Convergence Analysis for Operator Splitting Methods to Conservation Laws with Stiff Source Terms

Tao Tang^∗ Department of Mathematics and Statistics, Simon Fraser University Burnaby, British Columbia, Canada V5A 1S6

September 3, 1996

Abstract We analyze the order of convergence for operator splitting methods applied to conservation laws with stiff source terms. We suppose that the source term q(u) is dissipative. It is proved that the L^1 error introduced by the time-splitting can be bounded by O(Δtkq(u_0)kL1_(R_)), which is an improvement of the O(QΔt) upper bound, where Δt is the splitting time step, Q is the Lipschitz constant of q or Q = maxu jq^0(u)j in case q is smooth. We also propose a non-uniform temporal mesh which can eliminate the effect of the initial layer introduced by the stiff source term.

1 Introduction

The purpose of this paper is to study operator splitting procedures for multidimensional conservation laws with stiff source terms. Without loss of generality, we consider Cauchy problems for the twodimensional conservation law:

u_t + f_1(u)_x + f_2(u)_y = q(u), (x, t) ∈ R × (0, T ],

(1.1) u(x, y, 0) = u_0(x, y), (1.2)

where f_1, f_2 and q are smooth functions of u. The operator splitting procedures are defined from local solutions of the corresponding homogeneous equation

u_t + f_1(u)_x + f_2(u)_y = 0

(1.3)

and the ordinary differential equation u_t = q(u). (1.4)

Operator splitting methods have been used frequently as part of a computational strategy for solving (1.1)-(1.2). One of the advantages of using the splitting methods is that we can use some successful numerical methods, e.g. TVD, ENO schemes [8, 9, 27], to solve the homogeneous equation (1.3). In particular, LeVeque’s CLAWPACK [17], a software package for solving multi-dimensional conservation

�_{E-mail: tangtao@cs.sfu.ca. The author was supported by NSERC Canada Grant OGP0105545.}

laws, make time-splitting more attractive. If q ≡ 0, first-order dimensional splitting method was introduced by Godunov [7], which was modified by Strang [29]. Numerical and theoretical investigations of their methods were carried out by many authors (see, e.g. [4, 10, 28, 32]). If q is a nonstiff source term, splitting methods for (1.1)-(1.2) have been studied recently by Tang and Teng [30] and Langseth et al. [12].

In this research, we wish to analyze splitting methods to (1.1) with stiff source terms. There have been extensive research for the stiff problems in recent years (see, e.g. [1, 2, 11, 18] and references therein). For stiff problems, most of the numerical methods are semi-implicit, which are related to operator splitting (explicit method for the homogeneous conservation laws and implicit method for the stiff ODEs). Theoretical analysis for the semi-implicit methods have been given by Chalabi [1], Schroll et al. [25], and Schroll and Winther [26]. In this work we will concentrate on time-splitting and assume that the solution of (1.3) are found exactly. The orders of convergence obtained in this paper can be easily extended to operator splitting methods with (i) time splitting plus dimensional splitting for (1.1), or (ii) fully discretization (say, monotone schemes) for the homogeneous problem (1.3) and backward Euler in time for (1.4). These can be done following Section 6.2 of [30] and Section 3.2 of [12], respectively. Since the extension is quite straightforward, we will omit the detail.

For ease of exposition we shall consider the one-dimensional problem u_t + f(u)_x = q(u), (x, t) ∈ R × (0, T ], (1.5) u(x, 0) = u_0(x),

(1.6)

in the subsequent analysis. The extension to the multi-dimensional equation will be discussed in Section 6. According to Pember [22, 23], the conservation law (1.1) is stiff if the time scale introduced by the source term q is small compared with the characteristic speed f^′ and some appropriate length scale. In particular, Q := max |u|≤‖u_0‖1 |q^′(u)| (1.7)

may be related to a very small parameter δ > 0. Previous error analysis, e.g. [12], shows that the L^1 error between the entropy solution and the operator splitting solution can be bounded by CΔt ( 1 + max |u|≤‖u_0‖1 |q^′(u)| ) , (1.8)

provided that u_0 ∈ BV ∩ L^∞ ∩ L^1, where C is a constant independent of Δt and q. That is, the error bound is of the order O(QΔt). A typical relationship between Q and δ is Q = O(δ^{−1}). If this is the case, the splitting error obtained by [12] is O(δ^{−1}Δt). This error bound is unsatisfactory since convergence requires that Δt ∼ δ ≪ 1.

It is observed that a realistic assumption on the source term is q^′(u) ≤ 0 for all u ∈ R. It is indeed the case for many practical problems, e.g. in the models of combustion [5, 21], water waves in presence of the friction force in the bottom [35]. This assumption is also used in many theoretical papers, for example Chalabi [1], Chen et al. [2], Liu [19], and Schroll and Winther [26]. In the sense of Chen et al. [2], q^′ ≤ 0 means the dissipativity of the source term. Furthermore, as usual, we assume that u = 0 is an equilibrium. Hence, throughout this paper, we assume that

q(0) = 0, q^′(u) ≤ 0.

(1.9)

With the above assumptions, we will show in this paper that the error for the operator splitting method based on backward Euler for (1.4) can be bounded by CΔt ( 1 + ∫ R^{|q(u0(x))|dx} ) , (1.10)

provided that u_0 ∈ BV ∩ L^∞ ∩ L^1, where C is a constant independent of Δt and q. It follows from the assumption q(0) = 0 that Δt ( 1 + ∫ R^{|q(u0(x))|dx} ) (1.11) ≤ Δt ( 1 + max |u|≤‖u_0‖1 |q^′(u)| • ‖u_0‖_L1_(R_) ) ≤ CΔt ( 1 + max |u|≤‖u_0‖1 |q^′(u)| ) . In other words, (1.10) is an improvement of the error bound (1.8). Moreover, it can be shown that even if Q = O(δ^{−1}), the error bound (1.10) may be δ-free for some classes of source terms q, or initial data u_0. This can be regarded as a substantial improvement of the O(δ^{−1}Δt) bound given by (1.8). We will give some examples of such q and u_0 in Sections 3 and 5.

We will also discuss the initial layer problem which is quite common for stiff conservation laws. We propose to divide [0, T ] into two subintervals and then use two different meshes in the two subintervals. This will eliminate the effect of the initial layer and leads to uniform first order convergence rate.

The error estimates for dimension splitting methods and time splitting methods obtained before have all been based on the work of Kuznetsov [15] who was the first to provide error bounds for numerical schemes for (1.3). Inspired by the work of Kruzkov [14], he established a key approximation inequality. His approach has been extended to obtain error estimates for several numerical schemes to scalar conservation laws, see e.g. [3, 20, 24]. In this paper, we will not use the theory of Kuznetsov. Our error estimates will be established by introducing parabolic regularizations. This approach can also be applied to deal with nonstiff problem so that the results in [12, 30] can be recovered.

The paper is organized as follows: In Section 2 we introduce some notation and prove some stability properties for the solutions to (1.5)-(1.6) with nonpositive q^′. These results play important roles in the error analysis. Time-splitting methods based on backward Euler for time is studied in Section 3. We prove that the L^1 error introduced by the splitting is bounded by (1.10). Precise value for the constant C in (1.10) is also obtained. In Section 4, we give an analysis for time-splitting methods based on forward Euler in time. It is shown that if QΔt ≤ 1, then the error introduced by the splitting is bounded by (1.10). Unlike the backward Euler method, there is a restriction for the time step for the forward Euler approach. A generic model investigated by Schroll and Winther [26] is reconsidered in Section 5. For this model, the splitting error is small only when u_0 is close to equilibrium. This is due to the presence of the initial layer. We propose in Section 5 a non-uniform mesh which can resolve the initial layer. In Section 6 we discuss the extension of our one-dimensional analysis to several space dimensions.

2 Preliminaries

We begin by introducing some definitions and summarizing some properties of solutions to the nonhomogeneous scalar conservation law (1.5)-(1.6). A bounded measurable function, u, is a weak solution of (1.5)-(1.6) if for all ϕ ∈ C^1_0 (R × [0, T )), ∫ R ∫ T 0 ( uϕ_t + f(u)ϕ_x ) dxdt + ∫ R^{u0(x)ϕ(x, 0)dx = −} ∫ R ∫ T 0 qϕdxdt. (2.1)

The bounded-variation seminorm of a function u ∈ BV is defined by |u(·, t)|_{BV} = sup_{0<|h|<∞} ∫ R |u(x + h, t) − u(x, t)| |h| dx. In this paper, we also deal with composite functions which belong to BV space. A composite function p(u(x)) belongs to BV if |p(u)|_{BV} = sup_{0<|h|<∞} ∫ R |p(u(x + h, t)) − p(u(x, t))| |h| dx < ∞. The norm on L^p(R) is denoted by ‖ • ‖_p. The L^∞ and L^1 norms for p(u(x)) is defined by ‖p(u)‖_∞ = sup_{x∈} R^{|p(u(x))|, ‖p(u)‖1 =} ∫ R^{|p(u(x))|dx.} The following property of the source term is a consequence of the monotonicity of q, i.e. q^′ ≤ 0, and is fundamental in the analysis below. For all u, v ∈ R, we have

sgn(u − v) ( q(u) − q(v) ) = −|q(u) − q(v)|. (2.2)

Weak solutions are not uniquely determined by their initial data and additional principles, entropy conditions, are needed to select the appropriate physical solution. A weak solution, u, of (1.5)-(1.6) is an entropy solution if for all ϕ ∈ C^1_0 (R × (0, T )) with ϕ(x, t) ≥ 0 and any c ∈ R, ∫ R ∫ T 0 ( |u − c|ϕ_t + sgn(u − c)(f(u) − f(c))ϕ_x + sgn(u − c)qϕ ) dxdt ≥ 0. (2.3)

There are several different (and equivalent) forms of entropy conditions. It can be shown that entropy solution of (1.5)-(1.6) can be constructed, as the limit of solutions u^ϵ of the parabolic equation

u^ϵ_t + f(u^ϵ)_x = q(u^ϵ) + ϵu^ϵ_{xx},

(2.4) u^ϵ(x, 0) = u_0(x),

(2.5)

where ϵ > 0. It follows easily from the maximum principle that (2.4)-(2.5) has at most one solution. It is also true that a solution u^ϵ exists for all t, and that as ϵ → 0+ these solutions converge in the L^1 sense to u, the entropy solution of (1.5)-(1.6).

The error estimates for dimension splitting [4, 32] and time splitting methods [12, 30] obtained before have been based on the entropy condition (2.3). Our estimate in this paper will be based on the parabolic regularization (2.4)-(2.5). Moreover, we need the following propositions.

Proposition 2.1 If u_0 ∈ L^∞(R) ∩ L^1(R), f ∈ C^1(R) and q ∈ C^1(R) such that q(0) = 0, q^′ ≤ 0, then the nonhomogeneous conservation law (1.5)-(1.6) possesses a unique entropy solution u(x, t) = S(t)u_0 satisfying ‖S(t)u_0‖1 ≤ ‖u_0‖1. (2.6)

Moreover, for any v_0 ∈ L^∞(R) ∩ L^1(R), the following inequalities hold: ‖S(t)u_0 − S(t)v_0‖_1 ≤ ‖u_0 − v_0‖_1 ,

(2.7) ∫ T 0 ‖ ‖ ‖q ( S(τ)u_0 ) − q ( S(τ)v_0 )‖ ‖_1 dτ ≤ ‖u_0 − v_0‖_1.

(2.8)

Proof. The estimates (2.6) and (2.7) have been obtained by Kruzkov [14]. Next we follow Lax [16] and Tang and Teng [31] to prove (2.8). Consider the following parabolic regularizations of (1.5)-(1.6), u^ϵ_t + f(u^ϵ)_x = ϵu^ϵ_{xx} + q(u^ϵ), u^ϵ(x, 0) = u_0(x), v^ϵ_t + f(v^ϵ)_x = ϵv^ϵ_{xx} + q(v^ϵ), v^ϵ(x, 0) = v_0(x).

Let w := u^ϵ − v^ϵ. It follows from the above two equations that w_t + (f^′(ζ)w)_x = ϵw_{xx} + q(u^ϵ) − q(v^ϵ),

(2.9) where ζ is some intermediate value between u^ϵ and v^ϵ. Assume that w change signs at p_1(t) and p_2(t) and w does not change sign for x ∈ (p_1, p_2). Since u^ϵ and v^ϵ are continuous, we have w = 0 at x = p_1 and x = p_2. Multiplying (2.9) by sgn(w) and integrating the resulting equation over (p_1, p_2) give ∫ p_2 p_1 sgn(w)w_tdx = ϵ ( w_x(p_2 − 0, t) − w_x(p_1 + 0, t) ) sgn(w)

(2.10) + ∫ p_2 p_1

sgn(u^ϵ − v^ϵ)(q(u^ϵ) − q(v^ϵ))dx.

Since w(p_1, t) = w(p_2, t) = 0, we have d dt ∫ p_2 p_1 |w|dx = ∫ p_2 p_1 sgn(w)w_tdx. Since w changes sign at p_1 and p_2, it is easy to check that w_x(p_2 − 0, t) sgn(w) ≤ 0, w_x(p_1 + 0, t) sgn(w) ≥ 0.

Moreover, it follows from (2.2) that ∫ p_2 p_1

sgn(u^ϵ − v^ϵ)(q(u^ϵ) − q(v^ϵ))dx = − ∫ p_2 p_1 |q(u^ϵ) − q(v^ϵ)|dx. The inequality (2.10), together with the above three results, yield d dt ∫ p_2 p_1 |u^ϵ − v^ϵ|dx ≤ − ∫ p_2 p_1 |q(u^ϵ) − q(v^ϵ)|dx. (2.11)

Similar inequality holds for any interval in which w does not change signs. Following the same arguments used in Lax [16], we conclude that d dt ‖u^ϵ − v^ϵ‖_1 ≤ −‖q(u^ϵ) − q(v^ϵ)‖_1. (2.12) Integrating (2.12) with respect to t over [0, T ] and letting ϵ → 0 yield (2.8). 2 Remark. There is an alternative way to prove (2.8). It is to use splitting method with forward Euler in time, which has been studied in [12, 30]. This technique will be used to prove (2.18) below. 2

Proposition 2.2 If u_0 ∈ BV ∩ L^∞(R) ∩ L^1(R), f ∈ C^1(R), q ∈ C^1(R) such that q(0) = 0, q^′ ≤ 0, then the problem (1.5)-(1.6) possesses a unique entropy solution u(x, t) = S(t)u_0 satisfying

|S(t)u_0|_{BV} ≤ |u_0|_{BV},

(2.13) ‖S(t)u_0‖_1 ≤ ‖u_0‖_1 ,

(2.14) ∫ T 0 |q(u)|_{BV} dτ ≤ |u_0|_{BV} , (2.15) ∫ T 0 ‖q(u)‖_1dτ ≤ ‖u_0‖_1. (2.16)

Moreover, for any τ_2 > τ_1 ≥ 0, we have ‖u(·, τ_2) − u(·, τ_1)‖_1 ≤ ( C_0|u_0|_{BV} + Q‖u_0‖_1 ) (τ_2 − τ_1),

(2.17) ‖u(·, τ_2) − u(·, τ_1)‖_1 ≤ C_0|u_0|_{BV} (τ_2 − τ_1) + ∫ τ_2 τ_1 ‖q(u(·, τ))‖_1dτ, (2.18)

where the constants Q is defined by (1.7) and C_0 is defined by

C_0 = max |u|≤‖u_0‖1 |f^′(u)|. (2.19)

Proof. Setting v_0(x) = u_0(x + h) in (2.7) and (2.8) will lead to (2.13) and (2.15), respectively. Setting v_0 ≡ 0 in (2.7) and (2.8) will lead to (2.14) and (2.16), respectively. It remains to check (2.17) and (2.18). For any given τ_2 > τ_1 ≥ 0, let k = (τ_2 − τ_1)/M be the mesh size in the time direction, where M is fixed integer such that kQ ≤ 1. (2.20) Let t_m = τ_1 + mk and v(·, τ_1) = u(·, τ_1). Given v(x, t_m), we compute v(x, t_{m+1}) by the following forward Euler splitting method. We first compute the intermediate value η(·, t_{m+1}) by the following equation: η(x, t_{m+1}) = v(x, t_m) + kq(v(x, t_m)). (2.21) Then compute v(x, t_{m+1}) by solving the following homogeneous hyperbolic equation with initial data η(·, t_{m+1}): v_t + f(v)_x = 0, t_m < t ≤ t_{m+1}; v(x, t_m) = η(x, t_{m+1}).

(2.22) Starting from m = 0, the above procedure will give {v(x, t_m)}^M_{m=0}. It is proved in [12, 30] that as k → 0 (i.e. M → ∞), we have the following result: sup 0≤m≤M ‖v(·, t_m) − u(·, t_m)‖_1 → 0, as k → 0. (2.23)

It follows from (2.21) that ‖η(·, t_{m+1}) − v(·, t_m)‖_1 ≤ k‖q(v(·, t_m))‖_1. (2.24)

Using the standard theory of homogeneous conservation laws for (2.22) gives ‖v(·, t_{m+1}) − η(·, t_{m+1})‖_1 ≤ C_0k|v(·, t_m)|_{BV} . (2.25)

Since q^′ ≤ 0, it follows from (2.21) and (2.22) that |v(·, t_{m+1})|_{BV} ≤ |η(·, t_{m+1})|_{BV} ≤ |v(·, t_m)|_{BV} , for 0 ≤ m ≤ M − 1, provided that (2.20) holds. The above result leads to |v(·, t_m)|_{BV} ≤ |v(·, t_0)|_{BV} = |v(·, τ_1)|_{BV} = |u(·, τ_1)|_{BV} ≤ |u_0|_{BV} , for 0 ≤ m ≤ M. This, together with (2.24) and (2.25), yield ‖v(·, t_{m+1}) − v(·, t_m)‖_1 ≤ C_0k|u_0|_{BV} + k‖q(v(·, t_m))‖_1, which implies that ‖v(·, τ_2) − v(·, τ_1)‖_1 ≤ C_0(τ_2 − τ_1)|u_0|_{BV} + M −1∑ m=0 k‖q(v(·, t_m))‖_1. (2.26) The above result, together with (2.14) and (2.23), lead to (2.17). Using (2.17) and (2.23), it is readily shown that_{M −1} ∑ m=0 k‖q(v(·, t_m))‖_1 → ∫ τ_2 τ_1 ‖q(u(·, τ))‖_1dτ, as k → 0. Letting k → 0 in (2.26) yields (2.18). 2 Proposition 2.3 Let u_0 ∈ BV ∩ L^∞(R) ∩ L^1(R), f ∈ C^1(R), q ∈ C^1(R) such that q(0) = 0, q^′ ≤ 0. Consider the parabolic regularization of (1.5)-(1.6) u^ϵ_t + f(u^ϵ)_x = ϵu^ϵ_{xx} + q(u^ϵ), u^ϵ(x, 0) = u_0(x).

(2.27) Then the following inequalities hold: ‖u^ϵ(·, t)‖_∞ ≤ ‖u_0‖_∞, (2.28) ‖u^ϵ_x(·, t)‖_1 ≤ |u_0|_{BV} , (2.29) ∫ T 0 |q(u^ϵ(·, τ))|_{BV} dτ ≤ |u_0|_{BV} , (2.30) ∫ T 0 ‖q(u^ϵ(·, τ))‖_∞dτ ≤ 2‖u_0‖_∞. (2.31)

Proof. The proof for (2.28) and (2.29) is simple and will not be given here. The inequality (2.30) follows directly from (2.12). It remains to prove (2.31). By a standard regularization of Heaviside function (which we omit), (2.27) implies for u^{ϵ,+} := H(u^ϵ)u^ϵ, u^{ϵ,+}_t + f^′(u^ϵ)u^{ϵ,+}_x = q(u^{ϵ,+}) + ϵu^{ϵ,+}_{xx} .

It follows from the maximum principle that d dt [ sup_x u^{ϵ,+}(x, t) ] ≤ q ( sup_x u^{ϵ,+}(x, t) ) , which leads to − ∫ T 0 q ( sup_x u^{ϵ,+}(x, t) ) dt ≤ sup_x u^{ϵ,+}(x, 0) ≤ ‖u_0‖_∞. (2.32)

Similarly, we can show that ∫_T 0 q ( inf_x u^{ϵ,−}(x, t) ) dt ≤ ‖u_0‖_∞, (2.33)

where u^{ϵ,−}(x, t) := (1 − H(u^ϵ))u^ϵ. Since q(0) = 0, q^′ ≤ 0, it is observed that ‖q (u^ϵ(·, t))‖_∞ = max [ q ( inf_x u^{ϵ,−}(x, t) ) , −q ( sup_x u^{ϵ,+}(x, t) )]

≤ q ( inf_x u^{ϵ,−}(x, t) ) − q ( sup_x u^{ϵ,+}(x, t) ) . This, together with (2.32) and (2.33), yield (2.31). 2

Proposition 2.4 If u^ϵ and v^ϵ are continuously differentiable functions satisfying the following nonhomogeneous parabolic equations:

u^ϵ_t + f(u^ϵ)_x = ϵu^ϵ_{xx} + p_1(x, t), τ_1 < t < τ_2,

(2.34) v^ϵ_t + f(v^ϵ)_x = ϵv^ϵ_{xx} + p_2(x, t), τ_1 < t < τ_2,

(2.35)

then the following inequality holds:

‖u^ϵ(·, τ_2) − v^ϵ(·, τ_2)‖_1 ≤ ‖u^ϵ(·, τ_1) − v^ϵ(·, τ_1)‖_1 + ∫ τ_2 τ_1 ‖p_1(·, τ) − p_2(·, τ)‖_1dτ. (2.36)

The above result can be found in [31, 33]. Its proof can be found in [31].

3 Operator Splitting

We will consider an operator splitting procedure for the initial value problem (1.5)-(1.6), where we alternate between solving an homogeneous equation and an ordinary differential equation. More precisely, let S_1 be the solution operator of the homogeneous problem, i.e. v(·, t) = S_1(t)v_0 is the entropy solution of the initial value problem

v_t + f(v)_x = 0, v(x, 0) = v_0(x).

(3.1)

Let S_2 be the backward Euler operator for the ordinary differential problem, i.e. v(·, t) = S_2(t)v_0 is given by v(·, t) = v_0 + Δtq(v(·, t)). (3.2)

The operator splitting solution {v(x, t_n)}^N_{n=0} is defined by

v(·, t_n) = [S_2(Δt)S_1(Δt)]^nv_0,

(3.3)

where t_n = nΔt and t_N = T . Note that this approximate solution is only defined at discrete t-values. We require in this section to solve (3.1) and (3.2) exactly.

For t ∈ (t_n, t_{n+1}), we consider the following procedure: First solve η_t + f(η)_x = 0, t ∈ (t_n, t_{n+1}]; η(x, t_n) = v(x, t_n),

(3.4) where v(x, t_n) is defined by (3.3). Then compute v(x, t_{n+1}) by the following equation v(x, t_{n+1}) = η(x, t_{n+1}) + Δtq(v(x, t_{n+1})). (3.5) The scheme (3.4)-(3.5) defines η(·, t_{n+1}) = S_1(Δt)v(·, t_n), v(·, t_{n+1}) = S_2(Δt)η(·, t_{n+1}).

The main purpose of this section is to derive an error bound for the splitting scheme (3.3). To this end, we require the following two lemmas.

Lemma 3.1 Assume that u_0 ∈ BV ∩ L^∞(R) ∩ L^1(R), f ∈ C^2(R), q ∈ C^1(R) satisfying q(0) = 0, q^′ ≤ 0. Let u be the entropy solution of (1.5)-(1.6), η and v be the solutions of (3.4) and (3.5), respectively. The following estimate holds N −1∑ n=0 ‖ ‖ ‖ ‖u(·, tn^{+1}) − ∫ tn+1 tn q(u)dτ − η(·, t_{n+1}) ‖ ‖ ‖ ‖_1

(3.6)

≤ N −1∑ n=0 ‖u(·, t_n) − v(·, t_n)‖_1 + Δt|u_0|_{BV} ( C_1 + 4C_2‖u_0‖_∞ ) , where the constants C_1 and C_2 are defined by C_j = max |u|≤3‖u_0‖1 |f^{(j)}(u)|. (3.7)

Proof. Consider the following equations:

u^ϵ_t + f(u^ϵ)_x = q(u^ϵ) + ϵu^ϵ_{xx}, t > 0; u^ϵ(x, 0) = u_0(x),

(3.8) η^ϵ_t + f(η^ϵ)_x = ϵη^ϵ_{xx}, t_n < t ≤ t_{n+1}; η^ϵ(x, t_n) = v(x, t_n).

(3.9) As ϵ → 0, the limits for u^ϵ and η^ϵ are u and η, respectively. Let ω_λ(x) =^1_λ ω(x/λ) be a standard positive C^∞_0 -mollifier with unit mass. Let ϕ^{λ,ϵ}(x, t) = q(u^ϵ(·, t) ∗ ω_λ = ∫ ω_λ(x − y)q(u^ϵ(y, t))dy. It is easy to verify that, for any fixed time t ∈ [t_n, t_{n+1}], ‖ϕ^{λ,ϵ}(·, t)‖_∞ ≤ ‖q(u^ϵ(·, t))‖_∞, ‖ϕ^{λ,ϵ}_x (·, t)‖_1 ≤ |q(u^ϵ(·, t))|_{BV} , (3.10) Using (2.28) we obtain ‖ϕ^{λ,ϵ}_{xx} (·, t)‖_1 ≤ c̃(λ), (3.11) where c̃(λ) is a constant independent of ϵ. Rewrite (3.8) as u^{λ,ϵ}_t + f(u^{λ,ϵ})_x (3.12) = ϵu^{λ,ϵ}_{xx} + f(u^{λ,ϵ})_x − f(u^ϵ)_x + q(u^ϵ) − ϕ^{λ,ϵ}(x, t) + ϵ ∫ t tn ϕ^{λ,ϵ}_{xx} (x, τ)dτ, where the function u^{λ,ϵ} is defined by u^{λ,ϵ}(x, t) = u^ϵ(x, t) − ∫ t tn ϕ^{λ,ϵ}(x, τ)dτ. (3.13) Using Proposition 2.4 for (3.9) and (3.12) and noting that u^{λ,ϵ}(·, t_n) = u^ϵ(·, t_n) and η^ϵ(·, t_n) = v(·, t_n), we obtain ‖u^{λ,ϵ}(·, t_{n+1}) − η^ϵ(·, t_{n+1})‖_1 (3.14) ≤ ‖u^ϵ(·, t_n) − v(·, t_n)‖_1 + ∫ tn+1 tn^‖ f(u^{λ,ϵ})_x − f(u^ϵ)_x‖_1dt + ∫ tn+1 tn^‖ q(u^ϵ) − ϕ^{λ,ϵ}‖_1dt + ϵ ∫ tn+1 tn ∫ t tn^‖ ϕ^{λ,ϵ}_{xx} (·, τ)‖_1dτdt. We first estimate the third term in the above inequality. Observe that ( f(u^{λ,ϵ}) − f(u^ϵ) ) x = − ∫_1 0 f^′(θu^{λ,ϵ} + (1 − θ)u^ϵ)dθ ∫ t tn ϕ^{λ,ϵ}_x dτ (3.15) − ∫_1 0 f^{′′} ( θu^{λ,ϵ} + (1 − θ)u^ϵ )( θu^{λ,ϵ}_x + (1 − θ)u^ϵ_x ) dθ ∫ t tn ϕ^{λ,ϵ}dτ. Since θu^{λ,ϵ} + (1 − θ)u^ϵ = u^ϵ − θ ∫ t tn ϕ^{λ,ϵ}dτ, t ∈ [t_n, t_{n+1}], we obtain from Proposition 2.3 and (3.10) that, for t ∈ [t_n, t_{n+1}] and θ ∈ (0, 1), ‖θu^{λ,ϵ}(·, t) + (1 − θ)u^ϵ(·, t)‖_∞ ≤ ‖u_0‖_∞ + ∫ t tn^‖ q(u^ϵ(·, t))‖_∞dτ ≤ 3‖u_0‖_∞, ‖θu^{λ,ϵ}_x (·, t) + (1 − θ)u^ϵ_x(·, t)‖_1 ≤ |u_0|_{BV} + ∫ t tn^| q(u^ϵ(·, t))|_{BV} dτ ≤ 2|u_0|_{BV} . The above results, together with (3.10), yield ‖f(u^{λ,ϵ})_x − f(u^ϵ)_x‖_1 (3.16) ≤ C_1 ∫ t tn^| q(u^ϵ(·, τ))|_{BV} dτ + 2C_2|u_0|_{BV} ∫ t tn^‖ q(u^ϵ(·, τ))‖_∞dτ, for t_n < t < t_{n+1}, where the constants C_1 and C_2 are defined by (3.7). Combining (3.14) and (3.16) yields N −1∑ n=0 ‖u^{λ,ϵ}(·, t_{n+1}) − η^ϵ(·, t_{n+1})‖_1 (3.17)

≤ N −1∑ n=0 ‖u^ϵ(·, t_n) − v(·, t_n)‖_1 + C_1Δt ∫ tN 0 |q(u^ϵ(·, τ))|_{BV} dτ +2C_2Δt|u_0|_{BV} ∫ tN 0 ‖q(u^ϵ(·, τ))‖_∞dτ + ∫ tN 0 ‖q(u^ϵ) − ϕ^{λ,ϵ}‖_1dt + c̃(λ)ϵ, where c̃(λ) is a constant independent of ϵ, and for the last term we have used (3.11). Using Proposition 2.3, (3.17) leads to N −1∑ n=0 ‖u^{λ,ϵ}(·, t_{n+1}) − η^ϵ(·, t_{n+1})‖_1 ≤ N −1∑ n=0 ‖u^ϵ(·, t_n) − v(·, t_n)‖_1 (3.18) +Δt|u_0|_{BV} ( C_1 + 4C_2‖u_0‖_∞ ) + ∫ tN 0 ‖q(u^ϵ(·, t)) − ϕ^{λ,ϵ}(·, t)‖_1dt + c̃(λ)ϵ.

Letting ϵ → 0+ yields N −1∑ n=0 ‖u^λ(·, t_{n+1}) − η(·, t_{n+1})‖_1 ≤ N −1∑ n=0 ‖u(·, t_n) − v(·, t_n)‖_1 (3.19) +Δt|u_0|_{BV} ( C_1 + 4C_2‖u_0‖_∞ ) + ∫ tN 0 ‖q(u(·, t)) − ϕ^λ(·, t)‖_1dt, where u^λ(x, t) = u(x, t) − ∫ t tn ϕ^λ(x, τ)dτ, ϕ^λ(x, t) = ∫ ω_λ(x − y)q(u(y, t))dy. Since q(u) ∈ BV , it is easy to show that ϕ^λ(·, t) converges to q(u(·, t)) strongly in L^1 when λ → 0+. Letting λ → 0+ in (3.19) yields (3.6). 2 Remark. From (3.15), we require that f ∈ C^2(R). This assumption is also used in [12], but not in [30].

Lemma 3.2 Assume that u_0 ∈ BV ∩ L^∞(R) ∩ L^1(R), f ∈ C^1(R), q ∈ C^1(R) satisfying q(0) = 0, q^′ ≤ 0. Let u be the entropy solution of (1.5)-(1.6). The following estimate holds: N −1∑ n=0 ‖ ‖ ‖ ∫ tn+1 tn q(u(·, τ))dτ − Δt q(u(·, t_{n+1})) ‖ ‖ ‖_1 ≤ Δt ( C_0|u_0|_{BV} + ‖q(u_0)‖_1 ) , (3.20)

where C_0 is defined by (2.19).

Proof. We first extend u(·, t) to −∞ < t < ∞ by letting U(x, t) = { u(x, t) if t ≥ 0, u_0(x) if t < 0 .

It follows from (2.18) that ‖U(·, τ_2) − U(·, τ_1)‖_1 ≤ ( C_0|u_0|_{BV} + Q‖u_0‖_1 ) (τ_2 − τ_1), for any τ_2 > τ_1.

(3.21) Let ω_λ(x) =^1_λ ω(x/λ) be a positive C^∞_0 -mollifier satisfying ∫ ω_λ(x)dx = 1; ω_λ(x) = 0 if |x| ≥ λ. Let ψ^λ(x, t) = q(U(x, ·)) ∗ ω, i.e. ψ^λ(x, t) = ∫ ω_λ(t − y)q(U(x, y))dy = ∫ ω_λ(y)q(U(x, t − y))dy. (3.22) Observe that

LHS of (3.20) ≤ N −1∑ n=0 ∫ tn+1 tn^‖ q(u(·, τ)) − ψ^λ(·, τ)‖_1dτ (3.23)

+ N −1∑ n=0 Δt‖q(u(·, t_{n+1})) − ψ^λ(·, t_{n+1})‖_1 + N −1∑ n=0 ∫ tn+1 tn^‖ ψ^λ(·, τ) − ψ^λ(·, t_{n+1})‖_1dτ

= ∫ T 0 ‖q(U(·, τ)) − ψ^λ(·, τ)‖_1dτ + Δt N −1∑ n=0 ‖q(U(·, t_{n+1})) − ψ^λ(·, t_{n+1})‖_1

+ N −1∑ n=0 ∫ tn+1 tn^‖ ψ^λ(·, τ) − ψ^λ(·, t_{n+1})‖_1 =: J_1 + J_2 + J_3, where T = NΔt. Using (3.21) and (3.22) we can show that J_1 ≤ c̃λ, J_2 ≤ c̃λ, (3.24)

where c̃ is a constant independent of λ. It is easy to see that ψ^λ is differentiable with respect to x and t. In particular, we have

‖ψ^λ_t (·, t)‖_1 = ‖ ‖ ‖ ‖ limh_{→0+} 1 h ∫ ω_λ(y) [ q(U(·, t − y + h)) − q(U(·, t − y)) ] dy ‖ ‖ ‖ ‖_1 .

(3.25)

It follows from Fatou’s lemma [6] and (3.21) that

‖ψ^λ_t (·, t)‖_1 ≤ Q lim_{h→0+} 1 h ∫ ω_λ(y)‖U(·, t − y + h) − U(·, t − y)‖_1dy ≤ c̃, (3.26)

where the constant c̃ is independent of λ. Observe that

J_3 = N −1∑ n=0 ∫ tn+1 tn ‖ ‖ ‖ ‖ ∫ tn+1 τ ψ^λ_t (·, t)dt ‖ ‖ ‖ ‖_1 dτ ≤ N −1∑ n=0 ∫ tn+1 tn ∫ tn+1 tn^‖ ψ^λ_t (·, t)‖_1dtdτ (3.27)

= Δt ∫ T 0 ‖ψ^λ_t (·, t)‖_1dt =: Δt(J_{31} + J_{32}),

where J_{31} = ∫ λ 0 ‖ψ^λ_t (·, t)‖_1dt , J_{32} = ∫ T λ ‖ψ^λ_t (·, t)‖_1dt . We first estimate J_{32}. For t ≥ λ, |y| ≤ λ and h > 0, we have t − y ≥ 0, t − y + h ≥ 0 which suggest that U(·, t − y) = u(·, t − y) and U(·, t − y + h) = u(·, t − y + h). Noting that ω_λ(y) = 0 for all |y| ≥ λ, we obtain from (3.25) that

J_{32} ≤ lim_{h→0+} 1 h ∫ T λ ∫ λ −λ ω_λ(y)‖q(U(·, t − y + h)) − q(U(·, t − y))‖_1dydt (3.28)

= lim_{h→0+} 1 h ∫ λ −λ ω_λ(y) ∫ T λ ‖q(u(·, t − y + h)) − q(u(·, t − y))‖_1dtdy. Using the same technique for the proof of (2.8) we can obtain ∫ T λ ‖q(u(·, t − y + h)) − q(u(·, t − y))‖_1dt ≤ ‖u(·, λ − y + h) − u(·, λ − y)‖_1, for all |y| ≤ λ and h > 0. This, together with (2.18), yield ∫ T λ ‖q(u(·, t − y + h)) − q(u(·, t − y))‖_1dt (3.29)

≤ C_0|u_0|_{BV} h + ∫ λ_−y_+h λ−y ‖q(u(·, τ))‖_1dτ ≤ C_0|u_0|_{BV} h + ‖q(u_0)‖_1h + ∫ λ_−y_+h λ−y ‖q(u(·, τ)) − q(u_0)‖_1dτ ≤ C_0|u_0|_{BV} h + ‖q(u_0)‖_1h + c̃(2λ + h)h,

for all |y| ≤ λ and h > 0; where the constant c̃ is independent of λ and h, and in the last step we have used (2.17) and the fact that λ − y + h ≤ 2λ + h. Combining (3.28) and (3.29) gives

J_{32} ≤ C_0|u_0|_{BV} + ‖q(u_0)‖_1 + 2c̃λ.

(3.30)

Moreover, it follows from (3.26) that J_{31} ≤ c̃λ. Therefore, we have proved that

LHS of (3.20) ≤ Δt ( C_0|u_0|_{BV} + ‖q(u_0)‖_1 ) + c̃λ, where c̃ is a constant independent of λ. Letting λ → 0 in the above inequality gives (3.20). 2 We are now able to proceed with the construction of a bound on the splitting error using the above two lemmas.

Theorem 3.1 Assume that u_0 ∈ BV ∩ L^∞(R) ∩ L^1(R), f ∈ C^2(R), q ∈ C^1(R) satisfying q(0) = 0, q^′ ≤ 0. Let u be the entropy solution of (1.5)-(1.6), S_1 be the solution operator of the homogeneous problem (3.1) and S_2 be the backward Euler operator (3.2). The following estimate holds: ‖ ‖ ‖u(·, NΔt) − [S_2(Δt)S_1(Δt)]N v_0 ‖ ‖ ‖_1

(3.31)

≤ ‖u_0 − v_0‖_1 + Δt ( C_1|u_0|_{BV} + 4C_2|u_0|_{BV} ‖u_0‖_∞ + ‖q(u_0)‖_1 + C_0|u_0|_{BV} ) , where T = NΔt, the constants C_0, C_1 and C_2 depend on the function f and are defined by (2.19) and (3.7).

Proof. It follows from (3.5) that ‖u(·, t_{n+1}) − Δt q(u(·, t_{n+1})) − v(·, t_{n+1}) + Δtq(v(·, t_{n+1}))‖_1 (3.32) ≤ ‖ ‖ ‖ ‖u(·, tn^{+1}) − ∫ tn+1 tn q(u)dτ − η(·, t_{n+1}) ‖ ‖ ‖ ‖_1 + ‖ ‖ ‖ ‖ ∫ tn+1 tn q(u)dτ − Δt q(u(·, t_{n+1})) ‖ ‖ ‖ ‖_1 .

Observe that for any x ∈ R, sgn [ u(x, t_{n+1}) − Δt q(u(x, t_{n+1})) − v(x, t_{n+1}) + Δt q(v(x, t_{n+1})) ] = sgn [ (1 − Δtq^′(•))(u(x, t_{n+1}) − v(x, t_{n+1})) ] = sgn [ u(x, t_{n+1}) − v(x, t_{n+1}) ] , where • denotes an intermidiate value between u and v, and in the last step we have used the fact that q^′ ≤ 0. It follows from the above result that

LHS of (3.32) = ∫ R^{sgn(u(x, tn+1) − v(x, tn+1))} [ u(x, t_{n+1}) − Δt q(u(x, t_{n+1})) −v(x, t_{n+1}) + Δt q(v(x, t_{n+1})) ] dx = ‖u(·, t_{n+1}) − v(·, t_{n+1})‖_1 + Δt ‖q(u(·, t_{n+1})) − q(v(·, t_{n+1}))‖_1,

(3.33)

where in the last step we have used (2.2). It follows from (3.32) and (3.33) that N −1∑ n=0 ( ‖u(·, t_{n+1}) − v(·, t_{n+1})‖_1 + Δt ‖q(u(·, t_{n+1})) − q(v(·, t_{n+1}))‖_1 ) (3.34)

≤ N −1∑ n=0 ‖ ‖ ‖u(·, tn^{+1}) − ∫ tn+1 tn q(u)dτ − η(·, t_{n+1}) ‖ ‖ ‖_1 + N −1∑ n=0 ‖ ‖ ‖ ∫ tn+1 tn q(u)dτ − Δt q(u(·, t_{n+1}) ‖ ‖ ‖_1 .

Using Lemmas 3.1 and 3.2 yields ‖u(·, t_N ) − v(·, t_N)‖_1 + N∑ n=1 Δt ‖q(u(·, t_n)) − q(v(·, t_n))‖_1 (3.35) ≤ ‖u(·, 0) − v(·, 0)‖_1 + Δt ( C_1|u_0|_{BV} + 4C_2|u_0|_{BV} ‖u_0‖_∞ + ‖q(u_0)‖_1 + C_0|u_0|_{BV} ) , which leads to (3.31). This completes the proof of this theorem. 2

Theorem 3.1 implies that if u_0 ∈ BV ∩ L^∞(R) ∩ L^1(R) then we have the following error bound:

‖u(·, NΔt) − [S_2(Δt)S_1(Δt)]^N u_0‖_1 ≤ C ( ‖q(u_0)‖_1 ) Δt, where C(‖q(u_0)‖_1) is a constant depending on ‖q(u_0)‖_1, but not on Q = max_{|u|≤‖u0‖}1 |q^′(u)|. Since q(0) = 0, it is clear that ‖q(u_0)‖_1 ≤ Q‖u_0‖_1.

This suggests that if Q is uniformly bounded in the sense that it is independent of some small parameter, then the splitting error is O(Δt). The main point of Theorem 3.1 is that even if Q is not uniformly bounded, the splitting error may also be free of some small parameter. This can be seen from the following examples. Example 3.1 q(u) = e^{−u/δ} − 1, δ ≪ 1. Example 3.2 q(u) = −u/δ √ 1 + (u/δ)^2 , δ ≪ 1. Example 3.3 q(u) = − tan^{−1}(u/δ), δ ≪ 1. In all the above examples, we can easily verify that Q = O(δ^{−1}). We can also verify that in these examples, q(0) = 0, q^′ ≤ 0. If u_0 has a compact support, then it is readily shown that ‖q(u_0)‖_1 = O(1). Theorem 3.1 suggests that with the above given q, the L^1 convergence rate for the operator splitting method (3.3) is O(Δt), provided u_0 has a compact support.

Remark. From the proof of Theorem 3.1, we also obtain the following result: N∑ n=1 Δt ‖q(u(·, t_n)) − q(v(·, t_n))‖_1 ≤ ‖u_0 − v_0‖_1 + C (‖q(u_0)‖_1) Δt.

(3.36)

Remark. Similar to the proof of Theorem 3.1, we can show that ‖ ‖ ‖u(·, NΔt) − [S_1(Δt)S_2(Δt)]Nv_0 ‖ ‖ ‖_1 ≤ ‖u_0 − v_0‖_1 + C ( ‖q(u_0)‖_1 ) Δt, provided that u_0 ∈ BV ∩ L^∞(R) ∩ L^1(R). In other words, the order of splitting procedure (3.4)- (3.5) can be changed by starting with the backward Euler method and then solving the homogeneous equation. 2

By simple modifications for Lemmas 3.1, 3.2 and Theorem 3.1, we can obtain the following estimate.

Theorem 3.2 Let the functions u_0, f and q in (1.5)-(1.6) be subject to the conditions stated in Theorem 3.1. Let u be the entropy solution of (1.5)-(1.6), S_1 be the solution operator of the homogeneous problem (3.1) and S_2 be the backward Euler operator (3.2). The following estimate holds: max 0≤n≤N ‖ ‖ ‖u(·, tn) − [S_2(Δt)S_1(Δt)]nv_0 ‖ ‖ ‖_1

(3.37)

≤ ‖u_0 − v_0‖_1 + Δt ( C_1|u_0|_{BV} + 4C_2|u_0|_{BV} ‖u_0‖_∞ + ‖q(u_0)‖_1 + C_0|u_0|_{BV} ) , where t_n = nΔt, the constants C_0, C_1 and C_2 are defined by (2.19) and (3.7).

The above result is useful if an initial layer is presented. It implies that the initial layer can be resolved if ‖q(u_0)‖_1 is not large. See Section 5 for more details about resolving initial layers.

4 Forward Euler Method

In this section, we will briefly discuss splitting method with forward Euler operator. This approach has been used for conservation laws with nonstiff source terms ([12, 28, 30]). Again, let S_1 be the solution operator of the homogeneous problem, as defined by (3.1). Let E be the forward Euler operator for the ODE problem v_t = q(v), i.e. v(·, t) = E(t)v_0 is given by

v(·, t) = v_0(·) + Δt q(v_0(·)).

(4.1)

The operator splitting solution is defined by

v(·, t_n) = [S_1(Δt)E(Δt)]^nv_0.

(4.2)

Given a starting value v(x, t_n), we compute v(x, t_{n+1}) using the following steps. First find the intermediate value η(x, t_{n+1}) by using a forward Euler method: η(x, t_{n+1}) = v(x, t_n) + Δtq(v(x, t_n)). (4.3)

Then solving the following homogeneous equation to find v(x, t_{n+1}):

v_t + f(v)_x = 0, t ∈ (t_n, t_{n+1}]; v(x, t_n) = η(x, t_{n+1}).

(4.4)

Similar to the proof for Theorem 3.1, the following two lemmas are needed. The detail proof will be omitted.

Lemma 4.1 Assume that u_0 ∈ BV ∩ L^∞(R) ∩ L^1(R), f ∈ C^2(R), q ∈ C^1(R) satisfying q(0) = 0, q^′ ≤ 0. Let u be the entropy solution of (1.5)-(1.6), η and v be the solutions of (4.3) and (4.4), respectively. The following estimate holds N −1∑ n=0 ‖u(·, t_{n+1}) − v(·, t_{n+1})‖_1 (4.5)

≤ N −1∑ n=0 ‖ ‖ ‖ ‖u(·, tn) + ∫ tn+1 tn q(u)dτ − η(·, t_{n+1}) ‖ ‖ ‖ ‖_1 + Δt|u^0|BV ( C_1 + 4C_2‖u_0‖_∞ ) , where the constants C_1 and C_2 are defined by (3.7).

Proof. The proof of this lemma is similar to that of Lemma 3.1. The most important change is to replace (3.12) and (3.13) by u^{λ,ϵ}_t + f(u^{λ,ϵ})_x (4.6) = ϵu^{λ,ϵ}_{xx} + f(u^{λ,ϵ})_x − f(u^ϵ)_x + q(u^ϵ) − ϕ^{λ,ϵ}(x, t) + ϵ ∫ t tn+1 ϕ^{λ,ϵ}_{xx} (x, τ)dτ, where the function u^{λ,ϵ} is defined by u^{λ,ϵ}(x, t) = u^ϵ(x, t) − ∫ t tn+1 ϕ^{λ,ϵ}(x, τ)dτ. (4.7)

It is noted that only the lower limit of the integral is changed. 2

Lemma 4.2 Assume that u_0 ∈ BV ∩ L^∞(R) ∩ L^1(R), f ∈ C^1(R), q ∈ C^1(R) satisfying q(0) = 0, q^′ ≤ 0. Let u be the entropy solution of (1.5)-(1.6). The following estimate holds: N −1∑ n=0 ‖ ‖ ‖ ‖ ∫ tn+1 tn q(u(·, τ))dτ − Δt q(u(·, t_n)) ‖ ‖ ‖ ‖_1 ≤ Δt ( ‖q(u_0)‖_1 + C_0|u_0|_{BV} ) , (4.8)

where C_0 is defined by (2.19). 2

The proof of this lemma is similar to that of Lemma 3.2. Having the above two lemmas, we are ready to prove the following theorem.

Theorem 4.1 Assume that u_0 ∈ BV ∩ L^∞(R) ∩ L^1(R), f ∈ C^2(R), q ∈ C^1(R) satisfying q(0) = 0, q^′ ≤ 0. Let u = u(x, t) be the entropy solution of (1.5)-(1.6), S_1 be the solution operator of the homogeneous problem (3.1) and E be the forward Euler operator (4.1). If

Δt max |u|≤‖u_0‖1 |q^′(u)| ≤ 1, (4.9)

then the following estimate holds:

‖u(·, NΔt) − [S_1(Δt)E(Δt)]^Nv_0‖_1

(4.10) ≤ ‖u_0 − v_0‖_1 + Δt ( C_1|u_0|_{BV} + 4C_2‖u_0‖_∞ + ‖q(u_0)‖_1 + C_0|u_0|_{BV} ) , where T = NΔt, the constants C_0, C_1 and C_2 depend on the function f and are defined by (2.19) and (3.7).

Proof. It follows from (4.3) that ‖u(·, t_n) + Δt q(u(·, t_n)) − η(·, t_{n+1})‖_1 (4.11) = ‖u(·, t_n) − v(·, t_n) + Δt q(u(·, t_n)) − Δt q(v(·, t_n))‖_1 = ∫ R^{sgn} ( (1 + Δt q^′(•))(u(x, t_n) − v(x, t_n)) )[ u(x, t_n) − v(x, t_n) +Δt q(u(x, t_n)) − Δt q(v(x, t_n)) ] dx = ∫ R^{sgn} ( u(x, t_n) − v(x, t_n) )[ u(x, t_n) − v(x, t_n) + Δt q(u(x, t_n)) − Δt q(v(x, t_n)) ] dx, where • denote an intermediate value between u(x, t_n) and v(x, t_n), and in the last step we have used (4.9). It follows from (2.2) that ∫ R^{sgn} ( u(x, t_n) − v(x, t_n) )[ u(x, t_n) − v(x, t_n) + Δt q(u(x, t_n)) − Δt q(v(x, t_n)) ] dx = ‖u(·, t_n) − v(·, t_n)‖_1 − Δt ‖q(u(·, t_n)) − q(v(·, t_n))‖_1. This, together with (4.11), yield ‖u(·, t_n) + Δtq(u(·, t_n)) − η(·, t_{n+1})‖_1 ≤ ‖u(·, t_n) − v(·, t_n)‖_1. (4.12)

Combining (4.5), (4.8) and (4.12) gives N −1∑ n=0 ‖u(·, t_{n+1}) − v(·, t_{n+1})‖_1 ≤ N −1∑ n=0 ‖u(·, t_n) + Δtq(u(·, t_n)) − η(·, t_{n+1})‖_1 (4.13)

+ N −1∑ n=0 ‖ ‖ ‖ ∫ tn+1 tn q(u)dτ − Δtq(u(·, t_n)) ‖ ‖ ‖ 1 + Δt|u_0|_{BV} ( C_1 + 4C_2‖u_0‖_∞ )

≤ N −1∑ n=0 ‖u(·, t_n) − v(·, t_n)‖_1 + Δt ( ‖q(u_0)‖_1 + C_0|u_0|_{BV} ) + Δt|u_0|_{BV} ( C_1 + 4C_2‖u_0‖_∞ ) . This completes the proof of Theorem 4.1. 2

It is clear that the main disadvantage of using the forward splitting method (4.3)-(4.4) is that the time step size has to depend on max |q^′(u)|, see (4.9). For conservation laws with stiff source terms, the maximum value for q^′ is usually very large. Therefore, the constraint (4.9) is in general unacceptable. This suggests that if a stiff source term is involved then the splitting method with forward Euler method should not be recommended.

5 A generic model and initial layer

According to Pember [22, 23], a conservation law is stiff if the time scale introduced by the source term is small compared to the characteristic speeds of the hyperbolic equation and some appropriate length scale. A generic form of a stiff conservation law is (1.5) with q(u) = 1 δ g(u), (5.1)

where g ∈ C^1(R), g(0) = 0, g^′ ≤ 0, g is independent of δ; the relaxation time 0 < δ < 1 is a very small parameter. In this section, we will consider this model problem:

u_t + f(u)_x = 1 δ g(u), (x, t) ∈ R × (0, T ], (5.2) u(x, 0) = u_0(x).

(5.3)

This model problem has been studied by several authors numerically and theoretically (e.g., [13, 18, 26]). The result in Theorem 3.2 suggests that max 0≤n≤N ‖ ‖ ‖u(·, tn) − [S_2(Δt)S_1(Δt)]nv_0 ‖ ‖ ‖_1

(5.4)

≤ ‖u_0 − v_0‖_1 + CΔt + CΔt δ ‖u_0‖_1 , provided that u_0 ∈ BV ∩ L^∞, where C is independent of Δt and δ. Therefore, the splitting error is in general related to δ. It is noted that if ‖u_0‖ = O(δ), then we can get an δ-free error bounds. In particular, we have the following result.

Theorem 5.1 Assume that f ∈ C^2(R), g ∈ C^1(R) satisfying g(0) = 0, g^′ ≤ 0. If u_0 = U(x/δ) with U ∈ BV ∩ L^∞(R) ∩ L^1(R), then max 0≤n≤N ‖u(·, t_n) − [S_2(Δt)S_1(Δt)]^nv_0‖_1 ≤ ‖u_0 − v_0‖_1 + CΔt,

(5.5)

where C is independent of δ and Δt.

Proof. Observe that ‖u_0‖_1 = ∫ |U(x/δ)| dx = δ‖U ‖_1 ≤ Cδ. (5.6)

This, together with (5.4), yield (5.5). 2

We point out that the estimate (5.4) is the optimal one, in the sense that the O(Δt‖u_0‖_1/δ) term is not removable. To see this, we consider a simple example.

Example 5.1 Consider the following conservation law with linear flux and linear source:

u_t + u_x = − u δ , u(x, 0) = u_0(x),

(5.7)

where the initial data u_0 ∈ L^1(R).

The exact solution of (5.7) is u(x, t) = e^{−t/δ}u_0(x − t). It can be verified that

[S_2(Δt)S_1(Δt)]^nu_0 = ( 1 + Δt δ )_−n u_0(x − t_n).

The above solutions imply that max 0≤n≤N ‖ ‖ ‖u(·, tn) − [S_2(Δt)S_1(Δt)]nu_0 ‖ ‖ ‖_1

= max 0≤n≤N (( 1 + Δt δ )_−n − exp ( − nΔt δ )) ‖u_0‖_1.

Unless ‖u_0‖_1 is proportional to δ, the right hand side of the above equation is small only when Δt ≪ δ. In particular, it can not be bounded by an δ-free upper bound if ‖u_0‖ = O(1). This suggests that the last term in (5.4) can not be removed. The reason for this is that for δ ≪ 1, there is a very small initial layer which needs to be resolved accurately. To illustrate the idea clearly, we consider a rather simple model. That is, we follow Schroll and Winther (1996) by assuming that the function g in (5.1) decreases strictly with respect to u. In this case, zero is the only equilibrium. More precisely, the function g is assumed to satisfy

g(0) = 0, g^′(u) < 0, for u ∈ R.

(5.8)

With the above assumptions, there exist two positive constants α, β independent of δ such that

α = min |u|≤‖u_0‖1 |g^′(u)| > 0, β = max_{|u|≤‖u0‖}1 |g^′(u)| > 0. (5.9)

The previous sections employed uniform meshes, and it is readily shown that the results are also valid for quasi-uniform meshes which satisfy max 0≤n≤N −1 (t_{n+1} − t_n) ≤ C min_{0≤n≤N −1}(t_{n+1} − t_n),

(5.10)

where C is independent of N. In the following, we consider an uneven mesh given by

t_n = { 4nδ| ln δ|/αN for n ≤ N/2, 2δ| ln δ|/α + (T − 2δ| ln δ|/α)(2n/N − 1) for N/2 < n ≤ N, (5.11)

where N is chosen to be an even number. It is easy to verify that {t_n}^N_{n=0} is a mesh sequence of [0, T ]. Let Δt_n = t_n − t_{n−1}. It can be verified that

Δt_n = { 4δ| ln δ|/αN for n ≤ N/2, 2(T − 2δ| ln δ|/α)/N for N/2 < n ≤ N. (5.12)

In other owrds, we divide [0, T ] into two subintervals [0, 2δ| lnδ|/α] and (2δ| ln δ|/α, T ]. Two different uniform meshes, with mesh sizes given by (5.12), are used in the subintervals. With the mesh (5.11), the backward Euler operator splitting procedure for (5.2)-(5.3) is given by v(·, t_m) = m∏ n=1 S_2(Δt_n)S_1(Δt_n)v_0, 1 ≤ m ≤ N.

(5.13)

In order to obtain sharper error bounds than (5.4), we need some additional properties for the solutions of (5.2)-(5.3). Using (5.9), we can modify Proposition 2.2 to get the following results.

Lemma 5.1 If u_0 ∈ BV ∩ L^1(R) ∩ L^∞(R), f ∈ C^1(R) and g ∈ C^1(R) satisfying (5.8), then the nonhomogeneous conservation law (5.2)-(5.3) possesses a unique entropy solution u(x, t) satisfying |u(·, t)|_{BV} ≤ e^{−αt/δ}|u_0|_{BV} , (5.14) ‖u(·, t)‖_1 ≤ e^{−αt/δ}‖u_0‖_1, (5.15) ‖u(·, τ_2) − u(·, τ_1)‖_1 ≤ C_0 ∫ τ_2 τ_1 |u(·, τ)|_{BV} dτ + β δ ∫ τ_2 τ_1 ‖u(·, τ)‖_1dτ, τ_2 ≥ τ_1, (5.16)

where C_0 is defined by (2.19), α, β are given by (5.9).

In the proof of Theorem 3.1, the term containing ‖q(u_0)‖_1 is introduced in the estimate (3.20). We will use Lemma 5.1 to modify (3.20). Observe N −1∑ n=0 ‖ ‖ ‖ ‖ ∫ tn+1 tn q(u(·, τ))dτ − Δt_nq(u(·, t_{n+1})) ‖ ‖ ‖ ‖_1

(5.17)

≤ β δ N −1∑ n=0 ∫ tn+1 tn^‖ u(·, τ) − u(·, t_{n+1})‖_1dτ

≤ β δ N −1∑ n=0 ∫ tn+1 tn [ C_0 ∫ tn+1 τ |u(·, t)|_{BV} dt + β δ ∫ tn+1 τ ‖u(·, t)‖_1dt ] dτ, where in the last step we have used (5.16). Note that 0 < δ < 1. Using (5.14) and (5.15), we obtain from (5.17) that N −1∑ n=0 ‖ ‖ ‖ ∫ tn+1 tn q(u(·, τ))dτ − Δt_nq(u(·, t_{n+1})) ‖ ‖ ‖ 1 (5.18)

≤ C δ^2 N −1∑ n=0 ∫ tn+1 tn ∫ tn+1 τ e^{−αt/δ}dtdτ ≤ C δ^2 ∑ n<N/2 Δt_n ∫ tn+1 tn e^{−αt/δ}dt + C δ^2 ∑ n≥N/2 (Δt_n)^2e^{−αt}n^{/δ}

≤ C δ^2 2δ| ln δ| N ∫_2δ_{| ln} δ_|/α 0 e^{−αt/δ}dt + C (Nδ)^2 ∑ n≥N/2 e^{−2δ| ln δ|/δ} ≤ CN^{−1}| ln δ| + CN^{−1}, where C is a constant independent of δ and N. Combining the above analysis, we obtain the following conclusions.

Theorem 5.2 Assume that u_0 ∈ BV ∩ L^1(R) ∩ L^∞(R), f ∈ C^2(R), and g ∈ C^1(R) satisfying g(0) = 0, g^′(0) < 0. Let u be the entropy solution of (5.2)-(5.3) and the mesh {t_n}^N_{n=0} be given by (5.11). Then the following estimate holds: ‖ ‖ ‖ ‖ ‖u( ·, NΔt) − N∏ n=1 S_2(Δt_n)S_1(Δt_n)v_0 ‖ ‖ ‖ ‖ ‖_1

≤ ‖u_0 − v_0‖_1 + CN^{−1} ( | ln δ| + 1 ) , (5.19)

where the constant C is independent of N and δ.

As mentioned at the end of Section 3, we can modify the above proof to get the following estimates.

Theorem 5.3 Let the functions u_0, f and g in (5.2)-(5.3) be subject to the conditions stated in Theorem 5.2. Let u be the entropy solution of (5.2)-(5.3). Then the following estimates hold: max 1≤n≤N ‖ ‖ ‖ ‖ ‖u( ·, t_n) − n∏ m=1 S_2(Δt_m)S_1(Δt_m)u_0 ‖ ‖ ‖ ‖ ‖_1

(5.20)

≤ C(Nδ)^{−1} for uniform mesh, CN^{−1} ( | ln δ| + 1 ) for mesh (5.11),

where C is independent of N and δ.

For numerical verification of the results stated in Theorem 5.3, we reconsider the problem in Example 5.1, with δ = 0.001, 0 < t ≤ 1 and with an initial data such that ‖u_0‖_1 = 1. The L^1 error for the operator splitting methods, given by the left hand side of (5.20), with uniform mesh and (5.11) are plotted in Figure 1. It is observed that the error obtained by using mesh (5.11) is linear with respect to N^{−1}. On the other hands, the error associated with uniform mesh is quite large since N^{−1} is not smaller than δ.

Figure 1: L^1-error for operator splitting method for Example 5.1: the upper curve is obtained by using uniform mesh and the lower one is given by mesh (5.11).

6 Multidimensional equation

We consider the two dimensional Cauchy problem: u_t + f_1(u)_x + f_2(u)_y = q(u); (x, y) ∈ R^2, t ∈ (0, T ],

(6.1) u(x, y, 0) = u_0(x, y). (6.2)

We point out that Propositions 2.1-2.4 can be extended to scalar conservation laws with several space dimensions. As an example, we will extend (2.9) to the two-dimensional problem (6.1)-(6.2). Assume that we have another equation:

v_t + f_1(v)_x + f_2(v)_y = q(v); (x, y) ∈ R^2, t ∈ (0, T ],

(6.3) v(x, y, 0) = v_0(x, y). (6.4)

We will prove the following result, which is the extension of (2.9). The standard theory for vanishing viscosity method, which is based on the idea of passing to the limit as ϵ → 0+ in (6.9) or (6.12) below, can be found in Kruzkov [14] and Vol’pert [34].

Lemma 6.1 If u_0 given by (6.2) and v_0 given by (6.4) belong to BV (R^2) ∩ L^1(R^2) ∩ L^∞(R^2), then the following estimate holds: ∫ T 0 ‖q(u(·, ·, τ)) − q(v(·, ·, τ))‖_1dτ ≤ ‖u_0 − v_0‖_1, (6.5) where u and v are solutions of (6.1)-(6.2) and (6.3-(6.4), respectively.

Proof. Again we consider the parabolic regularization of the following forms: u^ϵ_t + f_1(u^ϵ)_x + f_2(u^ϵ)_y = q(u^ϵ) + ϵ ( u^ϵ_{xx} + u^ϵ_{yy} ) ; u^ϵ(x, y, 0) = u_0(x, y), (6.6) v^ϵ_t + f_1(v^ϵ)_x + f_2(v^ϵ)_y = q(v^ϵ) + ϵ ( v^ϵ_{xx} + v^ϵ_{yy} ) ; v^ϵ(x, y, 0) = v_0(x, y), (6.7) where ϵ > 0. We will employ the techniques used in the proof of Proposition 2.2 to prove (6.5). Let k = T/M and t_m = mk. Let U^ϵ(x, y, 0) = u_0(x, y). For a given starting value U^ϵ(x, y, t_m), we will obtain U^ϵ(x, y, t_{m+1}) by the following forward Euler splitting method. First find the intermediate value ξ_m(x, y) by using the information of the given function U^ϵ(x, y, t_m): ξ_m(x, y) = U^ϵ(x, y, t_m) + kq(U^ϵ(x, y, t_m)). (6.8) Then solve the following homogeneous parabolic equation to obtain U^ϵ(x, y, t_{m+1}): U^ϵ_t + f_1(U^ϵ)_x + f_2(U^ϵ)_y = ϵ ( U^ϵ_{xx} + U^ϵ_{yy} ) , t ∈ (t_m, t_{m+1}), (6.9) U^ϵ(x, y, t_m) = ξ_m(x, y). (6.10) This procedure will generate U(x, y, t_{m+1}) for 0 ≤ m ≤ M − 1. Similarly, we can obtain V^ϵ(x, y, t_{m+1}) by first computing η_m(x, y) = V^ϵ(x, y, t_m) + kq(V^ϵ(x, y, t_m)), (6.11) and then solving the homogeneous parabolic equations V^ϵ_t + f_1(V^ϵ)_x + f_2(V^ϵ)_y = ϵ ( V^ϵ_{xx} + V^ϵ_{yy} ) , t ∈ (t_m, t_{m+1}), (6.12) V^ϵ(x, y, t_m) = η_m(x, y), (6.13) for 0 ≤ m ≤ M − 1. It can be shown that the above splitting procedures is convergent in the following sense: sup 0≤m≤M ‖u^ϵ(·, ·, t_m) − U^ϵ(·, ·, t_m)‖_1 → 0, as k → 0, (6.14) sup 0≤m≤M ‖v^ϵ(·, ·, t_m) − V^ϵ(·, ·, t_m)‖_1 → 0, as k → 0. (6.15)

Using the standard theory for homogeneous parabolic equations we obtain from (6.9)-(6.10) and (6.12)-(6.13) that ‖U^ϵ(·, ·, t_{m+1}) − V^ϵ(·, ·, t_{m+1})‖_1 ≤ ‖ξ_m(·, ·) − η_m(·, ·)‖_1. (6.16) It follows from (6.8), (6.11) and the same technique used in the proof of Theorem 4.1 that ‖ξ_m(·, ·) − η_m(·, ·)‖_1 (6.17) = ‖U^ϵ(·, ·, t_m) − V^ϵ(·, ·, t_m)‖_1 − k‖q(U^ϵ(·, ·, t_m)) − q(V^ϵ(·, ·, t_m))‖_1, provided that k is sufficiently small, where we have used the fact that q^′ ≤ 0. Combining (6.16) and (6.17) we obtain ‖U^ϵ(·, ·, t_{m+1}) − V^ϵ(·, ·, t_{m+1})‖_1 (6.18) ≤ ‖U^ϵ(·, ·, t_m) − V^ϵ(·, ·, t_m)‖_1 − k‖q(U^ϵ(·, ·, t_m)) − q(V^ϵ(·, ·, t_m))‖_1, for 0 ≤ m ≤ M − 1, provided that k is sufficiently small. It is easy to obtain from the above inequality that_{M −1} ∑ m=0 k‖q(U^ϵ(·, ·, t_m)) − q(V^ϵ(·, ·, t_m))‖_1 ≤ ‖u_0 − v_0‖_1, (6.19)

where we have used the facts that U^ϵ(x, y, 0) = u_0(x, y) and V^ϵ(x, y, 0) = v_0(x, y). Letting k → 0, it follows from (6.14), (6.15) and (6.19) that ∫ T 0 ‖q(u^ϵ(·, ·, τ)) − q(v^ϵ(·, ·, τ))‖_1dτ ≤ ‖u_0 − v_0‖_1. (6.20)

The inequality (6.5) is obtained by letting ϵ → 0 in (6.20). 2

After extending Propositions 2.1-2.4, we can establish results similar to those in Sections 3 to 5. In particular, Theorems 3.1, 4.1 and 5.3 can be extended to the two-dimensional problem (6.1)-(6.2). We will omit the detail results and proofs here.

7 Concluding Remarks

In this work, we have analyzed time-splitting methods applied to hyperbolic conservation laws. The solution properties obtained in Section 2 are important in the error analysis. In a separate work, we will consider fully discretizations for the nonhomogeneous equation with stiff source terms. We will analyze the order of convergence of the fully discretized schemes. It will be shown that the schemes possess a discrete analogy of the stability properties given in Section 2.

This work concentrates on time-splitting based on Euler type methods. As expected, the error introduced by the splitting is at most linear with respect to the time step. A frequently used splitting method for inhomogeneous hyperbolic equation is Strang’s splitting [29]. As before, if we call the stiff ODE operators as S_2(t) and the homogeneous convection operator S_1 then the Strang splitting takes the form u(·, t_{n+1}) ≈ S_2 ( Δt 2 ) S_1(Δt)S_2 ( Δt 2 ) u(·, t_n). Consider the simple model (5.2)-(5.3). It can be shown that the above scheme is a second-order splitting for δ = O(1), as long as the exact solution is sufficiently smooth. A natural quation is can Strang’s splitting have second-order as δ → 0 while holding Δt fixed? In [11], Jin considered a prototypical relaxation model:

h_t + w_x = 0, w_t + p(h)_x = − 1 δ (w − f(h)), p^′(h) > 0. By an asymptotic analysis, he claimed that in the regime δ → 0 and δ/Δt → 0 the Strang splitting is only a first order approach to the equilibrium equation. He also designed a second-order Runge-Kutta type splitting method that possesses the discrete analogy of the continuous asymptotic limit, which is able to capture the correct physical behaviors with high order accuracy, even if the initial layer is not numerically resolved. The convergence of Jin’s second-order splitting scheme was proved by Chalabi

[1]. It is interesting to provide rigorous analysis for the convergence order of Strang’s second-order splitting and Jin’s second-order splitting.

Acknowledgments. This research was initiated during the author’s visit to the Mathematical Institute of ETH Zurich. The hospitality of Professor Rolf Jeltsch is gratefully acknowledged. The author thanks P. Klingenstein and H. J. Schroll for useful discussions.

References

[1] A. Chalabi, On convergence of numerical schemes for hyperbolic conservation laws with stiff source terms, Preprint, 1995.

[2] G. Q. Chen, C. D. Levermore and T. P. Liu, Hyperbolic conservation laws with stiff relaxation terms and entropy, Comm. Pure Appl, Math., 47 (1994), pp. 787-830.

[3] B. Cockburn and P.-A. Gremaud, A priori error estimates for numerical methods for scalar conservation laws. Part I: the general approach, Math. Comp., 1996.

[4] M. Crandall and A. Majda, The method of fractional steps for conservation laws, Numer. Math., 34 (1980), pp. 285-314.

[5] B. Engquist and B. Sjogreen, Robust difference approximation of stiff inviscid detonation waves, To appear in SIAM J. Sci. Comput..

[6] E. Hewitt and K. Stromberg, Real and Abstract Analysis, Springer-Verlag, 1965.

[7] S. K. Godunov, Finite difference methods for numerical computations of discontinuous solutions of the equations of fluid dynamics, Math. USSR-Sb., 47 (1959), pp. 271-295 (in Russian).

[8] A. Harten, High resolution schemes for hyperbolic conservation laws, J. Comput. Phys., 49 (1983), pp.

357-393.

[9] A. Harten, B. Engquist, S. Osher and S. R. Chakravarthy, Uniformly high order accurate essentially nonoscillatory schemes, III, J. Comput. Phys., 71 (1987), pp. 231-303.

[10] H. Holden and N. H. Risebro, A method of fractional steps for scalar conservation laws without the CFL condition, Math. Comp., 60 (1993), pp. 221-232.

[11] S. Jin, Implicit numerical schemes for hyperbolic conservation laws with stiff relaxation terms, J. Comput.

Phys.,122 (1995), pp. 51-67.

[12] J. O. Langseth, A. Tveito, and R. Winther, On the convergence of operator splitting applied to conservation laws with source terms, 1993. To appear in SIAM J. Numer. Anal.

[13] P. Klingenstein, Hyperbolic conservation laws with source terms: errors of the shock location. Preprint, Seminar fur Angewandte Mathematik, ETH Zurich, Switzerland.

[14] S. N. Kruzkov, First order quasilinear equations with several space variables, Math. USSR. Sb. 10 (1970), pp. 217-243.

[15] N. N. Kuznetsov, Accuracy of some approximate methods for computing the weak solutions of a first-order quasi-linear equation, USSR Comput. Math. and Math. Phys., 16 (1976), pp. 105-119.

[16] P. D. Lax, Hyperbolic systems of conservation laws II, Comm. Pure Appl. Math., 10 (1957), pp. 537-566.

[17] R. J. LeVeque, CLAWPACK – a software package for solving multi-dimensional conservation laws, ftp://amath.washington.edu/pub/rjl/programs/claw.

[18] R. J. LeVeque and H. C. Yee, A study of numerical methods for hyperbolic conservation laws with stiff source terms, J. Comput. Phys., 86 (1990), pp. 187-210.

[19] T. P. Liu, Hyperbolic conservation laws with relaxation, Comm. Math. Phys., 108 (1987), pp. 153-175. [20] B. J. Lucier, Error bounds for the methods of Glimm, Godunov and LeVeque, SIAM J. Numer. Anal., 22 (1985), pp. 1074-1081.

[21] A. Majda, A qualitative model for dynamic combustion, SIAM J. Appl. Math., 40 (1981), pp. 70-93. [22] R. B. Pember, Numerical methods for hyperbolic conservation laws with stiff relaxation I. Spurious solutions, Center for Pure and Applied Math., UC Berkeley, Preprint, 1992.

[23] R. B. Pember, Numerical methods for hyperbolic conservation laws with stiff relaxation II. Higher-order Godunov methods, SIAM J. Sci. Comput., 14 (1993), pp. 824-859.

[24] R. Sanders, On convergence of monotone finite difference schemes with variable spatial differencing, Math.

Comp., 40 (1983), pp. 91-106.

[25] H. J. Schroll, A. Tveito and R. Winther, An error bound for a finite difference scheme applied to a stiff system of conservation laws, 1994. To appear in SIAM J. Numer. Anal.

[26] H. J. Schroll and R. Winther, Finite-difference schemes for scalar conservation laws with source terms, IMA J. Numer. Anal., 16 (1996), pp. 201-215.

[27] C. W. Shu and S. Osher, Efficient implementation of essentially non-oscillatory shock capturing schemes, J. Comput. Phys., 77 (1988), pp. 439-471.

[28] G. A. Sod, A numerical study of a converging shock, J. Fluid Mech., 83 (1977), pp. 785-794. [29] G. Strang, On the construction and comparison of difference schemes, SIAM J. Numer. Anal., 5 (1968), pp. 506-517.

[30] T. Tang and Z.-H. Teng, Error bounds for fractional step methods for conservation laws with source terms, SIAM J. Numer. Anal., 32 (1995), pp. 110-127.

[31] T. Tang and Z.-H. Teng, Viscosity methods for piecewise smooth solutions to scalar conservation laws, 1995. To appear in Math. Comp.

[32] Z. -H. Teng, On the accuracy of fractional step method for conservation laws in two dimensions, SIAM J.

Numer. Anal., 31 (1994), pp. 43-63.

[33] Z.-H. Teng and P. W. Zhang, Optimal L^1-rate of convergence for viscosity method and monotone scheme to piecewise constant solutions with shocks, 1994. To appear in SIAM J. Numer. Anal.

[34] A. I. Vol’pert, The spaces BV and quasilinear equations, Math. USSR Sb., 2 (1967), pp. 225-267. [35] G. Whitham, Linear and Nonlinear Waves, Wiley-Interscience, New York, 1974.