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The Equation

For some finite 7" > 0,

ut + f(x,u), = Plu](z,t) for x € [0,1], t € (0,T],
u(x,0) = ug(z) for x € [0, 1], (1)
u(0,t) = u(1,t) for t € (0, T] (~ periodic B.C. in space),

where the non-local source term 1s given by

Plul(w.t) = [ uly. 1) dy - O/1 (e 1) dz dy. )

Associated Assumptions

We will have few assumptions on the flux and initial data in (1))
e (A1) f(x,u) € CZ.([0,1] x R). In particular, (for e.g. f(x,u) = esjn@”)@g)

—(Al.a) f(x,u) is Lipschitz continuous in x and locally Lipschitz continuous in u,
— (A1.b) f.;(x,u) is Lipschitz continuous in x and locally Lipschitz continuous in u.

e B1) wug(z) € BV([0,1]) and i} ug(x) dz = 0 (~ zero mean condition),

Main Objectives

1. To derive and analyze a numerical method for the equations ([I]) satisfying the above assumptions.

2. To show the convergence of the numerical scheme to an entropy solution of the equation (1)), hence concluding
existence.

3. To show some type of stability result of the scheme, concluding unigueness of the entropy solution.

4. To provide some explicit convergence rate.

Main Result

e Theorem [3]: With the assumptions stated above, there exists a unique entropy solution, for the equation
(1)) given by our scheme (described below) and the scheme converges to this solution with an order %

Notion of Solution

e Entropy Solution: (see [1])u € C([0,T]; L*((0,1)))NL>¥([0, 1] x [0, T) is an entropy solution of the equation
() if for all £ € R

LKr(ua k, QS) :

({Tgl [77(“7 k)or + q(x, u, k)pp + sign(u — k) fo(x, k)@ + sign(u — k)P[u]gb] dx dt

+ [nlu(e), Ko(a,0) do = [nfulz, T), K)o(z,T) de =0,

for all non-negative, spatially 1-periodic test fucntions ¢ € C1([0,1] x [0,T7]), where n(u, k) := |u — k| and
q(x,u, k) = sign(u — k)(f(z,u) = f(z,k)).

Discretization and Scheme

e Spatial mesh parameter: Az = ]{, and Temporal mesh parameter: At := MT+1’ for N, M € N.

e Mesh: (Finite volume method) — (Spatial:) for y = 0,1,--- N, x.,1 := jAzr and for y = 1,--- | N,

J+s
Tj =T, 1 — AZ"E; (Temporal:) forn =0,1,--- . M+ 1, t" := nAt.

J+5

e Notation: [; := |z I =, ), [7:=1; x I", and A = ﬁ;

j_%a xj—F%)’
e The scheme:

wf ™= = NPy — FJ )+ AP = Gy, ulf, ullyy) + AP, 3)
where .
0
= . 1,0) = — d -
Uy U(SIZ]_i_%, ) A:Cé up(r) dx, (4)
g1 1 N (l-1 1 N
n._ oy TN 2 Ny T no_
P Ax<i§1 u; + 2u]> (Ax) lgl (Zgl u; + 2u5>, (= jgl P =0) (5)
and
Fﬁr% = F(:I:jJr%, ui Tugyy ), withupy ) = vy and uy = ujp. (6)

e Remark: Conditions (3]) + (6) + spatial periodicity + ’zero mean property’ —> 'MASS’ conservation!!

e For the sake of simplicity: assume f,(z,u) > 0. General case : Similar but lengthy calculations!!

Convergence and Convergence Rate (Proof of Main Result)

A priori estimates [NC-Risebro [3], 18]

e /.°° bound :

e 1.V. bound : . .
T 0 T
gy < €7 [ullByipo.a) +Cf(€ i 1),

where the constant Cy depends on the Lipschitz constants of f, in 2 and wu.

e Time continuity :
n

1+1
N ot J < Cf(yuO!Bv([o,m + 1)'

Ax v |-
j=1 At

— U
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Compactness, hence Existence

e Defining up,(z,t) == =, u}lx ]Jn(x, t), application of a priori estimates of previous subsection + Helly’s
theorem + Arzela Ascoli’s theorem yields:

e Theorem [NC-Risebro [3], *18]: Let {ua,} Ar~q be the family of approximate solutions obtained from the
scheme (3) with A chosen such that G; is monotone for all j and {" < T'. Then there exists a subsequence

{Axp}peny With Az, — 0as & — oo and a function v € C([0,T]; L'([0, 1])) such that UNy, — U in
C([0,T); L([0,1])).

n+l__qn

e Denoting Dﬁrag” =ty tanda; —a;_1 = AxD_ay,
e Discrete Entropy Inequality [NC-Risebro [3] ’18]:

- 1
Din(u?, k) + D_Qj+%(u;7’, k) + SlgH(U?+ — k)D_F]-Jr%

a

(k) — sigm(ui’}-”rl — k)P <0,

where Q1(u, k) == Fj,1(uV k) = Fj,1(u A k) = sign(u — k)(Fij%(u) - Fj+§(k)>.

e Existence of Entropy Solution: [NC-Risebro [3] ’18]
Theorem: If the initial data ug € BV/(|0, 1]) satisfies the zero-mean property and A satisfies the CFL condition
APy <1, then u =: limy,_, o up,, 1s an entropy solution of the equation (1.

Stability and Convergence Rate

e Denoting
11
AE,EO(uv U) = ({ gL<u7 U<y7 S>7 ¢5760<-7-,y’3)) dy dS,

e Kuznetsov type Lemma [NC-Risebro [3], *18]: (see [2]) If u be an entropy solution of the equation (1)) with

the associated initial data ug € BV([0, 1]), then for any v € L°°(]0, T]; L'([0,1])) N L®(II7), then we have
1

Jul, T) = v, )l < 2 lul) = ool + (€2 = 1) x [ = Acv,0) + (0l T), €) + pu(u(, T), )

(o), €) + (o), ) + Crple + T sup p(o(-,),€) + (v, o))

t€|0,T]

e Letting ¢, ¢ — 0, in the lemma, we conclude for two entropy solutions u, v of equation (1)) with correspondin
initial data ug, vg, we have

lu(-, T) = o(-, )|l < e [|uo(-) = vo(-)|l1 ~ Uniqueness. (7)

e Also, in the estimate —A¢ ¢ (up,, ) < CT(At + Az + %Ot 4 AE:E), choosing € = ¢ = VAt = CvV Az, we get
|u(, T) —up,(-, 7)1 < Cpv Az, (= the scheme converges to the entropy solution with an order %).

Numerical example

To validate our theoretical result, we have performed numerical simulation with following two initial data, ref-
erence mesh being N = 8192,

1 1 1 | | - 1
o (z) = ?(a:_%2+?(x—21)+316 ,if E)<x<2 ®)
lo-12-la-h+L if l<a<t,
and
uo(x) = —0.05cos (2mx), for x € [0, 1], (see [4]). 9)

| —Initial data
LN =128
o0s - Reference solution

%1_TInitial data
oos - IN =128
—Reference solution

i i

Figure 1: solutions on different meshes at ¢ = 36 for initial data (8] (left) and for initial data (9)) (right)

Initial data (8) | Initial data (8])
N |Error(%) EOC Error(%) EOC
32 56.4 65.3
64 40.9 0.5 395 0.7
128 264 06 | 21.8 09
256 | 155 0.8 114 09
512 7.8 1.0 5.9 1.0

1024 3.7 1.1 2.7 1.1

2048 1.6 1.2 1.2 1.2

Table 1: Relative errors and EOC in the L' distances at t = 36 for different initial data.

Future Projects

e Analysis of OH equation with space-time dependent flux,

e Analysis of OH equation using operator splitting method.
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