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tive nonlinear Schrédinger equation

Consider the initial-value problem:

Ou —i02u = 0, (|u|?u), t e R,z € R, (DNLS)
u|t:0 =1Uup € HS(R) .
Model in plasma physics: Mjolhus, Rogister, Mio, Ogino, Takeda, ... (1970s)

propagation of Alfvén waves in magnetized plasma with const. magnetic field

Kaup-Newell "78: DNLS admits Lax pair.
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tive nonlinear Schrédinger equation

Consider the initial-value problem:

Ou —i02u = 0, (|u|?u), t e R,z € R, (DNLS)
u|t:0 =1Uup € HS(R) .
Model in plasma physics: Mjolhus, Rogister, Mio, Ogino, Takeda, ... (1970s)

propagation of Alfvén waves in magnetized plasma with const. magnetic field

Kaup-Newell "78: DNLS admits Lax pair.

Aim: Study the uniqueness of low-regularity solutions (s < 1).

Def. Solution: u € C([0,T7; H*(R)) =: CrH*® which satisfies
. t . !
u(t) = g + / SR (u(t) Pu(t))) dt
0

in the sense of (spatial) distributions, for all ¢.

Usually, the well-posedness results yield conditional uniqueness of solutions,
i.e. in C’TI‘[S ﬂXT.
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The 1-d cubic nonlinear Schrédinger equation (NLS)

Opu — 10%u = i|ul*u (NLS)
Local well-posedness (LWP) in H*(M):
1. s> %: H?® is an algebra =— LWP in H®
2. Tsutsumi '87: LWP in L?(R) via Strichartz estimates

3. Bourgain '93: LWP in L*(T) via the Fourier restriction norm method
@ Uniqueness in 2 and 3 holds conditionally, i.e. in
2: CrL2nLSL?
1
3: Xy corl?nit,
4. NLS is ill-posed in negative regularity Sobolev spaces
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The 1-d cubic nonlinear Schrédinger equation (NLS)

Opu — 10%u = i|ul*u (NLS)
Local well-posedness (LWP) in H*(M):
1. s> %: H?® is an algebra =— LWP in H®
2. Tsutsumi '87: LWP in L?(R) via Strichartz estimates

3. Bourgain '93: LWP in L*(T) via the Fourier restriction norm method
@ Uniqueness in 2 and 3 holds conditionally, i.e. in
2: CrL2nLSL?
3. Xﬁ’%“ CCrI2init,
4. NLS is ill-posed in negative regularity Sobolev spaces
Unconditional uniqueness (UU):
5. Kato '95: UU in H*(R), for any s > &
6. Guo-Kwon-Oh "13: UU in H*(T), for any s > %
@ infinitely-many normal form reductions.

@ Kwon-Oh-Yoon "18: extended the Guo-Kwon-Oh method to the non-periodic
setting.
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e nonlinear Schrodinger equation (DNLS)

{atu —i02u = 0, (Jul?u) (DNLS)

u|t:0 = ug € HS(R)

Local well-posedness in H*(R):
o Takaoka '09: LWP, s > £ [Fourier restriction norm method];
e Biagioni-Linares '01: mild ill-posedness for s < %
[the sol. map is not locally uniformly continuous];
e Su Win '08: UU, s = 1 [adapted Takaoka’s trilinear estimate].

Local well-posedness in H*(T):
e Herr '05: LWP, s > %;
e M. "17: mild ill-posedness for s < %;
e Kishimoto "13 (preprint): UU, s > %;
e [err-Sohinger '18 = UU, s > %
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Derivative nonlinear Schrédinger equation (DNLS)

{8tu —i02u = 0, (Ju|?u) (DNLS)

u|t:0 = ug € HS(R)

Local well-posedness in H*(R):
o Takaoka '09: LWP, s > £ [Fourier restriction norm method];
e Biagioni-Linares '01: mild ill-posedness for s < %
[the sol. map is not locally uniformly continuous];
e Su Win '08: UU, s =1 [adapted Takaoka’s trilinear estimate].

Local well-posedness in H*(T):
e Herr '05: LWP, s > %;
e M. "17: mild ill-posedness for s < %;
e Kishimoto "13 (preprint): UU, s > %;
e [err-Sohinger '18 = UU, s > %

Theorem (

Let s > 5 and ug € H*(R). Then, there is a unique sol. to (DNLS) in CpH*.
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Set-up for the normal form method

Opu — i02u = O, (Jul*u) (DNLS)

e use a gauge transformation (Lee ‘89, Hayashi 92, Hayashi-Ozawa '92):

ur— w:= G(u)(x) = u(z)exp (fz/ |u(y)|2dy)
[ Lemma: For s > 0, G is bi-Lipschitz on bounded subsets of H*(R). |
(DNLS) <= Byw — 102w = —w?0,T + %|w|4w (gDNLS)

Why? A.: this eliminates the bad trilinear term |u|?0,u.
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Set-up for the normal form method

Opu — i02u = O, (Jul*u) (DNLS)

e use a gauge transformation (Lee ‘89, Hayashi 92, Hayashi-Ozawa '92):
x

ur— w:= G(u)(x) = u(z)exp (72/

— 00

[uly) dy).

[ Lemma: For s > 0, G is bi-Lipschitz on bounded subsets of H*(R). |

(DNLS) «— dyw — 102w = —w?0,W + %|w|4w (gDNLS)
Why? A.: this eliminates the bad trilinear term |u|?0,u.

e use the van der Pole change of variable:

W v = e 10 (w(t))

(DNLS) «~— ‘@v =T(v)+ Q) ‘ (%)

Why? A.: we can exploit an oscillatory factor (of the form ¢*®) in 7 (v).
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The nonlinearities of (*)

‘@v =T(v)+ Q) ‘ (%)

where T (v) is cubic with derivative on the complex-conjugate factor, i.e.

— [ —

T(v)(t,&) = / e 6@(?”5‘25(@fl)ﬁ(ta&)ﬁ(t,f?,) d§1dés ,

D)= -2 +2 -2 =26 —&)(6— &),

and Q(v) is quintic, i.e. Q(v)(t) := %\e”aiv(tﬂ‘le“azv(t).
The quintic term is easy to control in H*(R) for s > 1:
10 llars S Il vlFrs = l[olFrs
Henceforth, let’s ignore Q(v) in (x).
Two key ideas for T (v):
(i) If we restrict the phase CI)(?), then we can establish a useful estimate.

(ii) If [@(€)

> 1, then we exploit the highly oscillating nature of the integrand.
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Infinitely-many normal form reductions: bird’s eye view

Algorithmic procedure:

(i) Separate the problematic nonlinear terms into nearly resonant and
non-resonant parts; Rmk.: the threshold may change at each step!

(ii) Eliminate the non-resonant parts via integration by parts in time
= introduces higher order terms;

(iii) Repeat (or terminate the process at some finite step).
Rmk.: for DNLS, infinitely-many iterations are needed.

Initially: v ="T(v)+9O(v) (%)

J J J
At the Jth step: 0w =Y T (v)+ > TV () + T (0)+ > 75 (0) +0(v)
j=2 j=1 j=2
Key: the “remainder” term vanishes in the limit: for any fixed N,

HTQU)(U)”Hkl —0as J — o0.
Thus, any solution to (x) is also a solution to

=D aT" W)+ TV (v) Z 75 (0) + Q(v). (NFeq)
j=1

=2
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1st iteration:

(1.i) Decompose: T() = 7'1(1)(1)) + 772(1>(7))
~—— ~—
[2(E)ISN  |2(&)|>N

(1.ii) Normal form reduction:

—— )
70 @)(1,6) =0, /51 ot \<I>(E)\>N<I>(7§)£2A(t £1)0(t, £2)0(t, €3)dé1dE2

1t¢>(§)£ . _ =
7/51 T e vy (0t £2)5(1,€2)0(t, £3) ) €16

— 0,70 () (1,€)

- it(e(D)+a (@) 7
*/ 1¢<?>|>N</ %“(s1)ule)ﬁ(as))a(sQﬁ(ss)

o(€)
§1—82+€3=¢ §11—&12+&13=&1
: - it (2(D) (@)
*/ 1@<z>|>Nﬁ(sl)</ 50 S8 5 e <512>ﬁ<fls>>ﬁ<sg>
§1—82+E€3=¢ §21—&22+823=E2

. it(¢>(g)+‘1’(5_:;)) .
7/ 1¢(?)|>Nﬁ(51)5(§2)</ : ?(¢) e ﬁ(511)5(512)5(513)>
§1—82+€3=¢ €31 —&32+833=E3
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It is convenient to keep track of the various terms by using tree diagrams.
Schematically, we rewrite the above step as:

itd
T = [ ey

. Zt(qqu)( ) (1)
—am®- [ S ()
=.7(2)
Upshot: o =T () + 8T (v) + T@ (v) (%)
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It is convenient to keep track of the various terms by using tree diagrams.
Schematically, we rewrite the above step as:

itd
T = [ ey

. Zt(qqu)( ) (1)
a7~ | e (A )
=.7(2)
Upshot: o =T () + 8T (v) + T@ (v) (%)

2nd iteration:
(2.i) Decompose: TP (v) = 7'1(2>(v) + 7T;2>(v) (B1>2)
~——

[+ |<B[@]  |2+2(D)[>51]|P

(2.ii) Normal form reduction:

VERYCRY S SN S RN
o 1) 432 (1) ¢(2)
= a7V - / mw@(qi@zié - (/&d\ A +/i<?>2\
++$+$+%\+m
+m+m+%+%+%>
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Bookkeeping of terms

Difficulty: When we apply integration by parts, the time derivative may fall
on any of the factors v(t,&;). The structure of the resulting terms depends on
where the time derivative falls.

Christ '07, Power series solution of a nonlinear Schridinger equation:

e introduced ordered trees for indexing such terms arising at the Jth step.

ordered trees = (ternary) trees “with memory”
NB: keep track of the order in which we have used the 0;v-equation.

#{ordered trees of generation J} =1-3-5---(2J —1) = (2J — 1)!L.

NB: we need to overcome this rapidly growing cardinality.

For any tree T of generation J:

# {root (non-terminal) nodes of T} = J,
# {terminal nodes of T} = 2J + 1.
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The analytical part

Consider the trilinear operator 7o defined by

|
Hrapemnlo=[ NGH

;|1 (1) T (G ) 53 (€ ) d€rde

Recall: @(g) =2(& — &1)(& — &3).

Lemma 1 (Basic trilinear estimate in the H*-norm)

Let s > %. Then there exists C = C(s) > 0 such that

3
||7"q>‘% (v1,v2,03)]| s < CH llvsll s -
j=1
Schematically: H ;2'1 AN H <C| ||§Ig
* E HS
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The analytical part

Consider the trilinear operator 7o defined by

}_[7]@%(@1,@2,1)3)](5) N /§:5 —62+¢ @7

O RIS s

Recall: @(g) =2(& — &1)(& — &3).

Lemma 1 (Basic trilinear estimate in the H*-norm)

Let s > %. Then there exists C = C(s) > 0 such that

3
17 000 <€ T sl
=1
Schematically: H ;T' /f\H < CH”?I:
— HTI(%)HHS5H/1@KN|&|AH < NEolfhe
— Ol ~ | [ 10o] 'AH < N ol
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Estimates for higher order terms

Terms in the 2nd iteration:

|®| > N and |® + <I>(1)| < Alel = |‘I)(1)| <2619

(1) (1)
P - =y

. |®|2 |<1>(1)|2
< (261)2C ") AN ol
S (2p1)2C . P2 e
< (261 ol vl
9 a/an Vi 2
= TP . <3200 ol
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Terms in the 3rd iteration:
|®| > N, |+ &D| > 31|®|, and |® + &) + )| < By|® + D)
— |<1><1>| ~[® 4+ &M > N and |@?)| < 28,|® + oM.

H 1€a] - €57 - 1687 ﬁ?‘i\H
< 2(285)2N~

€2 - [€5] - 1657
ER \<1>+<1><1| A,

@2 |BMW)|2]|D2)|2

= TP, < (358 CONH o]}
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Terms in the 3rd iteration:
|®| > N, |+ &D| > 31|®|, and |® + &) + )| < By|® + D)
— |<1><1>| ~[® 4+ &M > N and |@?)| < 28,|® + oM.

&l €] - 1687
|<I>\ |<1)(1)|2|<I>(2)|2

\<1>| \q>+<1><1| < 2024)

1 o
< (3-5)B:CON~2|v||%.

= HTJ‘”’)(v)HHs <

Terms in the Jth iteration:

We postuale that the nearly resonant contribution corresponds to:
|<I>+<I><1>+...+<I><")|§BJ|<I>+ + oY)

2] + 1)INBECIH!
(( + M)B; Nfé(Jfl)”,UH?{J;rS
7’- - B2

= [T asr) <

L
J—1

Let s > % and J > 2. Then,
J+1 J+1 _1
ITEHD @) = T @)l $ N30 (ol + ol 52 o = wle
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Convergence to zero of the remainder term

The estimate ||0:v||ms = HvzﬂgﬁHHi < HU”:}I; fails. However, for s > 1,

2 — _
00| -1 = [0 000]| yomr S 10*Na15 100 o1 S oIl -
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Convergence to zero of the remainder term

The estimate ||0:v||ms = HvzagﬁHHi < Hv||?}15 fails. However, for s > 1,

2 — _
00| -1 = [0 000]| yomr S 10*Na15 100 o1 S oIl -

Consider the trilinear operator 7|¢|>as defined by

]:[7T<I>|>M(v1,v2,v3)] ) = /5251_52%3 €2

S—01(£1)02(82)03(83)d1d¢2 -
ety 12(8)]

Lemma 2. (Basic trilinear estimate in the H* '-norm)

Let s > % and M > 1. Then, for § = 6(s) := min{2s — 1, 1},
[ 7@ 1> (01,02, 03) || ams < CM ™|l | a1 [k | 225 |Jvel | 72+,

for any 7, k, £ such that {j,k,¢} = {1,2,3}.

Also, from Lemma 1, we immediately get

3
| Ts)> 1 (01,02, 03) || ;. < CM 0 H llvjllzrs -
j=1
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Proof of concept for the remainder term

Recall » = v, and now also = = d,v:

€] - 1€57] - 1€57] - 157
@+ D] D 4 dD) + D). D4 ...

1 2 3
<otl| [l 101167 167
=7 Tel ™) 2@ [e®)]
Hs—1
93 1 2 3
< O Nz | [ 180 1671 e
= A 1O e e®ar |
207 e 16571 1657 2

< G ol | |y ]| Il

18233)°

:)3 ~4
< ;
- (3132&;134)9

N7 ol

lf%)/i\H oo
* ‘(I> | Hs

N~ ol
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Let s > § and § = min{2s — 1, 3 }. Then,

|70 @)l ggos < N7l

The above estimates also allows us to justify the other NF steps, i.e.

o switching time derivatives and integrals in spatial frequencies, and

@ the application of the product rule.
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Let s > § and § = min{2s — 1, 3 }. Then,

|70 @)l ggos < N7l

The above estimates also allows us to justify the other NF steps, i.e.

o switching time derivatives and integrals in spatial frequencies, and

@ the application of the product rule.

Consequently, if v € CrH? is a solution to (%) then

o(t) =vo+ 3 [T @)1= + Z/ T (o

Choose N = N(|lvg||lgs) > 1and T =T(N) < 1.
= the right-hand side is a contraction in {v € CrH® : ||v||cpams < 2||vollms}.
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Remarks on the NF method with coly-many reductions

@ Usually, harmonic analytic methods consist of an intricate functional
setting on a simple Duhamel formula.

e Here, we first derive an intricate Duhamel formual (NFeq) after which
the functional setting is simple.

@ The analytical part is easy: fixed point argument in CyH} for the
(Duhamel formulation of the) normal form equation.

@ The relevant estimates can be established by recursively applying trilinear
estimates (which in turn are proved simply with the Cauchy-Schwarz
inequality).
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