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Abstract. Given two d-dimensional Λ-modules M and N , then M de-
generates to N if and only if there exists an exact sequence of the form
0 −→ U −→ U ⊕ M −→ N −→ 0 for some U ∈ mod Λ [6]. Having this
as a starting point, we give in this paper a characterization of degenerations
by the existence of a certain finitely presented functor. This gives new infor-
mation about U from the sequence above. We show how this new information
can be used to prove that M 6≤deg N even when M ⊕X ≤deg N ⊕X for some

X for modules over Λq = k〈x, y〉/〈x2, y2, xy + qyx〉, q 6= 0 in k, where k is an
algebraically closed field.

1. Introduction

Let k be an algebraically closed field and Λ a finitely generated associative k-
algebra with unit. We will denote by mod Λ the category of finite-dimensional left
Λ-modules.

A d-dimensional (left) Λ-module M is a d-dimensional vector space M together
with a multiplication by Λ from the left. By choosing a basis in M one can identify
M with the vector space kd. If λ1, λ2, . . . , λl is a generating set for Λ over k,
then the multiplication of M by λi induces a k-endomorphism of kd which can be
represented by a d × d-matrix over k. Thus, M corresponds to a unique l-tuple
m = (m1,m2, . . . ,ml) of d × d-matrices over k such that for all polynomials f in
l non-commuting variables over k with the property that f(λ1, λ2, ..., λl) = 0 in
Λ, we have f(m1, m2, ..,ml) = 0 in the ring of d × d-matrices over k. Conversely,
each such l-tuple m corresponds to a ring homomorphism φm : Λ −→Endk(kd) and
hence gives a module structure M on kd in the obvious way. We denote by modd

Λ(k)
the set of all such l-tuples. It is an affine variety.

The general linear group Gld(k) acts on modd
Λ(k) by conjugation, g ∗ x =

(gx1g
−1, . . . , gxlg

−1) for g ∈ Gld(k), x ∈ modd
Λ(k), and the orbits correspond

to the isomorphism classes of d-dimensional Λ-modules (see [3]). We denote by
O(m) the Gld(k)-orbit of m ∈ modd

Λ(k). The dimension of O(m) is given by

dimO(m) = dim Gld(k)− dimAutΛ(M) = d2 − dimEndΛ(M).

Let M and N be two d-dimensional left Λ-modules corresponding to m and n in
modd

Λ(k) respectively. We say that M degenerates to N if n belongs to the Zariski
closure O(m) of O(m), and we denote this by M≤degN (see [2]).

Clearly, ≤deg is a partial order on the set of isomorphism classes of d-dimensional
modules.
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Riedtmann showed in [5] that if Λ is a finite dimensional algebra and if there is
an exact sequence of the form

(1) 0 −→ U −→ U ⊕M −→ N −→ 0

for some U ∈ mod Λ, or of the form

(2) 0 −→ N −→ M ⊕ V −→ V −→ 0

for some V ∈ modΛ, then M degenerates to N . In particular, if

0 −→ A −→ B −→ C −→ 0

is an exact sequence, then B ≤deg A⊕ C.
Zwara showed in [6] that for finite dimensional algebras the existence of a se-

quence of the form (1) is equivalent to the existence of a sequence of the form (2),
and he showed in [7] that this is equivalent to M≤degN .

It is easy to see that this characterization also holds for finitely generated alge-
bras: If Λ is a finitely generated algebra and M a d-dimensional Λ-module, then
Λ/ann(M) is a finite dimensional algebra. Note that

O(m) ⊆ {x ∈ modd
Λ(k) | ann(M) · x = 0} = modd

Λ/ann(M)(k).

Since modd
Λ/ann(M)(k) is closed in modd

Λ(k), it follows that O(m) ⊆
modd

Λ/ann(M)(k). Thus, if N is a d-dimensional Λ-module such that M ≤deg N

as Λ-modules, then N is also a Λ/ann(M)-module. Moreover, M ≤deg N as Λ-
modules if and only if M ≤deg N as Λ/ann(M)-modules. Consequently, given two
d-dimensional Λ-modules M and N , where Λ is a finitely generated algebra, M
degenerates to N if and only if there is an exact sequence of the form

0 −→ U −→ U ⊕M −→ N −→ 0

where U ∈ mod Λ. In fact, we can choose U ∈ modΛ/ann(M).
Clearly, each module degenerates to the semisimple module with the same com-

position factors. This can be seen using the exact sequence of the form

0 −→ r M ⊕ . . .⊕ rt M −→ M ⊕ rM ⊕ . . .⊕ rt M −→ [M ] −→ 0

where r X is the radical of the module X, rt+1 M = (0) and [M ] is the semisimple
module with the same composition factors as M . We will denote by socX the socle
of a module X.

From the equivalence of degeneration order with the existence of Riedtmann-
sequences above, it is easy to see that if M≤degN then

dimHomΛ(X, M) ≤ dimHomΛ(X, N)

for each Λ-module X. We will use the notation (X,Y ) for HomΛ(X, Y ) and [X, Y ]
for dimHomΛ(X, Y ). More generally, we will use the notation [F (X)] to denote the
dimension of a finitely presented functor F applied to X, and even [F ( )] (or [F ])
to indicate the element of the functor F in the Grothendieck group of the finitely
presented functors on mod Λ.

If [X, M ] ≤ [X,N ] for each Λ-module X, we will denote this by M≤homN .
Auslander (see [1 T4.2]) has proved that M≤homN and N≤homM implies that M
and N are isomorphic, so ≤hom is a partial order on the set of isomorphism classes
of d-dimensional modules.
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These two partial orders are not equivalent. Degeneration-order implies hom-
order as shown above, but Carlson gave an example (see [5]) of two modules M
and N such that M ≤hom N , while M 6≤deg N .

Riedtmann introduced in [5] still another partial order on the set of isomorphism
classes of d-dimensional modules called the virtual degeneration order. We say that
M virtually degenerates to N if there is some finite dimensional module W such
that

M ⊕W≤degN ⊕W,

and we denote this by M≤virtN . Virtual degeneration clearly implies hom-order,
and for representation-finite algebras these two orders coincide [5]. It is an open
question whether the hom-order and the virtual degeneration-order coincide in gen-
eral.

Carlson’s example is the first example known of a virtual degeneration between
two modules where there is no degeneration, so that the virtual degeneration-order
is strictly finer than the degeneration-order.

2. Degenerations and finitely presented functors

Given two Λ-modules X and Y , let rad(Y,X) denote the subgroup of
HomΛ(Y, X) given by

{f : Y −→ X | pfi ∈ radEndΛ(Z),∀i ∈ HomΛ(Z, Y ),∀p ∈ HomΛ(X,Z)},
and denote by FX the contravariant functor HomΛ( , X)/rad( , X).

In other words, if X is an indecomposable finite dimensional module, then FX

is the simple contravariant functor given by FX(Y ) 6= 0 for an indecomposable
module Y if and only if Y ' X. For X = ⊕t

i=1Xi, where Xi is an indecomposable
module for each i, FX is the semisimple contravariant functor ⊕t

i=1FXi .
For a given functor F , we will denote by soc F its socle, and we will denote by

rF its radical.
Given two d-dimensional modules M and N such that M ≤deg N and consider

a Riedtmann-sequence

η : 0 −→ U
f−→ U ⊕M

g−→ N −→ 0,

giving this degeneration. The sequence η induces an exact sequence of contravariant
functors

0 −→ ( , U)
( ,f)−→ ( , U ⊕M)

( ,g)−→ ( , N)
p−→ δ −→ 0

where δ = ( , N)/ Im( , g) and p is the natural epimorphism. It is clear that
[δ(X)] = [X, N ] − [X, M ] for each Λ-module X. Note that from the projective
resolution of δ above, we get that the top of δ, δ/ r δ, is isomorphic to FN ′ where
N ′ is some summand of N .

Therefore if M ≤deg N , there is a finitely presented functor δ such that
[δ] = [ , N ]− [ ,M ] and the top of δ corresponds to some summand of N .

Assume now that M and N are d-dimensional modules such that there exists a
finitely presented contravariant functor δ with [δ] = [ , N ] − [ ,M ]. Note that this
implies that M ≤hom N . Given that M∗ and N∗ is another pair of d-dimensional
modules such that [ , N ]−[ ,M ] = [ , N∗]−[ , M∗], we get that N⊕M∗ ' M⊕N∗. If
M and N have no common summands, it follows that M∗ = M⊕T and N∗ = N⊕T
for some T . Also, if the greatest common summand of M and N is W 6= (0), then
M = M ′ ⊕W and N = N ′ ⊕W where M ′ and N ′ have no common summands,
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and M∗ = M ′ ⊕ T and N∗ = N ′ ⊕ T for some T . Hence, the dimension vector
[ , N ]− [ ,M ] is determined up to common direct summands by the pair M and N .

Let us consider a minimal projective resolution of δ. If the projective dimension
of δ is less than two, i.e. if there is an exact sequence of contravariant functors

0 −→ ( , X) −→ ( , Y ) −→ δ −→ 0,

then
[δ] = [ , N ]− [ ,M ] = [ , Y ]− [ , X],

and so N ⊕X ' M ⊕ Y . It follows that X and Y have the same length, and since
the projective resolution of δ above induces an inclusion from X to Y , we get that
X ' Y and then consequently that M ' N and δ = 0. Therefore if δ 6= 0 then the
projective dimension of δ is 2 and its projective resolution is of the form

0 −→ ( , X) −→ ( , Y ) −→ ( , Z) −→ δ −→ 0

for some Λ-modules X, Y and Z.
Let M = M ′ ⊕ W and N = N ′ ⊕ W , where M ′ and N ′ have no common

nonzero summands. Then, since [δ] = [ , N ] − [ , M ], it follows that X = N1 ⊕ S,
Y = S ⊕M ′ ⊕ T and Z = N2 ⊕ T for some S and T where N1 ⊕N2 = N ′, and we
get an exact sequence of modules of the form

0 −→ N1 ⊕ S −→ S ⊕M ′ ⊕ T −→ N2 ⊕ T −→ 0

By adding N1 to the second and third term in this sequence with the iden-
tity map between them we get a Riedtmann-sequence for the degeneration
M ′ ⊕ T ≤deg N ′ ⊕ T , and by adding also W we get a Riedtmann-sequence for the
degeneration M ⊕ T ≤deg N ⊕ T . This gives the following proposition.

Proposition 2.1. Given two d-dimensional modules M and N .
(a) M virtually degenerates to N if and only if there is some finitely presented

functor δ : mod Λ −→ mod k such that [δ] = [ , N ]− [ ,M ].
(b) M degenerates to N if and only if there is some finitely presented functor

δ : modΛ −→ mod k such that

(1) [δ] = [ , N ]− [ ,M ] and
(2) δ/ r δ ' FN ′ where N ′ is some direct summand of N .

As pointed out by Riedtmann in [5], it is interesting to note that the ques-
tion about equivalence between virtual degeneration and hom-order can be re-
formulated in the following way: given two d-dimensional modules M and N
such that M ≤hom N , is there always some finitely presented functor δ with
[δ] = [ , N ]− [ ,M ]?

Recall (see [1, p. 6-7]) that a map h : X −→ C in modΛ is right minimal if each
map w : X −→ X such that h = hw, has to be an isomorphism. For a given map
h : X −→ C, there is a decomposition X = X ′ ⊕X ′′ such that h|X′ : X ′ −→ C is
right minimal and h|X′′ = 0. The morphism h|X′ is called a right minimal version
of h.

Auslander has proved (see [1, Ch. XI]) the following proposition.

Proposition 2.2. Given a finite dimensional algebra Λ, let

0 −→ A −→ B
h−→ C −→ 0
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be a non-split exact sequence in mod Λ and δ the contravariant functor induced by
it. If h is right minimal then the socle of δ is isomorphic to the semisimple functor
FTrD(A).

Let M and N be two d-dimensional Λ-modules such that M ≤deg N and let

η : 0 −→ U
f−→ U ⊕M

g−→ N −→ 0

be a Riedtmann-sequence giving this degeneration. If the map g is not right min-
imal, let g∗ : V ′ −→ N be a right minimal version of g and consider the exact
sequence

0 −→ U ′ f∗−→ V ′ g∗−→ N −→ 0
where U ′ is the kernel of g∗ and f∗ is the inclusion of U ′ in V ′. Note that U ′ is a
summand of U . We have

[ ,M ] = [Im( , g)] = [Im( , g∗)] = [ , V ′]− [ , U ′],

so that [ , V ′] = [ , U ′ ⊕ M ] and it follows that V ′
φ∼→ U ′ ⊕ M . We then get the

exact sequence of Riedtmann-form

η′ : 0 −→ U ′ f ′−→ U ′ ⊕M
g′−→ N −→ 0

where f ′ = φf∗ and g′ = g∗φ−1, with g′ right minimal. We call this sequence a
right minimal version of the sequence we started with. Clearly, U ′ has no injective
summands.

Corollary 2.3. Let Λ be a finite dimensional algebra, and M and N two d-
dimensional Λ-modules such that M <deg N . If Ui is an indecomposable finitely
generated module such that [TrDUi,M ] = [TrD Ui, N ], then Ui is not a summand
of U for any exact sequence of the form

0 −→ U −→ U ⊕M −→ N −→ 0

where the second map is right minimal.

In what follows we consider modules over Λq, the path algebra of the quiver

Γ : 1 β
zz

α
$$

with relations σq = {α2, β2, αβ + qβα} over an algebraically closed field k, where
0 6= q ∈ k. Note that Λq = k〈x, y〉/〈x2, y2, xy + qyx〉.

For q = −1 and k with characteristic different from 2, the degenerations, the
virtual degenerations and the hom-order for Λ−1-modules are described using geo-
metrical methods in [4].

In this paper, some types of virtual degenerations for Λq-modules will be de-
scribed and situations in which one can cancel common direct summands will be
given. We use the existence of exact sequences to give a degeneration, and we show
that there is no sequence of Riedtmann-form to prove that there is no degeneration.
There is no restriction on the characteristic of the field k in these considerations. In
showing the non-existence of a Riedtmann-sequence for a given pair of modules, the
information about U corresponding to the socle of a functor given in Proposition
2.2. will be used in two different ways. In one of them the result from the corollary
above is used and in the other the socle-property described by Auslander is even
more strongly used.
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3. Λq-modules

The indecomposable Λq-modules (up to isomorphism) and almost split sequences
between them are as follows (see [1, p. 362-363]):

(1) The indecomposable projective module Pq.
(2) The simple module Pq/ r Pq, where rPq is the radical of Pq, and the pre-

projective/preinjective modules TrDs(r Pq), s ∈ Z and TrDs(Pq/ r Pq),
0 6= s ∈ Z. We will denote these modules by ρs, s ∈ Z, where ρ0 is
the simple module, ρ2t−1 = TrDt(r Pq) and ρ2t = TrDt(ρ0). The almost
split exact sequences between modules of this form are:

0 −→ ρ−1 −→ Pq ⊕ ρ0
2 −→ ρ1 −→ 0

and

0 −→ ρs −→ ρs+1
2 −→ ρs+2 −→ 0

for s 6= −1.
(3) Given x = (x1, x2) ∈ P1, we will identify x with x1

x2
∈ k if x2 6= 0. If x2 = 0,

we identify x with ∞. In particular, for a given 0 6= c ∈ k, cx = cx1
x2

if
x2 6= 0, and c∞ = ∞.

For each a ∈ P1 and n ∈ N, there is a 2n-dimensional indecomposable
regular Λq-module (a, n) corresponding to a representation of (Γ, σq) given
by

(a, n)(α) =
(

0 0
In 0

)
, (a, n)(β) =

(
0 0

Jn(a) 0

)

for a 6= ∞. The module (∞, n) is given by a representation

(∞, n)(α) =
(

0 0
Jn(0) 0

)
, (∞, n)(β) =

(
0 0
In 0

)
;

where In is the n× n-identity matrix and Jn(x) is the Jordan block of size
n and eigenvalue x.

Almost split sequences between the modules of this form are:

0 −→ (a, n) −→ (a, n + 1)⊕ (a, n− 1) −→ (a, n) −→ 0

where (a, 0) = (0), the zero module, for each a ∈ P1.
We will call a module X regular if it is a direct sum of modules of this

form.

The dimensions of the homomorphism spaces between these modules are given in
the following table [4]:
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[X, Y ] Pq ρt (b,m)

Pq

ρs

(a, n)

4 2|t|+ 1 2m

2|s|+ 1
|s||t|+ 1

2 (|s|+ |t|+ 1)
(|s|+ 1)m

+ 1
2 |s− t− 1|

2n (|t|+ 1)n mn + min{m,n}δa,b

where δx,y is the Kronecker δ defined by δx,y = 0 if x 6= y and δx,y = 1 when x = y.
We denote dimk Ext1(X, Y ) by 1[X, Y ] and give here the dimensions of the Ext1-

spaces between the indecomposable modules:

1[X, Y ] Pq ρt (b,m)

Pq

ρs

(a, n)

0 0 0

0
1
2 |s− t− 1|

m
+ 1

2 |s− t− 2|+ 1
2

0 n
min{m,n}δa,b

+min{m,n}δa,qb

As we have seen, degenerations are closely connected to extensions of modules.
We therefore analyze some extensions here in order to avoid too many digressions
later.

Before we start, let us recall the following (see [1, Ch. X]): given an algebra Λ,
we denote by modΛ the category whose objects are those in mod Λ, and for a given
pair of objects A and B, we have

HommodΛ(A,B) =: Hom(A,B) = HomΛ(A, B)/P(A,B)

where

P(A,B) = {h : A −→ B ∈ mod Λ | h factors through a projective Λ−module}.

Let ΛKr denote the Kronecker algebra, i.e. the path algebra of the quiver
1 2-- over k. There is an equivalence θ : mod(Λq/ socΛq) −→ modΛKr,
and we say that Λq/ soc Λq and ΛKr are stably equivalent.
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3.1. The sequences ζ. By [2, Section 5], using the stable equivalence above, we
get that for each s ≥ 0 and for each y ∈ P1, we have an exact sequence of the form

ζy
+ : 0 −→ ρs

j−→ ρs+1 −→ (y, 1) −→ 0.

For s < 0, we shall prove that there is an exact sequence of the form

ζy
− : 0 −→ ρs

j−→ Pq ⊕ ρs+1 −→ (y, 1) −→ 0

for each y ∈ P1. By [2], there is for each y ∈ P1 and s < 0 an exact sequence of the
form

yζ− : 0 −→ (y, 1) −→ ρs −→ ρs+1 −→ 0.

Given s < 0 and y ∈ P1, consider the commutative diagram

0 // (q−1y, 1) i // Pq // (y, 1) // 0

0 // (q−1y, 1) // ρs

h

OO

// ρs+1 //

OO

0

where the second row is the sequence q−1yζ−, the map i is an injective envelope of
(q−1y, 1) and h exists since Pq is injective. The second commutative square of this
diagram gives an exact sequence

ζy
− : 0 −→ ρs−→Pq ⊕ ρs+1−→(y, 1) −→ 0

of the wanted form. We shall denote by

ζy : 0 −→ ρs
j−→ W ⊕ ρs+1 −→ (y, 1) −→ 0

both ζy
− and ζy

+ where W = Pq when s < 0 and W = 0 otherwise.

3.2. The sequences κn and τn, for n ≥ 1. Again using Bongartz’ result in
Section 5 in [2] and the stable equivalence above, we get that for each a ∈ P1 and
each n ≥ 1 there exists an exact sequence of the form

κn : 0 −→ ρn−1 −→ (a, n) −→ ρ0 −→ 0,

and also an exact sequence of the form

τn : 0 // ρ0
// ρn

// (a, n) // 0 .

3.3. The extensions of (b,m) by (a, n). As seen in the Ext1-table above,
Ext1((a, n), (b,m)) = 0 if a 6= b and a 6= qb. We have the following lemma con-
cerning the middle term of a short exact sequence starting in (b,m) and ending in
(a, n).

Lemma 3.1. Given a short exact sequence

0 −→ (b, m)
f−→ X

g−→ (a, n) −→ 0,

we have that X ' Pq
r ⊕ (b, n1) ⊕ (a, n2) for some r, n1, n2 ∈ N such that

n1 + n2 + 2c = m + n and r ≤ min{m,n}.
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Proof. Of course, if a 6= b and a 6= qb, the sequence above is split and the claim is
clearly true. Therefore assume that a = b or a = qb in the rest of the proof.

Suppose that X = (c, n′)⊕X ′ for some c /∈ {b, qb}. From the diagram

0 // (b,m) i // Pq
m // (qb,m) // 0

0 // (b,m) // (c, n′)⊕X ′ //

OO

(a, n) //

OO

0

where the last row is the given sequence and i is an injective envelope of (b,m), we
get an exact sequence of the form

0 −→ (c, n′)⊕X ′ −→ Pq
m ⊕ (a, n) −→ (qb, m) −→ 0.

Since c /∈ {b, qb}, we know that Ext1((qb, n), (c, n′)) = 0. Thus (c, n′) must split
off in this sequence, and this is a contradiction since it is not a summand in the
middle term. Therefore if X has an indecomposable summand of the form (x, n′),
then x = b or x = qb.

Assume now that there is some s ∈ Z such that X = X ′ ⊕ ρs. Let c ∈ P1 be
such that c /∈ {b, qb, q2b} and consider the commutative diagram

0

²²

0

²²
0 // (b,m) // X ′ ⊕ ρs

//

²²

(a, n) //

²²

0

0 // (b,m) // X ′ ⊕W ⊕ ρs+1
//

²²

E //

²²

0

(c, 1)

²²

(c, 1)

²²
0 0

where the first row is the given sequence, the middle column is a sequence of the
form ζc from Subsection 3.1, with X ′ added to the first two terms with the identity
map between them, and E is the pushout. Now the last column is an extension
of (a, n) by (c, 1), and a = b or a = qb by assumption. Since c /∈ {b, qb, q2b}, this
sequence must split and we get that E ' (c, 1) ⊕ (a, n). The middle row of the
diagram is then an extension of (b,m) by (c, 1)⊕ (a, n) and, again since c /∈ {b, qb},
(c, 1) must split off. This is a contradiction since it is not a summand of the middle
term (it is not a summand of X as seen above). It follows that X has no summand
of the form ρs, s ∈ Z, i.e. each indecomposable summand of X is either projective
or regular.

Let c /∈ {a, b} and assume that the module (c, i) is a summand of X, i.e.
X ' (c, i)⊕ (⊕j(aj ,mj))⊕ Pq

r for some r ∈ N. Note that we always have
X ≤hom (a, n)⊕ (b,m). But for c /∈ {a, b} we have

[(c, 1), (c, i)⊕ (⊕j(aj ,mj))⊕ Pq
r] > [(c, 1), (a, n)⊕ (b,m)],
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and this gives a contradiction. Therefore X ' Pq
r ⊕ (⊕t

i=1(a, ni))⊕ (⊕s
j=1(b, mj))

for some r, ni, mj ∈ N.
Suppose a 6= b. Then we have the inequality

2r +
t∑

i=1

ni + t +
s∑

j=1

mj = [(a, 1), X] ≤ [(a, 1), (b, m)⊕ (a, n)] = m + n + 1,

and since 2r +
∑t

i=1 ni +
∑s

j=1 mj = m + n, we get t ≤ 1, i.e. X cannot have more
than one summand of the form (a, ni). Similarly, there cannot be more than one
summand of the form (b,mj).

For a = b, using that [(b, 1), X] ≤ [(b, 1), (b,m) ⊕ (b, n)], we get that X cannot
have more than two summands of the form (b, ni). Therefore X is isomorphic to
Pq

r ⊕ (b, n1)⊕ (a, n2).
Finally, it is easy to see that r must be less than or equal to min{m,n}: the top

of (b, n) must be a summand of the top of X since g is an epimorphism. It follows
that n ≤ r + n1 + n2, giving n + r ≤ 2r + n1 + n2 = m + n, i.e. r ≤ m. Also, f
is a monomorphism, so the socle of (b,m) must be a summand of the socle of X.
Hence, m ≤ r + n1 + n2 and m + r ≤ 2r + n1 + n2 = m + n, i.e. r ≤ n. ¤

(1) Ext1((b, n), (b,m)) when b 6= qb:
Given m ≤ n, it is not difficult to see that for each i = 1, . . . , m, there is an exact
sequence (arising from almost split sequences in the ”b-tube” in the AR-quiver of
Λq) of the form:

ξi : 0 −→ (b,m) −→ (b, m− i)⊕ (b, n + i) −→ (b, n) −→ 0.

Similarly, if m ≥ n, for each i = 1, . . . , n, there is an exact sequence of the form

ξi : 0 −→ (b,m) −→ (b, m + i)⊕ (b, n− i) −→ (b, n) −→ 0.

Lemma 3.2. If X is a middle term of a short exact sequence starting in (b, m)
and ending in (b, n), where b 6= qb, then X cannot have Pq as a summand.

Proof. Assume that X ' Pq ⊕ X ′ and consider the following diagram where the
second row is a sequence having X as a middle term and π is a projective cover of
(b, n):

0 // (q−1b, n)

t

²²

// Pq
n

s

²²

π // (b, n) // 0

0 // (b,m)
f // Pq ⊕X ′ // (b, n) // 0

We get induced from this diagram an exact sequence of the form

0 −→ (q−1b, n) −→ (b,m)⊕ Pq
n (f,s)−→ Pq ⊕X ′ −→ 0.

Note that given a map α : (x, i) −→ (y, j) where x 6= y, the image of α will be
contained in the socle of (y, j) and the socle of (x, i) will be contained in the kernel
of α.

Therefore, since b 6= q−1b, the socle of (q−1b, n), which is isomorphic to ρ0
n, will

be contained in Ker t = Ker s. Now the socle of Pq
n is also isomorphic to ρ0

n, and
it follows that Im s has Loewy length less than or equal to 2. Note that also Im f
has Loewy length less than or equal to 2. But then Pq cannot be a summand in
Im(f, s) giving the desired contradiction. ¤
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It follows from Lemma 3.1 that, when b 6= qb, the middle term of an exact
sequence starting in (b,m) and ending in (b, n) must be of the form (b, n1)⊕ (b, n2),
where n1 + n2 = m + n.

Proposition 3.3. Given an exact sequence of the form

0 −→ (b,m) −→ (b, n1)⊕ (b, n2) −→ (b, n) −→ 0

with n1 ≤ n2, we have n1 = min{m,n} − i and n2 = max{m, n} + i for some
i = 0, . . . , min{m,n}. In other words, if the sequence is not split, its middle term
is isomorphic to the middle term of ξi for some i.

Proof. The claim clearly holds if the sequence is split (i = 0), so let us assume that
it is not split. Assume that m ≤ n and that n1 = m + j for some j > 0. Since
n + m = n1 + n2, it follows that n2 = n − j. Let δ be the contravariant functor
induced by the sequence above. Then (b,m) corresponds to the socle of δ, and
consequently

[δ(b,m)] = [(b,m), (b,m)⊕ (b, n)]− [(b,m), (b,m + j)⊕ (b, n− j)] > 0.

We get that m(m + j) + m + m(n − j) + min{m,n − j} < m2 + m + mn + m,
i.e. min{m,n − j} < m. Thus, n2 = n − j must be less than m. But this is a
contradiction since m + j = n1 ≤ n2 by assumption. Hence, the middle term is of
the desired form.

The proof for m ≥ n is dual. ¤

(2) Let us now consider Ext1((qb, n), (b,m)) for b 6= qb.
Assume that m ≤ n. We have the following commutative diagram for
j = 1, . . . , m− 1:

0

²²

0

²²
(b, n−m + j)

²²

(b, n−m + j)

²²
0 // (b, n) //

²²

Pq
n //

²²

(qb, n) // 0

0 // (b,m− j) //

²²

D //

²²

(qb, n) // 0

0 0

where the middle row is given by an injective envelope of (b, n), the first column
is a sequence of type ξ above and D is the pushout. By Schanuel’s lemma we get
that D ' Pq

m−j ⊕ (qb, n−m + j).
Consider now the following commutative diagram where the first row is the last

row from the diagram above, the first column is again of the form ξ, and E is the
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pushout:

0

²²

0

²²
0 // (b,m− j) h //

i

²²

Pq
m−j ⊕ (qb, n−m + j)

p //

²²

(qb, n) // 0

0 // (b, m) //

²²

E //

²²

(qb, n) // 0

(b, j)

²²

(b, j)

²²
0 0

Let G be the covariant functor induced by the first column of this diagram, i.e.
given by the exact sequence

0 −→ ((b, j), ) −→ ((b,m), )
(i, )−→ ((b,m− j), ) −→ G −→ 0.

It is easy to check that for X an indecomposable module, [G(X)] 6= 0 if and only if
X ' (b, r) where r < m. Therefore if X is not of this type, all maps (b,m−j) −→ X
will factor through i. Since b 6= qb by assumption, the map h factors through the
map i and then the middle column splits. The middle row is then an exact sequence
of the form

0 −→ (b, m) −→ Pq
m−j ⊕ (qb, n−m + j)⊕ (b, j) −→ (qb, n) −→ 0,

which for r = m− j is of the form

0 −→ (b,m) −→ Pq
r ⊕ (b, m− r)⊕ (qb, n− r) −→ (qb, n) −→ 0.

We will denote these sequences by νr, r = 1, . . . , m− 1.
For m = n, let νm be the sequence

0 −→ (b,m) −→ Pq
m −→ (qb, m) −→ 0

where the first map is an injective envelope of (b, m). For m < n, let νm be the last
row of the previous diagram for j = 0, i.e.

0 −→ (b, m) −→ Pq
m ⊕ (qb, n−m) −→ (qb, n) −→ 0.

If m > n, one can similarly as above show that there are sequences of the form

νr : 0 −→ (b, m) −→ Pq
r ⊕ (b,m− r)⊕ (qb, n− r) −→ (qb, n) −→ 0

for r = 1, . . . , n.
Therefore, for b 6= qb, there are short exact sequences of the form νr,

r = 1, . . . , min{m,n}, starting in (b, m) and ending in (qb, n). We show in the
following proposition that the middle terms of the νr’s are the only possible middle
terms (up to isomorphism) when b 6= qb.

Proposition 3.4. Let

0 −→ (b,m)
f−→ X

g−→ (qb, n) −→ 0
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be a non-split exact sequence where b 6= qb. Then X is isomorphic to the module
Pq

r ⊕ (qb, n− r)⊕ (b,m− r) for some r = 1, . . . , min{m,n}.
Proof. By Lemma 3.1, X ' Pq

l⊕ (b, n1)⊕ (qb, n2) where 2l + n1 + n2 = m + n and
l ≤ min{m,n}. Since b 6= qb, the socle of (b,m), which is isomorphic to ρ0

m, is
contained in the kernel of the coordinate f3 : (b,m) −→ (qb, n2) of f . Since f is a
monomorphism, we get that ρ0

m must be a submodule of Pq
l ⊕ (b, n1). It follows

that l + n1 ≥ m.
Similarly, the image of the coordinate g2 : (b, n1) −→ (qb, n) of g is contained

in the socle of (qb, n). Since g is an epimorphism it follows that the top of (qb, n),
which is isomorphic to ρ0

n, must be a summand of the top of Pq
l⊕ (qn, n2), which

is isomorphic to ρ0
l+n2 . It follows that l + n2 ≥ n.

Now we have that 2l + n1 + n2 = m + n, l + n1 ≥ m and l + n2 ≥ n. Hence
m = l + n1, n = l + n2 and X is isomorphic to the middle term of a sequence of
the form νl, l = 1, . . . , min{m,n}. ¤

(3) Let us now consider Ext1((b, n), (b, m)) when b = qb.
It is clear that there are sequences of the form ξi, i = 1, . . . , min{m,n} and a
sequence of the form νmin{m,n} also in this case, but it is slightly more complicated
to see that we also have sequences of the form νr, r = 1, . . . , min{m,n}−1: Namely,
in the last diagram, we use that b 6= qb to show that h factors through i. Here we
have that b = qb, but h still factors through i as we will now see. Let us assume
that m ≤ n; the proof is dual for m > n. Consider this last diagram once more,
now for b = qb:

0

²²

0

²²
0 // (b,m− j) h //

i

²²

Pq
m−j ⊕ (b, n−m + j)

p //

²²

(b, n) // 0

0 // (b,m) //

²²

E //

²²

(b, n) // 0

(b, j)

²²

(b, j)

²²
0 0

Let h =
(
h1
h2

)
. Clearly, h1 factors through i. Note that the top of the middle term

of the first row is isomorphic to the top of the last term. Since p is an epimorphism
we get that Ker p is contained in the radical of the middle term. In particular,
Imh2 is contained in the radical of (b, n−m + j), which is isomorphic to ρ0

n−m+j .
But all maps (b,m − j) −→ ρ0 factor through i, since G(ρ0) = 0 (G is, as in (2),
the covariant functor induced by the first column). Consequently, the map h2 also
factors through i, and there are sequences of the form νr, r = 1, . . . min{m,n} also
in this case.

Therefore, for b = qb, there are sequences of the form

{ξi|i = 1, . . . , min{n, m}} and {νr|r = 1, . . . , min{n,m}}
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in Ext1((b, n), (b,m)), where ξi and νr are as in (1) and (2), respectively.
We have seen that the middle terms of the ξi’s are the only possible middle terms

(up to isomorphism) in case (1), and also that the middle terms of the νr’s are the
only possible middle terms (up to isomorphism) in case (2).

We will give here a full description of the middle terms of extensions of (b, m)
by (b, n) when b = qb. As we will see, in this case there are not just middle terms
of ξi’s and νr’s appearing.

Lemma 3.5. Given b = qb, there is an extension of the form

0 −→ (b, m) −→ Pq
r ⊕X −→ (b, n) −→ 0

for each 1 ≤ r < min{n,m} and each regular module X such that there is an exact
sequence of the form

0 −→ (b,m− r) −→ X −→ (b, n− r) −→ 0.

Recall that, by Lemma 3.1 and Proposition 3.3, if m ≤ n, then X is isomorphic
to (b,m − r − i) ⊕ (b, n − r + i) for i = 0, . . . , m − r, and, if m ≥ n, then X is
isomorphic to (b,m− r + i)⊕ (b, n− r− i) for some i = 0, . . . , n− r. In other words,
the extension of (b,m− r) by (b, n− r) above is of the form ξ.

Proof. The claim is proved by diagram chasing. For some 1 ≤ r < min{n,m},
consider the following diagram:

0

²²

0

0 // (b, r)
j //

i1

²²

Pq
r π //

f

$$IIIIIIIII (b, r)

OO

// 0

(b,m)

p1

²²

g
::uuuuuuuuu

(b, n)

p3

OO

0 // (b, m− r)
i2 //

²²

X
p2 // (b, n− r)

i3

OO

// 0

0 0

OO

where j is an injective envelope of (b, r), the columns and the last row are sequences
of the form ξ. The maps g and f exist since Pq

r is an injective and a projective
module, respectively.

It is easy to see that the map
(

g
i2p1

)
: (b,m) −→ Pq

r ⊕ X is
a monomorphism and the map (f, i3p2) : Pq

r ⊕X −→ (b, n) is an epimor-
phism by construction, but fg 6= i3p2i2p1 = 0. We shall find two maps,
h1 : (b,m) −→ X and h2 : X −→ (b, n) such that

(
g

i2p1+h1

)
: (b, m) −→ Pq

r ⊕X

is a monomorphism, (f, i3p2 + h2) : Pq
r ⊕X −→ (b, n) is an epimorphism and

fg = (i3p2 + h2)(i2p1 + h1). It will then follow that

0 −→ (b,m)
( −g

i2p1+h1
)−→ Pq

r ⊕X
(f,i3p2+h2)−→ (b, n) −→ 0

is an exact sequence, and our claim will be proved.
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Since p3fj = πj = 0, it follows that Im fj ⊆ Ker p3 = Im i3 and thus there
is a unique map w : (b, r) −→ (b, n − r) such that i3w = fj. Note that the
radical of (b, r) is contained in the kernel of fj, and hence is contained in the
kernel of w. Let w : (b, r)/ r(b, r) −→ (b, n − r) be such that w = wπr where
πr : (b, r) −→ (b, r)/ r(b, r) is a natural epimorphism. Consider the commutative
diagram

(b, r)/ r(b, r)

i′1
²²

(b, r)
πr

oo

i1

²²
(b,m)/ r(b,m) (b,m)

πm

oo

where πm is a natural epimorphism. Clearly, i1
′ is a split monomorphism. Let

j1
′ : (b, m)/ r(b,m) −→ (b, r)/ r(b, r) be such that j1

′i1′ is the identity map on
(b, r)/ r(b, r) and let w2 := wj1

′πm : (b,m) −→ (b, n− r).
Note that the image of fj is contained in the socle of (b, n). It is therefore easy

to see that the image of w2 is contained in the socle of (b, n− r). Now consider the
following commutative square:

soc X
sx //

p′2
²²

X

p2

²²
soc(b, n− r)

sn−r // (b, n− r)

where sn−r and sx are natural monomorphisms. Since X is a regular module, p′2 is
a split epimorphism . Let q′2 : soc(b, n− r) −→ soc X be such that p′2q

′
2 = id. Since

Imw2 ⊆ soc(b, n− r), we can define h1 : (b,m) −→ X by h1 = q′2w2. It follows that
p2h1 = w2.

Also note that h1 has the radical of (b,m) contained in its kernel. It follows that(
g

i2p1+h1

)
: (b,m) −→ Pq

r ⊕X is a monomorphism:
(

g
i2p1

)
: (b,m) −→ Pq

r ⊕X is a
monomorphism, so soc(Ker g) ∩ soc(Ker(i2p1)) = (0). However,

Ker(i2p1) ∩ soc(a,m) = soc(Ker(i2p1)) = soc(Ker(i2p1 + h1))

= Ker(i2p1 + h1) ∩ soc(a,m)
and consequently soc(Ker g)∩ soc(Ker(i2p1+h1)) = (0) and

(
g

i2p1+h1

)
is a monomor-

phism.
Now

fgi1 = fj = i3wπr = i3wj1
′πmi1 = i3w2i1 = i3p2h1i1.

Therefore (fg − i3p2h1)i1 = 0, and hence there is a unique map
v : (b,m− r) −→ (b, n) such that vp1 = fg − i3p2h1. Note that the radical of
(b,m−r) is contained in the kernel of v and also that the image of v is contained in
the socle of (b, n). Let v : (b,m− r)/ r(b, m− r) −→ (b, n) be such that v = vπm−r,
where πm−r : (b,m− r) −→ (b, m− r)/ r(b,m− r) is a natural epimorphism. Con-
sider the commutative diagram

(b, m− r)
i2 //

πm−r

²²

X

πx

²²
(b,m− r)/ r(b,m− r)

i′2 // X/ rX
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where πm−r and πx are natural epimorphisms. Since X is a regular module, i2
′

is a split monomorphism. Let the map j2
′ : X/ r X −→ (b,m− r)/ r(b, m− r) be

such that j2
′i2′ = id, and let h2 := vj2

′πx : X −→ (b, n). The image of h2 is
contained in the socle of (a, n), and similarly as above (in showing that

(
g

i2p1+h1

)
is

a monomorphism), the map (f, i3p2 + h2) : Pq
r ⊕X −→ (b, n) is an epimorphism.

Since
h2i2 = vj2

′πxi2 = vπm−r = v

we get equalities
h2i2p1 = vp1 = fg − i3p2h1.

The image of h1 is contained in the socle of X and the socle of X is contained in
the kernel of h2, so h2h1 = 0 and

fg = (i3p2 + h2)(i2p1 + h1)

as desired. ¤

We will now show that the middle terms which we have seen by now are the only
ones possible (up to isomorphism) for extensions of (b, m) by (b, n) when b = qb.

Proposition 3.6. Let b = qb and let

0 −→ (b,m)
f−→ X

g−→ (b, n) −→ 0

be an exact sequence.
If m ≤ n, then X is isomorphic to Pq

r ⊕ (b,m − r − i) ⊕ (b, n − r + i) for some
r = 0, . . . , m and i = 0, . . . ,m − r. Similarly, if m ≥ n, X is isomorphic to
Pq

r ⊕ (b,m− r + i)⊕ (b, n− r − i) for some r = 0, . . . , n and i = 0, . . . , n− r.

Proof. The claim clearly holds if the sequence is split, so assume that it is not split.
We give the proof for m ≤ n. The proof for m ≥ n is dual.

By Lemma 3.1, X is isomorphic to Pq
r ⊕ (b, n1)⊕ (b, n2) for some r, n1, n2 ∈ N

such that 2r + n1 + n2 = m + n and r ≤ m = min{m,n}. We shall first show
that if g is an epimorphism, then we must have r + max{n1, n2} ≥ n. Assume that
r + max{n1, n2} < n. Let g = (g3, g1, g2) : Pq

r ⊕ (b, n1)⊕ (b, n2) −→ (b, n) and let
n1 ≥ n2.

Let ΛKr denote, as usual, the Kronecker algebra and let
θ : mod(Λq/ soc Λq) −→ modΛKr be the stable equivalence between ΛKr and
Λq/ socΛq. Then (see [1]) θ(a,m) = R(a,m) is the indecomposable regular
ΛKr-module given as the representation

km
I
−→−→

Jm(a)

km

where I is the m×m-identity matrix, and Jm(a) is the Jordan block of size m with
eigenvalue a.

If n1 = n2 = 0, then r = n. Since we assume that r + max{n1, n2} < n and
n1 ≥ n2, we get 1 ≤ n1 < n and there is then an exact sequence of the form

0 −→ (b, n1)
i−→ (b, n) −→ (b, n− n1) −→ 0.

The map θ(g2) factors through the map θ(i) (see [1, VIII.7]), i.e. there is
a map h′2 : R(b,n2) −→ R(b,n1) such that θ(g2) = θ(i)h′2. But then the map
h2 := θ−1(h′2) : (b, n2) −→ (b, n1) is such that g2 − ih2 = w2 : (b, n2) −→ (b, n) is
zero in mod(Λq/ soc Λq), i.e. w2 factors through some projective Λq/ soc Λq-module
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(Λq/ soc Λq)
l, l ≥ 1. It follows that the image of w2 is contained in the radical of

(Λq/ soc Λq)
l and the radical of (Λq/ socΛq)

l is a semisimple module. Thus, the
image of w2 is contained in the socle of (b, n).

Similarly, using the equivalence θ, there exists a map h1 : (b, n1) −→ (b, n1) such
that g1 − ih1 = w1 : (b, n1) −→ (b, n) is zero in mod(Λq/ socΛq), and, similarly as
above, the image of w1 is then contained in soc(b, n). Therefore we have that

(g1 g2) = (i j)
(

h1 h2

w1 w2

)

where j is the natural inclusion soc(b, n) −→ (b, n). It follows that
Im(g1 g2) ⊆ Im(i j). Also (a, n)/ Im(i j) ' ρ0

n−n1 and hence ρ0
n−n1 is a sum-

mand of the top of (a, n)/ Im(g1 g2). Since r < n − n1 by assumption, it follows
that g cannot be an epimorphism. Thus, since g is an epimorphism by assumption,
we must have that r + max{m,n} ≥ n.

Assume now that n1 = m− r + j for some j > 0. It follows that n2 = n− r− j.
If n2 ≥ n1, we get that r + max{n1, n2} = r + n − r − j = n − j ≥ n, giving a
contradiction since j > 0 by assumption.

Therefore we must have n1 ≥ n2, and then r +max{n1, n2} = r +m− r + j ≥ n,
i.e. m+ j ≥ n. Let k ≥ 0 be such that n+k = m+ j. Note that k ≤ m− r (n2 < 0
otherwise, a contradiction). It follows that n1 = m − r + j = n − r + k and then
n2 = m− r − k, where 0 ≤ k ≤ m− r, and the claim is proved. ¤

4. Some virtual degenerations

Given two d-dimensional Λq-modules M and N it is easy, using the dimension
table for homomorphisms, to determine whether M ≤hom N or not. To decide
whether M ≤deg N is not that easy, especially if Pq is a summand of M , as we will
now see.

Assume that Pq is neither a summand of M nor a summand of N . Then M
and N are Λq/ soc Λq-modules, and Λq/ soc Λq is stably equivalent to ΛKr, the
Kronecker algebra. By [2, Section 5], degeneration- and hom-order coincide for
ΛKr-modules. And, by [5, Proposition 4.7], these two orders coincide then also for
Λq/ socΛq-modules, i.e. M ≤deg N if and only if M ≤hom N when Pq is not a
summand of M⊕N . In particular, we can always cancel common direct summands
in degenerations between modules of this type.

Using the characterization of a degeneration by existence of a Riedtmann-
sequence, it is easy to see that if Pq is a summand of N and M ≤deg N , then
Pq must be a summand of M too, and it can be cancelled from this degeneration
since it is a projective module. Therefore the only situation left to consider is
the following: given two d-dimensional Λq-modules M and N such that Pq is a
summand of M and M ≤hom N , does M virtually degenerates to N and does M
degenerates to N?

For q = −1, Carlson showed that Pq virtually degenerates to (a, 1)⊕ (b, 1) for all
a, b ∈ P1, but he argued that Pq cannot degenerate to each (a, 1)⊕ (b, 1). He used
the following argument: The dimension of the orbit of Pq, and its closure too, is 12
and the dimension of the orbit of (a, 1)⊕ (b, 1) when a 6= b is 10. Now the union of
orbits of (a, 1)⊕ (b, 1) for all a and b from P1 is a constructible set of the dimension
12, and therefore it cannot be contained in the closure of the orbit of Pq.
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In this section we shall give some virtual degenerations of this type, having
Pq as a direct summand of M . This is easy, one ”just” has to find some proper
Riedtmann-sequences and use transitivity. The more difficult part is to decide
whether or not it is possible to cancel common summands. This will be done in
the next section.

Proposition 4.1. For all n ≥ 2 and for all a ∈ P1, there is a degeneration

Pq ⊕ (a, n− 2)⊕ ρ0 ≤deg (a, n)⊕ ρ0,

and a degeneration

Pq ⊕ (a, n)⊕ (a, n− 2)⊕ ρ0 ≤deg (a, n + 1)⊕ (a, n− 1)⊕ ρ0 .

Proof. Let n = 2. Consider the following commutative diagram where the first row
is given by an injective envelope of (a, 1), and the second row is a sequence of the
form ζqa

+ from Subsection 3.1:

0 // (a, 1) //

²²

Pq //

²²

(qa, 1) // 0

0 // ρ0
// ρ1

// (qa, 1) // 0

We get induced an exact sequence of the form

0 −→ (a, 1) −→ Pq ⊕ ρ0 −→ ρ1 −→ 0,

and it follows that
Pq ⊕ ρ0 ≤deg (a, 1)⊕ ρ1

for all a.
Assume now that n ≥ 3 and consider the commutative diagram

0

²²

0

²²
0 // (a, 1)

j //

h

²²

Pq ⊕ ρ0 //

²²

ρ1
// 0

0 // (a, n− 1) //

²²

D //

²²

ρ1
// 0

(a, n− 2)

²²

(a, n− 2)

²²
0 0

where the first row is the sequence we got above, the first column is a sequence of
the form ξ and D is the pushout.

Note that [G(Pq ⊕ ρ0)] = 0 where G is the covariant functor induced by the first
column:

0 −→ ((a, n− 2), ) −→ ((a, n− 1), ) −→ ((a, 1), ) −→ G −→ 0.
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It follows that the map j factors through the map h. Consequently, the middle
column of the diagram splits, and D ' Pq ⊕ ρ0⊕(a, n − 2). The middle row now
gives that

Pq ⊕ (a, n− 2)⊕ ρ0 ≤deg (a, n− 1)⊕ ρ1

for all a and all n ≥ 3.
For n ≥ 2, we have ρ1⊕(a, n − 1) ≤hom (a, n) ⊕ ρ0 . Since degeneration- and

hom-order coincide for this type of modules by the remark at the beginning of this
section, we have a degenaration

ρ1⊕(a, n− 1) ≤deg (a, n)⊕ ρ0 .

By the transitivity of the degeneration order, we then get that for all a and all
n ≥ 2

Pq ⊕ (a, n− 2)⊕ ρ0 ≤deg (a, n)⊕ ρ0 .

The second degeneration from the proposition follows directly from here: there
is a degeneration Pq ⊕ (a, n − 1) ⊕ ρ0 ≤deg (a, n + 1) ⊕ ρ0 as we have seen above.
Clearly, we then have a degeneration

Pq ⊕ (a, n− 1)⊕ (a, n− 1)⊕ ρ0 ≤deg (a, n + 1)⊕ (a, n− 1)⊕ ρ0 .

Note that (a, n)⊕(a, n−2) degenerates to (a, n−1)⊕(a, n−1) (given by an almost
split sequence starting in (a, n− 1)). It follows that

Pq ⊕ (a, n)⊕ (a, n− 2)⊕ ρ0 ≤deg (a, n + 1)⊕ (a, n− 1)⊕ ρ0

for all a ∈ P1, n ≥ 2. ¤

Proposition 4.2. For all a, b ∈ P1 and all n ≥ 1,

(1) Pq
n ⊕ ρ0 ≤deg (a, 2n)⊕ ρ0

and
(2) Pq

n ⊕ ρ0 ≤deg (a, n)⊕ (b, n)⊕ ρ0 .

Proof. (1) Since for a ∈ P1 and each n ≥ 1 we have ρn⊕(a, n) ≤hom (a, 2n) ⊕ ρ0,
we get, similarly as before, that

ρn⊕(a, n) ≤deg (a, 2n)⊕ ρ0 .

On the other hand, from the diagram

0 // (a, n) //

²²

Pq
n //

²²

(qa, n) // 0

0 // ρ0
// ρn

// (qa, n) // 0

we get induced an exact sequence of the form

0 −→ (a, n) −→ Pq
n ⊕ ρ0 −→ ρn −→ 0,

and consequently
Pq

n ⊕ ρ0 ≤deg (a, n)⊕ ρn .

By transitivity of the degeneration order, it follows that

Pq
n ⊕ ρ0 ≤deg (a, 2n)⊕ ρ0

for all a ∈ P1.
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(2) As seen in Subsection 3.2, for each a ∈ P1 and each n ≥ 1, there is an exact
sequence of the form κn:

0 −→ ρn−1 −→ (a, n) −→ ρ0 −→ 0.

From the commutative diagram

0 // ρn−1
i // Pq

n // ρn
// 0

0 // ρn−1 // (a, n) //

OO

ρ0
//

OO

0

where the last row is an exact sequence of the form κn and i is an injective envelope,
we get induced an exact sequence of the form

0 −→ (a, n) −→ Pq
n ⊕ ρ0 −→ ρn −→ 0.

This gives that
Pq

n ⊕ ρ0 ≤deg (a, n)⊕ ρn

for all a.
Also, for each b ∈ P1 and each n ≥ 1 we have ρn ≤hom (b, n) ⊕ ρ0, and conse-

quently ρn ≤deg (b, n)⊕ρ0 for all b. By transitivity of degeneration order, it follows
that

Pq
n ⊕ ρ0 ≤deg (a, n)⊕ (b, n)⊕ ρ0

for all a, b ∈ P1. ¤

5. Cancelling common summand?

We start by giving two lemmas which will be used in the proofs of the main
results in this section, Theorems 5.3 and 5.4.

Lemma 5.1. Given two d-dimensional Λq-modules M and N such that M <deg N ,

let 0 −→ U
f−→ U ⊕ M

g−→ N −→ 0, where g is right minimal, be a
Riedtmann-sequence giving this degeneration. If ρs+1 is not a summand of N ,
[ρs+2, N ]− [ρs+2,M ] = 1 and [ρs+1, N ]− [ρs+1,M ] = 1, then ρs is not a summand
of U . In particular, if N is a regular module and [ρs, N ]− [ρs,M ] = 1 for all s ∈ Z,
then U is a regular module.

Proof. Let δ be the finitely presented contravariant functor induced by the se-
quence above, and let s ∈ Z be such that ρs+1 is not a summand of N and
[ρs+i, N ]− [ρs+i,M ] = 1 for i = 1, 2. Assume that ρs is a summand in U .

Since [δ(ρs+2)] = 1, there is a nonzero map h : ρs+2 −→ N which does not factor
through the map g. It follows that p(h) 6= 0 in δ(ρs+2), where p is the natural
epimorphism

0 −→ ( , U)
( ,f)−→ ( , U ⊕M)

( ,g)−→ ( , N)
p−→ δ −→ 0

By Yoneda’s lemma we have

δ(ρs+2)
φ
∼→ Hom(( , ρs+2), δ)

and so φ(p(h)) : ( , ρs+2) −→ δ is nonzero and 0 6= Im φ(p(h)) ⊂ δ is a subfunctor of
δ. Note that since [δ(ρs+2)] = 1, any non-zero element from δ(ρs+2) will generate
the same subfunctor, Im φ(p(h)), in δ. We call this subfunctor 〈ρs+2〉. Note also
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that 〈ρs+2〉 has a simple top Fρs+2 since, by definition of 〈ρs+2〉, we have an exact
sequence of functors

( , ρs+2) −→ 〈ρs+2〉 −→ 0.

Consider the almost split sequence having ρs+2 as a summand in the middle
term:

0 −→ ρs+1
j−→ ρs+2

2 ⊕ Z
π−→ ρs+3 −→ 0.

Note that Z = (0) except for s+1 = −1 as we have seen before. If s+1 = −1 then
Z = Pq, and in both cases δ(Z) = (0).

By assumption, [δ(ρs+1)] = 1 and there is a nonzero map u : ρs+1 −→ N
which does not factor through the map g. This map cannot be a split monomor-
phism since ρs+1 is not a summand of N by assumption. Therefore there is a map
u′ : ρs+2

2 ⊕ Z −→ N such that u = u′j. Now u′ does not factor through the map
g either, and p(u′) is a nonzero element in

δ(ρs+2
2 ⊕ Z) = δ(ρs+2

2)
φ
∼→ Hom(( , ρs+2

2), δ),

where the last isomorphism is again by Yoneda’s Lemma. Therefore the map

φ(p(u′)) = (φ(p(u′))1, φ(p(u′))2) : ( , ρs+2
2) −→ δ

is nonzero and it follows that at least one of φ(p(u′))i is nonzero. Then the image
of φ(p(u′)) in δ is the unique subfunctor 〈ρs+2〉, and it contains

0 6= Im φ(p(u)) = 〈ρs+1〉 ⊆ 〈ρs+2〉
by construction. Note that 〈ρs+1〉 6= 〈ρs+2〉 since the top of 〈ρs+1〉 is Fρs+1 and the
top of 〈ρs+2〉 is Fρs+2 . Hence 〈ρs+1〉 is a proper nonzero subfunctor of 〈ρs+2〉, and
〈ρs+2〉 is consequently not a simple functor. Summing up, we have

0 < [〈ρs+2〉(ρs+2)] ≤ [δ(ρs+2)] = 1,

the top of 〈ρs+2〉 is Fρs+2 and 〈ρs+2〉 is not simple. It follows that Fρs+2 can-
not be a summand in the socle of 〈ρs+2〉, and hence not in the socle of δ since
[〈ρs+2〉(ρs+2)] = [δ(ρs+2)] = 1. Therefore ρs cannot be a summand of U by Propo-
sition 2.2. ¤

The second lemma we need is the following.

Lemma 5.2. Given 0 6= n ∈ N and some Λq-module N such that Pq
n <deg N ,

let 0 −→ U
f−→ U ⊕ Pq

n g−→ N −→ 0, where g is right minimal, be a
Riedtmann-sequence giving this degeneration. If there is some x ∈ P1 such that
[(x, i), Pq

n] = [(x, i), N ] for all i ∈ N, then U is a regular module.

Proof. Recall (Subsection 3.1) that for each s ∈ Z and each y ∈ P1, there is an
exact sequence

0 −→ ρs
j−→ W ⊕ ρs+1 −→ (y, 1) −→ 0

of the form ζy where W = Pq when s < 0 and W = 0 otherwise. Consider the
exact sequence of covariant functors induced by this sequence:

0 −→ ((y, 1), ) −→ (W ⊕ ρs+1, )
(j, )−→ (ρs, ) −→ Gy −→ 0.

We have that [Gy(ρt)] = 0 for t < s and that [Gy(t)] = 1 for t ≥ s. It follows that for
t < s, all maps ρs −→ ρt will factor through the map j, as will all nonisomorphisms
ρs −→ ρs. Also note that [Gy(x, m)] = 0 for all m when x 6= y, so that all maps
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ρs −→ (x,m), will also factor through j for x 6= y. All maps ρs −→ Pq
m, for all

m > 0, will, of course, also factor through j since Pq is injective.
Assume that Pq

n <deg N and that there is some element x ∈ P1 such that

[(x, i), Pq
n] = [(x, i), N ] for all i ∈ N. Let 0 −→ U

f−→ U ⊕ Pq
n g−→ N −→ 0 be a

Riedtmann-sequence giving this degeneration, with the map g right minimal, and δ
the contravariant functor induced by this sequence. By Corollary 2.3, (x, i) cannot
be a summand in U for any i, since [δ(x, i)] = 0 for all i by assumption.

Suppose there is some s ∈ Z such that ρs is a summand in U .
Let sm = max{si| ρsi

is a summand of U} and U = ρsm
r ⊕ U ′, where ρsm is not a

summand of U ′ and r ≥ 1. Consider the commutative diagram

0

²²

0

²²
0 // (ρsm

r−1 ⊕ U ′)⊕ ρsm

(1 0
0 j)

²²

f // U ⊕ Pq
n

²²

g // N // 0

0 // (ρsm
r−1 ⊕ U ′)⊕W ⊕ ρsm+1

²²

// D

²²

// N // 0

(x, 1)

²²

(x, 1)

²²
0 0

where the first column is ζx with ρsm
r−1 ⊕ U ′ added to the first and the second

term with the identity map between them, the first row is the Riedtmann-sequence
we started with and D is the pushout. Now U ′ has no summand of the form (x, i),
as we have seen; if ρs is a summand of U ′ then s < sm and no coordinate of f is an
isomorphism ρsm −→ ρsm by assumption (since g is right minimal). Moreover, Pq

n

is injective. It follows that f factors through
(
1 0
0 j

)
, and consequently the middle

column splits and D ' U ⊕ Pq
n ⊕ (x, 1).

Let δ′ be the contravariant functor induced by the second row. By the 5-lemma
we get induced a surjection δ −→ δ′, and so

[δ]− [δ′] = [ , N ]− [ , Pq
n]− [ , N ⊕W ⊕ ρsm+1] + [ , ρsm ⊕ (x, 1)⊕ Pq

n]

= [ , ρsm ⊕ (x, 1)]− [ ,W ⊕ ρsm+1].
But [(x, 1), ρsm ⊕ (x, 1)]− [(x, 1),W ⊕ρsm+1] = 1 while [δ(x, 1)] = 0 by assumption,
so we have a contradiction. Therefore U has no summand of the form ρs. ¤

We have the following result on cancelling a common summand from the degen-
erations in Proposition 4.1.

Theorem 5.3. Given n ≥ 2, we have

(1) Pq ⊕ (a, n− 2) ≤deg (a, n)

and
(2) Pq ⊕ (a, n− 2)⊕ (a, n) ≤deg (a, n− 1)⊕ (a, n + 1)

if and only if a = qa.
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Proof. Assume a ∈ P1 is such that a = qa. Recall (Subsection 3.3) that in this case
there is a sequence of the form ν1 which for m = n− 1 becomes

0 −→ (a, n− 1) −→ (a, n− 1)⊕ Pq ⊕ (a, n− 2) −→ (a, n) −→ 0.

It follows that Pq ⊕ (a, n− 2) ≤deg (a, n) when a = qa.
It is not difficult to see that if there is a degeneration of the type (1) from the

theorem, then there is a degeneration of the type (2) too: we have

Pq ⊕ (a, n− 2)⊕ (a, n) ≤deg Pq ⊕ (a, n− 1)⊕ (a, n− 1) ≤deg (a, n− 1)⊕ (a, n + 1)

where the first degeneration comes from an almost split sequence starting in
(a, n− 1) and the second degeneration is of type (1). Thus, Pq ⊕ (a, n− 2)⊕ (a, n)
degenerates to (a, n − 1) ⊕ (a, n + 1) if a = qa. Hence, for q = 1, there are degen-
erations (1) and (2) for each a, while for q 6= 1 we have these degenerations when
a = 0 or ∞.

Now assume that we also have a degeneration Pq⊕(a, n−2) ≤deg (a, n) for some
a /∈ {0,∞} when q 6= 1 and let

η : 0 −→ U −→ U ⊕ Pq ⊕ (a, n− 2) −→ (a, n) −→ 0

be a Riedtmann-sequence giving this degeneration with the last map right minimal.
By Lemma 5.1, U cannot have any summand of the form ρs, and so by Corollary
2.3 all summands of U must be of the form (a, ni). Hence, U ' ⊕i(a, ni). Note that
η =

∑
i ηi, where ηi ∈ Ext1((a, n), (a, ni)), and the middle term of η is a submodule

of the direct sum of middle terms of ηi’s.
By Lemma 3.2, an extension of (a, n) by (a, ni) cannot have Pq as a summand

in the middle term when a 6= qa (as is the case here). It follows that η cannot have
Pq as a summand in the middle term either, a contradiction.

In the same way as above, using Lemma 5.1 and Lemma 3.2, one can show that
Pq ⊕ (a, n− 2)⊕ (a, n) 6≤deg (a, n− 1)⊕ (a, n + 1) if a 6= qa. ¤

We have the following result on cancelling of a common summand from degen-
erations in Proposition 4.2.

Theorem 5.4. (1) Pq
n ≤deg (a, 2n) ⇔ a = qa;

(2) Pq
n ≤deg (a, n)⊕(b, n) ⇔

{
b = q±1a , n odd;
b = q±1a or (a = qa and b = qb) , n even.

Proof. (1) If a = qa, recall (Subsection 3.3) that there is a sequence of the form νn:

0 −→ (a, n) −→ (a, n)⊕ Pq
n −→ (a, 2n) −→ 0.

Consequently, Pq
n ≤deg (a, 2n) if a = qa.

Assume now that Pq
n ≤deg (a, 2n) for some a 6= qa, i.e. a /∈ {0,∞} when q 6= 1.

Let
0 −→ U −→ U ⊕ Pq

n −→ (a, 2n) −→ 0

be a Riedtmann-sequence giving this degeneration. We can assume that the second
map is right minimal. Let δ be the contravariant functor induced by this sequence.
Note that [δ(x,m)] 6= 0 if and only if x = a. By Lemma 5.2, we get that each
indecomposable summand of U is of the form (x, n) for some x ∈ P1 and n ∈ N, and
then by Corollary 2.3 each indecomposable summand of U is of the form (a,mi).
Similarly as in the proof of the previous theorem, using Lemma 3.2, we get a
contradiction and part (1) of the theorem is proved.
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Part (2): It is easy to see that Pq
n ≤deg (a, n) ⊕ (b, n) for b = q±1a; this

degeneration is given by a sequence

0 // (q−1a, n) // Pq
n // (a, n) // 0

where the second map is a projective cover. For n even, say n = 2m, we know from
(1) that Pq

m ≤deg (a, 2m) if a = qa. It follows by the transitivity of degenerations
that

Pq
2m ≤deg (a, 2m)⊕ (b, 2m)

when a = qa and b = qb. We want to show that these are the only possible
degenerations of this type.

Assume that b 6= q±1a and that Pq
n ≤deg (a, n)⊕ (b, n), i.e there exists an exact

sequence η of the form

η : 0 // U // U ⊕ Pq
n // (a, n)⊕ (b, n) // 0

with the last map right minimal. Since [(x, i), Pq
n] = [(x, i), (a, n) ⊕ (b, n)] for

x 6= a, b we get that no indecomposable module of the form (x, i), for x /∈ {a, b},
can be a direct summand of U . Moreover, by Lemma 5.2, we get that U has no
summand of the form ρs. It follows that U = (⊕i(a,mi)) ⊕ (⊕j(b,mj)). Clearly,
η ∈ Ext1((a, n)⊕ (b, n), U).

(I) Assume first that a 6= b. Since b 6= q±1a by assumption, we get

Ext1((a, n)⊕ (b, n), U) =
⊕

i

Ext1((a, n), (a,mi))⊕
⊕

j

Ext1((b, n), (b,mj)).

Therefore, we have η = η1 + η2, where η1 ∈ ⊕
i Ext1((a, n), (a, mi)) and η2 ∈⊕

j Ext1((b, n), (b,mj)). Let Xi be the middle term of ηi for i = 1, 2. Also, denote
⊕i(a,mi) by A, and ⊕j(b,mj) by B, so that

η1 : 0 −→ A −→ X1 −→ (a, n) −→ 0,

η2 : 0 −→ B −→ X2 −→ (b, n) −→ 0

and
η : 0 −→ A⊕B︸ ︷︷ ︸

U

−→ X1 ⊕X2︸ ︷︷ ︸
U⊕Pq

n

−→ (a, n)⊕ (b, n) −→ 0.

Assume that n = 2m + 1, an odd integer. Then

X1 ⊕X2 = A⊕B ⊕ Pq
2m+1

by assumption and it follows that Pq
m+1 must be a summand of X1 or of X2.

Assume that it is a summand of X2 (similarly if it is a summand of X1), i.e.
X2 = Pq

m+1 ⊕X2
′. If l(Z) denotes the length of a module Z, then we have

l(b, n) + l(B) = l(X2) = l(Pq
m+1) + l(X2

′).

Since l(b, n) = 2n and l(Pq
m+1) = 2n + 2, we get that l(X2

′) < l(B). Now
X1⊕X2 = A⊕B⊕Pq

2m+1 by assumption, so there must be some summand of B,
(b,mj), which is a summand of X1, i.e. X1 = (b,mj)⊕X ′

1. Write the sequence

η1 : 0 −→ A −→ X1 −→ (a, 1) −→ 0
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as an exact square:

A
β //

α

²²

X ′
1

α′

²²
(b,mj)

β′ // (a, 1)

The kernel of β′ must contain soc(b,mj) (since b 6= a) and then also the kernel of β
must contain it. Moreover, since A = ⊕i(a,mi), the socle of A must be contained
in the kernel of α. But then

(
α
β

)
cannot be an injective map, a contradiction.

Assume now that n = 2m, an even integer, and a 6= qa or b 6= qb. We still
assume that b 6= q±1a. By assumption, X1⊕X2 = A⊕B⊕Pq

2m. As we have seen
above, no summand of A can be a summand of X2, and no summand of B can be
a summand of X1. Therefore we get X1 = A ⊕ Pq

m and X1 = B ⊕ Pq
m, and it

follows from the sequences η1 and η2 that Pq
m ≤deg (a, 2m) and Pq

m ≤deg (b, 2m),
respectively. By part (1) of this theorem, it follows that a = qa and b = qb, which
contradicts our assumptions.

(II) For q 6= 1, assume that a = b. Our U from the exact sequence η is of
the form ⊕i(a,mi), and η = η1 + η2 where η1, η2 ∈

⊕
i Ext1((a, n), (a,mi)). Now

η1 =
∑

i η1,i, where

η1,i : 0 −→ (a, mi) −→ X1,i −→ (a, n) −→ 0.

Since a = b 6= q±1a by assumption, Pq is not a summand of X1,i for any i by
Lemma 3.2. Since X1 is a submodule of ⊕iX1,i, Pq is not a summand of X1 either
and similarly for X2. The middle term of η = η1 + η2 is a factor of X1 ⊕X2, and
it has Pq as a summand giving a contradiction.

Therefore Pq
n ≤deg (a, n) ⊕ (b, n) only in the situations given in the Theorem.

¤
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