Strong continuity of weak solutions to the compressible
Euler equations

Eduard Feireisl

based on joint work with A.Abbatiello (Berlin)

Institute of Mathematics, Academy of Sciences of the Czech Republic, Prague
Technische Universitat Berlin

The first Norwegian meeting of PDE’s, Trondheim, June 5 - 7, 2019

EINSTEIN i =
B CACR

Einstein Stiftung Berlin
Einstein Foundation Berlin



Prologue

Weak continuity

U € Cyear([0, T; LP(4; RY)), t— [ U-p dxe C[0,T]

Td

@ € L7 (Q; RY)

Strong continuity

T €[0, T, |U(t,-) — U(T, )l p(;re) Whenever t — 7

Strong vs. weak

strong = weak, weak >¥ strong




Euler system for a barotropic inviscid fluid

Equation of continuity

atQ + divxm = O

Momentum equation

dum + div, (@) Vp(0) =0, plo) = 20", 2> 0, 7> 1

Impermeability boundary conditions

m~l’l‘@Q=0

Initial conditions




First and Second law — energ

+ P(o), P'(0)o— P(e) = p(0)
1l 4 P(o)if 0> 0

P(o) if [ m| =0 is convex |.s.c
5 if o= 0, m| #0

Energy balance (conservation)

8:E + divy (5%) + divy (,;%) -0

Energy dissipation

0e€ + divi(Eu) + divi(pu) < [0

1 |mo‘2
E = E dx, 0:E <0, E(0+) = = + P(00)| dx
Td

Td 2 QO



Weak solutions

Field equations

| [ oot m- Vsl dxde = = [ onp(0.) de, ¢ € CL(10,00)x)

/ / {m - Orp + m i m. Ve + p(o)divep| dxdt
0 Td

mo - (0,-) dx, ¢ € C([0, T) x & RY), ¢ - nlag =0

Td

Admissible weak solutions

/ /Td [1 \ml2 g)} dx Oy dt > o 0)/ 1 Imol2 + P(oo) dx

¥ € C2[0,00), ¥ >0




Riemann integrability

Class R

The complement of the points of continuity of U is of zero Lebesgue
measure in a domain Q

Riemann integrability

A function U is Riemann integrable in Q only if U belongs to the class R

Oscillations

osc[v](y) = lim sup v— inf _v|,
N0 gy 9@ BB)9)NQ

A, = {(y) €Q ‘ osc[v](y) > 77} is closed and of zero content

Ay C UieanQi, Y |Qi| <6 forany 6 >0, @ - a box




Main result

Theorem
Let d =2,3. Let go, mg, and Eg be given such that
0 ER, 0< o< 0 <o,
mo € R, divimg € R, mo - njgg = 0,
0<E<E, EER.

Then there exists a positive constant E., (large) such that the Euler
problem admits infinitely many weak solutions with the energy profile

/Td B% + P(Q)] (t,-) dx = Eoo + E(t) for a.a. t € (0, T)




Strongly discontinuous solutions

Theorem

Let d =2,3. Let go, mg be given such that
WER, 0<9< 0 <7,

mg € R, divimg € R, mg - n|pg = 0.

Let {7i}72; C (0, T) be an arbitrary (countable dense) set of times.
Then the Euler problem admits infinitely many weak solutions o, m with a
strictly decreasing total energy profile such that

0 € Cuear([0, TI; L(Q)), m € Cuear([0, T]; L71(Q; RY))

but

t— [o(t,-), m(t,-)] strongly continuous at any 7;, i =1,2,....




Convex integration ansatz

Helmholtz decomposition of the initial data

Moy = Vo —+ qu:’o, diVXV() = 07 AX‘DO = dimeo, (qu)o — mo) . n|aQ =0

o(t,x) = 0o + h(t)Ax®o, h(0) =0, A'(0) = —1
m(t,x) =v — h'(t)V,Po, diviv =0, v - n|aq, v(0,-) = vo

Balance of momentum

(v — W (t)VxPo) ® (v — W' (t)VxPo) 1|v— h’(t)VX¢o|2H)
0 d 0

an + diVX (

Ll — K (V.00
2 0 o




Subsolutions

Energy profile
d d 5
5P(e) + Sh7(t)®o, e € R([0, T] x ).

Field equations

divev = 0, dev + diviU = 0, v(0,-) = vo, U(t,x) € RG:,

Convex constraint

d
~ SUP )\max

{(v — W (t)VxD0) ® (v — ' (£) VDo)
[0,T]xQ

— IU] < inf e
[0, T]xQ

Algebraic inequality

- {(v — W (5)Va®0) © (v — K () ViPo) U}




Critical points

Convex functional

T W 2
I[v]:/ / (%Mfe) dxdt for v € X.
o Jrd [

Zero points

I[v] =0 = v is a weak solution of the problem

Points of continuity

v — a point of continuity of / on X = [[v] =0




Oscillatory Lemma (De Lellis, Székelyhidi

Oscillatory Lemma, basic form
Let @ =(0,1) x (0,1)¢, d = 2,3. Suppose that v e RY, U € R¢X?

0,sym?’
e < e are given constant quantities such that

gAmaX [vev-T]<e.

Then there is a constant ¢ = ¢(d, €) and sequences of vector functions
o0 o0
{wn}n2s {Va}a2i,

W, € CZ(QRY), Vo € C(Q; Ry i)

satisfying
Owp + divV, =0, diviw, =0 in Q,

g)\max[(v+wn)®(v+wn)7(U+V,,)] <einQforalln=1,2,...,

W, — 0 in Cuear ([0, 1]; L2((0,1)%; RY)) as n — oo,

2
Iiminf/ |w,|?dxdt > c(d,E)/ (ef 1|v|2> dxdt
oo Jo o 2




Oscillatory lemma

veR(QRY), Ue R(QR{LL), e€ R(Q), re R(Q), @=(0,T)xQ

0<r<r(t,x) <7, e(t,x) <eforall (t,x) € Q,
[v®v —[U] <infe.
Q
Then there is a constant ¢ = c(d, €) and sequences {w,}32;, {V.}21,
w, € C°(QiRY), Vo € C(QiR3%m)
satisfying
Owp, + diviV, =0, diviw, =0 in Q,

(v+wn)®(v+wy,)

d
~ SUP )\max |:
23

Q

W, —= 0 in Cuear ([0, T]; Q; RY)) as n — oo,

— O 7 - 1P
liminf [ —dxdt > c(d,€) e—=— | dxdt
n—oo Q r Q 2 r

4«40r «F» «E=>»




