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Ciarlet’s definition of a finite element space

A finite element space is defined by specifying
> the mesh
» the shape functions
> the degrees of freedom (DOFs)

Reference: P. Ciarlet, The finite element method for elliptic
problems, 1978



Example: C° spaces with respect to a simplicial
triangulation

» T simplicial triangulation of Q C R”
> Prr>1
» DOFs
/U'ndxf, 1N € Pr—1—dimf(f),
f
where f runs over all subsimplexes of 7.

This defines a space V), of piecewise polynomials of total degree
< r, which are globally continuous, and therefore

Vi € HY(Q).

The DOFs leads to a basis for V}, referred to as the dual basis.



Example: C° spaces with respect to a simplicial
triangulation

» T simplicial triangulation of Q C R”
> Prr>1
» DOFs
/U'ndxf, 1N € Pr—1—dimf(f),
f
where f runs over all subsimplexes of 7.

This defines a space V), of piecewise polynomials of total degree
< r, which are globally continuous, and therefore

Vi € HY(Q).
The DOFs leads to a basis for V}, referred to as the dual basis.

Furthermore, the DOFs implicitly defines a canonical projection
onto V4.



The de Rham complex in three dimensions

grad curl div

R— HYQ) =—— H(curl,Q) = H(div,Q) — L3(Q) — 0

Finite element discretizations will typically utilize a corresponding
subcomplex of the form:

grad curl div

R— HYQ) —— H(curl,Q) =5 H(div,Q) — [3(Q) — 0

e ! e e

Res HE 2% Hy(curl) % Hydiv) 2% 12 - o



LLowest order spaces, simplicial mesh

H; : P1, DOFs = vertex values
Hp(curl) : rigid motions, DOFs = tangential components on edges
Hp(div) : &+ bx, DOFs = normal components on faces

L7 : constants, DOFs = values on each simplex



LLowest order spaces, simplicial mesh

H; : P1, DOFs = vertex values
Hp(curl) : rigid motions, DOFs = tangential components on edges
Hp(div) : &+ bx, DOFs = normal components on faces

L7 : constants, DOFs = values on each simplex

Furthermore, the following diagram commutes

R HY(Q) £2% H(curl, Q) <% H(div,Q) 2% 12(Q) — 0

|z = |z |z
R HY B2 Hy(curl) 2% Hydiv) 2% 12 o,

where the operators 7, are the corresponding canonical projections.



Differential forms, Q2 C R”

0— HAO & HAL 9 ... 9 HAn 0

where
HAK = HAK(Q) = {w € [PAX(Q) | dw € LPAFTL(Q) .

For approximations we consider the set up:

HAY(Q) % HAY(Q) & - % HA"(Q)

IE I [
0 d 1 d d n
Ny — AN — o = A

where Ak C HAK(Q).



The spaces P,A*(T;,) and P, A*(Ty)

The space P, A(T5) consists of all k forms u such that

ult € PANT), TeTp, and [trulf =0 Vf e A,_1(Th).

The spaces P, A*(T;,) are defined similarly with u|7 € P,AX(T)
replaced by u|7 € P;AX(T). Here P, A consists of all

u e PN such that uax € P,AKL



Degrees of freedom

All the spaces /\ﬁ above have DOFs defined with respect to the
subsimplexes of of 7}, of the form

/trfu/\r], neP(f kr), feA(Ty),dimf >k,
f

where P'(f, k, r) C N9mMf=K(f).



Degrees of freedom

All the spaces /\ﬁ above have DOFs defined with respect to the
subsimplexes of of 7}, of the form

/trfu/\r], neP(f kr), feA(Ty),dimf >k,
f
where P'(f, k, r) C N9mMf=K(f).
If
N =P=NK(TL)  then P/(F k1) = Prik—dim 1A 7K(F),
while if

Ak = P.AS(T)  then P'(f,k,r) =P

— dim f—k
r+k—dim f/\ (f)

Furthermore, the corresponding canonical projections commute
with the exterior derivative.



Approximation of Hilbert complexes

Framework:
do d1 dn—l
e R VAL
[ [ [
0 do 1 d1 dn—l n
Ve — Vpyp — oo — V)

Stability of discrete problems iff 7 : VK — V£ are uniformly
bounded in L( vk, Vk), and commutes with d, i.e.,

di owﬁ = 7r,lj+1 o dy

Furthermore,
Cph = Cp”””ﬁ(vk,vk)-

A problem: The canonical projections are in general not bounded.



Construction of bounded cochain projections by smoothing

Consider operators of the form
Qek,h = Iflf o Rek,hv

where RK = Rﬁ’fh is a proper smoothing operator which commutes
with the exterior derivative d.

An operator of the form Qf can be made bounded on L2AX(Q),
and will commute with d. However, in general it is not a
projection onto the finite element space /\ﬁ.

10



Construction of bounded cochain projections by smoothing

Consider operators of the form
Qek,h = Iflf o Rek,hv

where RK = Rﬁ’fh is a proper smoothing operator which commutes
with the exterior derivative d.

An operator of the form Qf can be made bounded on L2AX(Q),
and will commute with d. However, in general it is not a
projection onto the finite element space /\ﬁ.

The so called smoothed projections are of the form
k k -1 k
T = (Qe,h|/\h) o Qe,h’

for € sufficiently small, but not too small. (cf. Schéberl 2007,
Christiansen 2007, Arnold—Falk-W 2006).

These constructions give bounded, but nonlocal projections.
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The Clément operator

The Clément operator Zj, : L? — P,A%(Tp) is defined by
/Ihu “ndxs = / Pru-ndxs, n€ 75,(f), fe A(Th),
f f

where Ps is the local L2(Qy) projection onto P,.

This operator is bounded even in L2, and it has " optimal”
approximation properties, but it is not a projection. Furthermore,
it is not obvious how to extend the construction into a cochain
projection.

11



Macroelements

For each f € A(Tp) Qf is given by
Q= JTITeTh feA(T)}

Vertex macroelement, n = 2. Edge macroelement, n = 2.
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The modified Clement operator onto P,A%(7;) C H*

The operator 7y, is constructed by a recursive procedure. In
particular,

monu= Y E(P.u)(2),

zeDo(Th)

where P, is the local H! projection onto P,A%(T; 1).

)
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The modified Clement operator onto P,A%(7;) C H*
The operator 7y, is constructed by a recursive procedure. In
particular,

monu= Y E(P.u)(2),

zeDo(Th)

where P, is the local H! projection onto P,A%(T; 1).

)

For 1 < m < n we define 7, , by

Tmhld = Tm_1,pU + Z Eftrs Pf(U — 7Tm,17hu)
feAm(Th)

For dim f > 1 the operators Py are local H' projections onto to
the space

PN (T ) = {u € PN (Tr ) | treu € Po(F) },

and Er : 75,(f) — Pr/\O(Tf,h) is the discrete harmonic extension.
This will lead a local projection 7, = 7, , which is bounded in H1.
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The simplest example
Consider the (modified) Clement projection onto the piecewise
linear space P1A%(7},). The operator 70 has the form

(Mpu)() = Y (Pu)(2)A:(x)

ZEAo('ﬁ,)

Here the projections P, are local H® projections with respect to
macroelement .
More preciesely,

qu:/ u-volg, dx + Q.u.
Q

where Q,u € 771/\0(7'27;,) has mean value zero on €),, and satisfies

(grad Q;u,grad v)q, = (grad u,grad v)q,,

for all v € P1A%(T, 4) with mean value zero. Here
volg, = |Qz’_1I€QZ.
14



Commuting projections

To obtain commuting projections we need to define 7r,11 into the
space P; AL(Tp) such that

grad Tou = 7} grad u.

In particular, we have to express

grad mdu = grad Z ([ u-volg, dx + (Qu)(z))Az,
zeDo(T) 78

in terms of grad u.

15



The appearance of the ¢ operator

So consider the operator

(Mpu)(x (/ u - volg, dx)Az(x).

ZEA[) 77,

We need to express grad Muu in terms of grad u.
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The appearance of the ¢ operator

So consider the operator

(Mpu)(x (/ u - volg, dx)Az(x).
ZEAO 77,
We need to express grad Muu in terms of grad u.

If f = [xo,x1] consider grad Mp(u) - (x1 — xp) on f.

tre grad Mp(u) - (x1 — x0) = / u(volg, — volg, ) dx
Q

:/ u(62°%)f dx:/ u(div z}) dx,
Q Q

where z} satisfies div z} = (6z°)f and have zero normal
components on the boundary of Qf = Q,, UQ,,.
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We can therefore conclude that

grad Mpu = Z (/ grad u - z} dx)or,
feA1(Th) 2

where

or = Xo(grad A1) — Ai(grad o), f = [xo, x1]

and A\; = A,

17



The extended macroelements

Q= |J Q. feamm).
g€(f)

If g € A(f) then Qf C Qg and QF D Qg.
In 2D we have:

Pq

- X
| <>
JANWAN

-
=&
T



A double complex

Commuting diagram:

P AN@y & P AN

feAn(T) feAm(T)

s s
B Anv@) S P AN

fEAm1(T) feDm1(T)
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A double complex

Commuting diagram:

P AN@y & P AN

feAn(T) feAm(T)

s s
B Anv@) S P AN

fEAm1(T) feDm1(T)

|f f = [Xo,X]_7 .. .Xm+1] S Am+1(777) then

m—+1

(u)r = Y (=1 ug,

j=0

where fj = [xo, ..., Xj—1, X}, Xj+1, - - - Xm+1]. For more details see
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The modified Clement operator for k—forms

We recall that for k = 0 the operator 70 is constructed by a
recursive procedure of the form

u=72 ju+ Z E2tre P2(u— 7% ju), 0<m<n,
fEAm(Th)

where 70 = 79,
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The modified Clement operator for k—forms

We recall that for k = 0 the operator 70 is constructed by a
recursive procedure of the form

u=72 ju+ Z E2tre P2(u— 7% ju), 0<m<n,
fEAm(Th)

where 70 = 79,

For k > 1 we will utilize a similar construction The projection ¥ is

defined by the recursion

W,ﬁ,u:ﬂ,ﬁ,_lu—i— Z E;‘otrfon(u—ﬂ,/;_lu), k<m<n,
feAm(Th)

where Tk = 7T,/§. To start the iteration we need to define 7I‘Il:71u
properly. Here the double complex construction is used.
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