem of estimating the parameters u and
¢? from an observed time series X;, X5, ..., X, at
times t; <t, < --- <'t,. Ignoring the possibility
of extinction during the time interval the obser-
vations are taken, the maximum likelihood es-
timator for u is A= (X, — X;)0, where 0=
1/(t, — t1). Hence, for estimating the drift only
the first and the last observation is required,
the other (n —2) observations being redundant.
Writing 6; = ./t;iy1 — t; for i=1,2,...,n—1,
the standard regression estimator for &2 is
s =(1/n=2)iZ{ (D; — 6:2)>, where D; =
(X:+1 — X;)/6;. Furthermore, fi and s are inde-
pendent, [ is normal with mean yu and variance
6?0, and s*(n —2)/c? is y*-distributed with
v = (n —2) degrees of freedom.

It is now straightforward to find prediction
intervals for the population size N(t) = e*® at
time ¢t when the last known population size is
N, = e* at time zero, provided that we ignore the
possibility of extinction before time t. Hence,
these predictions are only valid if extinction is
unlikely to occur before time ¢. This is the case
either if ¢ is small, or if the population size at the
time we make the predictions is still fairly large.
Further, extinction before time ¢ is unlikely if the
specific growth rate is positive.

For most practical applications, the last
known population size will actually be X,, in
which case t, by definition is zero. Since X(t)
conditioned on X (0) = x, is a normal variate
with mean x, + ut and variance ¢, this problem
is practically equivalent to the problem of predic-
ting the value of a normal variate on the basis of
independent observations from the same normal
distribution. The best prediction of X(t¢) is
Xo + fit and the symmetric prediction interval
with coverage (1 — o) for X (t) is

(Ly, Up) = (xo + fit — s/ t(0t +1)752.0—2, Xo

+ fit + s/t +1)752,0-2)s

where 7, , denotes the a-quantile of the T-distri-
bution with v degrees of freedom. The interpre-
tation of this prediction interval is the same as for

a confidence interval, that is, L, and U, are two
statistics with the property that

PL<Xt)<U)=1—ua.

In viability analysis, we may be more interested
in an upper one-sided interval

(Lta OO) = (XO + :ﬁt — S/ t(gt +1)ya,n*2, OO)

The corresponding intervals for N(t) are (e’ e¥)
and (e', c0) in the two- and one-sided case,
respectively.

4. Predicting the Time to Extinction

If extinction is a possibility, these prediction
intervals are no longer correct because sample
paths with X (¢) taking values in the prediction
interval may have passed the extinction barrier at
an earlier point of time. This has the effect that
our confidence in (L,, U,) should actually be
smaller than (1—a). In such cases, we should
rather try to construct a prediction interval for
the time to extinction. More precisely, if the
process goes extinct at time W, we should find
a statistic, say W,_,, with the property that
P(W >W,_,) =(1 —«) for any value of the un-
known nuisance parameters u and o2, in which
case (W, _,, oo) is a prediction interval for W with
coverage 1 — a.

In Appendix A we give an explanation why
W, _, should be chosen as the upper a-quantile of
the distribution

nvs?t3 (0t + 1) (v/2)
(xo —{—,ﬁt)z —(v+1)2

More precisely, provided that fo f (t)dt > o the
variable W, _, is now defined by the relation

f " =, @)

0

otherwise W, _, = oo, which means that the entire

PN

interval is in infinity. The distribution f(t) was
named the normal-gamma mixture of inverse
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Gaussian distributions by Whitmore (1986). A
further discussion and some applications of the
distribution are given by Seshadri (1999). This
distribution does not integrate to unity. For an
explanation see Appendix A.

Note that W, _, is a function of the known
parameters v and 0 as well as the statistics x, fi
and s2 Hence, W, _, is a random variable, and
the observed value of this variable can be cal-
culated by one simple numerical integration us-
ing eqn (4).

5. Joint Predictions of Extinction and Population
Size

As indicated in Section 2 we may, for a fixed
value of t, order the sample paths by their value
of the time to extinction, say W, if extinction
occurs before time t, and otherwise by X(t).
When our main interest is to make predictions in
the finite time interval (0, t), a natural generaliz-
ation of predicting extinction under an infinite
time horizon is to make stochastic prediction of
the crossing point for the process of the hori-
zontal axis at zero or vertical axis at time t. In
population viability analysis, it is most appropri-
ate to find an upper interval of the type (W, X),
where either W < ¢ or X > 0. Our aim is to define
the functions W and X so that the probability
that the real unknown process has value larger
than (W, X) by our ordering of sample paths, is
1 —a.

The ordering of the vectors (W, X) may
be further illustrated by considering Fig. 1. Here
we have given ten sample paths and t = 100.
We see that in this case seven paths reach extinc-
tion before time t = 100, so that their time to
extinction which is their realized value of W, is
less than 100, while X (t) =0. These seven paths
are ordered according to their time to extinction,
that is, the value of W. The other three paths has
not reached extinction at time ¢t = 100, so we say
that these take larger values than the other seven
paths. These paths have positive values of X (t),
and they are ordered according to these values.

Our general problem is then to construct
a statistic (W, X),_, with the property that
P[(W,X)>(W,X),_,] =o

By the argument we have given in Appendix A
justifying the result in Section 4, we now define

the component W by the distribution f as in
Section 4, while the component X can be defined
by the same mixture performed on the distribu-
tion g defined by eqn (2), giving

. Ir'(v+1)/2)
g(x) = 5
(v/2)\/mvs*t(0t +1)

(x — xo — )2\ 012
X |:<1 + s?tv(0t +1)

(x —xo —fit)>  dxxq\ CHD2
—|1 .
< + s2tv(0t +1) + st
)

Then, if [ f(t)dt >a, we define W by
[¥ f(t)dt =o. Otherwise, the prediction of the
crossing of the vertical axis at time ¢ is defined by
[ (t)dt + [X¥§(x) dx = o In the next section, we
perform stochastic simulations indicating strong-
ly that these prediction intervals along the two
axis has coverage 1 — « for any value of the nui-
sance parameters u and o2,

6. Verifications by Stochastic Simulations

To check the coverage probability for the pre-
diction interval, we simulate the data as well as
the process. We choose the parameters u and 62,
as well as x,, which is the initial value of the
logarithm of the population size at time zero. We
also fix the parameter ¢, which is the length of
the finite time interval to be analysed. Finally,
we choose the parameters related to the sampling
process, that is, the number of observations,
n=v+2, and 0 =1/(t, — t;).

The lower bound of the prediction interval
defined by (W, X) is simulated by first simulating
one data set, giving /i and s, and then performing
the numerical integrations defining the bound.
Second, we simulate the process with its true
known parameters until it is absorbed at the
chosen horizontal or vertical axis, and check if
it ends up in the prediction interval or not. The
whole process is repeated a large number of times
with the same parameters to give the frequency of
coverage to be compared to 1 —a.

We have performed these simulations for a
large number of different parameters and differ-
ent values of o, two of which are shown in Fig. 2.
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F1G. 2. Simulations of the frequency of coverage for dif-
ferent values of «. The frequencies are independent and each
based on 1000 simulations. Both panels have common para-
meters N(0) =100, 0> =0.04, n =10, and t =100. For the
upper panel, u = —0.06 and y35 =26.32, and for the lower
1 =0and x35 =24.28.

There are no indications that the method is not
exact even if each graph is based on 25000 simu-
lations. The y*-values for each graph (with 25
degrees of freedom) are all insignificant. This is
a fairly strong indication of the method being
exact, taking into account that even rather small
errors in the numerical approximations will gen-
erally lead to an increase in y? when the number
of simulations is large.

7. Applications to Population Viability Analysis

When applying the method in practice, we may
plot the lower bounds of the prediction intervals
for X(r), that is X, against ¢. Then, for a given
value of o this line crosses the time axis at the
lower bound W of the corresponding prediction
interval for the time to extinction. As an illustra-
tion, we consider the white stork which has de-
clined over larger part of its range of distribution
in Europe during the last decades, probably

due to food shortage in modern agricultural
landscapes (Rheinwald et al., 1989). In Baden-
Wiirttemberg in Germay, long-term data are
available that document this decline (Bairlein
& Zink, 1979). We use the data for the period
1950-1965 to predict the future population fluc-
tuations of this populations, introducing a quasi-
extinction barrier at N, =20 individuals. The
bias in the estimates of the population size is
probably negligible because of the species con-
spicuous nesting habits and the high proportion
of ringed individuals in the population. The esti-
mates are i = —0.0537 and s* =0.0172. The pre-
diction intervals are shown in Fig. 3. In this case,
it is interesting to compare the results with the
true development of the population which passed
the extinction barrier in 1974, at t = 9. This is at
the lower bound of the upper 90% prediction
interval for the time to quasi-extinction. One
reason why extinction occurs so quickly may be
that we have not taken the demographic stochas-
ticity into account.

8. Discussion

We have not been able to present a mathemat-
ical proof for the exactness of the method of
calculating prediction intervals. However, the
simulations presented here (Fig. 2), and a number
of other simulations, show that the method, if it
should turn out not to be exact, gives the prob-
ability of coverage with sufficient accuracy
for practical applications. A different approach
based on conditional parametric bootstrapping
was checked by Lillegard & Engen (1999). Al-
though the method seemed to be a rather good
approximation, their simulations also demon-
strated that their method was not exact.

It ought to be mentioned that we have as-
sumed that there is no extinction barrier during
the sampling period. On the other hand, the
populations one want to analyse are unlikely to
go extinct during the sampling period, so in prac-
tice this approximation will only have a negli-
gible effect on the sampling properties of the
estimators.

If one wants to predict extinctions at N =1,
one should generally try to take the demographic
stochasticity into account (Lande, 1998). For
some species, such as birds, one may obtain data
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FIG. 3. The observed process on log scale minus In 20 of the population of white storks from 1950 to 1965, the last year
corresponding to zero on the time axis. For ¢t >0 the lower bounds of the prediction intervals X are plotted against ¢ for
o =0.01, 0.05, 0.10, 0.20, ..., 0.90. The corresponding lower bound, T, for the prediction intervals for the time to quasi-

extinction at 20 are where the lines cross the horizontal axis.

on survival and reproduction on the individual
level, from which ¢ may be estimated (Sazther
et al., 1998, 2000; Tufto et al., 2000). Provided
that the population during sampling is large
enough for ¢ to be ignored, the effect of ¢ close
to extinction may be taken into account by per-
forming stochastic simulations. One should then
redefine the process X (t) by adding the demo-
graphic term, using the stochastic differential
equation

dX(t) = (2 + Us</0v/Z)t + s</v/Z dB(1)
+ 04/</ X (1) dBy(1)

that can easily be simulated. The U and Z are
chosen independently for each simulated path,
and B(r) and B,(r) are independent standard
Brownian motions. From a large number of
simulations until the process reaches the chosen
horizontal or vertical axis, the upper quantiles
of the distribution may be approximated by the
corresponding simulated frequencies (Sether
et al., 2000). It acquires time-consuming simula-
tions to check the probability of the interval

covering the extinction time, and usually it may
also be necessary to perform a correction of the
method to give an approximately correct cover-
age. Hence, the threshold of knowledge in statis-
tics, numerical computations and programming
for performing such an analysis is much higher
than for the method given here. Actually, the
present approach is only based on one numerical
integration for each point defining the curves in
Fig. 3. Although the functions to be integrated
requires a procedure for the gamma function, it is
a fairly simple task to write a procedure for these
expressions.

One may claim that the number of observa-
tions (number of years) are generally too small to
perform a population viability analysis (e.g. Lud-
wig, 1999), since prediction intervals often be-
come very wide (Figs 2 and 3; see also Sather
et al., 2000). On the other hand, we see no alterna-
tive to making such a statistical analysis. Accord-
ing to the precautionary principle (IUCN, 1994),
all types of uncertainties must be taken into
account to give more cautious decisions for
the management of threatened or endangered
species.
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Several authors (see references in Ludwig,
1999; Tufto et al., 1999) have pointed out the
importance of taking into account the uncertain-
ty in parameter estimation. Dennis et al. (1991)
and Ludwig (1999) incorporated this uncertainty
by finding confidence intervals with rather rough
approximations for the coverage, for the prob-
ability of extinction before some given time.
Dennis et al. (1991) also derived approximate
confidence intervals for the expected time to ex-
tinction. Since the basic problem is not to find the
probabilities or expectations, but rather to draw
inference about the actual time to extinction, we
believe that the concept of prediction intervals
is much more appropriate. This approach is
also conceptually simpler for research workers
applying the theory. In practice, one will have
problems figuring out how to apply a confidence
interval for the probability of extinction or for the
expected time to extinction, in population viabil-
ity analysis. Ludwig (1999) only claims that the
confidence region is too large to be applicable,
and Dennis et al. (1991) do not really deal with
this problem.

For density-regulated populations the pre-
sented method is no longer applicable. Sather
et al. (2000) did a similar type of analysis for
a density-regulated population based on para-
metric bootstrapping. An alternative way of
dealing with uncertain estimates is of course
to rely on Bayesian methods, which from some
points of view are conceptually simpler, and
may also be easier to perform in practice
(Taylor et al., 1996). However, regardless of the
choice of approximate method, the properties
of the method, in the frequentistic sense, should
always be checked by extensive stochastic
simulations.

This work has been supported by the Research
Council of Norway and EU (Project Metabird).
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APPENDIX
Theoretical Derivations

In order to give an intuitive explanation of
the main results, we first rewrite the process as
X(t) = xo + ut + oB(t), where B(t) is a standard
Brownian motion with infinitesimal mean and
variance zero and one, respectively (Karlin &
Taylor, 1981). Then the variable

Ty — B+ B
s/t + 1)

is T-distributed with v degrees of freedom. Intro-
ducing the standard normal variate U =
(4 — R)/(6+/0) and writing Z = s?v/a> for the >
variable with v degrees of freedom, we find

T = t./0U + B(t) ‘

(Z/v)1(0t + 1)

Now, let U and Z be independent of U and Z but
with the same distributions, and let I§(t) be an-
other independent standard Brownian motion.
Then

t./0U + B(t)

T()=—%
(Z/v)t(0t + 1)

is another independent variable with the same
distribution as T'(t). Then we compare the pro-
cess

X(t)=x0 + fit +s/t(0t +1)T(¢)

with

X (1) = xo + At + s/t(0t +1)T(1).
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Imagine a large number of independent realiz-
ations of X (t) and one realization of X (¢). Then,
for any positive value of ¢, the rank of X (t) among
the X (¢) is uniformly distributed since the rank of
X (t) among the X(¢) is the same as the rank of
T(t) among the T'(t), and the T(t) and T(¢) are
all independent with the same distribution. The
question is now whether this uniformity of ranks
also transforms to the horizontal axis when we
introduce X(t) =0 and )?(t) =0 as absorbing
barriers. That is, will the rank of the extinction
time W for X (¢) be uniformly distributed among
the extinction times W for the extinction of the
processes X (t)? This may at first seem obvious,
but we are currently not able to present a formal
proof for the conjecture. Actually, the problem is
that the process T(t)is independent of /i and s?,
while, for the given values of u and o2, T(t)
depends on these two statistics.

If the result is exact, we simply have to derive
the conditional distribution (conditioning on /i
and s?) of the time to extinction for the process
X (t). Then the corresponding conditional prob-
ability that W is larger than the o«-quantile
W, _, of this distribution is exactly (1 — o).

To find this distribution, we first express T (¢)
in the expression for X(t) by U, Z and B(t)
giving

X(t) = s /v/ZB(t) + xo + (4 + Us/Ov/Z)t.

Hence, if we first condition on U and Z, this is a
Brownian motion starting at x, at time zero and
with drift (2 + Us./0v/Z) and infinitesimal vari-
ance s?v/Z, which inserted into eqn (1) gives that
the conditional time to extinction has the inverse
Gaussian distribution

VAL

< 2ntdvs?

[10,2)=

7 it + Ust /Ov/Z )
xexp<— (xo +fit + Ust\/0v/ )>.

2s%ty

Finally, we find the unconditional distribution by
integrating over the distribution of U, which is a
standard normal, and Z, which is y? with v
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degrees of freedom, giving

Ao xol'((v +1)/2)
S = Jvs23 (0t + 1) (v)2)

A2 —(v+1)2
o (;Co + fit) 41 .
s2vt(0t +1)

(A.1)

Provided that [ f(t) dt > a, the variable W, _, is
now defined by the relation

j " ey de =,

0

(A.2)

otherwise W, _, = co, which means that the en-
tire interval is in infinity. The distribution f(r)
was named the normal-gamma mixture of the
inverse Gaussian distributions by Whitmore
(1986). A further discussion and some applica-
tions of the distribution are given by Seshadri
(1999). Notice that the distribution does not
integrate to unity, since the underlying inverse
Gaussian does not integrate to unity when
(1 + Us\/0v/Z) is positive, corresponding to the
fact that Brownian motions with nonnegative
drift may never go extinct but rather be absorbed
at infinity.
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