A SYSTEM OF CONSERVATION LAWS WITH A RELAXATION TERM

H. JOACHIM SCHROLL, ASLAK TVEITO, AND RAGNAR WINTHER

Abstract. We consider a 2 � 2 system of conservation laws including a stiff relaxation term. Well-posedness of the system, the rate of convergence to equilibrium, and the rate of convergence for a finite difference scheme is discussed. Also a numerical example is presented.

– in proceedings V. Int. Conf. on Hyp. Problems, Stony Brook, NY, 1995. – Key words: Hyperbolic conservation law, relaxation term, non-equilibrium, rate of convergence.

AMS(MOS) subject classifications: 35L65, 65M10.

1. Introduction

The purpose of this paper is to review some recent results concerning the following system of conservation laws

(u + v)_t + f(u)_x = 0 (1) δv_t = A(u) − v. This system has been studied in the papers [4, 5], and proofs of the results presented here can be found in those papers. In (1), u and v are the unknowns, δ > 0 is referred to as the relaxation time, and f = f(u) and A = A(u) are given functions. This system arises in chromatography, cf. [6].

For the system (1), we prove the existence of an entropy solution of bounded variation for any δ > 0, and it is interesting to note that the variation bound is independent of δ. Thus, we may pass to the limit of zero-relaxation time, and prove that the limit is an entropy solution of the following scalar conservation law,

(w + A(w))_t + f(w)_x = 0. (2)

Moreover, we show the rate of convergence towards equilibrium, measured in L^1, is 1/3. We also study a finite difference scheme applied to the system (1), and prove that the numerical solutions converge towards the entropy solution with the rate 1/2, again measured in L^1, as the mesh size goes to zero. Since the order 1/2 is known to be optimal for scalar conservation laws, it is also optimal for this system.

H. J. Schroll has been supported by The Norwegian Research Council (NFR), program no. 100284/431.

A. Tveito and R. Winther have been supported by The Norwegian Research Council(NFR), program no. 100284/431 and STP.29643. 1

Systems of conservation with relaxation terms appear in a series of important applications. A nice introduction is provided in Whithams book [6], where such models arising in e.g. chromatography, traffic modelling, water waves and gas dynamics are discussed. For more recent results we refer to Chen, Levermore and Liu [1] and references given therein.

The rest of this paper is organized as follows; in the next section we review the results concerning the well-posedness of the system (1), in Section 3 the rate of convergence for the finite difference scheme is discussed, in Section 4 the rate of convergence towards the solution of the scalar equation is analyzed, and finally in Section 5 we present some numerical computations.

2. Well-posedness

In this section we will review the existence and uniqueness theory of the system (1) developed in [5], and we start by giving the precise assumptions on the model.

We assume that f = f(u) is a smooth function satisfying f(0) = 0, and f^′(u) ≥ 0 for u ∈ [0, 1].

The function A = A(u) will be assumed to satisfy: A(0) = 0, A(1) = 1, A^′(u) ≥ 0, (3) |A^{′′}(u)| ≤ α < 1, for all relevant values of u. We shall consider solutions of (1) in the state-space S = [0, 1] × [0, 1] and solutions of (2) in [0, 1].

The initial conditions (u^0, v^0) for the system (1) are supposed to satisfy:

i) (u^0(x), v^0(x)) ∈ S ∀x ∈ R, ii) T V (u^0) + T V (v^0) ≤ M, (4) iii) ‖p^0‖_1 = ‖A(u^0) − v^0‖_1 ≤ Mδ, iv) u^0(±∞), v^0(±∞) = 0.

Here M denotes a finite constant not depending on δ. Note that the variable p = A(u) − v measures the deviation from equilibrium, and that we assume the initial conditions are almost in equilibrium.

For the precise definition of the various norms etc. used in the present paper, we refer to [5]. The entropy solution of the system is defined as follows.

Definition 2.1. Let (u^0, v^0), satisfying (4), be the given initial data. Then (u, v) is called a entropy solution of the system (1) if the following requirements are satisfied: 1. (u, v) ∈ S ∀(x, t) ∈ R × R^+_0 , 2. T V (u(·, t)), T V (v(·, t)) ≤ M ∀t ∈ R^+_0 , 3. ‖u(·, t) − u(·, τ )‖_1 + ‖v(·, t) − v(·, τ )‖_1 ≤ M|t − τ | ∀t, τ ∈ R^+_0 ,

4. For any (k, q) ∈ S and any φ, ψ ∈ D_+(T ), where T > 0 is arbitrary, ∫ T 0 ∫ R [|u − k|φ_t + |f(u) − f(k)|φ_x + |v − q|ψ_t]dx dt + ∫ R [|u^0 − k|φ(x, 0) + |v^0 − q|ψ(x, 0)]dx (5) − ∫ R [|u(x, T ) − k|φ(x, T ) + |v(x, T ) − q|ψ(x, T )]dx ≥ 1 δ ∫ T 0 ∫ R [σ(u − k)φ − σ(v − q)ψ](A(u) − v)dx dt, where σ denotes the sign function.

In this definition, M denotes a finite constant not depending on δ, and D_+(T ) denotes the set of all nonnegative C^∞-functions with compact support in R × [0, T ].

The following result concerning well-posedness of (1) is proved in [5]. Theorem 2.1. Let (u^0, v^0) be initial data satisfying (4). Then there is a unique solution (u, v) of (1) satisfying the requirements of Definition 2.1. The unique solution also satisfies the following bound, ‖p(·, t)‖_1 = ‖A(u) − v‖_1 ≤ Mδ for t ≥ 0, where M is a finite constant not depending on δ.

Furthermore, if (ū^0, v̄^0) is another pair of initial data satisfying (4), there is a unique entropy solution (ū, v̄) such that ‖u(·, t) − ū(·, t)‖_1 + ‖v(·, t) − v̄(·, t)‖_1 ≤ ‖u^0 − ū^0‖_1 + ‖v^0 − v̄^0‖_1 for t ≥ 0. This strong regularity result enables us both to prove an error estimate for a finite difference scheme and to derive a rate of convergence towards equilibrium.

3. A finite difference scheme One way to prove the existence part of Theorem 2.1 is to study the following semiimplicit finite difference scheme (u^{n+1}_j + v^{n+1}_j ) − (u^n_j + v^n_j ) Δt + f(u^n_j ) − f(u^n_{j−1}) Δx = 0, (6) δ(v^{n+1}_j − v^n_j ) Δt = A(u^{n+1}_j ) − v^{n+1}_j .

The discrete values (u^n_j , v^n_j ) computed from (6) are considered as approximations of (u, v) in the cell I_j := [(j − 1/2)Δx, (j + 1/2)Δx), at time level t_n = nΔt. The initial data for the scheme is taken as cell averages of u^0 and v^0 u^0_j = 1 Δx ∫ I_j u^0(x) dx and v^0_j = 1 Δx ∫ I_j v^0(x) dx. (7)

Due to the explicit treatment of the convective term one has to impose a CFLcondition μf^′(u) ≤ 1 for all u ∈ [0, 1], where μ = Δt/Δx. (8) It should be noted that the step size is not related to the relaxation time δ.

In [5] the following a-priori bounds for solutions of the scheme are established. Lemma 3.1. Suppose that the initial data (u^0, v^0) satisfy (4), and that the gridparameters Δt and Δx satisfy the CFL-condition (8). Then, for any δ > 0, there is a finite constant M independent of δ, Δt and Δx such that: I. (u^n_j , v^n_j ) ∈ S for all (j, n) ∈ Z × Z^+ II. T V (u^n) + T V (v^n) ≤ T V (u^0) + T V (v^0) III. ‖p^n‖_1 ≤ Mδ IV. ‖u^n − u^m‖_1 + ‖v^n − v^m‖_1 ≤ M|n − m|Δt V. ‖u^n − ū^n‖_1 + ‖v^n − v̄^n‖_1 ≤ ‖u^0 − ū^0‖_1 + ‖v^0 − v̄^0‖_1, where (ū^n, v̄^n) is a discrete solution based on initial data (ū^0, v̄^0) satisfying (4).

Here the total variation and norm for grid functions is defined by T V (u) = ∑ j∈Z |u_j − u_{j−1}|, and ‖u‖_1 = Δx ∑ j∈Z |u_j|. Furthermore, p^n_j = A(u^n_j ) − v^n_j is the discrete deviation from equilibrium.

By a proper application of Helly’s theorem it follows from I-IV of Lemma 3.1 that a subsequence of the family of approximate solutions generated by (6) converges to a pair of functions (u, v) ∈ (L^1_{loc}(R × R^+_0 ))^2 as the mesh size tends to zero. Using a discrete entropy inequality (see [5]), it can be seen that the limit (u, v) is a entropy solution of (1). Having established the existence of the entropy solution, we are able to derive an error estimate for solutions of the scheme:

Theorem 3.1. Let (u^0, v^0) be initial data satisfying (4). Define (u^0_j , v^0_j ) as cell averages by (7) and consider grid parameters satisfying the CFL-condition (8). Let (u, v) be the entropy solution of (1) and (u^N , v^N ) a piecewise constant representation of the data {u^N_j , v^N_j } generated by the scheme (6).

Then for any fixed T = NΔt > 0 there is a finite constant M independent of Δt, Δx and δ such that ‖u(·, T ) − u^N ‖_1 + ‖v(·, T ) − v^N ‖_1 ≤ M √ Δt. (9) A proof of this theorem can be found in [4]. Here we will only sketch the main steps of the proof.

Sketch of proof: In order to compare the discrete data {u^n_j , v^n_j } generated by the scheme to the entropy solution (u, v) of (1) we define a comparison function (ū_Δ, v̄_Δ) on R × R^+_0 which extends the data in the sense that (ū_Δ, v̄_Δ)(x, t^+_n ) = lim_{t→tn} t>tn (ū_Δ, v̄_Δ)(x, t) = (u^n_j , v^n_j ) for x ∈ I_j.

This comparison function is defined iteratively. First, we initialize

ū_Δ(x, 0) = 1 Δx ∫ I_j u^0(z) dz, v̄_Δ(x, 0) = 1 Δx ∫ I_j v^0(z) dz for x ∈ I_j.

Then, we iterate the following three steps for n ∈ Z^+_0 .

1) In (t_n, t_{n+1}), (ū_Δ, v̄_Δ) is the solution of (ū_Δ)_t + f(ū_Δ)_x = 0, (v̄_Δ)_t = 0 (10) with initial data (ū_Δ, v̄_Δ)(x, t^+_n ).

2) At t_{n+1} we take cell averages

ū_Δ(x, t_{n+1}) = 1 Δx ∫ I_j ū_Δ(z, t^−_{n+1})dz, for x ∈ I_j v̄_Δ(x, t_{n+1}) = v̄_Δ(x, t^−_{n+1}),

(11)

where ū_Δ(·, t^−_n ) := lim_{t→tn} t<tn ū_Δ(·, t).

3) The initial data for the next iteration is defined by solving a backward Euler step

ū_Δ(x, t^+_{n+1}) = ū_Δ(x, t_{n+1}) − Δt δ p(ū_Δ(x, t^+_{n+1}), v̄_Δ(x, t^+_{n+1})),

v̄_Δ(x, t^+_{n+1}) = v̄_Δ(x, t_{n+1}) + Δt δ p(ū_Δ(x, t^+_{n+1}), v̄_Δ(x, t^+_{n+1})).

(12)

From the monotonicity property of p it follows that (ū_Δ(x, t^+_{n+1}), v̄_Δ(x, t^+_{n+1})) are well-defined by (12).

For this pair of functions (ū_Δ, v̄_Δ) we derive an Kruzkov type inequality which can be compared to inequality (5). Similar as in Lucier’s paper [3], the error estimate is a result of this comparison. For details see [4].

4. Convergence towards equilibrium This section is devoted to the question how well the solution of the scalar equilibrium equation (2) approximates the δ–dependent solution of the relaxed system (1). The result is:

Theorem 4.1. Let (u^0, v^0) be a pair of initial data satisfying (4), and let w^0 = u^0. Then, for any T > 0, there is a finite constant M such that ‖u(·, t) − w(·, t)‖_1 ≤ Mδ^{1/3} for all 0 ≤ t ≤ T. Here (u, v) and w are solutions of (1) and (2) respectively.

There are two independent arguments to obtain this result. The first one was established in [5] and is based on a parabolic regularization of the system (1): u^ϵ_t + f(u^ϵ)_x = 1 δ (v^ϵ − A(u^ϵ)) + ϵu^ϵ_{xx}, v^ϵ_t = 1 δ (A(u^ϵ) − v^ϵ) + ϵv^ϵ_{xx}. In [5], Lemma 6.1 it is proved that ‖u^ϵ(·, t) − u(·, t)‖_1 + ‖v^ϵ(·, t) − v(·, t)‖_1 ≤ Mϵ^{1/2}, where (u^ϵ, v^ϵ) solves the regularized problem and (u, v) solves (1). Then we introduce a regularized equilibrium model (w^ϵ + A(w^ϵ))_t + f(w^ϵ)_x = ϵ(w^ϵ + A(w^ϵ))_{xx}. (13) For this scalar equation, it is well known, cf. Kuznetsov [2], that ‖w − w^ϵ‖_1 ≤ Mϵ^{1/2}, where w solves (2) and w^ϵ solves (13). Furthermore, Lemma 6.2 of [5] states that ‖u^ϵ − w^ϵ‖_1 ≤ Mδ/ϵ. Finally, choosing ϵ = δ^{2/3}, the result follows from

‖u − w‖_1 ≤ ‖u − u^ϵ‖_1 + ‖u^ϵ − w^ϵ‖_1 + ‖w^ϵ − w‖_1 ≤ M(ϵ^{1/2} + δ/ϵ + ϵ^{1/2}). The second alternative argument is stated in [4] and uses the error estimate for the finite difference scheme above. We introduce the discretized equilibrium equation w^{n+1}_j + A(w^{n+1}_j ) − (w^n_j + A(w^n_j )) Δt + f(w^n_j ) − f(w^n_{j−1}) Δx = 0 (14) and set w(x, 0) = u(x, 0). Using the error estimate for the scheme (6) and the scalar Godunov scheme (14), we get ‖u(·, T ) − w(·, T )‖_1 ≤ ‖u(·, T ) − u^N ‖_1 + ‖u^N − w^N ‖_1 + ‖w^N − w(·, T )‖_1(15) = O(Δt^{1/2}) + ‖u^N − w^N ‖_1.

The discrete deviation ‖u^N − w^N ‖_1 can be estimated by comparing the two schemes. From (6) we get

u^{n+1}_j + A(u^{n+1}_j ) = u^n_j + A(u^n_j ) − μ(f(u^n_j ) − f(u^n_{j−1})) + p(u^{n+1}_j , v^{n+1}_j ) − p(u^n_j , v^n_j ) and similarly, from (14), we have w^{n+1}_j + A(w^{n+1}_j ) = w^n_j + A(w^n_j ) − μ(f(w^n_j ) − f(w^n_{j−1})).

Hence, by using the CFL-condition (8), we obtain Δx ∑ j |u^{n+1}_j + A(u^{n+1}_j ) − (w^{n+1}_j + A(w^{n+1}_j ))| ≤ Δx ∑ j |u^n_j + A(u^n_j ) − (w^n_j + A(w^n_j ))|

+ Δx ∑ j (|p(u^{n+1}_j , v^{n+1}_j )| + |p(u^n_j , v^n_j )|).

Since ‖p(u^n, v^n)‖_1 ≤ Mδ for all n ∈ Z^+_0 , cf. III of Lemma 3.1, we get Δx ∑ j |u^N_j + A(u^N_j ) − (w^N_j + A(w^N_j ))| ≤ M̃Nδ = M̃ T δ/Δt, where the constant M̃ is independent of Δt and δ. Using the monotonicity properties of A, we obtain ‖u^N − w^N ‖_1 ≤ M̃T δ/Δt. (16) Now, the desired result follows from (15) and (16) choosing Δt = δ^{2/3}.

5. A numerical example In this section will present a numerical example of convergence towards equilibrium. Further experiments are discussed in [4] where it is observed, numerically, that the rate of convergence towards equilibrium is about 1/2 for one particular example. This shows that the convergence towards equilibrium is slower than a straightforward analysis of smooth solutions would indicate, but we have not been able to find numerical evidence for the rate of 1/3. We therefore consider the problem of determining the optimal rate of convergence to be open.

In the present example, we consider the functions A(u) = 2u u + 1

, and f(u) = 1 2 u^2,

and the initial data,

u(x, 0) = w(x, 0) = { 1, x ≤ 0 0, x > 0, and v(x, 0) = A(u(x, 0)).

Figure 1 shows the exact solution of the equilibrium model (2) and the numerical solution of the non-equilibrium model (1) generated by the finite difference scheme (6) for some values of the relaxation time δ. In the present computations, we used the parameters Δx = 0.0005 Δt = 0.00025 and T = 1.

Note that the non-equilibrium solutions converge towards the single shock of the scalar equation. For this example, the rate of convergence is estimated to be about 1, cf. the numerical section of [4].

Figure 1. The figure shows the solution of the equilibrium model (solid lines) and numerical solutions of the non-equilibrium model (dotted lines) for δ = 1, 1/4, 1/16, at the time t = 1.

References

[1] G. Q. Chen, C. D. Levermore, and T. P. Liu, Hyperbolic conservation laws with stiff relaxation terms and entropy, submitted to Comm. on Pure and App. Math. (1992).

[2] N. N. Kuznetsov, Accuracy of some approximate methods for computing the weak solutions of a first order quasi linear equation, USSR. Comp. Math. and Math. Phys. 16 (1976), 105–119.

[3] B. J. Lucier, Error bounds for the methods of Glimm, Godunov and LeVeque, SIAM J. Numer.

Anal. 22 (1985), 1074–1081.

[4] H. J. Schroll, A. Tveito, and R. Winther, An error bound for a finite difference scheme applied to a stiff system of conservation laws, Preprint, Dep. of Informatics, Univ. of Oslo, Norway, 1994.

[5] A. Tveito and R. Winther, On the rate of convergence to equilibrium for a system of conservation laws including a relaxation term, Preprint, Dep. of Informatics, Univ. of Oslo, Norway, 1994.

[6] G. B. Whitham, Linear and nonlinear waves, John Wiley & Sons, New York, 1973.

H. Joachim Schroll, Numerische Mathematik, RWTH–Aachen, Templergraben 55, D-52056 Aachen.

E-mail address: schroll@igpm.rwth-aachen.de

Aslak Tveito, Department of Informatics, P. O. Box 1080 Blindern, University of Oslo, Norway.

E-mail address: aslak@ifi.uio.no

Ragnar Winther, Department of Informatics, P. O. Box 1080 Blindern, University of Oslo, Norway.

E-mail address: ragnar@ifi.uio.no