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The Hunter–Saxton equation

(ut + uux)x =
1
2
u2
x

has been introduced as model of the director field of a nematic
liquid crystal by Hunter and Saxton in 1991.

I Weak solutions are not unique [Hunter, Zheng, 1995].
I Hunter and Zheng introduced conservative and dissipative

solutions.
I The HS equation can be integrated in various ways.



Wave breaking for the HS equation

ut(t, x) + uux(t, x) =
1
4

Z x

�1
u2
x (t, z)dz � 1

4

Z 1

x
u2
x (t, z)dz

The HS equation enjoys wave breaking in finite time for a wide
class of solutions, that means,

I the solution u remains bounded and continuous,
I the spatial derivative ux becomes unbounded pointwise,
I the L2(R) norm of ux remains bounded,
I u2

xdx tends to a positive, finite Radon measure.



Non-uniqueness example

At collision time the solution vanishes but can be continued to a
weak solution.

At collision time all the energy concentrates at the origin and can
be described by a finite, positive Radon measure.



The solution u(t, x)



The energy µ(t, (�1, x))



Non-uniqueness example

By manipulating the concentrated energy at breaking time various
weak solutions can be constructed.

[Bressan, Constantin, 2005], [Dafermos, 2011], [Bressan, Holden,
Raynaud, 2010], [Grunert, Nordli, 2016], . . .



Conservative solutions of the HS equation
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At any time t, the solution (u(t, ·), µ(t, ·)) 2 D, i.e.
I u(t, ·) 2 L1(R)
I ux(t, ·) 2 L2(R)
I µ(t, ·) a finite positive Radon measure such that

µac = u2
xdx

The total energy, given by µ(t,R), is independent of time.



Conservative solutions can be computed via a generalized method
of characteristics.
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Motivation µ(t, (�1, x)) � y(t, ⇠) . . . characteristic



Motivation µ(t, (�1, x)) � y(t, ⇠) . . . characteristic



Motivation µ(t, (�1, x)) � y(t, ⇠) . . . . characteristic



Motivation y(t, ⇠) � H⇠(t, ⇠) . . . energy distribution



Motivation y(t, ⇠) � H⇠(t, ⇠) . . . energy distribution



Motivation y(t, ⇠) � H⇠(t, ⇠) . . . energy distribution



Motivation

Advantage:
I Linear system of ODEs
I The spreading of the concentrated energy is linked to the

characteristics separating.

Disadvantage:
I One solution in Eulerian coordinates corresponds to an

equivalence class of solutions in Lagrangian coordinates.
I Difficult to compute the distance between equivalence classes

[Bressan, Holden, Raynaud, 2010].



Conservative solutions of the HS equation

ut(t, x) + uux(t, x) =
1
4

Z x

�1
u2
x (t, z)dz � 1

4

Z 1

x
u2
x (t, z)dz

At any time t, the solution (u(t, ·), µ(t, ·)) 2 D, i.e.
I u(t, ·) 2 L1(R)
I ux(t, ·) 2 L2(R)
I µ(t, ·) a finite positive Radon measure such that

µac = u2
xdx

The total energy, given by µ(t,R), is independent of time.



Main idea

I Any measure µ(·) with µ(R) = 1 can be seen as a curve in the
space of probability measures.

I Given two probability measures µi (x), i = 1, 2, their distance
can be measured by Wasserstein metrics, i.e.

dp(µ1, µ2) = kF�1
1 � F�1

2 kLp([0,1]) p 2 [1, 1],

where Fi (x) = µi ((�1, x)).
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New system

I Any measure µ(t, ·) with µ(t,R) = 1 can be seen as a curve in
the space of probability measures.

Let �(t, ⌘) = sup{x | F (t, x) < ⌘}, where F (t, x) = µ(t, (�1, x)),
then

I �(t, ·) : [0, 1] 7! R is non-decreasing.

F<latexit sha1_base64="DrmfjDGGujB55r+CNSatquxUnbM=">AAAB63icbVDLSsNAFL2prxpfVZduBovgqiRV0GVREJcV7APaUCbTSTt0HmFmIpTQX3DjQhG3/pA7/8akzUJbD1w4nHMv994TxpwZ63nfTmltfWNzq7zt7uzu7R9UDo/aRiWa0BZRXOluiA3lTNKWZZbTbqwpFiGnnXBym/udJ6oNU/LRTmMaCDySLGIE21y6c113UKl6NW8OtEr8glShQHNQ+eoPFUkElZZwbEzP92IbpFhbRjiduf3E0BiTCR7RXkYlFtQE6fzWGTrLlCGKlM5KWjRXf0+kWBgzFWHWKbAdm2UvF//zeomNroOUyTixVJLFoijhyCqUP46GTFNi+TQjmGiW3YrIGGtMbBZPHoK//PIqaddr/kWt/nBZbdwUcZThBE7hHHy4ggbcQxNaQGAMz/AKb45wXpx352PRWnKKmWP4A+fzBzjojQo=</latexit>

�
<latexit sha1_base64="ByJjr6rjqOImWdhSQ7dZIkRlm2U=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTo+NRMmiX664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzeKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjMnicDoTlDObGEMi3srYSNqKYMbUSzELzll1dJq1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGtAEBhKe4RXenEfnxXl3PhatBSefOYY/cD5/ANfYjoY=</latexit>

I (�(t, ⌘), u(t, �(t, ⌘))) describes the solution and has compact
support.



New system

�t(t, ⌘) = U(t, ⌘)

Ut(t, ⌘) =
1
2
⌘ � 1

4

Thus �(t, ⌘) can be seen as characteristic, which takes care of the
rarefaction behavior.

I Jumps in �(t, ⌘) might change in height, but remain always at
the same position.

I Intervals where �(t, ⌘) is constant disappear immediately
again.



Example Ut(t, ⌘) =
1
2⌘ � 1

4

The function u.

The function U .



Example �t(t, ⌘) = U(t, ⌘)

The function F .

The function �.



Lipschitz metric

Let

d((u1, µ1), (u2, µ2)) = k�1(·) � �2(·)kL1([0,1])

+ ku1(�1(·)) � u2(�2(·))kL1([0,1]),

then

d((u1(t), µ1(t)),(u2(t), µ2(t)))

 (1 + t)d((u1(0), µ1(0)), (u2(0), µ2(0))).



Lipschitz metric

Problems:
I The support depends on the total energy C , i.e.

�, U : [0,C ] ! R.

I If (u, µ) = (0, 0), then � is not well-defined and the same
applies to U .



Lipschitz metric

Solution:
I Introduce a rescaling

�̃(t, ⌘) = C�(t,C⌘) and Ũ(t, ⌘) = CU(t,C⌘).

�(⌘ � 1 � C

2
)

<latexit sha1_base64="ZZ7ZBvH3pzroYEas0hmHKDUc53I=">AAACBnicbVBNS8NAEN34WetX1KMIwSLUQ0tSBT0We/FYwX5AE8pmO2mXbjZhdyOU0JMX/4oXD4p49Td489+4aXPQ1gcDj/dmmJnnx4xKZdvfxsrq2vrGZmGruL2zu7dvHhy2ZZQIAi0SsUh0fSyBUQ4tRRWDbiwAhz6Djj9uZH7nAYSkEb9Xkxi8EA85DSjBSkt988QlI1p2QeGKGwhMUqfSmKa16XkxQ98s2VV7BmuZODkpoRzNvvnlDiKShMAVYVjKnmPHykuxUJQwmBbdREKMyRgPoacpxyFIL529MbXOtDKwgkjo4sqaqb8nUhxKOQl93RliNZKLXib+5/USFVx7KeVxooCT+aIgYZaKrCwTa0AFEMUmmmAiqL7VIiOs01A6uSwEZ/HlZdKuVZ2Lau3uslS/yeMooGN0isrIQVeojm5RE7UQQY/oGb2iN+PJeDHejY9564qRzxyhPzA+fwBAgJZi</latexit>

C�(C⌘)
<latexit sha1_base64="eDGl0ZrMufKTHL487vKfbeq0cHg=">AAAB+3icbVBNS8NAEN3Urxq/Yj16WSxCvZSkCnos9uKxgv2AJpTNdtMu3WzC7kQsoX/FiwdFvPpHvPlvTNoctPXBwOO9GWbm+bHgGmz72yhtbG5t75R3zb39g8Mj67jS1VGiKOvQSESq7xPNBJesAxwE68eKkdAXrOdPW7nfe2RK80g+wCxmXkjGkgecEsikoVUxWy6d8FrLZUAuzBxDq2rX7QXwOnEKUkUF2kPryx1FNAmZBCqI1gPHjsFLiQJOBZubbqJZTOiUjNkgo5KETHvp4vY5Ps+UEQ4ilZUEvFB/T6Qk1HoW+llnSGCiV71c/M8bJBDceCmXcQJM0uWiIBEYIpwHgUdcMQpilhFCFc9uxXRCFKGQxZWH4Ky+vE66jbpzWW/cX1Wbt0UcZXSKzlANOegaNdEdaqMOougJPaNX9GbMjRfj3fhYtpaMYuYE/YHx+QOwEZGc</latexit>



Lipschitz metric

! <latexit sha1_base64="qm++Nvdhgikg/Pn12pDPwS1FqOk=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fjw4rGC/YAmlM122y7d7IbdiVJC/4YXD4p49c9489+YtDlo64OBx3szzMwLYyksuu63s7a+sbm1Xdop7+7tHxxWjo7bVieG8RbTUptuSC2XQvEWCpS8GxtOo1DyTji5zf3OIzdWaPWA05gHER0pMRSMYib5vhGjMVJj9FO5X6m6NXcOskq8glShQLNf+fIHmiURV8gktbbnuTEGKTUomOSzsp9YHlM2oSPey6iiEbdBOr95Rs4zZUCG2mSlkMzV3xMpjaydRmHWGVEc22UvF//zegkOb4JUqDhBrthi0TCRBDXJAyADYThDOc0IZUZktxI2poYyzGLKQ/CWX14l7XrNu6y591fVRr2IowSncAYX4ME1NOAOmtACBjE8wyu8OYnz4rw7H4vWNaeYOYE/cD5/APdakZM=</latexit>

!<latexit sha1_base64="qm++Nvdhgikg/Pn12pDPwS1FqOk=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fjw4rGC/YAmlM122y7d7IbdiVJC/4YXD4p49c9489+YtDlo64OBx3szzMwLYyksuu63s7a+sbm1Xdop7+7tHxxWjo7bVieG8RbTUptuSC2XQvEWCpS8GxtOo1DyTji5zf3OIzdWaPWA05gHER0pMRSMYib5vhGjMVJj9FO5X6m6NXcOskq8glShQLNf+fIHmiURV8gktbbnuTEGKTUomOSzsp9YHlM2oSPey6iiEbdBOr95Rs4zZUCG2mSlkMzV3xMpjaydRmHWGVEc22UvF//zegkOb4JUqDhBrthi0TCRBDXJAyADYThDOc0IZUZktxI2poYyzGLKQ/CWX14l7XrNu6y591fVRr2IowSncAYX4ME1NOAOmtACBjE8wyu8OYnz4rw7H4vWNaeYOYE/cD5/APdakZM=</latexit>

!
<latexit sha1_base64="qm++Nvdhgikg/Pn12pDPwS1FqOk=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fjw4rGC/YAmlM122y7d7IbdiVJC/4YXD4p49c9489+YtDlo64OBx3szzMwLYyksuu63s7a+sbm1Xdop7+7tHxxWjo7bVieG8RbTUptuSC2XQvEWCpS8GxtOo1DyTji5zf3OIzdWaPWA05gHER0pMRSMYib5vhGjMVJj9FO5X6m6NXcOskq8glShQLNf+fIHmiURV8gktbbnuTEGKTUomOSzsp9YHlM2oSPey6iiEbdBOr95Rs4zZUCG2mSlkMzV3xMpjaydRmHWGVEc22UvF//zegkOb4JUqDhBrthi0TCRBDXJAyADYThDOc0IZUZktxI2poYyzGLKQ/CWX14l7XrNu6y591fVRr2IowSncAYX4ME1NOAOmtACBjE8wyu8OYnz4rw7H4vWNaeYOYE/cD5/APdakZM=</latexit>

!
<latexit sha1_base64="qm++Nvdhgikg/Pn12pDPwS1FqOk=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fjw4rGC/YAmlM122y7d7IbdiVJC/4YXD4p49c9489+YtDlo64OBx3szzMwLYyksuu63s7a+sbm1Xdop7+7tHxxWjo7bVieG8RbTUptuSC2XQvEWCpS8GxtOo1DyTji5zf3OIzdWaPWA05gHER0pMRSMYib5vhGjMVJj9FO5X6m6NXcOskq8glShQLNf+fIHmiURV8gktbbnuTEGKTUomOSzsp9YHlM2oSPey6iiEbdBOr95Rs4zZUCG2mSlkMzV3xMpjaydRmHWGVEc22UvF//zegkOb4JUqDhBrthi0TCRBDXJAyADYThDOc0IZUZktxI2poYyzGLKQ/CWX14l7XrNu6y591fVRr2IowSncAYX4ME1NOAOmtACBjE8wyu8OYnz4rw7H4vWNaeYOYE/cD5/APdakZM=</latexit>

F<latexit sha1_base64="ACzl4t/5Du62DNMzihm6aU7YIgY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BQTwmYB6QLGF20puMmZ1dZmaFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzDhBP6IDyUPOqLFS/a5XLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU147U+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNCtl76JcqV+WqjdZHHk4gVM4Bw+uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AZu/jM4=</latexit>
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<latexit sha1_base64="15gBTr+BUeKrNnLd8GcQu0cll1A=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FgUxGMF+wFtKJvNpF262cTdjVBK/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXpIJr47rfzsrq2vrGZmGruL2zu7dfOjhs6iRTDBssEYlqB1Sj4BIbhhuB7VQhjQOBrWB4M/VbT6g0T+SDGaXox7QvecQZNVZqdw0XIZLbXqnsVtwZyDLxclKGHPVe6asbJiyLURomqNYdz02NP6bKcCZwUuxmGlPKhrSPHUsljVH749m9E3JqlZBEibIlDZmpvyfGNNZ6FAe2M6ZmoBe9qfif18lMdOWPuUwzg5LNF0WZICYh0+dJyBUyI0aWUKa4vZWwAVWUGRtR0YbgLb68TJrVindeqd5flGvXeRwFOIYTOAMPLqEGd1CHBjAQ8Ayv8OY8Oi/Ou/Mxb11x8pkj+APn8weIt4+i</latexit>

F<latexit sha1_base64="ACzl4t/5Du62DNMzihm6aU7YIgY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BQTwmYB6QLGF20puMmZ1dZmaFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzDhBP6IDyUPOqLFS/a5XLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU147U+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNCtl76JcqV+WqjdZHHk4gVM4Bw+uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AZu/jM4=</latexit>
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Lipschitz metric in the general case

Let µ1(t,R) = C1 and µ2(t,R) = C2 and introduce

d((u1, µ1), (u2, µ2)) = kC1�1(C1·) � C2�2(C2·)kL1([0,1])

+ kC1u1(�1(C1·)) � C2u2(�2(C2·))kL1([0,1])

+ |C 2
1 � C 2

2 |,

then

d((u1(t), µ1(t)),(u2(t), µ2(t)))

 (1 + t +
1
8
t2)(d((u1(0), µ1(0)), (u2(0), µ2(0)))).



Remarks

I To derive the time evolution in the new variables rigorously,
one has to go via Lagrangian coordinates.

I The system in the new variables offers the possibility to plot
solutions in Eulerian coordinates.



Remark

In the case of equations with infinite speed of propagation, one
cannot expect the above approach to work without adaptations.
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Thanks for your attention!
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