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Abstract

For 2-categories 2C we define a notion of associated charted 2C-bundles and
2K-theories. For the 2-category of 2-vector spaces in the sense of M.M.
Kapranov and V.A. Voevodsky this gives the 2K-theory of N.A. Baas, B.I.
Dundas and J. Rognes. When the 2-category is good, we prove that its
2-nerve is a classifying space for the associated charted 2C-bundles. In the
process of proving this result we develop a lot of powerful machinery which
may be useful in further studies of 2-categorical topology. As a corollary
we get a new proof of the classification of principal bundles. As another
corollary it follows that if we take the 2-category to be the 2-vector spaces
introduced by J.C. Baez and A.S. Crans, then the associated 2K-theory is
just two copies of ordinary K-theory.

1 Introduction.

This paper is concerned with theoretical results on topological 2-categories,
and applications of theory this theory to 2-vector bundles.

The bulk of the paper discusses the theory of bundles corresponding to
a topological 2-category. The intuition behind this is as follows. Transition
functors of a bundle on a space X should be given by transition data on a
covering of X. Since we are interested in topological 2-categories, we insist
that these data are given by continuous functions. A refinement of the given
covering should give rise to data on the refinement, and the resulting 2-
bundle should be considered equivalent to the original one. Finally, we want
concordant 2-bundle data to give equivalent 2-bundles. We formalize this in
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section 2 as the concept of charted 2C-bundles. For each 2-category 2C and
each space X we obtain a set of concordance classes of charted 2C-bundles.
This set is functorial in both 2C and in X in the usual way.

A discrete 2-category has a 2-nerve (or geometric nerve), which is a sim-
plicial set, [Dus02]. There are obvious generalizations of these nerves to topo-
logical 2-categories, which produce simplicial spaces. A charted 2-bundle is
the same as a simplicial map from the simplicial space given by a covering
to the geometric nerve of the 2-category.

We want to show that homotopy classes of maps fromX to the realization
of this topological space corresponds bijectively to concordance classes of
charted 2-bundles. That is, we want to show that the realization of the
topological nerve is a classifying space for the charted 2-bundles. In the
classical 1-category situation, this is true for instance for the special case of
topological groupoids. In analogy, we would like to have that the nerve is
a classifying space at least for topological 2-groupoids, whatever that term
would mean.

In section 3 we discuss the concept of a classifying space. We emphasize
that in order to name something a classifying space, one should know what
this space classifies. We show that the nerve of a good topological 2-category
is indeed a classifying space for charted 2-bundles.

The theory of the first three sections is used in section 4 to study the
2-vector spaces defined by J.C. Baez and A.S. Crans in [BC04]. This corre-
sponds to the concordance classes of charted bundles for a nice topological
2-groupoid, so it is determined by the realization of its nerve. We show
that this nerve is homotopy equivalent to the product of two copies of the
classifying space of ordinary K-theory, so the concordance classes of these
2-vector bundles are the same as pairs of concordance classes of ordinary
vector bundles.

This can be seen as a negative result, in the sense that these 2-vector
bundles are not related to elliptic cohomology. Clearly there may be other in-
teresting 2-categories to consider together with their associated 2K-theories
in the above sense. Therefore we think that the general setting developed
here may be useful in such studies. In particular, there might exist a 2-
groupoid giving a 2K-theory of chromatic filtration 2.

We point out that N.A. Baas, B.I. Dundas and J. Rognes have intro-
duced an alternative concept of 2-vector bundles [BDR04], based on M.M.
Kapranov and V.A. Voevodsky’s notion of 2-vector space [KV94]. The asso-
ciated 2K-theory is represented by the infinite loop space K(ku), which is
of essential chromatic filtration 2, as is elliptic cohmology.

The last five sections are more technical. They deal with facts which
are used in the proofs of the statements of section 3. In section 5 we study
the following problem. Suppose that Z• is a simplicial space. By applying
the simplicial functor degreewise, we get a bisimplicial set. Let us diago-
nalize this bisimplicial set. What are the reasonable conditions on Z• that
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ensure that this diagonal simplicial set has the Kan property? The answer
to this question (theorem 5.3) is then used to study the geometric nerve of
a topological 2-groupoid.

In section 6 we provide criteria for what we think a good and sufficiently
fibrant topological 2-groupoid should be. The main criteria for sufficiently
fibrant are that the source and target maps should be Serre fibrations for
both 1-morphism and 2-morphisms, and that all structure used to define the
2-groupoid structure (including the equivalence of category structure) should
be given by continuous maps.

In section 7 we generalize the concept of concordance classes by replac-
ing the geometric nerve of a topological category with an arbitrary simpli-
cial space. We give some general properties (homotopy invariance, exact
sequence, gluing) for such generalized concordance classes.

In section 8 we assume that Z• is a simplicial space that satisfies the
relevant Kan condition. In theorem 8.1 we show that for such simplicial
spaces, concordance classes of maps from the topological space X into Z•
are classified by homotopy classes of maps from X to the realization |Z•|.

In section 9 we finish the proof of theorem 8.1. In particullar we use
Quillen’s small object argument to eliminate the assumption that Z• has to
satisfy the topological Kan condition.

By a 2-category we mean what is sometimes called a bicategory [Bén67],
or a weak 2-category, i.e. where the associativity conditions of the composi-
tion is relaxed. We specify strict 2-categories when we need them.

2 Charted 2C-bundles

In this section we formulate equivalent ways to define a charted 2C-bundle.
Here 2C will be a topological 2-category. Also the objects are allowed to
form topological spaces. This includes discrete (or ordinary) 2-categories as
a special case, i.e. when the spaces of objects, 1- and 2-morphisms have the
discrete topology.

We start with an explicit definition which specializes to the charted 2-
vector bundles of [BDR04] for a suitably chosen 2C. An ordered open cover
(U , I) of a topological space X, as defined in [BDR04], is a cover U of X
indexed by a partially ordered set I that restricts to a total ordering on
each finite subset {α0, . . . , αk} of I whenever Uα0···αk = Uα0 ∩ · · · ∩ Uαk
is nonempty. A cover U is good if each finite intersection Uα1···αk is either
empty or contractible.

Definition 2.1 Let X be a topological space, and let 2C be a topological 2-
category. A charted 2C-bundle E over X consists of an ordered open cover
(U , I) together with

(1) for each α in I a continuous map V α : Uα → Obj(2C), and
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(2) for each α < β a continuous family of 1-morphisms in 2C

Eαβ : V α → V β ,

and

(3) for each α < β < γ a continuous family of 2-morphisms in 2C

φαβγ : Eαγ ⇒ Eβγ ∗ Eαβ ,

such that

(4) the diagram

Eγδ ∗ (Eβγ ∗ Eαβ)
α +3 (Eγδ ∗ Eβγ) ∗ Eαβ

Eβδ ∗ Eαβ
φβγδ∗1

KS

Eαδ
φαβδks φαγδ +3 Eγδ ∗ Eαγ

1∗φαβγ
KS

commutes over Uαβγδ, for each chain α < β < γ < δ in I. The 2-
morphism α is the natural associativity isomorphism of the 2-category
2C.

As we shall see in the following examples, it is often possible to interpret
V α, Eαβ , and φαβγ as bundles of objects, 1-morphisms, and 2-morphisms
respectively.

Example 2.2 Recall from [MS00, section 3.1] the notion of a local bundle
gerbe. This fits into our framework as follows. Let 2G be the topological 2-
category with Obj(2G) = ∗, 1 Mor(2G) = CP∞, and interpreting s, t ∈ CP∞
as complex lines in C∞, a 2-morphism φ : s ⇒ t is the same as a linear
isomorphism between these lines. Given lines l = [z1, z2, z3, . . .] and l′ =
[z′1, z

′
2, z

′
3, . . .] their tensor product is defined as the collection of all products

ziz
′
j, i.e. l ⊗ l′ = [z1z′1, z2z

′
1, z1z

′
2, z1z

′
3, z2z

′
2, z3z

′
1, . . .]. This gives a map

CP∞×CP∞ → CP∞, and we use this as the composition of 1-morphisms in
2G. Recall that CP∞ classifies complex line bundles. Hence our Eαβ’s are
complex line bundles over Uαβ. Moreover, each φαβγ is a bundle isomorphism
between Eαγ and Eβγ ⊗ Eαβ. These correspond to the trivializations θαβγ
in [MS00].

Example 2.3 Based on the 2-vector spaces of [KV94] we define a topolog-
ical 2-category 2KVpt(n) as follows: Set Obj(2KVpt(n)) = ∗, and let the
1-morphisms be the space of n× n-matrices of complex Grassmanians∐(

Gr(aij)
)n
i,j=1
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where the disjoint union runs over all invertible n×n-matrices (aij) consist-
ing of non-negative integers. Thus a map Eαβ : Uαβ → 1 Mor(2KVpt(n)) is
an n× n-matrix (Eαβij ) of complex vector bundles such that det(dimEαβij ) =
±1. The 2-morphisms are defined as matrices of linear isomorphisms, and
the composition, ∗, of 1-morphisms is defined as reverse matrix multiplica-
tion using the exterior ⊗ of Grassmanians as product between matrix entries,
and ⊕ as sum. This recovers the definition of charted 2-vector bundles given
in [BDR04]. Their composition · is dual to our ∗, and our φαβγ is the inverse
of theirs.

Example 2.4 (String bundles) Let 2S be Tillmann’s 2-category of closed
strings, oriented cobordisms and their diffeomorphisms. It is easy to show
that Con(X,∆2S) ∼= Con(X,N•C2), where C2 is Madsen and Weiss’ topo-
logical oriented cobordism category. Moreover, they show that |N•C2| '
Ω∞−1CP∞−1. Hence, this space classifies string bundles.

To an ordered cover (U , I) of X we associate the Čech complex Č•, the
ordered Čech complex U• and Segal’s topological category XU . These are
defined as follows: Č• and U• are 1-coskeletal simplicial spaces (and thus
determined by their 0- and 1-simplices, see [Bek04, proposition 3.1]). We
define Č0 and Č1 to be ∐

α

Uα and
∐
α,β

Uαβ

respectively. U• is the sub-simplicial space of Č• having the same 0-simplices,
but the 1-simplices being the disjoint union of all Uαβ ’s with α ≤ β. The
space of objects of XU is the disjoint union of all US where S is a finite set
of indices. The space of morphisms is the disjoint union of US over all pairs
R ⊆ S, with S as above. The source map forgets R, and the target map is
induced from the inclusions US ⊆ UR.

From [DI04, theorem 2.1, proposition 2.6 and proposition 2.7] we have
that the spaces |Č•|, |U•| and |N•XU | all are weakly equivalent to X via the
natural maps. The bars | − | denote geometric realization.

Recall from [Str87], [BC03], or [Dus02], the notion of the geometric nerve
∆2C of 2C. It is well-defined for discrete 2-categories. ∆2C has 0-simplices
the objects x0 of 2C. The 1-simplices are the 1-morphisms x0

x01−−→ x1 of 2C,
and the 2-simplices are triangles

x1

x12

!!C
CC

CC
CC

C

x0

x01

=={{{{{{{{
x02

//

x012

KS

x2

where x012 is a 2-morphism x02 ⇒ x12 ∗ x01. For n ≥ 3 the n-simplices
are built from 2-simplices, such that for each subtetrahedron the obvious
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coherence condition for 2-morphisms is satisfied. The geometric nerve is 3-
coskeletal. The definition extends to the cases where 2C is topological or
simplicial, and then ∆2C becomes a simplicial space or a bisimplicial set
respectively.

Definition 2.5 To an ordered cover (U , I) of X we can also associate a
topological 2-category 2XU . Let the space of objects be the disjoint union∐
Uα, and we denote an object by xα where x ∈ Uα. We define a space of

generators for the 1-morphisms to be the disjoint union
∐
α<β Uαβ, and we

denote such generating 1-morphisms by

xαβ : xα → xβ .

Let 2̃XU be the smallest topological 2-category having objects as above, and
containing the space of generators inside its 1-morphisms, and such that
continuous strict 2-functors from 2̃XU into an arbitrary topological 2-category
2C are in one-to-one correspondence with commutative diagrams∐

Uα −−−−→ Obj 2C

source
x xsource∐

α<β Uαβ −−−−→ 1 Mor 2C

target
y ytarget∐
Uα −−−−→ Obj 2C

.

In 2̃XU the 1-morphisms are parenthesized words of generators, whereas the
2-morphisms consist only of the associators switching the parenthesizing. For
example if α < β < γ < δ < ε and x ∈ Uαβγδε, then all the following
expressions are different 1-morphisms:

xαβ , xαγ , xβγ ∗ xαβ , (xγδ ∗ xβγ) ∗ xαβ ,
xγδ ∗ (xβγ ∗ xαβ), (xδε ∗ xγδ) ∗ (xβγ ∗ xαβ) .

Observe that any 1-morphism f : xα0 → xαk in 2̃XU has an associated chain
α0 < α1 < · · · < αk in I, i.e. f is a parenthesizing of xαk−1αk ∗ · · · ∗ xα1α2 ∗
xα0α1 for some x ∈ Uα0···αk .

Now define 2XU to be the topological 2-category with the same objects
and 1-morphisms as 2̃XU , but having additional 2-morphisms. Suppose we
have two 1-morphisms f : xα0 → xαk and g : yβ0 → yβl. Define the space of
2-morphisms f ⇒ g in 2XU to be empty unless

x = y in X,

α0 = β0 and αk = βk, and
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the chain α0 < α1 < · · · < αk is a refinement of β0 < β1 < · · · < βk.

In that case 2 Mor(f, g) is a single point. We denote the unique 2-morphism
xαγ ⇒ xβγ ∗xαβ by xαβγ. Observe that any 2-morphism in 2XU can be built,
using vertical and horizontal composition, from associators and forgetting the
middle element 2-morphisms, xαβγ.

Theorem 2.6 Let (U , I) be an ordered open cover over X. Then there are
one-to-one correspondences between

charted 2C-bundles over X subordinate to the given ordered open cover,

continuous strict 2-functors 2XU → 2C, and

simplicial maps U• → ∆2C.

Proof: The proof is to inspect the definitions. Assume that α < β < γ < δ
in I. From a strict 2-functor F we recover V α, Eαβ and φαβγ of the charted
2C-bundle at a point x in Uα, Uαβ , or Uαβγ by restricting F to the object, 1-
morphism, or 2-morphism xα, xαβ , and xαβγ respectively. To get the cocycle
condition at a point x in Uαβγδ consider how F transforms the top diagram
of 2-morphisms in 2XU into the bottom diagram of 2-morphisms in 2C:

xγδ ∗ (xβγ ∗ xαβ)

F

��
�O
�O
�O
�O
�O
�O
�O
�O
�O
�O
�O
�O
�O
�O

α +3 (xγδ ∗ xβγ) ∗ xαβ

F

��
�O
�O
�O
�O
�O
�O
�O
�O
�O
�O
�O
�O
�O
�O

xγδ ∗ xαγ

F

��
�O
�O
�O
�O
�O
�O
�O
�O
�O
�O
�O
�O
�O
�O

1∗xαβγ
2:llllllllllll

llllllllllll
xβδ ∗ xαβ

F

��
�O
�O
�O
�O
�O
�O
�O
�O
�O
�O
�O
�O
�O
�O

xβγδ∗1

dl RRRRRRRRRRRR

RRRRRRRRRRRR

xαδ

F

��
�O
�O
�O
�O
�O
�O
�O
�O
�O
�O
�O
�O
�O
�O

xαγδ

go XXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

XXXXXXXXXXXXXXXXXXXXXXXXXXXXXX

xαβδ
/7ffffffffffffffffffffffffffffff

ffffffffffffffffffffffffffffff

Eγδ ∗ (Eβγ ∗ Eαβ)
α +3 (Eγδ ∗ Eβγ) ∗ Eαβ

Eγδ ∗ Eαγ

1∗φαβγ
2:llllllllllll

llllllllllll
Eβδ ∗ Eαβ

φβγδ∗1

dl RRRRRRRRRRRR

RRRRRRRRRRRR

Eαδ
φαγδ

go XXXXXXXXXXXXXXXXXXXXXXXXXXXXX

XXXXXXXXXXXXXXXXXXXXXXXXXXXXX

φαβδ
/7fffffffffffffffffffffffffffff

fffffffffffffffffffffffffffff

.

From a charted 2C-bundle one can construct F by first defining it on
objects, 1-morphisms, and 2-morphisms of the form xα, xαβ , and xαβγ . We
know that 2XU is generated by these 1- and 2-morphisms, and the associa-
tors. Thus the strict functor F is uniquely determined by the data above.
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A map U• → ∆2C is uniquely determined by the maps of k-simplices for
k ≤ 3. For the correspondence to charted 2C-bundles the map on 0-simplices,
1-simplices, and 2-simplices give the V α’s, the Eαβ ’s, and the φαβγ ’s respec-
tively. The coherence condition on tetrahedrons in ∆2C corresponds to the
cocycle condition of the charted 2C-bundle. �

Lemma 2.7 Let (U , I) be an ordered open cover of X, then U• sits as a
simplicial deformation retract of ∆2XU .

One could probably prove this by identifying U• as the nerve of a category
biequivalent to 2XU as 2-categories, see [Str96, section 10]. However, a direct
argument is not difficult.

Proof: Observe that ∆2XU actually is 2-cosimplicial, and we can write
any n-simplex as a flag

xα0 f01 f02 f03 · · · f0n

xα1 f12 f13 · · · f1n

xα2 f23 · · · f2n

xα3 · · · f3n

. . .
...

xαn


,

where α0 < α1 < . . . < αn, x ∈ Uα0···αn and fij : xαi → xαj are 1-morphisms
in 2XU such that for every i < j < k there exists a 2-morphism fik ⇒ fjk∗fij .
Define U• → ∆2XU by sending the n-simplex x ∈ Uα0α1···αn to the n-simplex
in ∆2XU given by fij = xαiαj . Observe that this gives an inclusion, and for
the rest of the proof we view U• as a sub-simplicial space of ∆2XU .

Now we define a simplicial deformation retraction h from ∆2XU down
to U• by

hk(fij) =



xα0 · · · xα0αk−1 xα0αk xα0αk xα0αk+1 · · · xα0αn

. . .
...

...
...

...
...

xαk−1
xαk−1αk xαk−1αk xαk−1αk+1 · · · xαk−1αn

xαk 1xαk xαkαk+1 · · · xαkαn

xαk fk k+1 · · · fkn
xαk+1

· · · fk+1n

. . .
...

xαn


These maps hk : (∆2XU )n → (∆2XU )n+1, for 0 ≤ k ≤ n, verify the usual
identities for a simplicial deformation retraction. �
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Given a charted 2C-bundle E overX and a subspace A ofX it is clear that
we may restrict E to A. We denote the restriction by E|A. More generally,
there is a pullback f∗E over Y , for every continuous map f : Y → X.

We define equivalence of charted 2C-bundles by concordance:

Definition 2.8 Two charted 2C-bundles E0 and E1 over X are equivalent
(or concordant) if there exists a charted 2C-bundle E over X × I such that
E|X×{i} = Ei, i = 0, 1.

3 Classifying spaces

M. Weiss, [Wei05], has asked the question: What does the classifying space
of a category classify? Here the classifying space of a connected discrete
category, C, is defined as the geometric realization of the nerve. However,
only when C is a groupoid do we known that BC classifies principal G-
bundles, where G is the automorphism group of an object in C.

When working with a 2-category 2C we have on one hand the geometric
nerve ∆2C and its geometric realization, while on the other hand we have
charted 2C-bundles. Hence, it is natural to ask: When does the geometric
nerve of a topological 2-category 2C classify charted 2C-bundles? In this
section we will describe sufficient conditions.

We will assume that our base space spaces have the homotopy type of a
CW-complex.

Unlike what is customary amongst some author, we will not call anything
a classifying space unless we know what it classifies. Therefore we define:

Definition 3.1 If there exists a space B such that for all X having the ho-
motopy type of a CW-complex, there is a natural one-to-one correspondence
between concordance classes of charted 2C-bundles over X and homotopy
classes of maps X → B, then we say that B is a classifying space for charted
2C-bundles. We denote such classifying spaces by B2C.

Remark 3.2 The set of charted 2C-bundles over X can be made into a
sheaf by placing the indexing set I in a poset universe. Using techniques of
I. Madsen and M. Weiss [MW04, proposition 2.4.3] there exists a classifying
space as defined above.

In order to prove our main theorem, we need conditions on 2C. We define:

Definition 3.3 We call 2C good if its geometric nerve ∆2C is a good simpli-
cial space. We say that 2C is sufficiently fibrant if its geometric nerve ∆2C
satisfies the topological Kan condition, (see definition 5.1 below).
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In section 6 we will provide explicit criteria to ensure that 2C is good,
theorem 6.4, and sufficiently fibrant, theorem 6.7.

The following is our main theorem. Its proof is long and technical, so
that will be postponed to the last four sections.

Theorem 3.4 The geometric nerve of a good topological 2-category 2C is a
classifying space for charted 2C-bundles.

The correspondence sends a charted 2C-bundle over X, given as a sim-
plicial map U• → ∆2C, to the homotopy class of maps X → |∆2C| specified
by Dugger and Isaksen’s weak equivalence X '←− |U•|, see [DI04], and the
induced map under geometric realization, |U•| → |∆2C|.

Similarly, if we represent a charted 2C-bundle by a strict 2-functor F :
2XU → 2C, then applying the geometric nerve and taking the geometric
realization yields a map

|∆2XU | → |∆2C| ,

where the source is naturally homotopy equivalent to X.
Let us consider a topological group G as the 1-morphisms of a topological

2-category with a single object and only trivial 2-morphisms. G is called
well-pointed if the inclusion of its unit is a closed cofibration. In this case
the geometric nerve, ∆G coincides with the ordinary nerve N•G, and well-
pointed implies that the nerve of G is good. Hence we get the following well
known result as a corollary:

Corollary 3.5 If G is well-pointed, then principal G-bundles are classified
by BG = |N•G| = |∆G|.

Notice that our proof does not mention the universal bundle over the
classifying space.

In the case where 2C is discrete we get the following corollary:

Corollary 3.6 The geometric nerve of a discrete 2-category 2C is a classi-
fying space for charted 2C-bundles.

In this case it is possible to give a more elementary proof using the
following facts: We may assume that X is a CW-complex. Every ordered
open cover of X has a good refinement. Let U be a good ordered open
cover. Collapsing each connected component of the ordered Čech complex
U• to a point yields a simplicial set Y• and there are natural homotopy
equivalences X '←− |U•|

'−→ |Y•|, see [DI04, theorem 2.1, proposition 2.6 and
corollary A.6]. The geometric nerve ∆2C of a 2-groupoid is a Kan complex,
see [Dus02, theorem 8.6].

When 2C is a strict and discrete 2-category, the hom-sets are categories
2C(x, y). Take nerves of these to get a simplicial category N•2C. Taking
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the nerve again we get a bisimplicial set N•N•2C. Bullejos and Cegarra has
shown that for any strict and discrete 2-category there is a natural homotopy
equivalence

|N•N•2C| ' |∆2C| ,

see [BC03, theorem 1.1]. Moreover, they have a generalization of Quillen’s
Theorem A to this setting:

Theorem 3.7 ([BC03, Theorem 1.2]) Let F : 2C → 2C′ be a 2-functor.
If the double nerve N•N•(y′//F ) is contractible for every object y′ ∈ 2C′, then
the induced map N•N•2C → N•N•2C′ is a homotopy equivalence.

Here y′//F is Gray’s homotopy fiber 2-category, or lax comma category,
see [Gra80, section 3.1].

Remark 3.8 When calculating [X, |∆2C|], we can replace the topological 2-
category 2C with a simplicial 2-category. The standard way of doing this is
to apply the functor Sing• to objects, 1- and 2-morphisms. Recall that for a
topological space Y the simplicial set Sing•(Y ) has q-simplices the set of maps
∆q → Y . Together with geometric realization this functor is an adjunction
between topological spaces and simplicial sets. Moreover, the derived functors
induce an equivalence between the associated homotopy categories, see for ex-
ample [GJ99, theorem I.11.4]. In particular, the natural map Y → |Sing• Y |
is a weak equivalence. Since we are assuming that X has the homotopy type of
a CW-complex and that 2C is good, it follows that there is a natural bijection

[X, |∆2C|] ∼= [X, |∆ Sing• 2C|] .

4 Calculations

In this section we will investigate possible definitions of 2-vector bundles
based on J. C. Baez and A. S. Crans’ 2-vector spaces, see [BC04, section 3].
The topological K-theory of these 2-vector bundles splits as two copies of
the K-theory of ordinary vector bundles. The main reason for this behavior
is that Baez and Crans’ 2-category of 2-vector spaces, which can be defined
as 2-term chain complexes, admits a 2-retraction into the direct sum of two
general linear groups. This is given by taking the homology of the chain
complex. Moreover, the 2-morphisms in Baez and Crans’ 2-vector spaces,
i.e. the chain homotopies, between fixed 1-morphisms form affine spaces.

Suppose that 2C is a topological 2-category. The calculation we are going
to do relies on a list of assumptions. These are:

A1. 2C is a strict 2-category.

A2. 2C is a good topological 2-groupoid, i.e. every 1-morphism is an equiv-
alence and every 2-morphism is an isomorphism. Good means that
∆2C is a good simplicial space.

11



A3. 2C is continuously connected, i.e. the source-target map from the total
space of 1-morphisms in 2C to the product of two copies of the space
of objects of 2C,

1 Mor(2C) (s,t)−−→ Obj 2C ×Obj 2C ,

is a surjective Serre fibration.

A4. For every pair of 1-morphisms f, g : x0 → x1 sharing source and tar-
get, the space of 2-morphisms 2 Mor(2C)(f, g) is either contractible or
empty.

A5. There exists a well-pointed topological group G together with contin-
uous 2-functors G i−→ 2C H−→ G such that Hi is the identity on G. Here
i can even be a lax 2-functor.

A6. H detects 2-morphisms, i.e. if f, g : x0 → x1 are 1-morphisms in 2C
sharing source and target, then H(f) = H(g) implies the existence of
a 2-morphism φ : f ⇒ g.

The aim is to calculate the geometric nerve of 2C. By remark 3.8, we
lose nothing by studying the simplicial 2-category Sing• 2C instead. Notice
also that Sing• commutes with geometric nerve, double nerve and ordinary
nerve constructions.

To our topological 2-category we assign a homotopy category, Ho(2C).
Under assumption A2, this topological category has a simple description.
Its space of objects equals the objects of 2C. The space of morphisms
Mor(Ho(2C)) is the quotient space of 1 Mor(2C) where we identify two 1-
morphisms f and g if there exists a 2-morphism F : f ⇒ g. Since every 2-
morphism in 2C is an isomorphism, this is an equivalence relation. Let [f ] in
Mor(Ho(2C)) denote the equivalence class corresponding to f in 1 Mor(2C).
Observe that Ho(2C) is a groupoid under assumption A2. The quotient map
induces a continuous strict 2-functor

γ : 2C → Ho(2C) .

Lemma 4.1 Under the assumptions A1, A2, and A4, there is a natural
chain of weak equivalences

|∆2C| ' · · · ' |N• Ho(2C)| .

Proof: We are in the strict case, so it is enough to consider the double
nerve. Up to weak equivalence we lose nothing by considering simplicial
instead of topological 2-categories. Thus we inspect the induced map

N•N• Sing• 2C → N•N• Sing• Ho(2C) .

12



Since pointwise weak equivalences of bisimplicial sets induce a weak equiv-
alence on the geometric realization, we can drop the outer nerve and show
that

N• Sing• 2C(x, y)→ N• Sing• Ho(2C)(x, y)
is a weak equivalence for every pair of objects x, y in 2C. This would imply
the statement of the lemma. Here 2C(x, y) is the topological category with
objects 1-morphisms x→ y and morphisms the corresponding 2-morphisms.
Similarly Ho(2C)(x, y) is a topological space, viewed as a topological category
with only identity morphisms. Again, it is enough to show that we have a
weak equivalence before taking the nerve. Thus we consider

Sing• 2 Mor(2C)(f, g)→ 2 Mor(Ho(2C))([f ], [g]) ,

where f and g are 1-morphisms in 2C sharing source and target. If there
exists a 2-morphism F : f ⇒ g, then 2 Mor(2C)(f, g) is contractible by as-
sumption A4, whereas 2 Mor(Ho(2C))([f ], [g]) consists of a single element,
namely id [f ] = id [g]. Otherwise, both spaces are empty. Hence the map
above is a weak equivalence. �

Lemma 4.2 Under the assumptions A2, A3, A5 and A6, the 2-functor
H : 2C → G induces a weak equivalence

|N• Ho(2C)| '−→ |N•G| .

Proof: Again we may pass to the simplicial setting by applying Sing•. It
is enough to show that we have weak equivalences

N• Singq Ho(2C)→ N• Singq G

for fixed simplicial degree q. At the level of the homotopy category assump-
tion A5 induces functors

G
i−→ Ho(2C) H−→ G

with Hi = idG. Taking singular q-simplices we get

Singq G
i−→ Singq Ho(2C) H−→ Singq G .

Again Hi = id . We are done if we can find a natural transformation from
iH to the identity on Singq Ho(2C).

An object x of Singq Ho(2C) is a map x : ∆q → Obj 2C. For every such
x, assumption A3 assures that we may choose a lift f̃x in the diagram

1 Mor(2C)

(s,t)

��
∆q

(iHx,x)//

f̃x
88

Obj 2C ×Obj 2C

.
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The class [f̃x] is a morphism iH(x)→ x in Singq Ho(2C).
Let us now modify f̃x into a map fx : iH(x)→ x with H(fx) : ∆q → G

constantly equal to 1 ∈ G. This is simply done by setting

fx = f̃xi(H(f̃x)−1) .

We now claim that the collection of all [fx] is a natural transformation
from iH to the identity on Singq Ho(2C). To see this we need to verify
that the following diagram in Singq Ho(2C) commutes for every morphism
[f ] : x→ y:

iH(x)
iH([f ])−−−−→ iH(y)

[fx]

y y[fy ]

x
[f ]−−−−→ y

.

Commutativity may be checked pointwise for t ∈ ∆q, and at t we consider
the above diagram lifted to 2C:

iH(x(t))
iH(f(t))−−−−−→ iH(y(t))

fx(t)

y yfy(t)
x(t)

f(t)−−−−→ y(t)

.

Applying H we get a commutative diagram in G:

H(x(t))
H(f(t))−−−−−→ H(y(t))

1=H(fx(t))

y yH(fy(t))=1

H(x(t))
H(f(t))−−−−−→ H(y(t))

.

Since H detects 2-morphisms, assumption A6, the diagram in 2C commutes
up to a 2-morphism. Thus the first diagram commutes in the homotopy
category. Hence, we have a natural transformation as claimed. This finishes
the proof. �

Thus we have proved:

Theorem 4.3 Under the assumptions A1, A2, A3, A4, A5 and A6 above
the classifying space of 2C is weakly equivalent to BG.

It is also possible, but less enlightening, to prove this directly, using
Bullejos and Cegarra’s version of Quillen’s Theorem A, see theorem 3.7, and
arguing using the homotopy fiber categories of i : G→ 2C.

Let us now discuss choices of 2C based on Baez and Crans’ 2-vector
spaces. The numerous variations depend on how strictly the 1-morphisms
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should be equivalences, how much structure the 2-morphisms should contain,
and how to choose the objects from 2-vector spaces within the same weak
equivalence class. Let n, b0 and b1 be positive integers and let C∗ be a
2-term chain complex of vector spaces.

Let 2Bstrict(C∗) be the 2-category with a single object C∗, the 1-
morphisms are the chain isomorphisms f : C∗ → C∗, and the 2-
morphisms f → g are chain homotopies φ from f to g.

Let 2Bweak(C∗) be the 2-category with a single object C∗, the 1-morphisms
are the chain equivalences f : C∗ → C∗, and the 2-morphisms f → g
are chain homotopies φ from f to g.

Let 2Beq(C∗) be the 2-category with a single object C∗, the 1-morphisms
are tuples (f, f̄ , ιf , εf ), where f and f̄ are chain maps C∗ → C∗, and
ιf : 1 → ff̄ and εf : f̄f → 1 are chain homotopies, and the 2-
morphisms (f, f̄ , ιf , εf ) → (g, ḡ, ιg, εg) are pairs of chain homotopies
φ : f → g and φ̄ : f̄ → ḡ such that the following identities hold:

ιg − ιf = fφ̄+ φḡ and εf − εg = fφ̄+ φḡ .

Let 2Bad(C∗) be the 2-category with a single object C∗, the 1-morphisms
are tuples (f, f̄ , ιf , εf ), where f and f̄ are chain maps C∗ → C∗, and
ιf : 1→ ff̄ and εf : f̄f → 1 are chain homotopies such that the zigzag
identities

fεf + ιff = 0 and εf f̄ + f̄ εf = 0

hold, and the 2-morphisms (f, f̄ , ιf , εf )→ (g, ḡ, ιg, εg) are pairs of chain
homotopies φ : f → g and φ̄ : f̄ → ḡ such that the following identities
hold:

ιg − ιf = fφ̄+ φḡ and εf − εg = fφ̄+ φḡ .

Let 2BHweak(b0, b1) be the 2-category with objects all 2-term chain com-
plexes C∗ with Betti-numbers b0, b1, the 1-morphisms are the chain
equivalences f : C∗ → C ′

∗, and the 2-morphisms f → g are chain
homotopies φ from f to g.

Let 2BHeq(b0, b1) be the 2-category with objects all 2-term chain com-
plexes C∗ with Betti-numbers b0, b1, the 1-morphisms are tuples (f, f̄ , ιf , εf ),
where f : C∗ → C ′

∗ and f̄ : C ′
∗ → C∗ are chain maps, and ιf :

1 → ff̄ and εf : f̄f → 1 are chain homotopies, and the 2-morphisms
(f, f̄ , ιf , εf )→ (g, ḡ, ιg, εg) are pairs of chain homotopies φ : f → g and
φ̄ : f̄ → ḡ such that the following identities hold:

ιg − ιf = fφ̄+ φḡ and εf − εg = fφ̄+ φḡ .
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Let 2BHad(b0, b1) be the 2-category with objects all 2-term chain com-
plexes C∗ with Betti-numbers b0, b1, the 1-morphisms are tuples (f, f̄ , ιf , εf ),
where f : C∗ → C ′

∗ and f̄ : C ′
∗ → C∗ are chain maps, and ιf : 1→ ff̄

and εf : f̄f → 1 are chain homotopies such that the zigzag identities

fεf + ιff = 0 and εf f̄ + f̄ εf = 0

hold, and the 2-morphisms (f, f̄ , ιf , εf )→ (g, ḡ, ιg, εg) are pairs of chain
homotopies φ : f → g and φ̄ : f̄ → ḡ such that the following identities
hold:

ιg − ιf = fφ̄+ φḡ and εf − εg = fφ̄+ φḡ .

Let 2B be one of the topological 2-categories above. Observe that in all
cases there is an inclusion 2-functor

GL(b1)×GL(b0)→ 2B .

There is a retraction to this inclusion given as the homology of the 2-term
chain complex C∗. Furthermore, this retraction satisfies the assumptions.
In particular, A4 holds because 2 Mor(2B)(f, g) are affine spaces, while A6
relies on:

Lemma 4.4 ( [Spa91, exercise 4.A.3] ) Let C∗ and C ′
∗ be chain com-

plexes of complex vector spaces. If f, g : C∗ → C ′
∗ are chain maps which

induce the same homomorphism of homology groups, then there exists a chain
homotopy φ : f ' g.

Proof: Notice that the homology groups are vector spaces. Let Bq be the
image of ∂q+1 in Cq. Bq is contained in the kernel of ∂q, and we choose a
splitting ker ∂q ∼= Bq ⊕ Hq. We identify Hq with the q’th homology vector
space of C∗. Furthermore, we may split Cq as ker ∂q ⊕Bq−1. Hence we have
chosen for each q an isomorphism

Cq ∼= Bq ⊕Hq ⊕Bq−1 .

With this splitting ∂q maps the summand Bq−1 of Cq isomorphically onto
Bq−1 of Cq−1, whereas ∂q sends the other summands to 0. Since f and g
induce the same map in homology, f(z)−g(z) is a boundary for all z ∈ ker ∂q.
Hence there exists a map φ̃q : Hq → C ′

q+1 such that ∂′q+1φ̃q = (fq − gq)|Hq .
Assume that c ∈ Cq corresponds to (b, h, b′) ∈ Bq ⊕Hq ⊕ Bq−1. Define the
chain homotopy φ : f ' g by

φq(c) = fq+1b− gq+1b+ φ̃qh .

�

After this detour, let us consider the case 2Bweak(C∗) in more detail:
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Example 4.5 As in the lemma above, we write the 2-term chain complex
C∗ as

0→ H1 ⊕B

0
@0 idB

0 0

1
A

−−−−−−−−→ B ⊕H0 → 0 ,

where H1 and H0 are vector spaces of dimension b1 and b0 respectively. Fur-
thermore, H1 and H0 are identified with the homology groups of C∗. This de-
fines the 2-functor H, and lemma 4.4 gives us A6. The inclusion 2-functor i
is given by sending a pair of invertible matrices (M1,M0) in GL(b1)⊕GL(b0)

to the chain map f with f1 =
(
M1 0
0 0

)
and f0 =

(
0 0
0 M0

)
.

In general we have:

Corollary 4.6 Let X have the homotopy type of a CW-complex and 2B
be one of the topological 2-categories above. There is a bijection between
concordance classes of 2B-bundles over X and a pair of concordance classes
of ordinary vector bundles over X of fiber dimension b0 and b1 respectively.
Consequently the 2-K-theory associated to Baez and Crans’ 2-vector spaces
splits as two copies of ordinary K-theory.

Thus we may write
2KBaez ' K ×K ,

where K is ordinary topological K-theory of vector bundles.
However, based on Kapranov and Voevodsky’s 2-vector spaces we could

define 2C to be one of the following:

Let 2KVpt(n) be the topological 2-category of example 2.3.

Let 2KV(n) be the topological 2-category with n-tuples V = (V1, V2, . . . , Vn)
of complex vector spaces as objects, the 1-morphisms V → V ′ are
n × n-matrices E = (Eij) with det dimE = ±1 and E · V = V ′, and
the 2-morphisms E → E′ are n×n-matrices φ = (φij) of isomorphisms
φij : Eij

∼=−→ E′
ij .

In this case the 2-category is not a 2-groupoid, so theorem 4.3 does not
apply. Furthermore, Baas, Dundas and Rognes has calculated the associated
2K-theory in [BDR04] and shown that this generalized cohomology theory is
Kalg(ku), and essentially of chromatic filtration 2, thus resembling something
elliptic. We have:

2KBDR ' Kalg(ku)

If V = FinSet (the category of finite sets and maps) and 2C = V−mod, then
the representing spectrum is K(S) = A(∗), relating this to Waldhausen’s
A-theory (as pointed out by John Rognes).
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5 The topological Kan condition

We consider a simplicial space Z• with a topological Kan property. To be
precise, in the notation of J. W. Duskin, we define the space of k-horns in
dimension n to be

Λkn(Z•) =
{(z0, . . . , zk−1,−, zk+1, . . . , zn) | di(zj) = dj−1(zi), i < j, i 6= k 6= j}

⊂ Zn−1 × Zn−1 × · · · × Zn−1︸ ︷︷ ︸
n factors

For our purposes, it seems more natural to associate this horn to the
complementary set I(k) = {0, 1, . . . , k − 1, k + 1, . . . n}. So we think of a
k-horn as an I(k)-cohorn. If I ⊂ [n] = {0, 1, . . . , n}, we define the space of
I-cohorns to be

CΛIn(Z•) =
{(zi)∈I | di(zj) = dj−1(zi), i < j, i ∈ I 3 j}

⊂ Zn−1 × Zn−1 × · · · × Zn−1︸ ︷︷ ︸
|I| factors

Note that Λkn = CΛI(k)n There is a canonical map cI(k)n , : Zn → Λkn(Z•) =
CΛI(k)n (Z•), and more generally, for any I ⊂ [n] we have a canonical map
cIn : Zn → CΛIn(Z•).

Definition 5.1 We say that Z• satisfies the discrete Kan condition in di-
mension n if ck is surjective for all 0 ≤ k ≤ n. We say that Z• satisfies the
topological Kan condition in dimension n if the maps ck are surjective Serre
fibrations for all 0 ≤ k ≤ n.

Lemma 5.2 If the simplicial space Z• satisfies the topological Kan condition
both in dimension n and in n− 1, then for every non-empty I ⊂ [n] the map
cIn is a surjective Serre fibration.

Proof: If |I| = n − 1, then I = I(k) for some 0 ≤ k ≤ n, and the lemma
follows directly from the definitions. Suppose inductively that the lemma is
true for all J ⊂ [n] with n − |J | < n − |I| = m > 1. Assume that k 6∈ I
and J = I ∪{k}, so that by the induction hypothesis cJn is a surjective Serre
fibration. Consider the canonical map which forgets zk

rIJ : CΛJn(Z•)→ CΛIn(Z•).
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Then cIn = cJn ◦ rIJ . So by the induction assumption, it is enough to show
that the map rJI is a surjective Serre fibration.

Recall that δk : [n− 1]→ [n] is the injective map which omits k, so that
the face map dk : Zn → Zn−1 is the map induced by δk. Let the sequence
z = (zi)i∈I be a point in CΛI(Z•). We can apply the face map dk to each
entry. We obtain a sequence of points in Zn−1, namely (dk(zi))i∈I . Let
I ′ ⊂ [n − 1] be the subset determined by that I = ∂k(I ′). There is such a
subset, since k 6∈ I.Moreover

|I ′| = |I|

and the map
δk : I ′ → I

is a bijection. We define elements

yi =

{
dk−1(zδk(i)) = dk−1(zi) if i ∈ I ′, and i < k.

dk(zδk(i)) = dk(zi+1) if i ∈ I ′, and k ≤ i.

We claim that the sequence (yi)i∈I′ forms an I ′-cohorn in Zn−1, which we
can fill by induction. This can be seen either by meditating on the geometry
of the simplex, or more computationally in the following way (for i, j ∈ I ′
and i < j):

diyj =


didk−1(zj) = dk−2di(zj) i < j < k

didk(zj+1) = dk−1di(zj+1) i < k ≤ j
didk(zj+1) = dkdi+1(zj+1) k ≤ i < j

and also (using that z is in the kth I-cohorn):

dj−1yi =


dj−1dk−1(zi) = dk−2dj−1(zi) = dk−2dizj i < j ≤ k
dj−1dk−1(zi) = dk−1dj(zi) = dk−1dizj+1 i < k < j

dj−1dk(zi+1) = dkdj(zi+1) = di+1zj+1 k ≤ i < j

The association
z = (zi)i∈I 7→ P I,k(z) = (yi)i∈I′

defines a continuous map of horns P I,k : CΛIn(Z•) → CΛI
′
n−1(Z•). Since

k ∈ J there is also a continuous map pk : CΛJn(Z•)→ Zn defined by picking
out the appropriate component: pk((zi)i∈J) = zk.

These maps fit into a diagram of spaces

CΛJn(Z•)

pk

��

rIJ // CΛIn(Z•)

P I,k

��
Zn

cI
′
n−1 // CΛI

′
n−1(Z•)
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This is actually a pullback diagram. The bottom map is a surjective Serre
fibration by assumption, so it follows that the top map is also a surjective
Serre fibration. �

We can now prove our main theorem.

Theorem 5.3 Let Z• be a simplicial space.

• Assume that Z• satisfies the topological Kan condition in dimensions
n and n − 1. Then the diagonal simplicial space T• = δ•(Sing•(Z))
satisfies the Kan condition in dimension n.

• Assume that the three boundary maps di : Z2 → Z1 are Serre fibrations,
and assume that Z• satisfies the discrete Kan extension condition in
dimension 2. Then the diagonal simplicial space T• = δ•(Sing•(Z))
satisfies the Kan condition in dimension 2.

Proof: We need to show that any horn in T• can be filled. The Kan con-
dition is always satisfied for n = 1, since a 1-horn is filled by the degeneracy
map s0 : Z0 → Z1. So we assume without restriction that n ≥ 2. A k-horn
in dimension n in T• consists of a sequence of continuous maps

zi : ∆n−1 → Zn−1 defined for 0 ≤ i ≤ n− 1, i 6= k,

with the property that if zi and zj are defined and i < j then the following
two continuous maps agree:

∆n−2
δi−→ ∆n−1

zj−→ Zn−1
di−→ Zn−2

∆n−2
δj−1−−−→ ∆n−1

zi−→ Zn−1
dj−1−−−→ Zn−2

Here, and in the rest of the proof, we abuse notation by not distinguishing
between a map [m] → [n] and its affine extension to a continuous map
∆m → ∆n. The way to visualize this, is to consider the topological horn

Λkn = ∪i6=kδi(∆n−1) ⊂ ∆n

The map zi can be identified with a map from the subset δi(∆n−1) of Λkn.
The maps corresponding to zi and zj do not necessarily agree on the inter-
section δi(∆n−1)∩ δj(∆n−1) of these subsets, but satisfy a more complicated
compatibility condition.

Main step. We define a continuous map

y : Λkn → Zn

20



such that for every i 6= k we have that zi = di ◦ y ◦ δi. We define this
map inductively. The induction is done over a sequence of subspaces of
the skeletons of Λkn, which we define now. Let Wr be the union of all r-
dimensional subsimplices of ∆n which contain the vertex k. Then

{k} = W0 ⊂W1 ⊂ . . .Wn−1 = Λkn .

Start of induction: W0 is included in every subspace ∂i(∆n), so we obtain
a sequence of elements ai = zi∂i(k) ∈ Zn. These elements satisfy that if
i < j, i 6= k 6= j, then

diaj = dizj(∂j(k)) = dj−1zi(∂j(k)) = dj−1ai .

By assumption the map ck is surjective, so we can find an element b ∈ Zn+1

such that di(b) = ai. We define y on W0 = {k} by y(k) = b ∈ Zn+1.
Induction step: Assume that we have defined y : Wr−1 → Zn+1 such that

for each i 6= k we have a commutative diagram:

Wr−1 ∩ ∂i(∆n−1)
� � //

� _

��

Wr−1
y // Zn

di
��

∆n−1
zi // Zn−1

We want to extend y to a map from Wr with the same property. To define
this extension, it is sufficient to define it on each r-simplex in Wr. Such a
simplex is determined by a subset I ⊂ [n] with the two properties k ∈ I
and |I| = r. There is a unique order preserving injection with image I.
α : [r] → I ⊂ [n + 1], and some k′, 0 ≤ k′ ≤ r so that α(k′) = k. Using
α, we can translate the problem of extending the map y to the simplex
determined by I into a problem of constructing a map y′ : ∆r → Zn with
certain properties. In order to construct the extension of y to Wr, we have
to solve this transformed problem for all injective α : [r] → [n] such that
the image I = α([r]) contains k. We have to be careful about what the
transformed problem is.

First, note that α(∆r) ∩Wr−1 = α(Λk
′
r ), so y′ is already defined on Λk

′
r .

There are two cases for the maps zi. If i 6∈ I, then zi is defined on a
subspace α(Λkr ), and by induction, there it agrees with diy. So these maps
do not give extra conditions on y′, beyond that it has to be an extension of
the already defined map y′ : Λkr . On the other hand, if i ∈ I, say i = α(i′), we
do get an extra condition. First note that we have a canonical factorization

[r − 1]
α′
i′ //

δi′
��

[n− 1]

δi
��

[r] α // [n]
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where

α′i′(j
′) =

{
α(j′) if j′ < i′,
α(j′ + 1)− 1 if j′ ≥ i′.

For i = α(i′) and i 6= k we define

zα,i : ∆r−1

α′
i′−−→ ∆n−1

zi−→ Zn−1

We claim that these maps fit together to a map zα : ∆r → CΛIn(Z•). To see
this, assume that 0 ≤ i′ < j′ ≤ r, i = α(i′),j = α(j′) and i 6= k 6= j. There
is a commutative diagram (whose diagonal composite is α : [r]→ [n]).

[r]

α′i

��:
::

::
::

::
::

::
::

::

α′′i,j &&LLLLLLLLLLL
α′j

++VVVVVVVVVVVVVVVVVVVVVVVVVV

[n− 2]
δi //

δj−1

��

[n− 1]

δj
��

[n− 1]
δi // [n]

Taking this diagram into account, we compute:

dizα,j = dizjα
′
j′

= dj−1ziδj−1α
′′
i,j

and

dj−1zα,i = dj−1ziα
′
i′

= dj−1ziδj−1α
′′
i,j

End of argument for n ≥ 3.
So the maps zα,i collectively define a map

zα : ∆r → CΛIn(Z•)

The extension problem we have to solve is the following:

Λsk
y //

� _

��

Zn+1

cI

��
∆r

zα //

88qqqqqq
CΛInZ•

However, this is solvable, since the map cI is a Serre fibration by lemma 5.2.
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The case n = 2. Let 0 ≤ k ≤ 2, and consider a k-horn in δ1(Sing•(Z•).
Use the Kan extension property at the vertex k to obtain a point in Z2.
Then use that di : Z2 → Z1 is a Serre fibration to obtain a continuous map
y : Λk2 → Z2. Finally extend this to the 2-simplex.

In this case, we do not need lemma 5.2. �

6 Good and sufficiently fibrant 2-groupoids

In this section we will give criteria on a topological 2-category 2C to ensure
that its geometric nerve ∆2C is good, and in the case 2C is a topological
2-groupoid, we will give criteria that ensure that ∆2C is sufficiently fibrant.

We will use the notion of a locally equiconnected (abbr. LEC) spaceX, i.e.
the diagonal map X → X×X is a closed cofibration. All CW-complexes are
LEC spaces by E. Dyer and S. Eilenberg’s adjunction theorem, see [DE72].
Also by their results, we have:

Theorem 6.1 (Dyer, Eilenberg) Assume that X is a LEC space, and
A ⊆ X admits a retraction r : X → A. Then i : A ↪→ X is a closed
cofibration, and A is a LEC space.

Proof: By [DE72, theorem II.7] it is enough to show that A is a halo retract
of X, i.e. A is a retract and there exists a continuous function ψ : X → I
with A = ψ−1(0). We claim that every retract of a LEC space has a halo.
From LEC data for X, we get a function k : X ×X → I with k−1(0) equal
to the diagonal. Now define ψ by

ψ(x) = k(x, ir(x)) .

It is easy to see that this is a halo of A. �

Corollary 6.2 A simplicial space Z• where all Zq are LEC spaces is a good
simplicial space.

Proof: Any degeneracy si : Zq → Zq+1 has a retract, namely di. Hence, si
is a closed cofibration. �

Our basic tool to prove that a space is LEC is:

Theorem 6.3 ([Hea86]) Assume that X, B and E are LEC spaces. Then
the pullback of X f−→ B

p←− E is a LEC space provided that p is a Hurewicz
fibration.
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Let us now list the criteria on a topological 2-category 2C that imply that
2C is good:

G1. The map (−)−1 : 2 Mor → 2 Mor sending a 2-morphism to its inverse
exists and is continuous.

G2. The total space of 2-morphisms, 2 Mor, is LEC.

G3. The source map s1 : 1 Mor → Obj from 1-morphisms to objects is a
Hurewicz fibration.

G4. The target map t2 : 2Mor→ 1 Mor from 2-morphisms to 1-morphisms
is a Hurewicz fibration.

Theorem 6.4 Let 2C be a topological 2-category. If 2C satisfies the as-
sumptions G1, G2, G3, and G4, then the geometric nerve ∆2C is a good
simplicial space.

Before giving the proof, we will characterize n-simplices when 2C satis-
fies G1. We have the following:

Lemma 6.5 Let 2C be a topological 2-category. Assume that the map taking
a 2-morphism to its inverse exists and is continuous, then the space of n-
simplexes (∆2C)n is homeomorphic to the space of flags

x0 f01 φ012 φ013 φ014 φ015 · · · φ01n

x1 f12 φ123 φ124 φ125 · · · φ12n

x2 f23 φ234 φ235 · · · φ23n

x3 f34 φ345 · · · φ34n

x4 f45 · · · φ45n

x5 · · · φ56n

. . .
...
xn


where x0, x1, . . . , xn are objects of 2C, the fi i+1 : xi → xi+1 are 1-morphisms,
and φi i+1 j : fij ⇒ fi+1 j ∗ fi i+1, i+ 1 < j, are 2-morphisms.

Proof: The 1-morphisms fij with i + 1 < j are implicitly defined as the
source of the 2-morphism φi i+1 j .

Given a flag of the form above, the only data of an n-simplex in ∆2C
missing are the φijk with 0 ≤ i < j < k ≤ n and j 6= i + 1. We claim that
these may be reconstructed continuously from the flag and the coherence
condition of the geometric nerve.

Define the valence of the symbol φijk, 0 < i < j < k < n, to be the
difference j − i. Observe that the flag contains all φijk of valence 1. A
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subtetrahedron, of the n-simplex under consideration, is determined by in-
dices 0 ≤ i < j < k < l ≤ n. Rewrite the coherence condition for such a
subtetrahedron as the equation

φikl =
(
idfkl ∗ φ

ijk
)−1

α
(
φjkl ∗ idfij

)
φijl .

Here (−)−1 is the inverse 2-morphism map, and α is the natural associativ-
ity isomorphism. Observe that the valence of the 2-morphisms on the right
hand side is strictly less than the valence of φikl. Hence all 2-morphisms are
determined by those of valence 1. �

Let us prove the theorem:

Proof: It is enough to show that for all n the space of n-simplices, (∆2C)n
is a LEC space.

2 Mor is LEC by assumption G1. Observe that both Obj and 1 Mor are
retracts of 2 Mor, where the inclusions are provided by identity maps and
the retractions by source maps. Hence, Obj and 1 Mor are also LEC spaces.

Now proceed by induction on the simplicial degree n. (∆2C)0 = Obj and
(∆2C) = 1 Mor are LEC by the observation. Assume that (∆2C)n−1 is LEC.
We can construct (∆2C)n from the (n − 1)-simplices by iterated pullback,
i.e. we have a tower

(∆2C)n = Pn � · · ·� P1 � P0 = (∆2C)n−1

The steps of the tower corresponds to the entries in the last column of the
flag describing n-simplices. P1 is the pullback of

P0
xn−1−−−→ Obj

s1
� 1 Mor .

Here we adjoin the 1-morphism fn−1n along xn−1. The map s1 is a Hurewicz
fibration by assumption G3. Hence P1 is LEC by theorem 6.3. The space
Pk, k > 1, is the pullback of

Pk−1
fn−k+1, n∗fn−k, n−1+1−−−−−−−−−−−−−−→ 1 Mor

t2
� 2 Mor .

Here we adjoin the 2-morphisms φn−k, n−k+1, n along fn−k+1, n ∗ fn−k, n−1+1.
By assumption G4, t2 is a Hurewicz fibration. So Pk is LEC by Heath’s
theorem. �

Recall from [Dus02] that a 2-groupoid is a 2-category whose 2-morphisms
are isomorphisms, and whose 1-morphisms x0

x01−−→ x1 induce equivalences of
categories

B(x01, x2)∗ : B(x1, x2)→ B(x0, x2)
B(x0, x12)∗ : B(x0, x1)→ B(x0, x2).
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We need to make the equivalence of categories continuous. We first remark
that an equivalence of categories is the same as a pair of adjoint equivalences.
For this and for detail about adjoint functors, see [ML98, chapter IV]. Our
approach is to assume that the four structure maps making up this adjoint
equivalence are continuos.

We arrive at the following reasonable set of fibrancy conditions:

SF1. 2C is a topological 2-groupoid.

SF2. The source and target maps for the 1-morphisms are Serre fibrations.

SF3. The maps from 2-cells to 1-cells given by the source and by the target
of 2-morphisms are both Serre fibrations.

SF4. The function sending a 2-morphism to its inverse is continuous.

SF5. The functors B(x01, x2)∗ and B(x0, x12)∗ depend in a continuous way
on their arguments.

SF6. Moreover, these functors have adjoints, which also depend continuosly
on their respective arguments.

B(x01, x2)∗ : B(x0, x2)→ B(x1, x2)
B(x0, x12)∗ : B(x0, x2)→ B(x0, x1).

SF7. Finally, as unit and co-unit of the adjoint equivalences we can choose
natural transformations depending continuously on their arguments:

ε(x01, x2) : : B(x01, x2)∗ ◦ B(x01, x2)∗ → Id
ε(x0, x12) : : B(x0, x12)∗ ◦ B(x0, x12)∗ → Id
η(x01, x2) : : Id→ B(x01, x2)∗ ◦ B(x01, x2)∗

η(x0, x12) : : Id→ B(x0, x12)∗ ◦ B(x0, x12)∗.

Lemma 6.6 Let source(f) = source(h), target(f) = source(g) and target(g) =
target(h) = z The adjunctions defines a homeomorphism

X = {f, g, h, φ | φ : h⇒ B(f, z)∗(g)} → {f, g, h, ψ | ψ : B(f, z)∗h⇒ g} = Y

Proof: The topology of the spaces are given as subsets of (1-cells)3 ×
(2-cells). The adjunctions define inverse bijections, so we only have to check
that they are continuous. But this follows from the continuity of the unit
and co-unit. For instance, we see that ψ depends continuously on f, g, h, φ
since

ψ : B(f, z)∗h
B(f,z)∗(ψ) +3 B(f, z)∗B(f, z)∗(g)

ε(f,z) +3 g .
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�

We make the definition above because of the following theorem.

Theorem 6.7 Suppose that 2C is satisfies the conditions SF1, SF2, SF3,
SF4, SF5, SF6, and SF7. Then 2C is sufficiently fibrant, i.e. ∆2C satisfies
the topological Kan condition.

Proof: We have to show that all fill-horn-maps

ck : (∆2C)n → Λkn(∆2C)

are surjective Serre fibrations. By [Dus02, theorem 8.6] all ck’s are surjective.
It remains to show that they are Serre fibrations. Since ∆2C is 3-coskeletal,
the ck’s are homeomorphisms in dimensions n > 3. For n = 1 the fill-horn-
maps c0 and c1 are the source and target maps 1 Mor → Obj, which are
Serre fibrations by condition SF2. For n = 3 the fill-horn-maps ask us to
solve the coherence equation

(φ123 ∗ f01)φ013 = α(f23 ∗ φ012)φ023

with respect to any one of the φ’s given the three others. This can always
be done using the inverse of 2-morphisms and the adjoint equivalences of
condition SF7. The rest of the proof concerns the case n = 2:

Using condition SF4 it follows that the source and target maps of 2-
morphisms are surjective Serre fibrations, since they are pull-backs of a sur-
jective Serre fibration.

To finish the proof of the theorem we have to prove that the three maps

ri : 2Funct
str

(D, 2C)→ 2Funct
str

(Hi, 2C) for i = 0, 1, 2,

are surjective Serre fibrations.
Case r1: Let (f, g, h, φ) ∈ 2Functstr(D, 2C) denote the diagram (with

obvious compatibilities)
•

g

��@
@@

@@
@@

•

f
??~~~~~~~

h
//

φ

KS

•

We define F1(f, g, φ) = φ. Similarly, if f, g are two 1-cells with source(g) =
target(f), so that they define (f, g) ∈ 2Functstr(H1, 2C) we defineG1(f, g) =
B(f, target(g))∗g.

There is a pull back diagram

2Functstr(D, 2C)
F1 //

r1
��

2-cells

source
��

2Functstr(H1, 2C)
G1 // 1-cells.
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Since r1 is the pull back of a surjective Serre fibration, it is itself a
surjective Serre fibration.

Case r = 0.
We claim that we can construct a pull back diagram of spaces:

2Functstr(D, 2C)
F0 //

r0
��

2-cells

target
��

2Functstr((H)1, 2C)
G0 // 1-cells.

(1)

This suffices to prove the statement of the lemma, since the right hand
vertical map is the pull back of a surjective Serre fibration, so it is itself a
surjective Serre fibration.

The space 2Functstr(D, 2C) can be described as triples of 1-morphism
(f, g, h) together with a 2-cell φ satisfying the compatibility conditions of
the space X in lemma 6.6. By this lemma, this space is homeomorphic to
the space Y . So we have to construct a pull back diagram of spaces

{f, g, h, ψ | ψ : B(f, target(h))∗h⇒ g}
F ′

0 //

(f,g,h,ψ) 7→(f,h)

��

2-cells

target
��

2Functstr((H)1, 2C)
G0 // 1-cells.

(2)

But this is not so hard. We define

F ′
0(f, g, h, ψ) = ψ

G0(f, h) = B(f, target(h))∗(h).

Case r = 0. This is similar to the case r = 0, using the pair of adjunc-
tions B(source(h), g)∗, B(source(h), g)∗. �

7 Concordance theory

Fix a simplicial space Z•. In this section we will define the notion of a Z•-
bundle over a topological space X, and study its homotopy properties up
to concordance. In the case Z• = ∆2C this recovers the notion of charted
2C-bundles.

Definition 7.1 A Z•-bundle E over X consists of an ordered open cover U
together with a simplicial map φ : U• → Z•. Here U• is the ordered Čech
complex of U . We say that E0 and E1 over X are concordant if there exists
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a Z•-bundle E over X × I such that the restrictions to X ×{0} and X ×{1}
give E0 and E1 respectively. Concordance is an equivalence relation. Let
Con(X,Z•) be the set of all concordance classes of Z•-bundles over X. The
class in Con(X,Z•) corresponding to E will be written as [E ].

Let A be a subspace of X and fix some Z•-bundle EA over A. We say
that E over X is relative to A if the restriction E|A equals EA. Now let Y
be the quotient of X × I where we collapse fibers over points in A. Now, if
E0 and E1 over A are relative to A, then they are concordant relative to A
it there exists an E ′ = (U ′, φ′) over Y relative to A restricting to E0 and E1
on X × {0} and X × {1}. We denote the set of such relative concordance
classes by Con(X,Z•)rel A.

Lemma 7.2 Assume that A is a subspace of X. Fix EA over A. Then the
inclusion i0 : X × {0} → Y = X × I/ ∼ induces a bijection

Con(Y, Z•)rel A
∼=−→ Con(X,Z•)rel A .

Proof: By the projection Y → X we have that Con(X,Z•)rel A is a retract
of Con(Y, Z•)rel A. Hence i0 is surjective. Now assume that the Z•-bundles
E0 and E1 over Y restrict to same the element in Con(X,Z•)rel A. Gluing
together E0, E1 and the concordance over X relative to A, we get a Z•-bundle
over (

X × I × {0} ∪X × I × {1} ∪X × {0} × I
)
/ ∼ ,

where ∼ means that we identify points over A. Pulling back using a retrac-
tion (X × I × I)/ ∼→

(
X × I × {0} ∪X × I × {1} ∪X × {0} × I

)
/ ∼, we

get a concordance in Con(Y, Z•)rel A between E0 and E1. �

Corollary 7.3 Con(X,Z•)rel A is a homotopy functor of X relative to A.

Lemma 7.4 Let A iA−→ B
iB−→ X be closed cofibrations. Fix EB over B,

and let EA = i∗AEB. If E over X is relative to A and has restriction i∗BE
concordant to EB relative to A, then there exists a Z•-bundle E ′ concordant
to E relative to A such that i∗BE ′ = EB.

Proof: Choose a concordance EB×I/∼ relative to A between i∗BE and EB.
Gluing E and EB×I/∼ we get a Z•-bundle Ē over X ∪B B × I/ ∼. By the
homotopy extension lifting property (HELP), there exists a map j : X →
X ∪B B × I/ ∼ such that in the following diagram

B
i1//

� _

��

X ∪B×{0} B × I/ ∼

retraction of B × I/ ∼
��

X

j
77

X
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the upper triangle commutes and the lower diagram commutes up to ho-
motopy relative to B. Let E ′ = j∗Ē . Clearly i∗BE ′ = EB. Moreover, j is
homotopic to the inclusion iX : X → X ∪B B × I/ ∼ relative to A. Hence,[

E ′
]

=
[
j∗Ē

]
=

[
i∗X Ē

]
= [E ]

in Con(X,Z•)rel A. �

Corollary 7.5 Con(−, Z•) is half exact in the following sense: Let A
iA
↪→

B ↪→ X be closed cofibrations, and fix some Z•-bundle EB over B. Let
EA = i∗AEB. Then the following is an exact sequence of sets

Con(X,Z•)rel B → Con(X,Z•)rel A → Con(B,Z•)rel A .

Proposition 7.6 If (X,A) is a relative CW-pair, then

Con(X,Z•)rel A
∼=−→ lim

k
Con(Xk, Z•)rel A

is a bijection. Here Xk is the k-skeleton of X.

Proof: It is enough to prove surjectivity. Fix some EA over A, and consider

Con(X,Z•)rel A → lim
k

Con(Xk, Z•)rel A .

An element of the limit is represented by a sequence of [Ek] ∈ Con(Xk, Z•)rel A
such that the restriction of [Ek] to Xk−1 equals the class [Ek−1]. We will now
construct a sequence E ′k over Xk such that the restriction of E ′k to Xk−1 is
exactly equal to E ′k−1, and [E ′k] = [Ek]. This is done by induction, we start by
taking E ′0 = E0, and lemma 7.4 provides the induction step. To conclude we
see that colimk E ′k is a Z•-bundle over X mapping to the original sequence
of [Ek]’s. �

Proposition 7.7 (Gluing) Given B
f←− A

i−→ X, where i is a closed cofi-
bration. Define Y to be the pushout. Fix a Z•-bundle EB over B, and let EA
be f∗EB. Then the natural map induces a bijection

Con(Y, Z•)rel B
∼=−→ Con(X,Z•)rel A .

Proof: If we assume that also f is a closed cofibration the result is obvious
– one can then glue and restrict the Z•-bundles. For arbitrary f , let M be
the mapping cylinder of f and let H be the pushout of M ← A → X. Ob-
serve that the pair (H,M) is homotopy equivalent to (Y,B). By homotopy
invariance of Con(−, Z•) the general case follows. �

To handle technicalities later, we need the following:
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Definition 7.8 Let A be a subspace of X. Let E be a Z•-bundle consisting
of the ordered open cover U and the simplicial map φ• : U• → Z•. Let J be
the indices α such that Uα intersects A. We say that E is collared if there
exists an open neighborhood V of A such that α ∈ J whenever Uα intersects
the closure of V , and there also exists a retraction r :

⋃
α∈J Uα → A such

that r(Uα) = Uα ∩ A and for every chain α0 < α1 < · · · < αk the following
diagram commutes:

Uα0α1···αk
r //

φk

$$I
IIIIIIII

Uα0α1···αk ∩A

φkxxrrrrrrrrrrr

Zk

.

Lemma 7.9 If A ↪→ X is a closed cofibration, then every Z•-bundle is con-
cordant relative to A to a collared Z•-bundle.

Proof: We are given some E over X subordinate to the ordered open
cover U . Let EA be the restriction to A. Using cofibrancy we can take a
map f : X → X ∪A×{0} A × I homotopic to the inclusion of X such that
f(a) = (a, 1) for all a ∈ A. Now define a new open cover U ′ over X ∪A× I
having the following open sets:

• for each Uα ∈ U the set Uα ∪
(
Uα ∩A×

[
0, 2

3

))
lies in U ′, and

• for each Uα ∈ U such that Uα ∩A is non-empty the set Uα ∩A×
(

1
3 , 1

]
lies in U ′.

This open cover can be ordered such that U ′
• restricted to A × I has the

homotopy type of simplicial cross product of U• ∩ A and the simplicial 1-
simplex ∆1

•. Now define a Z•-bundle E ′ over X ∪ A × I subordinate to the
cover U ′ by gluing E and EA ×∆1

•. The pullback f∗E ′ is concordant relative
to A to E , and furthermore f∗E is collared. The retraction r comes from the
projection A×

(
1
3 , 1

]
→ A, and V can be defined as f−1

(
A×

(
3
4 , 1

])
. �

Example 7.10 Wirth and Stasheff, [WS06], describe locally homotopy triv-
ial fibrations with fiber F . It seems plausible that we can define a simplicial
space with k-simplexes, Zk, the space of all homotopy coherent functors from
[k] to the topological monoid of homotopy equivalences of F , H(F ). In that
case a Z•-bundle should be the same as a homotopy transition cocycle, as
given in [WS06, definition 2.5]. Moreover, if Z• is good, then our theo-
rem 8.1 shows that these fibrations are classified by |Z•|. Furthermore, |Z•|
should be weakly equivalent to BH(F ) for reasonable F .
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8 Proof of theorem 3.4

In this section let Z• be any simplicial space. Through a series of lemmas
we will establish the following theorem:

Theorem 8.1 Assume that X has the homotopy type of a CW-complex, and
that Z• is good. Then geometric realization induces a bijection Con(X,Z•)

∼=−→
[X, |Z•|].

Being careful with the definition of Z•-bundle, we get a sheaf of sets,
F . Thus it makes sense to compare the theorem above to [MW04, proposi-
tion A.1.1]. We make stronger assumptions, but our classifying space |Z•| is
more accessible than their |F|.

Of course we have the case Z• = ∆2C in mind, and when 2C is a good
topological 2-category, this condition is satisfied. Moreover, theorem 6.4
provide reasonable criteria for this. Thus we get a proof of the theorem 3.4.

In this section we shall prove the theorem above under the extra condition
that Z• satisfies the topological Kan condition. However, in the next section
we will use Quillen’s small object argument to generalize the theorem to its
stated form, see 9.10.

We are assuming that our base space X has the homotopy type of a CW-
complex. In the relative case we assume that A ↪→ X is a closed cofibration,
and that both A and X are homotopic to CW-complexes. As explained
above, results of [DI04] give a natural weak equivalence X '←− |U•| for any
ordered open cover U . Therefore, geometric realization gives a map

Con(X,Z•)rel A → [X, |Z•|]rel A .

We want to prove that this map is a bijection. The first step of the proof is
to reduce to the case where the base space X is a disk and A its boundary.

Lemma 8.2 If each Con(Dn, Z•)rel Sn−1 → [Dn, |Z•|]rel Sn−1 is a surjection,
n ≥ 0, then Con(X,Z•)→ [X, |Z•|] is a bijection.

Proof: Surjectivity for X × I relative to X × {0, 1} yields injectivity
in the absolute case. Hence it is enough to show that Con(X,Z•)rel A →
[X, |Z•|]rel A is surjective.

Since Con(−, Z•) and [−, |Z•|] both are homotopy functors, we can as-
sume that (X,A) is a relative CW-pair. By lemma 7.6 and the corresponding
result for [−, |Z•|], it is enough to show surjectivity for each skeleton Xk of
X.
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Now consider the diagram

Con(Xk, Z•)rel Xk−1
③−−−−→

[
Xk, |Z•|

]
rel Xk−1y y

Con(Xk, Z•)rel A
②−−−−→

[
Xk, |Z•|

]
rel Ay y

Con(Xk−1, Z•)rel A
①−−−−→

[
Xk−1, |Z•|

]
rel A

.

The columns are exact by corollary 7.5, and the corresponding result for ho-
motopy classes of maps. ① is surjective by induction hypothesis. Hence, ②

is surjective, provided that we can show that ③ also is. By proposition 7.7,
this follows when Con(Dk, Z•)rel Sk−1 →

[
Dk, |Z•|

]
rel Sk−1 is surjective. �

Let us introduce some notation in order to handle the technical diffi-
culties: Let D be the functor that assigns to the simplicial space Z• the
simplicial set with k-simplices the set of all maps σ : ∆k → Zk. Thus
D(Z•) = δ Sing• Z•. We also have a functor T which sends Z• to the simpi-
cial space whose space of k-simplices is Top(∆k, Zk). Notice that there are
natural simplicial maps

Z• → T (Z•)← D(Z•) .

In order to complete the proof of theorem 8.1, we look at the following
diagram:

Con(Dn, T (Z•))rel Sn−1
③−−−−→ [Dn, |T (Z•)|]rel Sn−1

④

x x②

Con(Dn, Z•)rel Sn−1
①−−−−→ [Dn, |Z•|]rel Sn−1

.

Our aim is to show that ① is a surjection. Assume that Z• is good and
satisfies the topological Kan condition. Then lemma 8.3 below implies that ②

is a bijection. Lemma 8.7 below says that ③ is surjective. At last theorem 9.9,
form the nest section, says that ④ also is surjective. Modulo showing these
lemmas, we have completed the proof.

Lemma 8.3 After taking geometric realization, we get that |Z•| is a strong
deformation retract of |T (Z•)|.

Proof: Given a point t = (t0, . . . , tn) in the topological n-simplex ∆n,
define the contraction at t to be the map ct : ∆n × I → ∆n given by

ct(u0, . . . , un; s) = ((1− s)u0 + st0, (1− s)u1 + st1, . . . , (1− s)un + stn) .
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Write ct,s : ∆n → ∆n when fixing some s ∈ I. Suppose that ψ : [m] → [n]
is an order preserving map. Let ψ∗ : ∆m → ∆n be the induced map on
topological simplexes. Then the following diagram commutes:

∆m × I ψ∗×id−−−−→ ∆n × I

ct

y ycψ∗(t)

∆m ψ∗−−−−→ ∆n

.

LetK be a topological space and define S(K)• to be the simplicial space hav-
ing n-simplices Top(∆n,K). Observe that the subspace of |S(K)•| spanned
by the constant maps σ : ∆n → K is canonically identified with K. We
now claim that K is a strong deformation retraction of |S(K)•|. To see this
define a map

H : |S(K)•| × I → |S(K)•|

as follows:
A point in |S(K)•| is determined by a pair (σ, t) where σ : ∆n → K and

t ∈ ∆n. Let
H(σ, t; s) = (σct,s, t) .

Furthermore, if ψ : [m]→ [n] is order preserving, σ : ∆n → K, and t ∈ ∆m,
then (σψ∗, t) and (σ, ψ∗t) are identified in the geometric realization |S(K)•|.
Computing in the geometric realization, we have

H(σψ∗, t; s) = (σψ∗ct,s, t) = (σcψ∗t,sψ∗, t) = (σcψ∗t,s, ψ∗t) = H(σ, ψ∗t; s) .

Hence, H is well-defined.
Now let K run through the spaces of k-simplices of Z•. By naturality

of H we get that |Z•| is a strong deformation retract of ||S(Z•)•||. On the
other side, the diagonal of the bisimplicial space S(Z•)• is T (Z•), and it is
well known that ||S(Z•)•|| is homeomorphic to |T (Z•)|. Therefore, we see
that |Z•| is a strong deformation retract of |T (Z•)|. �

Lemma 8.4 There is a natural map |D(Z•)| → |Z•|, and this map is a weak
equivalence provided that Z• is good, i.e. all degeneracies are cofibrations.
Moreover, the diagram

|Z•|

##H
HH

HH
HH

HH
|D(Z•)|oo

yyssssssssss

|T (Z•)|

commutes up to homotopy.
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Proof: The first part is well known, while the second part follows easily
from the proof of the previous lemma. �

Theorem 8.5 (Whitney) Every open subset of Sn−1 is a CW-complex.

Proof: Every proper subset U of Sn−1 embeds as an open subset of Rn−1.
Consider meshes Ms in Rn−1 of cubes with side length 2−s, such that Ms+1

is a subdivision of Ms. Following [Whi34, section 8], we can write U as a
union

⋃
sKs such that Ks consists of cubes in Ms, the interiors of the Ks’s

are mutually disjoint, and Ks meets only Ks−1 and Ks+1. This is a CW-
structure on U . �

In the lemma 8.6 below, we start out with a simplicial map U• → T (Z•)
and then attempt to improve it. Hence we need explicit descriptions of
such maps: Let U• be a simplicial space with free degeneracies. Then the
subspace Nk of Uk consisting of the non-degenerate simplexes is disjoint
from the degenerate simplexes. Moreover, N• forms a presimplicial space,
i.e. having all face maps, but without any degeneracy maps. Furthermore,
simplicial maps

U• → T (Z•)

are in one-to-one correspondence with presimplicial maps

N• → T (Z•) .

Recalling the definition of T (Z•), we see that maps of the latter type can be
described by continuous maps φk : Nk × ∆k → Zk such that the following
presimplicial coherence diagrams commute for all face maps di:

Nk ×∆k
φk // Zk

di

��

Nk ×∆k−1

id×δi
77nnnnnnnnnnnn

di×id

''PPPPPPPPPPPP

Nk−1 ×∆k−1
φk−1 // Zk−1

.

Lemma 8.6 Assume that Z• satisfies the topological Kan condition and U is
a good ordered open cover of Sn−1. Then every simplicial map U• → T (Z•)
is topologically homotopic to a map U• → D(Z•).
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Proof: Recall that the ordered Čech complex U• has free degeneracies.
The space of non-degenerate k-simplices is

Nk =
∐

α0<···<αk

Uα0···αk ,

and each Nk is a CW-complex by theorem 8.5. Moreover, each connected
component of Nk is contractible since U is a good cover. Hence, there exists
local contractions Hk : Nk × I → Nk, i.e. homotopies such that for x ∈ Nk

we have Hk(x, 1) = x, whereas Hk(x, 0) is locally constant.
Let φk : Nk×∆k → Zk be a collection of maps that represents a simplicial

map U• → T (Z•). By induction on k we will construct maps Φk : Nk × I ×
∆k → Zk such that

Φk(x, 1, t) = φk(x, t) for all x ∈ Nk and t ∈ ∆k,

for t ∈ ∆k fixed, the expression Φk(x, s, t) is locally constant as a
function Nk ×

[
0, 1

k+2

]
→ Zk, and

all presimplicial coherence diagrams for Φ• commute.

We begin by defining Φ0. For x ∈ N0, s ∈ I and 1 ∈ ∆0 we define

Φ0(x, s, 1) =

{
φ0(H0(x, 2s− 1), 1) if s ≥ 1

2

φ0(H0(x, 0), 1) if s ≤ 1
2 .

Next, we construct Φk from Φi, i < k. This is done in four steps:
First step. In this step we will extend φk : Nk×{1}×∆k → Zk to a map

Φk :
(
Nk ×

[
1

k + 1
, 1

]
× ∂∆k

)
∪

(
Nk × {1} ×∆k

)
→ Zk .

We will do this by induction over the dimension of proper faces σ of ∆k.
Given a face σ, let I be the subset of [k] such that n ∈ I if and only if
σ is contained in the n’th (k − 1)-face of ∆k. We can, by the induction
hypothesis, construct a diagram

Nk ×
([

1
k+1 , 1

]
× ∂σ ∪ {1} × σ

)
−−−−→ Zky ycIk

Nk ×
[

1
k+1 , 1

]
× σ −−−−→ CΛIk(Z•)

,

where the lower map comes from the Φi, i < k. The vertical map on the
left side is a cellular inclusion between CW-complexes, and a homotopy
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equivalence. The topological Kan condition says that cIk is a Serre fibration.
Hence, a lift exists, and we use this to define Φk on Nk ×

[
1

k+1 , 1
]
× σ.

Second step. Let

r :
[

1
k + 1

, 1
]
×∆k →

( [
1

k + 1
, 1

]
× ∂∆k

)
∪

(
{1} ×∆k

)
be a retraction. For x ∈ Nk, 1

k+1 ≤ s ≤ 1, t ∈ ∆k, we define

Φk(x, s, t) = Φk(r(x, s, t)) ,

where the Φk on the right side is defined by the previous step.
Third step. Recall that Hk denoted a local contraction of Nk. Choose

a function f :
[

1
k+2 ,

1
k+1

]
→ I such that f( 1

k+2) = 0 and f( 1
k+1) = 1. For

x ∈ Nk, 1
k+2 ≤ s ≤ 1, t ∈ ∆k, we now define

Φk(x, s, t) =

{
Φk(x, s, t) if 1

k+1 ≤ s,
Φk(Hk(x, f(s)), 1

k+1 , t) if 1
k+2 ≤ s ≤

1
k+1 .

Again, the Φk on the right comes from the previous step. At this stage,
we should verify that the presimplicial coherence diagrams commute for s ∈[

1
k+2 ,

1
k+1

]
, i.e. we need to check the equality

diΦk(x, s, δit) = Φk−1(dix, s, t)

for all face maps di, x ∈ Nk, s as above and t ∈ ∆k−1. This is an easy
exercise using that equality holds for s = 1

k+1 , and that when fixing t the

function Φk−1(y, s, t) is locally constant on Nk−1 ×
[
0, 1

k+1

]
.

Final step. The steps above define Φk on Nk×
[

1
k+2 , 1

]
×∆k. Now extend

the domain to all of Nk × I ×∆k by

Φk(x, s, t) = Φk(x,
1

k + 2
, t) , for s ≤ 1

k + 2
.

This completes the construction of all Φk’s.
Since Φk(x, 0, t) is locally constant for fixed t ∈ ∆k, it follows that

Φ•(−, 0,−) corresponds to a simplicial map U• → D(Z•). This completes
the proof of the lemma. �

Lemma 8.7 If Z• is good and satisfies the topological Kan condition, then
the map Con(Dn, T (Z•))rel Sn−1 → [Dn, |T (Z•)|]rel Sn−1 is surjective.
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Proof: Fix a T (Z•)-bundle E∂ over Sn−1, and let V denote the correspond-
ing ordered open cover. Since every point in Dn has an arbitrarily small
convex neighborhood, it is possible to find a good ordered open cover U of
Dn such that the restriction of U to Sn−1 is a refinement of V. Let U∂
denote the restriction of U to Sn−1. It is possible to construct an ordered
open cover V ′ over Sn−1 × I such that the restriction of V ′ to Sn−1 × {0}
equals V, and the restriction of V ′ to Sn−1× [12 , 1] is the product of [12 , 1] and
U∂ . Now extend E∂ to a T (Z•)-bundle ESn−1×[0, 1

2
] over Sn−1 × [0, 1

2 ] subor-
dinate to the cover V ′. By lemma 8.6 we can assume that ESn−1×I restricted
to Sn−1 × {1} is a D(Z•)-bundle represented by U∂ and a simplicial map
φ : (U∂)• → D(Z•).

Now consider the diagram

[U•, D(Z•)]rel φ
②−−−−→ [Dn, |D(Z•)|]rel Sn−1

①

y y③

Con(Dn, T (Z•))rel Sn−1
④−−−−→ [Dn, |T (Z•)|]rel Sn−1

.

Here ① is given by gluing together an arbitrary map U• → Z• with the
T (Z•)-bundle ESn−1×I along the boundary. By theorem 5.3 D(Z•) is a Kan
complex. Since U• is good, it follows that ② is a bijection. By lemma 8.4 it
follows that ③ also is a bijection. Hence, ④ is surjective. �

9 Fibrant replacement

In this section we will show how to construct a fibrant replacement Z̃• for
any good simplicial space Z•. Moreover, the natural map Z• → Z̃• induces
a natural bijection Con(X,Z•)→ Con(X, Z̃•).

An open cover U is finite and totally ordered if it comes with a finite
and totally ordered index set I. Thus we may define Confinite(X,Z•), and
correspondingly in the relative case. Over compact spaces there is no loss of
generality when using such covers:

Lemma 9.1 If X is compact and A a neighborhood deformation retract,
then the natural map Confinite(X,Z•)rel A → Con(X,Z•)rel A is a bijection
for all Z•.

Proof: It is sufficient to consider surjectivity when fixing a Z•-bundle EA
having a finite and totally ordered open cover. By compactness, any ordered
open cover of X has a finite refinement. Moreover, we may choose a total
ordering of the indexing set extending the already existing partial ordering.
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Corollary 9.2 Let Z• →W• be a map of simplicial spaces. If Confinite(Dn, Z•)rel ∂ →
Confinite(Dn,W•)rel ∂ is surjective for all n ≥ 0, then Con(X,Z•)rel A →
Con(X,W•)rel A is a bijection for all pairs (X,A) of the homotopy type of a
CW-pair.

Lemma 9.3 Let W• be the pushout of ∆n
• ← Λn,k• → Z•. Then the natural

map Con(X,Z•)→ Con(X,W•) is a bijection.

Proof: By the above corollary, it is enough to show surjevtivity in the
relative case

Confinite(Dm, Z•)rel Sm−1 → Confinite(Dm,W•)rel Sm−1 .

Hence, we attempt to lift a W•-bundle E subordinate to a finite and totally
ordered open cover U . We may assume that E is collared. Let σk denote the
(n − 1)-face of ∆n

• which is missing in Λn,k• . σk is also an isolated point of
Wn−1. Let N be the number of subsets S ⊆ I such that US =

⋃
α∈S Uα maps

to a degenerate simplex over σk. Observe that N is finite, and that E lifts
to a Z•-bundle if N = 0. We will now give a construction of a concordant
W•-bundle E ′ such that N decreases.

Let r be the largest integer such that there exists a increasing chain
α0 < · · · < αr of indices such that Uα0···αr maps to some degenerate simplex
over σk. This degenerate simplex is described by a surjective order preserving
map φ : {α0, . . . , αr} → [n − 1]. By the collaring of E we may assume that
none of the Uαi ’s meet the boundary ∂ = Sm−1. Define Uγ = Uα0···αr . Let
β0, . . . , βs be all indices β such that Uβ ∩ Uγ is non-empty. Without loss of
generality, we may assume that the β’s are ordered increasingly. Moreover,
if R is {a0, . . . , αr, β}, then UR maps to a degenerate simplex over the non-
degenerate n-simplex ι ∈ ∆n

n →Wn. Thus we have a diagram

{α0 < · · · < αr} −−−−→ {α0 < · · · < αj < β0 < · · · < βs < αj+1 < · · · < αr}

φ

y yφ̂
[n− 1] σk−−−−→ [n]

.

Here φ̂ must map each βi to k, otherwise we would violate our assumption
on r. Let us now define a new ordered open covering U ′ by adding one
additional open set, namely Uγ = V with αj < γ < β0. We can extend
the W•-bundle to U ′ by declaring that UR should map to the simplex of ∆n

•
given by θ : R→ [n] where θ(γ) = k and otherwise θ agrees with φ̂.
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Now take a partition of unity {ψα} subordinate to the original cover U .
We proceed to define a refinement U ′′ of U ′ = U ∪ {Uγ}. For all β ∈ I ∪ {γ}
not of the form αi we set U ′′

α = Uα. Let U ′′
αi be the set

{x |ψαi(x) >
1
r

(
ψα0(x) + · · ·+ ψαi−1(x) + ψαi+1(x) + · · ·+ ψαr(x)

)
}.

We check that this is a cover: Take a point x. If all ψαi(x) = 0, then x
lies in some U ′′

α = Uα for α ∈ I r {α0, . . . , αr}. If ψα0(x) = ψα1(x) =
· · · = ψαr(x) > 0, then x lies in Uγ . Otherwise, there exists an j such that
ψαj (x) ≥ ψαi(x) for all i, and the inequality is strict at least for one i. This
implies that x ∈ U ′′

αj . Moreover, the intersection
⋂
i U

′′
αi is empty. This can

be seen by taking the sum over all the inequalities. Thus we have a new
W•-bundle with reduced integer N . �

Lemma 9.4 Let N• be the non-degenerate part of the Čech complex corre-
sponding to a finite and totally ordered open covering. The following proper-
ties are satisfied:

• There exists an integer K so that Nk = ∅ for k > K.

• If di(x) = dj(y) ∈ Nk, i < j there is an z ∈ Nk+2 such that y = di(z)
and x = dj+1(z).

• The obvious map ∐
0≤i≤k+1

Nk+1

`
di−−−→ ∪idi(Nk+1) ⊆ Nk

is a quotient map.

Proof: Chose K to be the number of elements in the cover. The next
two statements are general properties of the non-degenerate part of a Čech
complex.

Addressing the last statement, we consider a subset V of Nk such that
all d−1

i (V ) are open in Nk+1. We have to show that V ∩
(
∪idi(N ε

k+1)
)

is
open. We can assume that V is a subset of some Uα0···αk . Notice that all
V ∩ Uβ are open for β 6= αi. The result follows since ∪idi(N ε

k+1) equals the
finite union

⋃
β 6=αi (V ∩ Uβ). �

The following lemma plays the role of “a homotopy extension property”
for the inclusion ∪idi(Nk+1) ↪→ Nk. In a vague sense this is dual to Segal’s
defintion of a good simplicial space, [Seg74].

40



Lemma 9.5 Let U be a finite and totally ordered open cover, let N• be the
non-denerate part of its ordered Čech complex, let Z be any space, and let
G : (∪idi(Nk+1)) × I → Z be a homotopy which agrees with a map g :
Nk → Z for 0 ∈ I. Then there exists a refinement U ε of U and a homotopy
Gε : N ε

k× I → Z such that Gε agrees with G on
(
∪idi(N ε

k+1)
)
× I and with g

on N ε
k ×{0}. Moreover, if t 7→ G(x, t) is constant for some x ∈ ∪idi(N ε

k+1),
then t 7→ Gε(x, t) is also constant.

Proof: Choose a partition of unity ψα subordinate to the finite and totally
ordered cover U . For ε > 0 let U ε be the collection of all open sets ψ−1

α (ε, 1].
If ε is small, ε < 1

|I| , where |I| is the number of open sets in U , then U ε is
again a cover.

Now define a map ψ : Nk → I as follows: On the intersection Uα0···αk
let ψ be the sum

∑
β 6=αi ψβ . Notice that the support of ψ is contained in

∪idi(Nk+1), and that ψ−1 (ε, 1] is ∪idi(N ε
k+1).

Define a homotopy Ĝε : Nk × I → Z by the formula:

Ĝε(x, t) =


g(x) if x 6∈ ∪idi(Nk+1),
G(x, t) if x ∈ ∪idi(Nk+1) and ψ(x) ≥ ε, and
G(x, ψ(x)

ε t) if x ∈ ∪idi(Nk+1) and ψ(x) ≤ ε.

Let Gε be the restriction of Ĝε to N ε
k × I. �

Theorem 9.6 Let i : Z• → W• be a map of simplicial spaces with the
property that each in : Zn → Wn is the inclusion of a strong deformation
retract. Suppose that U• is the Čech complex of a finite and totally ordered
open cover. Let h : U• → W• be a simplicial map. There exist a refinement
U ε of U together with simplicial maps g : U ε• → Z• and F : U ε• × I → W•
with the properties that F (x, 1) = i(g(x)) and F (x, 0) = h(x). Moreover, if
h takes x ∈ U εn to Zn, then t 7→ Fn(x, t) is constant.

Proof: It is enough to consider the non-degerenate part N• of U•, i.e. we
can reformulate the question in the category of presimplicial spaces.

We construct these by downward induction on the simplicial degree. As-
sume that we have constructed a refinement U εn of U and a map in the
category of presimplicial spaces.

Fn : N εn
• × I →W•

such that Fn(x, 0) = h(x) and Fn(N εn
k × {1}) ⊂ Zk for all k > n. To com-

plete the inductive step and define Fn−1, it suffices to construct a refinement
U εn−1 of U εn and a map of presimplicial spaces G : N εn−1

• × I → W• with
the following properties:
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• Gk(x, 0) = Fnk (x, 1).

• Gk(x, t) = Fnk (x, 1) if k > n.

• Gn(x, 1) ∈ Zn ⊂Wn.

Then we obtain Fn−1 by composing the homotopy Fn with the homotopy
G

For k > n, the conditions already define Gk. We define Gn : N εn
n × I →

Wn as follows: Let H : Wn× I →Wn be the deformation retraction into Zn,
and let Gn(x, t) = H(Fnn (x, 1), t).

Since Fn+1(N εn
n+1 × {1}) ⊂ Zn+1, for each i, 0 ≤ i ≤ n + 1, we get a

commutative diagram

N εn
n+1 × I

di //

Gn+1

��

N εn
n × I

Gn
��

Zn+1
di // Zn

in //Wn

Thus G clearly satisfies the conditions, except for that we have not yet
defined Gk for k < n. The conditions these maps have to satisfy are that
the maps Gk, for 0 ≤ k, define a presimplicial map, and the compatibility
condition that Gk(x, 0) = Fnk (x, 1). Everything else is already taken care of.
We define Gk by downward induction on k, using lemma 9.5.

To be precise, assume that we have descended to stage k + 1. We have
defined Gk+1, and want to proceed to define Gk. At each stage we have
to shrink our cover. Thus Gk+1 is defined on N

εn,k+1

k+1 × I. Here N εn,k+1
•

corresponds to a refinement U εn,k+1 of U εn,k+2 . The Gk we seek should be
compatible with Fnk , and make the following diagram commute for each i,
0 ≤ i ≤ k + 1:

Nk+1 × I
di //

Gk+1

��

Nk × I

Gk
���
�
�

Wk+1
di //Wk

Because of the second statement of lemma 9.4, there is a well defined set
map G̃k : ∪0≤i≤k+1di(N

εn,k+1

k+1 × I)→Wk such that the following diagram
commutes:

N
εn,k+1

k+1 × I di //

Gk+1

��

∪0≤i≤k+1di(N
εn,k+1

k+1 × I)

G̃k
��

Wk+1
di //Wk

42



According to the last statement of lemma 9.4, the map G̃k is a continuous
map. By lemma 9.5, we can find a refinement U εn,k of the cover U εn,k+1 , such
that an extension in the diagram

∪idi(N
εn,k
k+1 × {0}) //

��

∪idi(N
εn,k
k+1 × I)

G̃k

  B
BB

BB
BB

BB
BB

BB
BB

BB
BB

B

��
N
εn,k
k × {0} //

(x,0) 7→Fnk (x,1)
,,YYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYYY N

εn,k
k × I

Gk

((Q
QQQQQQ

Wk

exists. This completes the inductive step, and the proof of everything except
the last part. However, tracing the proof it is easily seen that all homotopies
fix points x ∈ U εn having hn(x) ∈ Zn. �

Corollary 9.7 Assume that i : Z• →W• is as above. Let A ⊆ X be a closed
cofibration, and assume that (X,A) has the homotopy type of a CW-complex.
Then

Con(X,Z•)rel A → Con(X,W•)rel A

is a bijection.

Proof: By corollary 9.2 it is sufficient to consider surjectivity in the relative
case

Confinite(Dm, Z•)rel Sm−1 → Confinite(Dm,W•)rel Sm−1 .

Here we have fixed a Z•-bundle E∂ over Sm−1. Let U∂ be the cover of Sm−1

corresponding to E∂ . Without loss of generality it is enough to lift a W•-
bundle EW collared with respect to i∗E∂ . The theorem above constructs a
lifting EZ . However, EZ agrees with E∂ only on a refinement U ε∂ of U∂ . This
is not a problem, since we can extend EZ by gluing onto it the collar of E∂ . �

Corollary 9.8 Let A ⊆ X be a closed cofibration, and assume that (X,A)
has the homotopy type of a CW-complex. Then the functor Con(X,Z•)rel A
is invariant under topological homotopy of Z•.

Proof: The map Z•
i0−→ Z• × I is in each degree a strong deformation

retraction. �
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Theorem 9.9 Let A ⊆ X be a closed cofibration, and assume that (X,A)
has the homotopy type of a CW-complex. Consider f : Z• → W•, a map
of simplicial spaces such that each fn is a homotopy equivalence. Then f
induces a bijection

f∗ : Con(X,Z•)rel A → Con(X,W•)rel A

Proof: Let M• be the degreewise mapping cylinder of f . There are
inclusions of degreewise strong deformation retracts iZ : Z• ⊂ M• and
iW : W• ⊂M•. Moreover, the map iW ◦ f is homotopic to iZ . The theorem
holds for iW and iZ by corollary 9.7. By corollary 9.8 iZ and iW ◦ f in-
duce the same map of concordance classes. Hence, we obtain a commutative
diagram, which proves the claim for f∗.

Con(X,M•)rel A

Con(X,Z•)rel A
(iZ)∗

∼=
44jjjjjjjjjjjjjjjj f∗ // Con(X,W•)rel A

(iW )∗

∼=
jjUUUUUUUUUUUUUUUU

�

Corollary 9.10 Let X be a topological space having the homotopy type of
a CW-complex, and let Z• be a good simplicial space, then there exists a
simplicial space Z̃• together with a simplicial map Z• → Z̃• such that the
induced maps Con(X,Z•) → Con(X, Z̃•) amd [X, |Z•|] → [X, |Z̃•|] both are
bijections. Moreover, Z̃• satisfies the topological Kan condition.

Proof: Let F be the set of maps between simplicial spaces consisting of
the family

{Λn,k• ↪→ ∆n
•}

and the family

{Dm × I × Λn,k• ∪
Dm×{0}×Λn,k•

Dm ×∆n
• ↪→ Dm × I ×∆n

•} .

We may preform Quillen’s small object argument on the map Z• → ∗ with
respect to this set F , see [DS95, proposition 7.17]. This produces a fibrant
replacement Z̃• of Z• together with a simplicial map Z• → Z̃•. Z̃• → ∗ has
the right lifting property with respect to all maps in F . Hence Z̃ satisfies the
topological Kan condition. The geometric realizations of Z• and Z̃• are obvi-
ously weakly equivalent. Moreover, the lemma 9.3 and theorem 9.6 ensures
that Con(−, Z•) and Con(−, Z̃•) are in natural one-to-one correspondence.
�
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