R

=1

− ∈

∑

1 In tro duction

t i i x i i

i

N

j,k i

j,k j k i

j,k

∂ u c ∂ u q u , i , . . . , N ,

q u A u u , A ,

Rob erto Natalini

Bruno Rubino

Abstract

Key words and phrases:

1991 Mathematics Sub ject Classification.

A Discrete Appro ximation for Hyp erb olic

Systems with Quadrati c In teraction T erm

In this pap er we are concerned with the uniform convergence of a discrete

numerical approximation for semilinear hyp erb olic systems with quadratic

interaction of the typ e

+ = ( ) = 1

( ) =

(1.1)

Istituto p er le Applicazi oni del Calcolo “M. Picone”

viale del Policlini co, 137 – 00161 Roma, Italy

Dipartimento di Matematica Pura ed Applicata,

Universit` a degli Studi di L’Aquila – 67100 L’Aquila, Italy

W e investigate the stability and the convergence of a discrete im-

plicit approximation to a class of hyp erb olic semilinear kinetic systems

in the one-dimensional case. In particular the uniform b oundedness

and the convergence of this approximation is proved under some suit-

able assumptions, which include Broadwell mo del for arbitrary large

data.

discrete kinetic equations, finite dif-

ferences approximation, hyp erb olic semilinear systems.

Primary 35L45;

Secondary 35A35, 35A40, 76P05.

R

∞

∞

∈ ∈

H-The or em

∑ ∑

|

|

|

|

1 +1

1

Γ Γ

1

2

2

2

1

2

2

1

2

2

∈ ≤

{ }

∈

≤ ̸

• ∃ ≥ ∈

≥

• ≥

−

− − i i

N i i i

i

j,k

i

j,k i

k ,j

i

j,k

i

j,k j k

i

j,k

i j k

i i i

j,k

i i

j,k

i

j,k i j k

t x

t x u , x φ x , i , . . . , N ,

u u , . . . , u c c c

, . . . , N A

A A i, j, k

L L

L

A

A c c

A i j i k

λ i c c

λ A A

A c c c

∂ c∂ u u u ,

∂ c∂ u u u , with the initial conditions

(0 ) = ( ) = 1 (1.2)

where = ( ) is a real function and , .

Systems of this typ e often originate from physics and represent useful

mo dels for wave interaction phenomena. Let us remem b er the kinetic theory

of gas where a mo del such as (1.1) is obtained by allowing only a discrete set

of velo city in the Boltzmann equation. In this case the quadratic nonlinearity

corresp onds to the interactions b etween particles through collisions.

Let us set Γ = 1 . W e supp ose that the co efficients satisfy

the following condition which is physical meaningful:

= for all Γ, (1.3)

that is particles during the collisions intro duce a symmetric interaction. Let

us consider the Cauchy problem (1.1)-(1.2). Here we prove, under suitable

conditions which we shall state later, convergence of the numerical approxi-

mation, stability and -b oundedness for small -data. In addition, when

the is v alid, we obtain convergence of the numerical approxima-

tion and stability in .

Our pro ofs need an additional restriction on :

= 0 if = , (1.4)

or alternatively

0 if = and = (1.5)

and one of the following conditions:

0, Γ such that = implies

; (1.6)

0 if = = . (1.7)

Note that (1.4) and (1.6)-(1.7) are not satisfied for the Carleman mo del

( + ) =

( ) =

(1.8)

∞

R

−

− −

− t x

ε

t x

ε

t

ε

σ

H-The or em

smal l data

1

1 2

3

1 2

2

1 2

3

1 2

3

2

1 2

2

3

1

2

1

3

∂ c∂ u u u u ,

∂ c∂ u u u u ,

∂ u u u u ,

ε

L L while the Broadwell mo del

( + ) = ( )

( ) = ( )

= ( )

(1.9)

where = corresp onds to the Knudsen numb er, satisfies (1.6)-(1.7) and

not (1.4).

Moreover, when condition (1.4) is not satisfied, under conditions (1.6)-

(1.7), if the initial data are nonnegative, we obtain again convergence of the

numerical approximation, stability for small -data and stability in for

arbitrary data under the hyp othesis of .

An elegant way to prove a global existence result for the Cauchy problem

(1.1)-(1.2) under the hyp otheses (1.4) or (1.6)-(1.7) was given by T artar

in [22, 23]. Related to the results proved by T artar are also the pap ers

of Beale [3, 4]. A pro of for a different class of discrete velo city mo dels in

the one-dimensional case was successively given by Bony [7]. Let us notice

that our construction provides an alternative existence pro of under the same

assumptions. Existence results for the Carleman and related mo dels can b e

found in Kolo dner [18 ], T emam [24], J.L. Lions [20] and T artar [23]. On the

other hand, when the ab ove assumptions are not verified, the solutions not

need to exist for all p ositive times, see [2], [11 ] and the references therein.

There exists a remark able quantity of review articles and b o oks on the

sub ject of discrete velo city mo dels of the Boltzmann equation. Among these,

we draw attention to the b o oks of Gatignol [14], Monaco and Preziosi [21]

and the pap ers of Platkowsky and Illner [17 ], Bellomo and Gustafsson [5].

The initial v alue problem for the discrete Boltzmann equation in the

whole space was studied first by Illner [16 ], Hamdache [15] and finally by

Bony [8]. Unfortunately these results are far to b e completely satisfactory .

Bony proved in [8] global existence and uniqueness just for , but,

to our knowledge, a global existence result for large initial data is not yet

av ailable in the literature.

Numerical approximations for the discrete kinetic equations have b een

previously considered by several authors. Among these we wish to mention

T oscani [25], Emamirad [12], Aregba-Driollet [1], Gab etta and Pareschi [13 ],

Caflisch and Russo [10], Caflisch, Jin and Russo [9], Bobylev, Gab etta and

Pareschi [6], where the reader can also refer for a large amount of numerical

tests.

Nevertheless, we do not know any complete theory for the rigorous con-

vergence of numerical approximations to systems of the typ e (1.1). Here we l

l

+1

CFL

∫

{ }

+1 0

+1

+ 1

+1

+

+

1

1

Z

N

Z

R R R R

R R

R R

R R

∈

−

− ∈

∈ ∈

× − → · ∈

− →

⊂ ⊂

R ∈ × ∈ − ∈ ∈

∈ R ∈

∈ R

∈

2 Preliminary results and the sc heme

l

l l n

n n

i

x t

N

n

loc x

l,n

l l n

l,n x

x n

x

N l

j k

x

t

x

t j

j j

t j x j

j x l

x h x x l t t

t k t t n

λ λ k /h

i c λ

f f , t L

n f f x , x t

f

h f ξ , t dξ .

g g g

u u

a, b , T

x, t t , T , x c t a, b , j .

f L g

L a, b

∂ v c ∂ v f , x, t ,

v x, g x , x a, b , present some results in this direction. W e hop e that our analysis could b e

useful also for a b etter understanding of the qualitative prop erties of the

solutions of these systems.

The outline of the pap er is the following. In the next section we present an

approximating scheme and intro duce functional setting for which the interac-

tion pro ducts are stable. In Section 3 we discuss and prove the convergence

of our discretization for small data, while in Section 4 we are concerned with

arbitrarily large nonnegative initial data.

Here we present a discrete approximation for the first order semilinear hy-

p erb olic system (1.1). Let us p oint out that many ideas in our construction

pro ofs are largely inspired by the fundamental pap er by T artar [23 ], where

existence results for the Cauchy problem (1.1)-(1.2) are given under the same

assumptions of the present pap er, by a direct metho d.

First we intro duce the spatial grid p oints , , with uniform mesh-

length Δ = = for all . The time level , with = 0, are

also spaced uniformly with mesh-length Δ = = for . W e

denote by the ratio = , which is taken constant throughout the

pap er. The uniform grid is obviously assumed only for simplicit y . F or a go o d

definition of the discretization we will assume, for any Γ, .

F or any given function : , ( ) ( ) for all

, we use to denote the cell average of in the cell [ ] at time ,

=

1

( )

Of course, when : , the cell average of will b e denoted by .

Before giving the scheme for the problem (1.1)-(1.2), we need to intro duce

suitable functional spaces to deal with the interaction pro ducts .

Given an interv al [ ] and a time interv al [0 ] , let us

consider the domain

= ( ) : [0 ] [ ] Γ

Recall that, when we assign a function ( ) and a function

( ), if we consider the Cauchy problem

+ = ( )

( 0) = ( ) ( )

(2.1)

Z

Z N

j j

j

j

∈ ∈

∈ ∈

−

−

− −

∈

V

∈

0

1 1

1 1

( )

( )

1

=0

( )

1 1

1

Γ

1 1

∫

{

{ }

} {

{ }

}

∑

|

|

|

|

∑

|

|

|

|

{ }

∑

{

{ }

}

∑

− − − ∈ R

{ ∈ ∈ }

{ ∈ × − ∈ }

∈ ∈

|| || || ||

∃ ∈ ∃ ∈

|| || || ||

V × ×

× j j t

j j

l

l j n

l

l J l,n

l,n D

J

l J l

D

l,n D l,n

l,n

j

l,n

j l c λn

j n

m l c λm,n m

j

j j l,n

j

l,n D j j

l,n

j

j

V j

J j

D

N

j j

V

j v x, t g x c t f x c s, t s ds a.e. x, t .

J l x a, b

D l , n x c t a, b , j , . . . , N .

a l J b l D

l J a a a , l D b b b

a a h, b b hk .

v

v g k f .

V v v f l D , g l J

v ,

v g f

V , . . . , V v v

V l D l J the corresp onding solution is given by

( ) = ( ) + ( ) ( ) (2.2)

Our idea is first of all to give a go o d discretization of this problem.

W e define

= : ( )

and

= ( ) : ( ) = 1

Consider ( ) and ( ) where

( ) = : = ( ) = : = (2.3)

resp ectively with the norms

= = (2.4)

W e can now define an approximate solution for the Cauchy problem

(2.1) as

= + (2.5)

Finally

, we define the functional spaces

= = : ( ) ( )

and is defined by (2.5)

(2.6)

with the norm

[ ] = + (2.7)

and = with the norm [ ] = [ ] .

It is easy to prove that is isometric to ( ) ( ).

−

Z

Z

1

+

1

=0

( )

( )

( )

−

∈

−

−

− −

−

∈

− − −

∈ ∈ ∈ j

α

j j

j j

j

l c

j λn

j j j

p q

Lemm

 a 2.1

Pro of.

Lemm

 a 2.2

∈ ∈

≤ ∈

|| ||

∈

{ ∈ ∈ }

{ ∈ − ∈ ∈ }

∈

≤

≤

|| ||

|| || || ||

∈ ̸∈

∈

|| || ≤

| − |

F or al l ther e exists such that

for al l

L et us c onsider such that . When and

, we have

|

|

|

|

|

|

|

|

|

|

∑

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

∑

|

|

|

|

|

|

|

|

|

|

|

|

∑

|

|

|

|

|

|

∑

|

|

|

|

∑

|

|

|

|

∑

|

|

|

|

|

| v V w l J

v w l , n D

w v .

α J

I m α c λm, m D

m α c c λm J, k .

w l J

w g k f .

v g k f

g k f w

w h w h g k h f

g f v .

p, q c c v V

v V

v v

c c v v .

j j j

l,n

j l c λn

j

j

J j

D

α

j j

j k

j

α

j α

j

m I α c λm,m

j

l,n

j l c λn

j n

r l c λ n r ,r

j

l c λn

j

m I l c λ n m ,m

j l c λn

j

j

J

α J α

j

α J α

j

l,m D l,m

j

j

J j

D j

D

p q p p

q q

p q

D

p q p

V q

V

( )

( )

= [ ]

(2.8)

Let us consider . Set

= : ( + )

= : + ( ) Γ

W e define ( ) as

= +

In fact we have

+

+ =

and

= = +

= + = [ ]

This concludes the pro of.

The following lemm a is at the heart of the results under conditions (1.4).

Γ =

1

[ ] [ ] (2.9)

R R

Pro of.

p q

p q

i i

i

h

h

h

∈

∈

− −

∈

−

−

− −

−

−

−

−

∈

|| ||

≤

→

−

−

|| || ≤

| − |

≤

−

≥ ∈

− −

×

≤

∑

|

|

|

|

∑

∑

|

|

|

|

|

|

|

|

∑

( )

( )

( )

∑

1

( )

( )

2

( ) ( )

+1

1

=0

+1 +1 2 1 2

+1

+1 2

1

=0

Δ

+

Δ 1 2 +1 2 +1

+1 2

+1 Δ w , w l J

v v v v hk

λ w w h .

γ l , n ε, δ

ε l c λn,

δ l c λn,

v v

c c hw hw

c c v v .

u x , x t

u φ k q u

n i

u u λ k q u

i

λ u .

u

u

u x, t u , x < x < x , t t < t

x x x / u p q

p q

D

l,n D l,n

p l,n

q

l,n D l c λn

p l c λn

q

p

q

p q

D

p q

ε,δ γ D ε

p δ

q

p q p

V q

V

l,n

l l n

l,n

i l c λn

i n

m i l c λm,n m

l,n

i l,n

i l / ,n

i l / ,n

i i l,n

i

l / ,n

i c λ

k l k ,n

i

l,n

l,n

l / l / n n

l / j j

In fact, there exist ( ) as in Lemma 2.1, such that

=

If we now consider the change of v ariables : ( ) ( ),

=

=

we obtain

1 1

[ ] [ ]

The pro of is now complete.

W e can now give an implicit first order scheme for the problem (1.1)-(1.2).

W e denote by the approximating solution in the cell [ ] at time .

W e define

= + (2.10)

for all 1, Γ.

As we will see later, it is useful to put the difference scheme (2.10) in

conserv ation form,

= Φ Φ + (2.11)

when for all the numerical flux Φ is defined by

Φ =

1

In order to analyze the convergence of the solution of the difference

scheme (2.10) we intro duce the piecewise constant function defined a.e.

in by

( ) = (2.12)

where = ( + ) 2. Then we study the convergence of towards

a weak solution of (1.1)-(1.2).

R

j k

i i i

∈

∈

∈

∈ ∈

∈

∈

· ·

∈

−

∈

− − − −

3 Results for small data

Theorem 3.1 ( {stabilit
y)

Pro of.

| − |

|| || ≤

≤ || ||

∈

|| || ≤

− ≤

−

|| − ||

C

V − → V

1

1

Γ

Γ: =

Γ

0

0

1

Γ Γ

1 1

Γ

0

Γ

0

0

Γ

( ) ( +1)

( +1)

=0 Γ

( ) ( )

∑

|

|

|

|

∑

{ }

∑

|

|

|

|

|

|

|

|

∑

∑

{ }

∑

|

|

|

|

|

|

|

|

∑

( )

( )

∑ ∑

( ) ( )

L

l

γ

A

c c

.

φ

φ ε

γ ε < u u

l

A u u φ .

l φ l J

φ ε

u u

u u γ ε

γ ε φ φ .

D

C u u

u φ k A u u .

C x

j,k

i c c i

j,k

j k

i i

J

l,n

i,j,k i

j,k j k

D

i i

J

i

i i

J

l,n

n

j n,

j n,

j

J

j j j

J

α α

α l,n

i l c λn

i n

m j,k i

j,k α l c λm,n m

j α l c λm,n m

k

The first result in this section is the stability of the scheme (2.10) for small

data in ( ).

= max

(3.1)

4 1 =

(3.2)

¯ ( )

¯

¯ = ¯

sup ¯

4

1 4

¯

The idea is to find a solution for (1.1)-(1.2) on by applying Ba-

nach’s contraction mapping principle. Let us intro duce the op erator given

by = where

= +

W e shall prove that

:

L et us c onsider the pr oblem (1.1)-(1.2) and

assume the hyp othesis (1.4). Set

If the initial datum satisfies

with , the appr oximating se quenc e of solution for our

pr oblem is uniformly b ounde d in and we have

Mor e over the scheme is –stable, that is, if is an other initial

datum such that

and we denote by the c orr esp onding appr oximating se quenc e, then j k j k

j k

i

j k k

j

i i

i

C V

|| ||

∈

≤

| − |

≤

| − |

∈

≤

≤

≤ ≤

− −

≤

| − |

−

−

− ≤ −

≤ −

∈

− −

∈

∈

∈

∈ ∈ ∈

∈

− −

∈

∈

− − − −

∈

− −

− −

∈ ∈

− −

∈

− − ε φ , α A u u , β A u u

ε α β i

β

A

c c u u

A

c c ε α ε α .

i

β γ ε α ,

β γ ε α

α A v v , β A v v .

α ε α ε

v u A v v u u

A

c c ε α u v

u v ε α

v u γ ε α v u

ε γ v u .

Γ

( 1) ( 1)

Γ

( ) ( )

Γ: =

( ) ( )

Γ: =

Γ Γ Γ

2

0

2

Γ

( 1) ( 1)

Γ

( ) ( )

( ) ( )

Γ

( 1) ( 1) ( 1) ( 1)

Γ: =

( 1) ( 1)

( 1) ( 1)

Γ

( ) ( )

0

Γ

( 1) ( 1)

0

Γ

( 1) ( 1)

|

|

|

|

|

|

|

|

|

|

∑

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

∑

|

|

|

|

|

|

|

|

|

|

∑

|

|

|

|

[ ] [ ]

∑

|

|

|

|

∑

(

∑ ∑

)

|

|

|

|

|

|

|

|

|

|

∑

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

∑

|

|

|

|

|

|

|

|

|

|

[ ]

|

|

|

|

|

|

|

|

|

|

∑

( )

|

|

|

|

|

|

|

|

|

|

∑

|

|

|

|

{

[ ]

[ ]

}

∑

[ ]

∑

[ ]

∑

[ ] j j

J i

j,k i

j,k α

j α

k

D i

j,k i

j,k α

j α

k

D

i

j,k c c i

j,k

j k α

j

V α

k

V

j,k c c i

j,k

j k j j k k

i i

j j

j j

i

j,k i

j,k α

j α

k

D i

j,k i

j,k α

j α

k

D

α

i α

i

V

j,k i

j,k α

j α

k α

j α

k

D

j,k c c i

j,k

j k j j α

k α

k

V

α

j α

j

V k k

i α

i α

i

V

i α

i α

i

V

i α

i α

i

V and is a contraction on . Let us define

= = =

and denote by , , the corresp onding sums when Γ.

Then we have, by using first Lemma 2.2 and then Lemma 2.1

( + ) ( + )

Summing the previous inequality for Γ, we have

+

that is ( + ) .

Let us consider

¯ =

¯

= (3.3)

Supp ose and ¯ . Then we have

=

( + )

+ ( + )

so that

2 ( + )

4

0

0 j k k

j

Corollary 3.2

Pro of.

∈ ∈

∈

− − − −

∈

− −

− −

V

∈

− −

V

∈

∈ ∈

C

{ ∈ V ≤ ≤ }

∈ || || ≤ || || ≤

−

≤

| − |

−

−

− ≤ || − || −

− ≤

−

|| − ||

≥ ∈

≤ || ||

≥

≥

∑ ∑

|

|

|

|

|

|

|

|

|

|

∑

( )

|

|

|

|

|

|

|

|

|

|

∑

|

|

|

|

{

[ ]

[ ]

}

[ ]

{

∑

[ ]

}

∑

{ }

∑

|

|

|

|

|

|

|

|

∑

0

0 0

1

Γ

0

Γ

0

( ) ( )

Γ

( 1) ( 1) ( 1) ( 1)

Γ: =

( 1) ( 1)

( 1) ( 1)

( ) ( )

0

Γ

( 1) ( 1)

0

0

Γ

0

Γ Γ γ ε <

B w ε ε , α ε .

φ , φ l J φ ε φ ε

u v

A u u v v

A

c c ε α u v

u v ε α

u v γ ε φ φ u v

u v γ ε

γ ε φ φ

B

ε > c >

φ i

u u

A u u c φ .

φ i, l

u l , n φ,ε

j j

j j

J

j j

J

α α

j,k i

j,k α

j α

k α

j α

k

D

j,k c c i

j,k

j k j j α

k α

k

V

α

j α

j

V k k

α α

i i i

J α α

V

i i i

J

φ,ε

l,n

i,j,k i

j,k j k

D

i i

J

l

i

l,n

i

L et us c onsider the pr oblem (1.1)-(1.2) and assume the hy-

p otheses (1.5) and (1.6). Then ther e exists and such that when

the initial datum satisfies for any and (3.1), the appr oximating

se quenc e of solution , when is stable, satisfies

Since 4 1, we obtain is a contraction on

= :

Finally

, let us consider ¯ ( ), with , ¯

and , the corresp onding approximating sequences. With a calculation

analogous to the previous one, we have

( + )

+ ( + )

which implies

4 ¯ +

so that, when we pass to the limit,

[ ]

4

1 4

¯

that is the stability on . The pro of is thus complete.

0 0

0 Γ

=

It is not restrictive to assume that the initial data have compact

supp ort.

Since 0 for all , by assuming existence from the fixed-p oint argu-

ment we can easily prove the solution satisfies 0 for all ( ).

4 3 j k

i

j k i i

j k

j k i

j,k

j k

j i

Theorem 3.3 ( {b oundedness) L et us assume(1.4). When we define

∈

∈

−

∈

−

− − − −

∈

∈

| − |

∈ ∈ ∈ ∈

∈ ∈ ∈ ∈

∞

∈

∈

≤ −

≤

| |

|| || || ||

|| || ≤ || || || ||

≤ || || || ||

≤

≤

≤ ≤

− − −

≤ ≤

| − |

∑

|

|

|

|

∑ ∑ ∑

|

|

|

|

|

|

|

|

|

|

∑

|

|

|

|

|

|

|

|

|

|

∑ ( )

∑ ∑

(

∑ ∑

)

∑ ∑

(

∑ ∑

)

√

∑

|

|

|

|

Γ: =

Γ Γ: =

1

=1

Γ: =

Γ: =

1 2

Γ

1

Γ

2

Γ Γ

2

3 4

Γ

3

Γ

4

Γ Γ

2

3 4

2

0

1

4 (1+ )

4 3 4

4

Γ

Γ: = i λ i

k A u u

λ φ k λ A u u .

α D A u u

φ α D φ α D .

c > c >

u u c φ c φ α D

c > c >

α D c φ c φ α D .

x c ε c ε x

ε ε

x c ε c c ε

c

c >

x cε

l

A

c c

, i

i,j,k c c i

j k l,n

j l,n

k

i i l c λn

i

i,j,k c c n

m i i

j k l c λm,n m

j l c λm,n m

k

i

j,k c c i

j k j k

D

j,k c c

A

c c j

J j k

J k

j,k j k

D

i i

J

i i

J

i i

i i

i i

J

i i

J

i i

c c

i

j,k c c i

j,k

i j

F rom (2.10), multiplying the -th equation by and summing on we

obtain, by applying (1.6),

(3.4)

By applying first Lemma 2.1 and then Lemma 2.2 we have

( ) =:

+ ( ) ( + ( ))

(3.5)

F rom (3.4) we then deduce there exist 0, 0

+ + ( ) (3.6)

and then, by using (3.6) in (3.5), there exist 0, 0 such that

( ) + + ( ) (3.7)

It is now sufficient to notice that the inequality

+ ( + ) (3.8)

is verified for =: , when

0

(1 2 ) 1 4(1 + )

2

and in particular there exists a constant 0 such that (3.8) is verified for

0 .

The corollary is thus proved.

Θ = max

N

N

Pro of.

m

i i i

i i

i

j

j

1 0

1

1

Γ

1

Γ Γ

1

Γ

Γ

( )

Γ

0

Γ

0

=1 Γ

=1 Γ

Γ =1 Γ

Γ

1

1

0

∞

∈

∞

∈

∞

∈

·

∞

∈

∞

∈

≤ ∈

∈

∞

∈

∞

−

∈

− − − −

∈

− − − −

∈

− −

∈

∞

∈

∞

V if ther e exists with

and ,

then the solution and we have

∑

(

∑

)

|

|

|

|

|

|

∑ ∑

∑ ∑

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

∑

|

|

|

|

∑

|

|

|

|

|

|

∑

|

|

|

|

|

|

|

|

|

|

∑

∈ ∩

|| || ≤

∈

|| || || || ≤

−

|| ||

∈ { ∈ ≤ }

|| || || ||

̸

≤ ≤

| − |

≤ || || || ||

≤

≤

−

∈

< ε < ε

ε <

φ l J l J

φ ε ,

u l D

u u

ε φ .

m D l , n D n m ,

M u u , M u .

M M

u φ k A u u .

c c c c

A u u

M A u M

A

c c u ,

u φ M u φ M u .

u ε

M

ε

M

m i

i i

J

i i

,D

i

n

,n

i ,J

i i

,J

m

m

j

n m, l,n D l,n

j

j j

,D

j j

,J

m

l,m

i l c λm

i m

α j,k i

j,k l c λα,m α

j l c λα,m α

k

j k j i

m

α j,k i

j,k l c λα,m α

j l c λα,m α

k

m

j,k i

j,k m

α l c λα,m α

j m

j,k i

j,k

i j j

V

l,m

i i

,J m

j j

V i

,J m

V

m

0

2Θ 1 (3.9)

( ) ( )

(3.10)

( )

max := max

1

1 2Θ max (3.11)

W e define, for all , = ( ) :

= max sup = max = max

The aim is to control with . W e have

= + (3.12)

If = we have (by (1.4) we can assume for example = )

[ ]

which implies

+ Θ [ ] = + Θ [ ]

But we have from (3.10) that [ ] 2 so that, from (3.9) we have

1

1 2Θ

for all , which concludes the pro of.

N i

i i

i i

i

i i

i i i

i i i

∞

∞

∈

∈

∞

∞ ∞

−

− −

∞

∈ ∈

∞

∞

≥

∈ ∩ ∈

≥ ≥

∈

− − →

→ ∞

∈

∈

− ≤ − →

→ ∞

∈ ∈

−

{ }

∑

|

|

|

|

|

|

{ }

∑

( )

∑

∑

∑

|

|

|

|

|

|

∑ ∑

|

|

|

|

|

|

∑

( )

1

0

1

+

+

1

=0

+ ( )

=1

+ +

+

1

=1

+ +

+

= +1

+ +

+ ( + ) ( + ) +

=0

+ ( + ) +

Corollary 3.4

Pro of.

Theorem 3.5 (Asymptotic b eha

                                                                                                              vior)

Pro of.

φ

φ l J l J i

l D

c c c

A u u

ε > u

u l J

u u

n

u u l D

u l J l J

u φ k q u

φ k A u u

u l D

u φ k A u u ,

u u k A u u

n

u l D τ

u u k q u i

i

i j k

i

j,k j k

l

i

l J

i

l J l c λn,n

i l

i

l,n

i

l c λn,n

i l

i n

m i l c λ n m ,n m

l

i n

r i

j,k l c λr,r

j l c λr,r

k

l c λn,n

i

l

i l

i

r i

j,k l c λr,r

j l c λr,r

k

l J l c λn,n

i l

i

l J r n i

j,k l c λr,r

j l c λr,r

k

i

l c λ n τ , n τ

i l c λτ ,τ

i n

m i l c λ m τ ,m τ

L et us assume(1.5), (1.6) and (1.7). Assume and

for any . With the symb ols of the pr evious The or em

3.3, if (3.10) holds, then the appr oximating se quenc e of solution is stable in

and we have (3.11).

Under c ondition (1.4), ther e ex-

ists an such that, if (3.1) is valid, ther e exists a se quenc e ,

such that

when .

If the appr oximating solution is also b ounde d in , then

and the c onver genc e is also in .

0

( ) ( ) Γ

( )

As in the previous Theorem 3.3 we have to b ound from ab ove the

quantity (3.12). By (1.7) we can delete the terms for which = =

b ecause 0 and 0. The remaining terms are treated as in

Theorem 3.3.

0 ¯

¯ ( )

¯ 0

= ( )

¯ ( ) ( )

By the v alidity of the hyp othesis (3.1) we obtain (3.2). But

= +

= +

and ( ) . If we set

¯ = +

by applying Lemma 2.2 we obtain

¯ 0

as , which completes the first part of the theorem.

Moreover, when ( ) , we have for any

=

R

R i i i

i j i j

h

i

j j

∈

∈

−

∈

∞

−

∞ ∞

∈

∈

−

− −

−

Theorem 3.6 (Con

                                                                     v

                                                                   ergence)

Pro of.

− ≤ ≤

≤ ≤ − →

→ ∞ ∈

∈

{ } →

≤

∈

−

−

− − −

≤

↓

≤ ≤

− − −

≤ ≤

|

|

|

|

|

|

∑ ∑

|

|

|

|

∑ ∑

|

|

|

|

∑ ∑

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

( )

( ( ) ( ) )

|

|

|

|

|

|

|

|

|

( )

( )

|

|

|

+ ( + ) ( + ) +

Γ

+

=

+

Γ

+

=

+( )

Γ =

+( )

1

Δ

Γ

+1

0

Γ

+1

+1 +1

+1 +1 +1 +1

+1 +1 +1

+1 +1

0

+1 +1 2 1 2

+1

2 2 u u k M A u

c c

k M A ω k M A ω

τ ω l J

φ C

u

u u L , T L T > h

M M T u M

j l , n

J u u

n >

J φ φ o .

u u k q u ,

u u u u k q u q u

J J k N M J .

k k N M <

C > n > J e J J o

u u λ k q u

J k M N o .

l c λ n τ , n τ

i l c λτ ,τ

i

j,k n τ

m τ i

j,k l c λm,m

i j

j,k n τ

m τ i

j,k l c c λm

j

j,k m τ i

j,k l c c λm

j

j

i b

l,n

j

n

j l l ,n

j l,n

j

j l l

j l

j

l,n

j l c λ,n

j j l,n

l ,n

j l,n

j l c λ,n

j l c λ,n

j j l ,n

j l,n

n n n

n C T n

l,n

j l,n

j l / ,n

j l / ,n

j j l,n

n

L et us c onsider the differ enc e scheme (2.10)

with c ontinuous and b ounde d initial data . Under the assumptions

of The or ems 3.1 and 3.3, ther e exists a we ak solution of (1.1)-(1.2) and the

se quenc e c onver ges to in for any as .

c onst which implies

by assuming = and using Lemma 2.1

0

as since ( ).

Let us now give the main convergence result of this section.

( )

(0 ; ( )

) 0 0

F rom Theorem 3.3 there exists = ( ) such that for

all Γ, for all ( ). Let us define

= sup sup

for all 0 and

= sup sup = (1)

Since from (2.11)

= +

we obtain

= +

so that

+

Since 0, we can assume 1 and we obtain that there exists a

constant 0 such that for any 0 . In particular (1).

On the other hand, from (2.11) we have

= Φ Φ

+ (1)

(3.13)

R

R

R

( )

( )

N

N

N

N

N

N

′

′ ′ ′

′

′ ′ ′ c onst

c onst

∞

∈

∈

∈

∞

∈

∞

∈

∞

∞

∈

∞

∞

∞ ∞

∞

Δ Δ

Δ

Δ

Δ

+1

+1

Δ Δ Δ Δ

Δ Δ Δ Δ

Δ

Δ

Δ

+1

+1

Δ Δ Δ Δ

Δ Δ Δ Δ

Δ ν

ν ν

ξ

ξ

ξ ξ

ξ

ξ

ξ

α α α

ξ

ξ α α

α α

α

α α α

ν

ν

ν

s

s

s s

s

s

s s

α α α

s

s α α

α α

α

α α α h h

h

ν

h ξ

ν

h

ν

h

ν h

ν h

ν h

ν

h

ν h

ν h

ν h

ν

h

ν

h s

ν

h

ν

h

ν h

ν h

ν h

ν

h

ν h

ν h

ν h

ν

h

ν

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|| || ≤

−

∈ − × { } ↓

→ ∞

− →

→ ∞ { } −

·

∈ −

−

{ } | − | ≤

∈ − | − | ≤

− ≤ −

− −

{ }

↓ → ∞

· − → ·

→ ∞ { }

·

·

·

·

{ } | − | ≤

∈ | − | ≤

· − · ≤ · − ·

· − · · − ·

·

∈ u u M

h >

R > R, R

x, t R, R , T h h

ν u x, t

u x, t u x, t

ν x R, R

x u x , t

u x , t

u x , t u , t

x x R, R ε >

R, R x , x x

x α x x ε

x R, R x x x ε

u x, t u x, t u x , t u x, t

u x , t u x , t u x , t u x, t .

o ε

t > h

h ν u

u , t u , t L

ν t , T

t u , t L

L u , t

u , t

u , t t ε >

, T S t , t t

t α t t ε

t , T t t t ε

u , t u , t u , t u , t

u , t u , t u , t u , t .

o ε u , t

t , T L

Let us consider as in Definition 2.12. Then uniformly with

resp ect to 0.

Let us fix 0 and consider a space interv al [ + ]. F or almost

every fixed ( ¯

¯

) [ + ] [0 ] there exist a sequence , 0

as , and a numb er ( ¯

¯

) such that

( ¯

¯

) ( ¯

¯

)

as . Let us consider a countable dense subset ¯ of [ + ].

F or each ¯ there exists a sequence ( ¯

¯

) which converges to a numb er

( ¯

¯

). By a diagonalization argument we can conclude there exists a subse-

quence, still denoted by ( ¯

¯

), which converges to (

¯

) at every p oint

¯ . In order to reach every p oint [ + ] , for any 0 let us partition

the interv al [ + ] into Σ interv als ( ) where the are selected

from the dense set ¯ in such a way that, for any , .

Therefore for any [ + ] there exists such that ,

(

¯

) (

¯

) (

¯

) (

¯

)

+ (

¯

) (

¯

) + (

¯

) (

¯

)

The term in the middle comes from a Cauchy sequence, while the first and

last terms are b ounded by ( (1) + ). F rom the previous results, for

almost every fixed

¯

0 there exist a subsequence, still denoted by ,

0 as , and a function such that

(

¯

) (

¯

) in

as . Again, let us consider a countable dense subset

¯

of [0 ].

F or each

¯

there exists a sequence (

¯

) b ounded in ( ) which

converges in ( ) to a function (

¯

). By a diagonalization argument we

can conclude there exists a subsequence, still denoted by (

¯

), which

converges to (

¯

) at every p oint

¯

. F or any 0 let us partition the

interv al [0 ] into interv als ( ) where the are selected from the

dense set

¯

in such a way that, for any , . Therefore

for any [0 ] there exists such that ,

( ) ( ) ( ) ( )

+ ( ) ( ) + ( ) ( )

The term in the middle comes from a Cauchy sequence, while by (3.13) the

first and last terms are b ounded by ( (1) + ). Thus ( ) is a

uniform in [0 ] Cauchy sequence in ( ) .

Z

R

∑

∑ ∑

( )

∑ ∑ ∑ ∑

{ }

Γ

Γ

Γ

+ +

Γ

¯

+

=

¯

Γ

∞ ∞

∞

∈

∈

∈ ∈

∞ ∞

∈ ∈ ∈

4 Results for large data

≥ ∀

≤ ≤

≤ ≤

≤ ≤

≤ || || || ||

≤

≤

∈

̸∈ ≤ ·

Theorem 4.1 (Uniform {stabilit
y)

Lemm

 a 4.2

Pro of.

L , T L

l

A λ λ λ λ λ > i

F M

φ M i

u F M i

φ M

v

k v v φ φ τ

n τ L >

v φ

l n , τ

φ

v n

l v , i τ i,j,k i

j,k j k i i

n

l

i

l,n

i n

l

i

i

i l l,n

i l,n

i

i l L

l l l,n

i

i l J l

i

l

i

l,n

i

l,n

i

Under c ondition (1.4), if the H-

The or em is valid, that is (1.5) and

for al l such that

hold, ther e exists a gr owth function such that, when the datum sat-

isfy for al l , then the se quenc e of appr oximating solutions is

uniformly stable in time and satisfies

for al l .

Assume the hyp otheses (1.4), (1.5) and (4.1). If the initial

datum satisfies with c omp act supp ort, the c orr esp onding appr ox-

imating se quenc e to the Cauchy pr oblem (1.1)-(1.2) satisfies

c onst

for al l and ther e exists such that

uniformly with r esp e ct to , .

c onst

Hence, we can extract a subsequence which converges in (0 ; ( ) ).

By Lax–W endroff Theorem [19] the limit is a weak solution of (1.1)-(1.2).

Finally

, the uniqueness of the weak solutions implies the convergence of the

whole sequence.

The aim is now to obtain stability for arbitrarily large nonnegative initial

data. More precisely

, we will prove the following result:

(log ( ) + 1) 0 0 (4.1)

( )

0

0 ( ) (4.2)

Before proving the previous theorem, it is convenient to establish the follow-

ing lemm a holds.

0

log log + (4.3)

0

(4.4)

¯

[0 ]

Since the initial datum has compact supp ort, also the approxi-

mating sequence has compact supp ort for any and we have

# : = 0 Γ

−

c onst

Z Z

Z

Z

Z

Z

Z Z

Z

Z Z i

i

i

i i

i

i i

i i

l,n

i l,n

≤

≥

−

−

−

−

≤ −

−

≤

≥

≤ || || || ||

∈ ∈

−

−

∈

∈ ∈

∈ ∈

−

∈

∈ ∈

− −

∈

−

∈ ∈

∈ ∈

− −

∈ ∈

∈ ∈

∈ ∈

− −

∈ ∈

≥

∞ ∞

∑ ∑

∑

∑ ∑

∑ ∑

(

∑

)

∑ ∑

∑

∑ ∑

∑ ∑ ∑ ∑

∑ ∑

∑ ∑ ∑ ∑

∑ ∑ ∑

( )

+1

Γ

+1 +1

Γ

+1 +1

Γ Γ

+1 +1 +1

Γ

Γ

+1 +1

Γ

+1 +1 +1

Γ Γ

+1 +1

Γ

+1 +1 +1

Γ Γ

¯

+

=

¯

+ + n τ

v v .

n

v v k A v v .

v v

v k A v v v

v v k A v v

v

k A v v v

v v k A v v

k A v v v

v v v v

L R >

k v k v k v

φ φ τ R k RL.

l l,n

i

l l c λ,n

i

l,n

i l c λ,n

i

j,k i

j,k l,n

j l,n

k

i l l,n

i l,n

i

i l l c λ,n

i

j,k i

j,k l,n

j l,n

k l,n

i

i l l c λ,n

i l c λ,n

i j,k i

j,k l,n

j l,n

k

l c

i

l i,j,k i

j,k l,n

j l,n

k l,n

i

i l l c λ,n

i l c λ,n

i

l i,j,k i

j,k l,n

j l,n

k

l i,j,k i

j,k l,n

j l,n

k l,n

i

i l l c λ,n

i l c λ,n

i

i l l,n

i l,n

i

l L

l l l,n

i

v R l,n

i

v <R l,n

i for . So we have

= (4.5)

By (2.10) we obtain for any 0

= (4.6)

So we have

log

= log =

multiplying and using (4.6) inside the logarithm,

= log 1 +

log

log

log

log = log

by standard prop erty of the logarithm and by using (4.1) and (4.5).

The estimate (4.3) now follows by the previous estimate and elementary

logarithmic prop erties.

T o prove (4.4) first we observe that for all 1, 1 we have by using

(4.3) for the first term

= +

log + log +

N

Z

∈ ∈

¯ ¯

Γ Γ l l

i i

i i

∞ ∞

∈ ∈

∞

∞ ∞

∈ ∈ ∈ ∈

− c onst

c onst

c onst

Pro of of Theorem 4.1.

( )

∑

{ [ ]}

{ }

+ +

1

2

1

2

1

2

¯

+

=

¯

0

0

Γ

0

Γ

0

1

¯

¯

¯

Γ;( ) Γ;

~

~

max min

≥

|| || || || ≤ || ||

≤ || ||

≤ || ||

≤

|| ||

∈ ∈

∈ ∈ − −

∈

|| ||

∈ ∈

∩

≤ ≤

∈

≤

∈

≤

N i

J

N i

J

N i

J

l L

l l l,n

i i

J

n

i i

i i

l

i l

i n

l,n

i

l

i l,n

i

l

l

l

i l,n D l,n

i

i l J l,n

i

n n

L

c c

R > L

φ φ τ R φ

k RL φ

k k R φ

k v φ

N

.

τ τ > l J

J l J l l n c , l n c

φ φ l J

v

φ u l , τ

L L φ , τ

l J n , τ

l l l

D

J l l l l L

n , τ D

u u .

l

M M n < n < n .

, T

W e now cho ose 1 and 1 such that

log + log

(we can assume in any case to take such that ) and we

obtain

The pro of of the lemm a is thus complete.

Let us fix , 0, . Denote

: max min

and define

^ = if ,

0 otherwise.

Then the sequence of approximating solution for the Cauchy problem

(1.1) with datum ^ will coincide with at ( ). By applying Lemma 4.2

we obtain there exists = ( ) such that (4.4) holds uniformly with

resp ect to

¯

, [0 ].

It is now sufficient to apply b oundedness for small data on

proved in Theorem 3.3 on any , constructed with basis interv al

= :

¯ ¯

+

at time ~ [0 ]. Then on we have

max max

By moving

¯

we obtain

for ~ ~ + (4.7)

T o cover the time interv al [0 ] it is sufficient to apply (4.7) finitely many

times. The pro of of Theorem 4.1 is now complete.

Δ

h

∞ ∞

R

R n l

i

i b

≤ ≤

∈

{ }

→

References

F M φ M

i

φ C

u

u u L , T L T >

h

Corollary 4.3

Theorem 4.4 (Con

                                                                     v

                                                                   ergence)

Under c ondition (1.5), (1.6), (1.7) and (4.1), ther e exists a

gr owth function such that, when the datum satisfies

for al l , then the appr oximating se quenc e is uniformly stable in time and

satisfies (4.2).

L et us c onsider the differ enc e scheme (2.10)

with c ontinuous and b ounde d nonne gative initial data . Under

assumptions of The or em 4.1, ther e exists a we ak solution of (1.1)-(1.2)

and the se quenc e c onver ges to in for any

as .

Existenc e glob ale ou explosion des solutions de

syst̀ emes hyp erb oliques semi-liń eair es 1-D: quelque s ŕ esultats th́ eoriques

et nuḿ eriques

Comm. Math. Phys.

Comm. Math. Phys.

R ev. Math. Phys.

Math. Mo dels and Metho ds in Appl. Sci.

With a similar pro of we obtain also the following result.

( ) 0

As for small data, we can now conclude with a convergence result.

( )

(0 ; ( ) ) 0

0

The pro of follows like in Theorem 3.6, then it is omitted.

[1] D. Aregba-Driollet.

. PhD thesis, Universit ´ e de Bordeaux I, 1990.

[2] D. Aregba-Driollet and B. Hanouzet. Cauchy problem for one–

dimensional semilinear hyp erb olic systems: global existence, blow up.

T echnical rep ort, CeReMaB, Bordeaux I, 1993. to app ear in J. Differ-

ential Equations.

[3] J.T. Beale. Large-time b ehavior of the Broadwell mo del of a discrete

velo city gas. , 102:217–23 5, 1985.

[4] J.T. Beale. Large-time b ehavior of discrete velo city Boltzmann equa-

tions. , 106:659–67 8, 1986.

[5] N. Bellomo and T. Gustafsson. The discrete Boltzmann equation: a

review of the mathematical asp ects of the initial and initial-b oundary

v alue problems. , 3:137–16 2, 1991.

[6] A.V. Bobylev, E. Gab etta, and L. Pareschi. On a b oundary v alue prob-

lem for the plane Broadwell mo del. Exact solutions and numerical sim-

ulation. , 5:253–266 , 1995.

Jourń ees “Equa-

tions aux D́ eriv́ ees Partiel les”

Comm. Partial Differ ential

Equations

F ourth Int. Conf. on

Hyp erb olic Pr oblems

C. R. Ac ad. Sci. Paris Ś erie I

C. R. Ac ad. Sci. Paris Ś erie II

Math. Mo dels and Metho ds in Appl. Sci.

Th́ eorie ciń etique des gaz ` a ŕ ep artition discr̀ ete de vitesses

L e ctur e Notes in Physics

J. Ḿ ec.

Th́ eor. Appl.

J. Ḿ ec. Th́ eor. Appl.

SIAM

Rev.

Ann. Mat. Pur e Appl.

[7] J.M. Bony

. Solutions globales b orń ees p our les mo d́ eles discrets de

l’´ equation de Boltzmann en dimension un d’espace. In

, numb er XVI. Saint-Jean-De-Monts,

1987.

[8] J.M. Bony

. Existence globale ` a donń ees de Cauchy p etites p our les

mo d̀ eles discrets de l’´ equation de Boltzmann.

, 16:533–545 , 1991.

[9] R.E. Caflisch, S. Jin, and G. Russo. Uniformly accurate schemes for

hyp erb olic systems with relaxation. T echnical rep ort, Dipartimento di

Matematica, Universit` a dell’Aquila, 1994.

[10] R.E. Caflisch and G. Russo. Implicit numerical metho ds for kinetic

equations. In A. Donato and F. Oliveri, editors,

, pages 504–51 1, 1992.

[11] D. Driollet and B. Hanouzet. Syst̀ emes hyp erb oliques semi-liń eaires

conserv atifs 1-D. , 307:231–23 4, 1988.

[12] H. Emamirad. Ḿ etho de des pas fractionnaires p our le mo d̀ ele de Broad-

well. , 304:487–49 0, 1987.

[13] E. Gab etta and L. Pareschi. Approximating the Broadwell mo del in a

strip. , 2:1–19, 1992.

[14] R. Gatignol. ,

volume 36 of . Springer-V erlag, 1975.

[15] K. Hamdache. Existence globale et comp ortament asymptotique p our

l’´ equation de Boltzmann ` a ŕ epartition discr̀ ete des vitesses.

, 3:761–785 , 1984.

[16] R. Illner. Global existence results for the discrete velo city mo dels of

the Boltzmann equation in several dimensions. ,

1:611–622 , 1982.

[17] R. Illner and T. Platkowski. Discrete velo city mo dels of the Boltzmann

equation: a survey on the mathematical asp ects of the theory .

, 30:213–25 5, 1988.

[18] I. Kolo dner. On the Carleman’s mo del for the Boltzmann equation and

its generalizations. , 63:11–32 , 1963.

Comm. Pur e

Appl. Math.

Quelque s ḿ etho des de ŕ esolution des pr obl̀ emes aux limites

non liń earir es

Applic ation of the discr ete Boltzmann e qua-

tion to fluid-dynamics

Ś eminair e Goulaouic-Schwartz

1975-1976. Equations aux D́ eriv́ ees Partiel les et Analyse F onctionnel l e

Ar ch. R ational Me ch. Anal.

Ann. Mat. Pur a Appl.(4)

[19] P

.D. Lax and B. W endroff. Systems of conserv ation laws.

, 13:217–23 7, 1960.

[20] J.L. Lions.

. Duno d, Paris, 1969.

[21] R. Monaco and L. Preziosi.

. World Scientific, 1991.

[22] L.C. T artar. Existence globale p our un syst̀ eme hyp erb olique semi

liń eaire de la th́ eorie ciń etique des gaz. In

,

numb er I. Ecole Polytechnique - Centre de Math́ ematiques, 1975.

[23] L.C. T artar. Some existence theorems for semilinear hyp erb olic systems

in one space v ariable. T echnical Rep ort 2164, Universit y of Wisconsin,

Madison, 1981.

[24] R. T emam. Sur la ŕ esolution exacte et approach́ ee d’un probl̀ eme hy-

p erb olique non-lineaire de T. Carleman. ,

35:351–36 2, 1969.

[25] G. T oscani. On the discrete velo city mo dels of the Boltzmann equations

in several dimensions. , 4:297–308, 1984.