A Discrete Kinetic Approximation of Entropy Solutions to Multidimensional Scalar Conservation Laws

Roberto Natalini

Istituto per le Applicazioni del Calcolo “M. Picone”, Consiglio Nazionale delle Ricerche, Viale del Policlinico 137, I-00161 Roma, Italy

Abstract We present a new relaxation approximation to scalar conservation laws in several space variables by means of semilinear hyperbolic systems of equations with a finite number of velocities. Under a suitable multidimensional generalization of the Whitham relaxation subcharacteristic condition, we show the convergence of the approximated solutions to the unique entropy solution of the equilibrium Cauchy problem.

1 Introduction

Consider a multidimensional conservation law. Let u : R^d × R_+ → R be a global weak solution to the Cauchy problem

∂_tu + d∑ j=1 ∂_{xj} A_j(u) = 0 , (x, t) ∈ R^d × R_+ ,

(1.1) u(x, 0) = u_0(x) , x ∈ R^d ,

(1.2) where A = (A_1, . . ., A_d) ∈ (Lip_{loc}(R))^d and u_0 ∈ L^∞(R^d). In this paper we shall restrict our consideration to the entropy solutions of (1.1)–(1.2) in the sense of Kružkov, which are known to be unique and having good mathematical properties, see [Kr] and Section 3 below. Consider also the following class of discrete kinetic systems. Let N ≥ d + 1 be fixed and let f^ε = (f^ε_1 , . . ., f^ε_N ) : R^d × R_+ → R^N be a solution of the Cauchy problem:

∂_tf^ε_i + d∑ j=1 λ_{ij}∂_{xj} f^ε_i = 1 ε (M_i(u^ε) − f^ε_i ) , (x, t) ∈ R^d × R_+, i = 1, . . ., N,

(1.3)

f^ε_i (x, 0) = f_{0i}(x) , x ∈ R^d , i = 1, . . ., N . (1.4) Here ε ∈ R, ε > 0, λ_{ij} ∈ R (i = 1, . . ., N; j = 1, . . ., d), the function u^ε is defined by

u^ε := N∑ i=1 f^ε_i , (1.5)

M = (M_1, . . ., M_N ) : R → R^N is a Lipschitz continuous function with M(0) = 0 and f_0 = (f_{01}, . . ., f_{0N} ) ∈ (L^∞(R^d))^N .

In this paper we want to show that the sequence {u^ε} converges, as ε ↓ 0, to the (unique) entropy solution u of problem (1.1)–(1.2). Hence the function M and the velocities {λ_{ij}} must satisfy some compatibility conditions with respect to the flux function A. More precisely we shall assume that M is a (local) monotone maxwellian function for system (1.3) according to the following definition.

Definition 1.1 Let I ⊆ R be a fixed interval. A Lipschitz continuous function M = M(u) : I → R^N is a Monotone Maxwellian Function (MMF) respect to the interval I if the following conditions are verified: N∑ i=1 M_i(u) = u , for any u ∈ I ;

(1.6) N∑ i=1 λ_{ij}M_i(u) = A_j(u) , j = 1, . . ., d , for any u ∈ I ;

(1.7)

M_i is a monotone (increasing) function on I, for any i = 1, . . ., N .

(1.8)

If the function M verifies (1.6)–(1.7), the system (1.3) forms a standard BGK approximation for equation (1.1). Actually, it easy to see that if

f = lim_{ε→0} f^ε in a suitable (strong) topology and u(x, t) = N∑ i=1 f_i(x, t) = lim_{ε→0} u^ε ,

we have that f = M(u) and u is a weak solution of (1.1).

The plan of the paper is as follows: in Section 2 we prove that, if M is a MMF, then problem (1.3)–(1.4) has a unique uniformly bounded solution for any ε > 0. The monotonicity condition (1.8) will be our key argument. In fact it implies special comparison and stability properties of system (1.3) and in particular the evolution operator associated to problem (1.3)–(1.4) is contractive in the L^1 norm and the system is quasimonotone, in the spirit of [HN] and [Na]. Section 3 is devoted to the proof of the convergence of the sequence {u^ε} to the entropy solution u of problem (1.1)– (1.2). Finally, in Section 4, we present various examples of (local) monotone maxwellian functions M = M(u) related to the conservation law (1.1).

Let us first recall that the general theory of discrete Boltzmann equations is far to be complete, see [PI], [BG]. In one space dimension global existence of solutions to systems with particular quadratic interaction terms and satisfying a H-Theorem has been established in [Ta] for arbitrarily large data. In the multidimensional case global existence is known only for small initial data [Bo].

Recall also that the kinetic approximation of fluid dynamic equations is a classical problem in mathematical physics. In particular Euler equations can be formally obtained as the fluid dynamical limit of Boltzmann equations, see [Ce], [CIP] and references therein. Actually this limit has been rigorously established only as long as the limit solutions are regular.

The limiting behavior of discrete velocities models has been also studied by many people, see for instance again the review paper [PI]. In particular we mention the studies on the fluid dynamical limit for the Broadwell model [Ca], [Xi]. Let us also point out that a lot of computational work has been done recently in the very closed framework of lattice Boltzmann and lattice BGK models, see [QSO] and references therein.

The rigorous theory of kinetic approximations for solutions with shocks is more recent and mainly developed when the limit equation is scalar. The first result of convergence of a fractional step continuous Boltzmann approximation, with entropy conditions for the limit (weak) solution, was proved in [Br1] (see also [GM]). Another convergence result was given later in [PT], using a continuous velocities BGK model. A related kinetic formulation can be found in [LPT1]. Let us also recall that some results have been established for special systems or partially kinetic approximations [LPT2], [JPP], [BC], [LPS].

Let us also observe that there is a very strict connection between our kinetic approximation and the relaxation approximation of conservation laws proposed in [JX], at least in the one dimensional case. Consider in fact the case with two velocities (d = 1, N = 2). Fix λ_2 = −λ_1 = λ > 0. Then the (unique) maxwellian function is given by M_1(u) = 1 2 ( u − A(u) λ ) , M_2 = 1 2 ( u + A(u) λ )

and the condition (1.8) is equivalent to the subcharacteristic condition by [Wh] and [Li]:

|A^′(u)| ≤ λ for any u ∈ I ,

for a suitable interval I ⊆ R. Moreover, setting u^ε = f^ε_1 + f^ε_2 and v^ε = λ(f^ε_2 − f^ε_1 ), the system (1.3) has the following relaxation formulation

∂_tu^ε + ∂_xv^ε = 0 ∂_tv^ε + λ^2∂_xu^ε =^1_ε (A(u^ε) − v^ε) (ε > 0) .

(1.9)

We recall that uniform bounds, stability and convergence to the unique entropy solution of the related one dimensional conservation law for this approximation were first given in [Na]. Let us also mention that the L^1 stability of travelling wave solutions to problem (1.9) has been investigated in [MN].

Here we extend the monotonicity arguments of [Na] to cover the multidimensional case. Observe that the approximation proposed in [JX] in the multidimensional case does not enter in our framework (see Remark 4.5 below) and its stability and convergence remain to be proved. On the other hand we present here an example (see Section 4) of a multidimensional discrete velocities approximation, stable and convergent, which possesses a slightly different relaxation formulation.

Finally, let us mention the monotone schemes of [Br2], which are a numerical (relaxed, i.e.: ε = 0) counterpart of our construction. Other investigations on second order relaxation and kinetic schemes, with the same monotone properties of the continuous model (1.3), as well as some numerical applications to systems in several space variables could be found in [AN1,2].

2 Global existence and uniform estimates

In this section we shall prove that, if M is a MMF respect to a suitable interval I, which only depends on the L^∞ norm of the initial data, the Cauchy problem (1.3)–(1.4) possesses a globally bounded solution. Let us observe that in this section our arguments are completely independent from condition (1.7). In fact, for any fixed function M, which satisfies (1.6) and (1.8), we can construct a flux-function A = (A_1, . . ., A_N ) such that (1.7) holds, just by setting A_j(u) = ∑N i=1 λ_{ij}M_i(u) (j = 1, . . ., d). Our main results are the following.

Theorem 2.1 Let u_0 ∈ L^∞(R^d) be fixed and set f_0 = M(u_0). Assume that M is a MMF on the interval I := {u ∈ R | |u| ≤ N ‖u_0‖_∞}. Then, for any ε > 0, there exists a (unique) global solution f^ε ∈ C([0, ∞); (L^1_{loc}(R^d))^N ) ∩ (L^∞(R^d × R_+))^N to the Cauchy problem (1.3)–(1.4). Moreover the following estimates hold: ‖f^ε_i ‖_∞ ≤ N ‖u_0‖_∞ i = 1, . . ., N ; (2.1) ‖u^ε‖_∞ ≤ N ‖u_0‖_∞ . (2.2)

Set λ_i = (λ_{ij}, . . ., λ_{id}) ∈ R^d, i = 1, . . ., N. For any open set Ω and t > 0, let us denote Ω^λ_t (s) := {y ∈ R^d | ∃ x ∈ Ω , ∃ j ∈ {1, . . ., N } s.t. : y = x + (t − s)λ_j} for any 0 ≤ s ≤ t. Clearly, Ω = Ω^λ_t (0).

Theorem 2.2 Under the assumptions of Theorem 2.1, let f̃^ε be another global solution with the same properties, associated to the initial condition f̃_0. Then

(a) if f_0(x) ≤ f̃_0(x) for almost every x ∈ R^d, then f^ε(x, t) ≤ f̃^ε(x, t) for almost every (x, t) ∈ R^d × R_+;

(b) for any Ω ⊆ R^d and 0 ≤ s ≤ t N∑ i=1 ∫ Ω |f^ε_i (x, t) − f̃^ε_i (x, t)| dx ≤ N∑ i=1 ∫ Ωλt (s) |f^ε_i (x, s) − f̃^ε_i (x, s)| dx . (2.3)

Let us observe that it is easy to extend the present results, as well as the results of the next section, to the case of initial data not in equilibrium, i.e.: f_0 ≠ M(u_0), just by arguing as in [Na].

To prove Theorems 2.1 and 2.2 we need to recall some general results concerning semilinear (diagonal) hyperbolic systems. The proofs can be found in [HN] (in the general quasilinear weakly coupled case). Consider the Cauchy problem

∂_t f_i + N∑ j=1 λ_{ij}∂_{xj} f_i = g_i(f) , (x, t) ∈ R^d × R_+ , i = 1, . . ., N , (2.4)

f_i(x, 0) = f_{0i}(x) , λ_{ij} ∈ R^d, i = 1, . . ., N , (2.5) where f := (f_1, . . ., f_N ) : R^d × R_+ → R, λ_{ij} ∈ R (i = 1, . . ., N, j = 1, . . ., d) and g(f) = (g_1(f), . . ., g_N (f)) is a given Lipschitz continuous function; f_0 = (f_{01}, . . ., f_{0N}) ∈ (L^∞(R^d))^N .

Definition 2.3 A function f ∈ (L^∞(R^d × (0, T )))^N (T > 0) is a (weak) solution of the Cauchy problem (2.4)–(2.5) if, for all φ ∈ C^∞_0 (R^d × (0, T )) and every i = 1, . . ., N, it holds ∫∫ fi ∂tφ + N∑ j=1 λ_{ij}∂_{xj} φ + gi(f)φ dx dt = 0 (2.6) and, for any open set Ω ⊆ R^d,

lim_{T →0+} 1 T ∫ T 0 ∫ Ω |f_i(x, t) − f_{0i}(x)| dx dt = 0 . (2.7)

Proposition 2.4 For any f_0 ∈ (L^∞(R^d))^N , there is T > 0 (only depending on ‖f_0‖_∞) such that there exists a unique (weak) solution f of (2.4)–(2.5) in R^d × (0, T ) and f ∈ C([0, T ); (L^1_{loc}(R^d))^N ). Moreover, there are only two possibilities: either f ∈ (L^∞(R^d × (0, T )))^N for any T > 0, or there exists T^∗ < +∞ such that, for any T < T^∗, f is defined on R^d × (0, T ) and lim T →T^∗_− ‖f ‖_L∞_(Rd_{×(0,T ))} = +∞ .

One of the main tools in this paper are the monotonicity properties of some special systems. These properties hold under the so–called quasimonotonicity of the source term g (see [HN], [Sm], [PW]).

Proposition 2.5 Let f and f̃ be two weak solutions of problem (2.4)–(2.5) in R^d × (0, T ) for the initial data f_0 and f̃_0, respectively. Let Q ⊆ R^N be an interval (with non empty interior) such that

each component g_i of g is nondecreasing in f_j, for i ≠ j, for any f ∈ Q ;

(2.8) f, f̃ ∈ Q a.e. in R^d × (0, T ) .

(2.9) If f_0 ≤ f̃_0 for almost every x ∈ R^d, then f ≤ f̃ for almost every (x, t) ∈ R^d × (0, T ). Proof of Theorem 2.1. Set

M#_i (u) = M_i(−N ‖u_0‖_∞) , u < −N ‖u_0‖_∞ , M_i(u) , |u| ≤ N ‖u_0‖_∞ , M_i(N ‖u_0‖)_∞ , u > N ‖u_0‖_∞ , (2.10)

for i = 1, . . ., N. Assume also u_0 ∈ (Lip_{loc}(R^d)) and let f# ∈ (Lip_{loc}(R^d × (0, ∞))) the solution of problem (1.3)–(1.4) with M replaced by M# and f_0 = M(u_0). For simplicity in this proof we shall omit the index ε. Let

T^δ = sup{T ≥ 0 | |u#(x, t)| ≤ N ‖u_0‖_∞ + δ/2 , a.e. in R^d × (0, T )} , where u# = ∑N i=1 f#_i . Clearly T^δ > 0. Moreover, according to Definition 1.1 and thanks to present assumptions, the functions M#_i are monotone (increasing) on R. Then the system (1.3), with M#, verifies the assumptions of Proposition 2.5.

In particular its right-hand side is quasimonotone in the strip R^d×(0, T ), i.e. it verifies condition (2.8).

Consider now the associated system of ordinary differential equations ṗ_i =^1_ε (M#_i (v) − p_i) , p_i(0) = p_{0i} , i = 1, . . ., N,

(2.11)

for v = ∑N i=1 p_i. If |v(0)| ≤ N ‖u_0‖_∞, then the global solution v is explicitely given by

v(t) = v(0) = N∑ i=1 p_{0i} , p_i = e^{−t/ε}p_{0i} + (1 − e^{−t/ε})M_i(v(0)) .

(2.12)

Let (p^±_i ) be the solution corresponding to the initial data

p^±_{0i} = ±‖f_{0i}‖_∞ .

First we have that

|v(t)| = |v(0)| ≤ N∑ i=1 ‖f_{0i}‖_∞ = N∑ i=1 ‖M#_i (u_0)‖_∞ ≤ N ‖u_0‖_∞ ,

since |M#_i (u)| ≤ |u|, for any i = 1, . . ., N.

Then we can apply Proposition 2.5 to obtain

p^−_i (t) ≤ f#_i (x, t) ≤ p^+_i (t) , i = 1, . . ., N (2.13)

and |u#(x, t)| ≤ N ‖u_0‖_∞ , (2.14)

for every (x, t) ∈ R^d × (0, T^δ).

On the other hand

|p^±_i (t)| ≤ e^{−t/ε}‖f_{0i}‖_∞ + (1 − e^{−t/ε}) N∑ j=1 ‖f_{oj}‖_∞ ≤ N ‖u_0‖_∞ .

Therefore, by standard continuation arguments, T^δ = +∞ and (2.13), (2.14) hold in

R^d × (0, ∞).

Then, on the range of u#, M = M#, and we obtain estimates (2.1)–(2.2) for our original problem. Finally it is easy to extend our result to general initial data, by density arguments. � Proof of Theorem 2.2. Let us omit in this proof the index ε. The part (a) is an easy consequence of the monotonicity arguments used in the previous proof and Proposition 2.5. To prove (b) we use the Duhamel formula

f_i(x, t) = e^{− t−sε} f_i(x − (t − s)λ_i, s) + ∫ t s 1 ε e^{− t−τε} M_i(u(x − (t − s − τ)λ_i, τ)) dτ (2.15)

for i = 1, . . ., N, x ∈ R^d, t ≥ s ≥ 0. A similar formula holds for f̃. Then, integrating both the identities against the function sgn (f_i − f̃_i) over a fixed open region Ω ⊆ R^d and taking the sum on the indexes i = 1, . . ., N, we obtain N∑ i=1 ∫ Ω |f_i(x, t) − f̃_i(x, t)| dx ≤ e^{− t−s}ε N∑ i=1 ∫ Ωλt (s) |f_i(x, s) − f̃_i(x, s)| dx

+ ∫ t s 1 ε e^{− t−τε} ∫ Ωλt (τ ) N∑ i=1 |M_i(u(x, τ)) − M_i(ũ(x, τ))| dx dτ .

Let us observe now that, since u, ũ ∈ I, we can apply the monotonicity properties of the function M: N∑ i=1 |M_i(u) − M_i(ũ)| = ( N ∑ i=1 ∫_1 0 M^′_i(αu + (1 − α)ũ) dα ) |u − ũ|

= |u − ũ| ≤ N∑ i=1 |f_i − f̃_i| , since ∑N i=1 M^′_i(u) = 1, for almost every u ∈ I.

Then, setting for 0 ≤ s ≤ t

μ^t(s) := ∫ Ωλt (s) N∑ i=1 |f_i(x, t) − f̃_i(x, t)| dx , we have μ^t(t) ≤ e^{− t−s}ε μ^t(s) + ∫ t s 1 ε e^{− t−τ}ε μ^t(τ) dτ , (2.16) which implies μ^t(t) ≤ μ^t(s) , (2.17) for any t ≥ s ≥ 0. This concludes the proof. �

3 Convergence to the entropy solution

In this section we establish the convergence, as ε ↓ 0, of the sequence f^ε of solutions of problem (1.3)–(1.4) to a limit function f. Let u = ∑N i=1 f_i = lim_{ε→0} u^ε (in a suitable topology). We prove also that f is a maxwellian distribution, i.e.: M(u) = f, and u is the (unique) entropy solution of problem (1.1)–(1.2) according to the following classical definition [Kr].

Definition 3.1 A function u ∈ L^∞(R^d×(0, T )) (T > 0) is an entropy solution of problem (1.1)–(1.2) if:

(i) for any k ∈ R and φ ∈ C^∞_0 (R^d × (0, T )), φ ≥ 0, we have ∫∫ |u − k|∂_tφ + sgn (u − k) d∑ j=1 (A_j(u) − A_j(k))∂_{xj} φ dx dt ≥ 0 ;

(3.1) (ii) for any interval I ⊆ R^d lim_{T →0+} 1 T ∫ T 0 ∫ I |u(x, t) − u_0(x)| dx dt = 0 . (3.2)

Our convergence theorem is the following.

Theorem 3.2 Let u_0 ∈ L^∞(R^d) be fixed and set f_0 = M(u_0). Assume that M is a MMF on the interval I := {u ∈ R | |u| ≤ N ‖u_0‖}. Let f^ε ∈ C([0, ∞); (L^1_{loc}(R^d))^N ) ∩ (L^∞(R^d × R_+))^N be the solution of problem (1.3)–(1.4) (ε > 0) given by Theorem 2.1. Let u ∈ C((0, ∞); L^1_{loc}(R^d)) be the (unique) entropy solution of problem (1.1)–(1.2). Then, as ε → 0^+,

u^ε := N∑ i=1 f^ε_i → u in C([0, ∞); L^1_{loc}(R^d)) ,

(3.3)

v^ε_j := N∑ i=1 λ_{ij}f^ε_i → A_j(u) in C([0, ∞); L^1_{loc}(R^d)) ,

(3.4) for j = 1, . . ., N.

The proof of this theorem will follow after a sequence of preliminary results.

Proposition 3.3 Under the assumptions of Theorem 3.2, let f^ε be the solution of problem (1.3)–(1.4). Then, for any bounded open set Ω ⊆ R^d, there exist a positive constant h_0 > 0 and a continuous nondecreasing function ω ∈ C((0, h_0]), not depending on ε and with ω(0) = 0, such that, for every t ≥ 0 ∫ Ω N∑ i=1 |f^ε_i (x + h, t) − f^ε_i (x, t)| dx ≤ ω(|h|) , (3.5)

for any h ∈ R^d, |h| ≤ h_0.

Proof . The proof is a direct consequence of Theorem 2.2, by taking f̃^ε(x, t) = f^ε(x + h, t). � To establish the equicontinuity in time of the sequences u^ε and f^ε, we need the following interpolation lemma due to Kružkov [Kr].

Lemma 3.4 Let Ω ⊆ R^d be a bounded convex open set and set Ω_{h0} = {x ∈ R^d | d(x, Ω) <

h_0}, for some fixed h_0 > 0. Let w be a measurable bounded function in Ω_{h0} × (0, T )

(T > 0) and let ω_Ω ∈ C([0, h_0)) be a nondecreasing function, with ω_Ω(0) = 0, such that

for every t ∈ (0, T ), |h| ≤ h_0 ∫ Ωh0 |w(x + h, t) − w(x, t)| dx ≤ ω_Ω(|h|) . (3.6)

Assume the following condition | | | | ∫ Ω (w(x, t + τ) − w(x, t))φ(x) dx | | | | ≤ C^Ωτ ‖φ‖C^2 (3.7)

for any t, t + τ ∈ (0, T ) (τ > 0), for any φ ∈ C^2_0 (Ω) and some constant C_Ω > 0. Then

for any 0 ≤ t ≤ t + τ ≤ T there holds ∫ Ω |w(x, t + τ) − w(x, t)| dx ≤ ω̃_Ω(τ) , (3.8)

where

ω̃_Ω(τ) = C_Ω min_{|h|≤h0} [ |h| + ω_Ω(|h|) + τ h^2 ] .

Proposition 3.5 Under the assumptions of Theorem 3.2, let u^ε = ∑N i=1 f^ε_i . Then for

any bounded convex open set Ω ⊆ R^d and for any ν > 0, there exist a positive constant

τ_0 > 0 and a continuous nondecreasing function ω̃ ∈ C([0, τ_0)), not depending on ε and

with ω̃(0) = 0 such that for every 0 ≤ t ≤ t + τ (τ ∈ (0, τ_0)) it holds ∫ Ω |u^ε(x, t + τ) − u^ε(x, t)| dx ≤ ω̃(τ) . (3.9)

Proof . Using Lemma 3.4 and thanks to Proposition 3.3, we have just to establish the

inequality (3.7) for u^ε. In fact, for any φ ∈ C^2_0 (Ω), we have | | | | ∫ Ω (u^ε(x, t + τ) − u^ε(x, t))φ(x) dx | | | |

= | | | | ∫ Ω (∫ t_+τ t ∂_tu^ε(x, s) ds ) φ(x) dx | | | | = | | | | | | ∫ Ω − ∫ t_+τ t N∑ i=1 d∑ j=1 λ_{ij}∂_{xj} f^ε_i (x, s) ds φ(x) dx | | | | | | = | | | | | ∫ Ω N∑ i=1 d∑ j=1 λ_{ij} (∫ t_+τ t f^ε_i (x, s) ds ) ∂_{xj} φ(x) dx | | | | | = C_Ωτ ‖φ‖_C1_{(Ω)} .�

Proposition 3.6 Under the assumptions of Theorem 3.2, let f^ε be the solution of problem

(1.3)–(1.4). Then, for any bounded convex open set Ω ⊆ R^d and for any ν > 0, there exists

a positive constant τ_0 > 0 and a continuous nondecreasing function ω̃^ν ∈ C([0, τ_0)), not

depending on ε and with ω̃^ν(0) = 0, such that, for every ν ≤ t ≤ t + τ (τ ∈ (0, τ_0)), there

holds ∫ Ω N∑ i=1 |f^ε_i (x, t + τ) − f^ε_i (x)| dx ≤ ω̃^ν(τ) , (3.10)

for any 0 < ε < ν.

Proof . Thanks to Lemma 3.4 and inequality (3.5), we have only to prove that for any

bounded convex open set Ω ⊆ R^d there exists constant C > 0 such that | | | | ∫ Ω (f^ε_i (x, t + τ) − f^ε_i (x, t))φ(x) dx | | | | ≤ Cτ ‖φ‖C^2 (3.11)

for i = 1, . . ., N, ν ≤ t ≤ t + τ (t > 0) and for any φ ∈ C^2_0 (Ω).

From the Duhamel formula (2.15) and for any φ ∈ C^2_0 (R^d) we have, omitting for

simplicity the index ε, ∫ f_i(x, t)φ(x) dx = ∫ e^{−t/ε}f_{0i}(x)φ(x + λ_it) dx + ∫ t 0 1 ε e^{− t−sε} ∫ M_i(u(x, s))φ(x + λ_i(t − s)) dx ds , for i = 1, . . ., N. Then I(t) = | | | | ∫ (f_i(x, t + τ) − f_i(x, t))φ(x) dx | | | | ≤ | | | | ∫ ( e^{− t+τε} φ(x + λ_i(t + τ)) − e^{− tε} φ(x + λ_it) ) f_{0i}(x) dx | | | | + 1 ε | | | | ∫ t_+τ 0 e^{− t+τ −s}ε ∫ M_i(u(x, s))φ(x + λ_i(t + τ − s)) dx ds − ∫ t 0 e^{− t−sε} ∫ M_i(u(x, s))φ(x + λ_i(t − s)) dx ds | | | | = I_1 + 1 ε I_2 .

First we have, for ν ≤ t ≤ t + τ

I_1 ≤ | | | | ∫ ( e^{− t+τ}ε − e^{−t/ε} ) φ(x + λ_i(t + τ))f_{0i}(x) dx | | | | + | | | | ∫ e^{−t/ε}(φ(x + λ_i(t + τ)) − φ(x + λ_it))f_{0i}(x) dx | | | | ≤ C e^{− ν}ε ε τ ‖f_{0i}‖_∞‖φ‖_C1 . For the next term we have

I_2 ≤ | | | | ∫ t 0 ∫ [M_i(u(x, s + τ)) − M_i(u(x, s))]e^{− t−s}ε φ(x + λ_i(t − s)) dx ds | | | | + | | | | ∫ τ 0 ∫ M_i(u(x, s))e^{− t+τ −s}ε φ(x + λ_i(t − s)) dx ds | | | | . Then, since M_i is Lipschitz continuous and by using Proposition 3.5, it follows I_2 ≤ Cτ ‖φ‖_C1 ( ε + e^{−t/ε} ε ) . Therefore, the conclusion follows by summing up the different estimates. �

Next we can estimate the deviation from the equilibrium in the L^1 norm.

Proposition 3.7 Under the assumptions of Theorem 3.1, suppose that the initial data

u_0 is locally of bounded variation. Then there exists a constant C > 0 such that, for any

open set Ω ⊆ R^d and any t > 0 ∫ Ω N∑ i=1 |f^ε_i − M_i(u^ε)| dx ≤ Cε N∑ i=1 ‖f_{0i}‖_{BV (Ω}λ_{t (0))} .

(3.12)

Proof . For any ε > 0 and i = 1, . . ., N, take smooth initial data. then we have

∂_t(f^ε_i − M_i(u^ε)) + 1 ε (f^ε_i − M_i(u^ε)) = − d∑ j=1 (λ_{ij}∂_{xj} f^ε_i + M^′_i (u^ε) N∑ k=1 λ_{kj}∂_{xj} f^ε_k ) . Hence, after integration and by standard methods, we obtain that there exists a constant C > 0 such that:

∫ Ω N∑ i=1 |f^ε_i − M_i(u^ε)| dx ≤ C ∫ t 0 e^{− t−sε} ∫ Ω N∑ i=1 d∑ j=1 |∂_{xj} f^ε_i | dx ds . Then, from Proposition 3.3 and using density arguments, we obtain (3.12). � The previous results were established to prove the compactness of the sequence f^ε in C([0, ∞); (L^1_{loc}(R^d))^N ) via the classical Fréchet–Kolmogorov and Ascoli Theorems . Let us study now the consistency of our approximation with the entropy inequalities (3.1). The next result is in the spirit of [Br1], [PT]. Since we need to define the function M for all u ∈ R , let us set through the remainder of the paper M = M#, the last function being defined by (2.10).

Proposition 3.8 For any solution f^ε ∈ C([0, ∞); L^1_{loc}(R^d)^N ) of problem (1.3)–(1.4), for any k ∈ R and for any φ ∈ C^∞_0 (R^d × (0, ∞)), φ ≥ 0, we have ∫∫ N∑ i=1 |f^ε_i − M_i(k)| ∂tφ_+ d∑ j=1 λ_{ij}∂_{xj} φ dx dt (3.13)

≥ 1 ε (∫∫ [ N ∑ i=1 |f^ε_i − M_i(k)| − |u^ε − k| ] φ dx dt ) ≥ 0 . Proof . To obtain (3.13), first multiply equation (1.3) by sgn (f^ε_i − M_i(k))φ(x, t), take the sum for i = 1, . . ., N and integrate over R^d × (0, ∞). Then we have

∫∫ N∑ i=1 |f^ε_i − M_i(k)| ∂tφ + d∑ j=1 λ_{ij}∂_{xj} φ dx dt

= 1 ε ∫∫ N∑ i=1 sgn (f^ε_i − M_i(k))(f^ε_i − M_i(u^ε))φ dx dt

= 1 ε ∫∫ N∑ i=1 [(|f^ε_i − M_i(k)| − sgn (f^ε_i − M_i(k))(M_i(u^ε) − M_i(k))] φ dx dt .

On the other hand we have N∑ i=1 sgn (f^ε_i − M_i(k))(M_i(u^ε) − M_i(k))

≤ N∑ i=1 |M_i(u^ε) − M_i(k)|

= |u^ε − k| ≤ N∑ i=1 |f^ε_i − M_i(k)| . Then the proof is complete. � Proof of Theorem 3.2. First let us take the initial data u_0 ∈ BV_{loc}(R^d). Then, thanks to Theorem 2.1, 2.2, Propositions 3.3, 3.5, 3.6, 3.7 and by standard compactness arguments, there exists f ∈ L^∞(R^d × (0, ∞))^N which is the limit as ε ↓ 0 in C([0, ∞); (L^1_{loc}(R^d))^N ) of f^ε and such that, setting u = ∑N i=1 f_i, we have the convergences (3.3) and (3.4). In particular, thanks to Propositions 3.5, 3.7, we can prove the convergence in this topology even for t = 0. The case of initial data u_0 which are not of bounded variation is considered just following step by step the arguments given in the proof of Theorem 5.1 in [Na]. Hence we obtain the convergence result.

To show that the limit function u verifies the entropy inequalities (3.1), we first prove the following limits, in the topology of L^p_{loc}(R^d × (0, ∞)), for any 1 ≤ p < +∞: N∑ i=1 |f^ε_i − M_i(k)| → |u − k| , ε ↓ 0 (3.14)

and for any j = 1, . . ., N, N∑ i=1 λ_{ij}|f^ε_i − M_i(k)| → sgn (u − k)(A_j(u) − A_j(k)) , ε ↓ 0 . (3.15)

To prove (3.14) we just use (3.13) and the uniform boundedness of {f^ε}. In fact, for any

nonnegative φ ∈ C^∞_0 (R^d × (0, ∞)), we have: 0 ≤ ∫∫ [ N∑ i=1 |f^ε_i − M_i(k)| − |u^ε − k| ] φ dx dt

≤ ε ∫∫ N∑ i=1 |f^ε_i − M_i(k)| ∂tφ + d∑ j=1 λ_{ij}∂_{xj} φ dx dt ≤ εC(φ) . This proves the convergence in L^1_{loc}. Convergence in L^p_{loc} follows easily by the boundedness

of the sequence.

Set now, for almost any (x, t) ∈ R^d × (0, T ) I(x, t) = {i ∈ {1, . . ., N } | sgn (f^ε_i − M_i(k)) ≠ sgn (u^ε − k)} . Then, for any nonnegative φ ∈ C^∞_0 (R^d × (0, ∞)), we have ∫∫ | | | | N∑ i=1 λ_{ij}[|f^ε_i − M_i(k)| − sgn (u^ε − k)(f^ε_i − M_i(k))] | | | | φ dx dt = ∫∫ | | | N∑ i=1 λ_{ij}|f^ε_i − M_i(k)| sgn (f^ε_i − M_i(k))

·( sgn (f^ε_i − M_i(k)) − sgn (u^ε − k)) | | | |φ dx dt = ∫∫ | | | | | | ∑ i∈I(x,t) λ_{ij}2|f^ε_i − M_i(k)| | | | | | | φ dx dt

≤ sup i=1,...,N |λ_{ij}| ∫∫ | | | | | | ∑ i∈I(x,t) 2|f^ε_i − M_i(k)| | | | | | | φ dx dt

= sup i=1,...,N |λ_{ij}| ∫∫ | | | | N∑ i=1 |f^ε_i − M_i(k)| − |u^ε − k| | | | | | φ dx dt Therefore the limit (3.15) follows, since the last term tends to zero, as ε ↓ 0, from (3.14).

Finally, we recover the entropy inequalities (3.1), just passing into the limit in inequality

(3.13). �

4 Examples and remarks

In this section we present some examples of monotone maxwellian functions M related to Cauchy problem (1.1)–(1.2).

Example 4.1 First let us consider the one dimensional case with two velocities, d = 1, N = 2. Consider the conservation law

∂_tu + ∂_xA(u) = 0

(4.1)

and the approximating discrete Boltzmann system, for λ_1 < λ_2

∂_tf^ε_1 + λ_1∂_xf^ε_1 =^1_ε (M_1(u^ε) − f^ε_1 ) , ∂_tf^ε_2 + λ_2∂_xf^ε_2 =^1_ε (M_2(u^ε) − f^ε_2 ) ,

(4.2) where u^ε := f^ε_1 + f^ε_2 . From (1.6)–(1.7) the MMF for this problem is given by

M_1(u) = λ_2u − A(u) λ_2 − λ_1

, M_2(u) = λ_1u − A(u) λ_1 − λ_2 , (4.3)

under the condition (1.8), which reads here

λ_1 ≤ A^′(u) ≤ λ_2 , for u ∈ I .

(4.4)

for some fixed interval I ⊆ R.

Setting v^ε = λ_1f^ε_1 + λ_2f^ε_2 , we rewrite system (4.2) in a relaxation form: ∂_tu^ε + ∂_xv^ε = 0 , ∂_tv^ε + ∂_x((λ_1 + λ_2)v^ε − λ_1λ_2u^ε) =^1_ε (A(u^ε) − v^ε) .

(4.5)

Hence the monotonicity condition (4.4) is read as the subcharacteristic condition for system (4.5), [Wh], [Li].

In particular for λ_2 = −λ_1 = λ > 0 we recover the relaxation approximation (1.9) of equation (4.1), see [JX], [Na].

Example 4.2 In the numerical approximation of equation (4.1) it could be useful to deal with more velocities, say N > d + 1. This formally corresponds to higher order approximation schemes, see [Br2], [AN2]. Here we consider N = 3, d = 1. It is easy to show that a convergent approximation is given for λ_1 < λ_2 < λ_3, by the following MMF: M_1(u) = λ_3u − A(u) + (λ_2 − λ_3)M_2(u) λ_3 − λ_1 , (4.6) M_3(u) = λ_1u − A(u) + (λ_2 − λ_1)M_2(u) λ_1 − λ_3 , for any Lipschitz continuous function M_2(u) such that 0 ≤ M^′_2(u) ≤ inf ( A^′(u) − λ_1 λ_2 − λ_1 , λ_3 − A^′(u) λ_3 − λ_2 ) , (4.7) for u ∈ I, for some I ⊆ R. Observe that condition (4.7) implies the subcharacteristic condition (4.4).

For λ_3 = −λ_1 = λ > 0, and λ_2 = 0 we can choose M^′_1 =

(−A^′)_+ λ , M^′_2 = 1 − |A^′| λ , M^′_3 =

(A^′)_+ λ . (4.8) This choice corresponds, in the relaxation limit, to the Engquist–Osher numerical scheme, see [Br2], [AN2]. The relaxation formulation is given now by ∂_tu^ε + ∂_xv^ε = 0 , ∂_tv^ε + ∂_xz^ε =^1_ε (A(u^ε) − v^ε) , ∂_tz^ε + λ^2∂_xv^ε =^1_ε (λ^2(u^ε − M_2(u^ε)) − z^ε) ,

(4.9)

where v^ε = λ(f^ε_3 − f^ε_1 ) and z^ε = λ^2(f^ε_3 + f^ε_1 ).

Remark 4.3 For any choice of distinct velocities λ_1 < · · · < λ_N , and for any fixed MMF M(u), we can give a correspondent relaxation formulation of the discrete Boltzmann system (1.3). In fact, set v_k = N∑ i=1 (λ_i)^kf_i , for k = 0, . . ., N ,

(4.10) z_k(u) = N∑ i=1 (λ_i)^kM_i(u) , for k = 0, . . ., N − 1 .

(4.11) Observe that v_0 = z_0 = u and z_1 = A(u).

Then we obtain the system

∂_tv_k + ∂_xv_{k+1} = 1 ε (z_k(u) − v_k) , k = 0, . . ., N − 1 . (4.12)

Actually the system is closed and equivalent to system (1.3), since the linear transformations

f → v := (v_0, . . ., v_{N −1}) , M → z := (z_0, . . ., z_{N −1}) ,

are one-to-one, the corresponding matrix being the Vandermonde matrix associated to the values {λ_1, . . ., λ_N }, which is nonsingular if and only if these values are distinct. In particular there exist some constants α_i (i = 0, . . ., N − 1) such that

v_N = N −1∑ i=0 α_iv_i. Example 4.4 Let us consider now the multidimensional case d ≥ 2. First we present an example with the minimal number of velocities, i.e.: N = d + 1. Let λ > 0 be fixed and set λ_{ij} = −λδ_{ij} , i = 1, . . ., d , λ_{Nj} = λ ; a correspondent MMF is given now by

M_N (u) = 1 N u + 1 λ d∑ j=1 A_j(u) ,

M_i(u) = M_N (u) − 1 λ A_i(u) , i = 1, . . ., d . The monotonicity is recovered just by taking λ ≥ sup_{|u|≤B} sup_{j=1,...,d}(2d − 1)|A^′_j(u)| for a suitable value of B > 0. In particular, in view of Theorem 2.1, we can choose B = N ‖u_0‖_∞. A relaxation formulation is now given by setting

u^ε = N∑ i=1 f^ε_i , v^ε_j = λ(f^ε_N − f^ε_j ) (j = 1, . . ., d) .

This yields, after some calculations: ∂_tu^ε +^d ∑ j=1 ∂_{xj} v^ε_j = 0 , ∂_tv^ε_j +^λ_N^d ∑ k=1 k≠j ∂_{xk} ( λu^ε +^d ∑ i=1 v^ε_i ) +^λ_N ∂_{xj} ( 2 ( λu^ε +^d ∑ i=1 v^ε_i ) − Nλ vεj )

=^1_ε (A_j(u^ε) − v^ε_j ) , j = 1, . . ., d .

Remark 4.5 Let us observe that in [JX] the authors proposed the following relaxation approximation for equation (1.1): ∂_tu + ∑d j=1 ∂_{xj} v_j = 0 ∂_tv_j + α_j∂_{xj} u =^1_ε (A_j(u) − v_j) , (j = 1, . . ., d) ,

(4.13)

for a suitable choice of the constants α_j ∈ R. This approximation does not fit in our framework and then we are not able to prove, by using our methods, its convergence as ε ↓ 0. In fact it is possible to prove, by a simple explicit computation, that it is impossible to diagonalize the left hand side of system (4.13), if d ≥ 2.

More precisely, take a function f = (f_1, . . ., f_N ) and some constants λ_{ij} ∈ R (i = 1, . . ., N; j = 1, . . ., d; N ≥ d + 1) such that

∂_tf^i + d∑ j=1 λ_{ij}f^i = 0 .

(4.14)

Let b_{ij} ∈ R (i = 1, . . ., N; j = 0, . . ., d) be some real coefficients such that the functions u = N∑ i=1 b_{i0}f^i ,

(4.15)

v_j = N∑ i=1 b_{ij}f^i , j = 1, . . ., d are solutions of the homogeneous counterpart of system (4.13), i.e.: ∂_tu + ∑d j=1 ∂_{xj} v_j = 0 , ∂_tv_j + α_j∂_{xj} u = 0 , (j = 1, . . ., d) . (4.16)

Then it is easy to check that there exists a unique k ∈ {1, . . ., d}, such that b_{ik} ≠ 0 for some i ∈ {1, . . ., N }, which gives v_j = 0 if j ≠ k, In fact, from (4.15)–(4.16) we have ∂_tu + d∑ j=1 ∂_{xj} v_j = N∑ i=1 bi_0∂tf i + d∑ j=1 b_{ij}∂_{xj} f^i = 0 ,

∂_tv_j + α_j∂_{xj} u = N∑ i=1 ( b_{ij}∂_tf^i + α_jb_{i0}∂_{xj} f^i ) = 0 , for j = 1, . . ., N. So, by using (4.14) and the independence of ∂_{xj} f^i, we obtain the following conditions on the coefficients, for any i = 1, . . ., d, j = 1, . . ., N: b_{ij}λ_{ij} = a_jb_{i0} , b_{ij} = b_{i0}λ_{ij}, b_{ij}λ_{il} = 0 l ≠ j . (4.17) From (4.17) it is easy to conclude that there exists no more than a unique value k ∈ {1, . . ., d} such that α_l = λ_{il} = b_{il} = 0 if l ≠ k, for any i ∈ {1, . . ., N }, and α_k, λ_{ik}, b_{ik} ≠ 0 for some i ∈ {1, . . ., N }. Example 4.6 Let us conclude our presentation by an extension of Example 4.2 to the multidimensional case. Take N = 2d + 1 and set, for j = 1, . . ., d,

λ_{ij} = λ_iδ_{ij} , i = 1, . . ., d , 0 , i = d + 1 , −λ_{i−(d+1)}δ_{ij} , i = d + 2, . . ., 2d + 1 . (4.18)

Here the constant values λ_i (i = 1, . . ., d) will be chosen later. For the maxwellian function M we choose M^′_i (u) = 1 λ_i (A^′_i(u))_+ , i = 1, . . ., d , M^′_{d+1}(u) = 1 − d∑ j=1 |A^′_j(u)| λ_j , (4.19)

M^′_i (u) = 1 λ_{i−(d+1)} ( −A^′_{i−(d+1)}(u) ) + , i = d + 2, . . ., 2d + 1 . According to this choice, the function M is a MMF on a suitable interval I ⊆ R, if 1 ≥ d∑ j=1 |A^′_j(u)| λ_j for any u ∈ I.

Aknowledgements. I thank very much Yann Brenier for many fruitful discussions about this work and in particular for Example 4.6. I am also grateful to Denise Aregba– Driollet, Francesca Guarguaglini, Tao Luo and Corrado Mascia for many remarks and useful suggestions. Finally I would like to express my gratefulness to Piero Marcati for his constant encouragements and helpful advices during the preparation of this work.

References

[AN1] D. Aregba–Driollet and R. Natalini, “Convergence of relaxation schemes for conservation laws”, Appl. Anal., in press.

[AN2] D. Aregba–Driollet and R. Natalini, work in preparation.

[BG] N. Bellomo and T. Gustafsson, “The discrete Boltzmann equation: a rewiew of the mathematical aspects of the initial and initial-boundary value problems”, Rev. Math. Phys. 3 (1991), 137–162, 1991.

[Bo] J.M. Bony, “Existence globale à données de Cauchy petites pour les modèles discrets de l’équation de Boltzmann”, Comm. Partial Differential Equations 16 (1991), 533–545. [Br1] Y. Brenier, “Résolution d’équations d’évolutions quasilinéaires en dimension N d’espace à l’aide d’équations linéaires en dimension N + 1, J. Diff. Eq. 50 (1983), 375–390.

[Br2] Y. Brenier, Systémes hyperboliques de lois de conservation, Cours de DEA 1992/93; Publ. Laboratoire d’analyse numerique, Univ. Pierre et Marie Curie, Paris, 1992. [BC] Y. Brenier and L. Corrias, “A kinetic formulation for multi–branch entropy solutions of scalar conservation laws”, Ann. Inst. Henri Poincaré , in press.

[CP] R. Caflisch and G. C. Papanicolaou, “The fluid–dynamical limit of nonlinear model of Boltzmann equations”, Comm. Pure Appl. Math. 32 (1979), 589–616. [Ce] C. Cercignani, “The Boltzmann equation and its applications”, Springer–Verlag, New York, 1988.

[CIP] C. Cercignani, R. Illner and M. Pulvirenti, “The mathematical theory of dilute gases”, Springer–Verlag, New York, 1994.

[Fi] P. Fife, Lecture Notes in Biomathematics, Mathematical aspects fo reacting and diffusion systems, vol. 28, Springer-Verlag, New York, 1979.

[GM] Y. Giga and T. Miyakawa, “A kinetic construction of global solutions of first order quasilinear equations”, Duke Math. J. 50 (1983), 505-515.

[HN] B. Hanouzet and R. Natalini, “Weakly coupled systems of quasilinear hyperbolic equations”, Diff. Integral Eq., in press.

[JPP] F. James, Y.-J. Peng and B. Perthame, “Kinetic formulation of the chromatography and some other hyperbolic systems”, J. Math. Pures et Appl. 74 (1995), 367–385. [JX] S. Jin and Z. Xin, “The relaxation schemes for systems of conservation laws in arbitrary space dimensions”, Comm. Pure Appl. Math. 48 (1995), 235-277. [Kr] S.N. Kružkov, “First order quasilinear equations in several independent variables”, Mat. Sb. 81 (1970), 255-285; Math, USSR Sb. 10 (1970), 217-243. [LPT1] P.L. Lions, B. Perthame and E. Tadmor, “A kinetic formulation of multidimensional scalar conservation laws and related equations”, Journal A.M.S. 7 (1994), 169-191.

[LPT2] P.L. Lions, B. Perthame and E. Tadmor, “Kinetic formulation of the isentropic gas dynamics and p-systems”, Comm. Math. Physics 163 (1994), 415–431. [LPS] P.L. Lions, B. Perthame and P.E. Souganidis, “Existence and stability of entropy solutions for the hyperbolic systems of isentropic gas dynamics in eulerian and lagrangian coordinates”,Comm. Pure Appl. Math. 49 (1996), 599–638.

[Li] T.P. Liu, “Hyperbolic conservation laws with relaxation”, Comm. Math. Phys. 108 (1987), 153-175.

[MN] C. Mascia and R. Natalini, “L^1 nonlinear stability of travelling waves for a hyperbolic system with relaxation”, Quaderno IAC 4/1996.

[Na] R. Natalini, “Convergence to equilibrium for the relaxation approximations of conservation laws”, Comm. Pure Appl. Math., in press.

[QSO] Y.H. Qian, S. Succi and S.A. Orsazg, “Recent advances in lattice Boltzmann computing”, in Annal Reviews of Computational Physics III , ed.: D. Stauffer, World Scientific, Singapore, 1995.

[PT] B. Perthame and E. Tadmore, “A kinetic equation with kinetic entropy functions for scalar conservation laws”, Comm. Math. Phys. 136 (1991), 501-517. [PI] T. Platkowski and R. Illner, “Discrete velocity models of the Boltzmann equation: a survey on the mathematical aspects of the theory”, SIAM Rev. 30 (1988), 213–255. [PW] M. Protter and H. Weinberger, Maximum principles in differential equations, Prentice Hall, 1967.

[Sm] H.L. Smith, “Systems of ordinary differential equations which generate an order preserving flow. A survey of result”, SIAM Review 30 (1988), 87-113. [Ta] L.C. Tartar, “Some existence theorems for semilinear hyperbolic systems in one space variable”, Technical Report 2164 University of Wisconsin, Madison, 1981. [Wh] J. Whitham, Linear and nonlinear waves, Wiley, New York, 1974. [Xi] Z. Xin, “The fluid-dynamical limit of the Broadwell model of the nonlinear Boltzmann equation in the presence of shocks”, Comm. Pure and Appl. Math. 44 (1991), 679–714.