A DIFFERENCE SCHEME FOR A STIFF SYSTEM OF CONSERVATION LAWS

WEN-AN YONG

Abstract. A stiff system of conservation laws is analyzed with a difference method. The existence of entropy-satisfying BV-solutions to the initial value problems is estabilished. Furthermore, we show that the solutions converge to the solutions of the corresponding equilibrium system as the relaxation time tends to zero.

1. Introduction

In this paper we use a difference scheme to study the following system of conservation laws with a stiff source term u_t + (f(u) − v)_x = 0,

v_t + v − (1 − μ)f(u) ϵ = 0.

(1.1)

Here f is a given function of u; μ is a parameter; the scalar variables u and v are unknown and ϵ is a small positive parameter, called the relaxation time.

The above system serves as a model for the equations of motion for a viscoelastic solid. Precisely, the relation of the system to the equations of motion for a nonlinear Maxwell solid is the same as the relation of the Burgers equation, u_t +(u^2/2)_x = 0, to the equations of motion for an ideal gas (see [2] and references cited therein). Furthermore, the system (1.1) is an example of general hyperbolic conservation laws with stiff source terms ([8]).

The main results of the present paper are the existence of entropy-satisfying BVsolutions (u^ϵ, v^ϵ) to the above system with proper initial data and the convergence of (u^ϵ, v^ϵ), as ϵ tends to zero, to the solution of the so-called equilibrium or reduced system of (1.1)

u_t + μf(u)_x = 0, v − (1 − μ)f(u) = 0. (1.2)

Those results are based on the following condition on f and μ

f^′(u) > 0 and 0 < μ < 1.

(1.3)

This condition on system (1.1) is equivalent to the stability condition in [8] and the subcharacteristic condition in [4].

Here an entropy solution is defined in the following way.

1991 Mathematics Subject Classification. Primary 35L45; Secondary 65M06. Key words and phrases. Conservation laws, zero relaxation limit, difference scheme, BV-solution, convex entropy. 1

Definition 1.1. A pair of bounded measurable functions (u^ϵ, v^ϵ) is called an entropy solution of the system (1.1) if the following inequality

η(u^ϵ, v^ϵ)_t + q(u^ϵ, v^ϵ)_x ≤ 1 ϵ η_v(u^ϵ, v^ϵ)((1 − μ)f(u^ϵ) − v^ϵ)

holds in the sense of distribution for any convex entropy pair (η, q), which is defined in section 3.

System (1.1) has been studied by several authors. In [2] Greenberg and Hsiao dealt with a class of Riemann problems of the above system. For the Cauchy problems with bounded measurable initial data, Chen and Liu ([1]) proved the existence of L^∞ entropy solutions by using the viscosity method and the theory of compensated compactness; furthermore they again used the theory of compensated compactness to discuss the limit as ϵ tends to zero.

Inspired by the papers [7] and [5] of Tveito and others, I prove the existence of entropysatisfying BV-solutions for system (1.1) by demonstrating convergence of a difference scheme. Because of such an existence result, the study of the zero relaxation limit becomes a very simple matter. In fact, the existence result says that the family of solutions, indexed by the parameter ϵ, lies in a bounded subset of L^∞(R^+ × R) ∩ L^∞(R^+, BV (R)) ∩ Lip(R^+, L^1(R)) with R^+ = (0, ∞), which is compactly (see [6]) embeded into L^1_{loc}(R^+ ×R). This compactness is naturally used to study the zero ralaxation limit.

We note that the Kruz̆kov entropy condition was used by Tveito and others in [7] and [5] to study a simpler model. However, the entropy condition does not make sense for system (1.1). Thus, the approach in [7] does not seem to be valid for our problem. But the approach here works for the problem in the aforementioned papers and some more general systems than that given in (1.1).

The paper is organized as follows. Section 2 is devoted to the analysis of a difference scheme for system (1.1). In section 3, we analyze entropies for more general systems and establish an entropy inequality for the difference solution. The main results are shown in section 4.

2. The Difference Scheme

Let u_0(x) and v_0(x) be two bounded measurable functions of x ∈ R. Our difference approximation to (1.1) with initial data (u_0(x), v_0(x)) is the following semi-implicit scheme u^{n+1}_j − u^n_j Δt + f(u^n_j ) − v^n_j − f(u^n_{j−1}) + v^n_{j−1} Δx = 0, v^{n+1}_j − v^n_j Δt + v^{n+1}_j − (1 − μ)f(u^{n+1}_j ) ϵ = 0,

(2.1)

together with

(u^0_j , v^0_j ) = 1 Δx ∫_{xj}+1

x_j

(u_0(x), v_0(x))dx.

(2.2)

Here Δx, Δt are the increments respectively in x and t; u^n_j and v^n_j denote approximations of u(x, t) and v(x, t), respectively, over the grid-block [x_j, x_{j+1}) × [t_n, t_{n+1}) with x_j = jΔx and t_n = nΔt; j = 0, ±1, ±2, · · · and n = 0, 1, 2, · · · .

Let C_1 and C_2 be such constants that the initial data take values in Σ, which means C_1 ≤ f(u^0_j ) − v^0_j ≤ C_2, 1 − μ μ C_1 ≤ v^0_j ≤ 1 − μ μ C_2

(2.3)

for all j. Throughout this paper, we assume that the grid sizes satisfy the CFL-condition

f^′(u) Δt Δx ≤ 1 (2.4)

for u, with some v, in the above domain Σ. It is interesting, from a computational point of view, to note that this condition is independent of the relaxation time ϵ.

It is obvious that for each (j, n), (u^n_j , v^n_j ) is well-defined. Furthermore, we have Lemma 2.1. Assume the CFL-condition in (2.4). Then for each (j, n), (u^n_j , v^n_j ) lies in Σ, namely, C_1 ≤ f(u^n_j ) − v^n_j ≤ C_2, 1 − μ μ C_1 ≤ v^n_j ≤ 1 − μ μ C_2.

Proof. Set A^n_j =

∫_1 0 f^′(θu^{n+1}_j + (1 − θ)u^n_j )dθ and U^n_j = f(u^n_j ) − v^n_j . Then the difference scheme in (2.1) gives U^{n+1}_j + v^{n+1}_j − U^n_j − v^n_j Δt + A^n_j U^n_j − U^n_{j−1} Δx = 0, v^{n+1}_j − v^n_j Δt − (1 − μ)U^{n+1}_j − μv^{n+1}_j ϵ = 0.

(2.5)

From (2.5) we obtain ϵ + Δt ϵ + μΔt U^{n+1}_j = (1 − λA^n_j )U^n_j + λA^n_j U^n_{j−1} + μΔt ϵ + μΔt v^n_j , v^{n+1}_j = ϵ ϵ + μΔt v^n_j + (1 − μ)Δt ϵ + μΔt U^{n+1}_j ,

(2.6)

where λ = Δt Δx . If we inductively assume that C_1 ≤ f(u^n_j ) − v^n_j ≤ C_2 and 1 − μ μ C_1 ≤ v^n_j ≤ 1 − μ μ C_2 for all j and n, then it is easily to see from (2.6), by using the CFL-condition in (2.4) and the stability condition in (1.3), that C_1 ≤ f(u^{n+1}_j ) − v^{n+1}_j ≤ C_2, 1 − μ μ C_1 ≤ v^{n+1}_j ≤ 1 − μ μ C_2.

This proves the lemma.

Lemma 2.1 implies an L^∞-bound of the difference solution. We will prove the existence of a BV-solution by demonstrating convergence of the difference solution via the standard argument in [6]. Thus we need to show that the difference solution has bounded total variation in x and is L^1-continuous in time. To this end, we further assume that the initial data satisfy

T V (u^0) + T V (v^0)^{def}= ∑ j (|u^0_j − u^0_{j−1}| + |v^0_j − v^0_{j−1}|) < ∞;

‖v^0 − (1 − μ)f(u^0)‖_L1^{def}= ∑ j |v^0_j − (1 − μ)f(u^0_j )|Δx = O(ϵ),

(2.7)

where the second relation means that the initial data are close to equilibruim.

In what follows, for convenience we often use the Riemann invariant U = f(u) − v instead of u, since there are positive contants M_1, M_2 such that M_1|u_1 − u_2| − |v_1 − v_2| ≤ |U_1 − U_2| ≤ M_2|u_1 − u_2| + |v_1 − v_2|

(2.8) for (u_i, v_i) ∈ Σ(i = 1, 2).

Firstly, we establish Lemma 2.2. For n = 1, 2, · · · , T V (U^n) + T V (v^n) ≤ T V (U^0) + T V (v^0).

Proof. Let ΔU^n_j = U^n_j − U^n_{j−1} and Δv^n_j = v^n_j − v^n_{j−1}. Then it follows from (2.6) that ϵ + Δt ϵ + μΔt ΔU^{n+1}_j = (1 − λA^n_j )ΔU^n_j + λA^n_{j−1}ΔU^n_{j−1} + μΔt ϵ + μΔt Δv^n_j , Δv^{n+1}_j = ϵ ϵ + μΔt Δv^n_j + (1 − μ)Δt ϵ + μΔt ΔU^{n+1}_j .

Furthermore, using the CFL-condition in (2.4) and the stability condition in (1.3) yields ϵ + Δt ϵ + μΔt |ΔU^{n+1}_j | ≤(1 − λA^n_j )|ΔU^n_j | + λA^n_{j−1}|ΔU^n_{j−1}| + μΔt ϵ + μΔt |Δv^n_j |, |Δv^{n+1}_j | ≤ ϵ ϵ + μΔt |Δv^n_j | + (1 − μ)Δt ϵ + μΔt |ΔU^{n+1}_j |. (2.9)

Notice that lim_{j→±∞} |ΔU^n_j | = 0, if we inductively assume ∑ j |ΔU^n_j | < +∞. Now adding the two inequalities in (2.9) gives ∑ j (|Δv^{n+1}_j | + |ΔU^{n+1}_j |) ≤ ∑ j (|Δv^n_j | + |ΔU^n_j |), or T V (U^{n+1}) + T V (v^{n+1}) ≤ T V (U^n) + T V (v^n).

The proof is complete.

Next we show that the difference solution remains close to equilibrium for all time. From now on, C denotes a generic positive constant which may change from relation to relation and is independent of Δx, Δt and ϵ. Lemma 2.3. There is a constant C such that for all n, ‖v^n − (1 − μ)f(u^n)‖_L1 ≤ Cϵ.

Proof. Set Q^n_j = (1 − μ)U^n_j − μv^n_j . Then from (2.5), Q^{n+1}_j − Q^n_j = (1 − μ)(U^{n+1}_j − U^n_j ) − μ(v^{n+1}_j − v^n_j ) = −(1 − μ)λA^n_j (U^n_j − U^n_{j−1}) − Δt ϵ Q^{n+1}_j .

Thus, (1 + Δt ϵ )|Q^{n+1}_j | ≤ |Q^n_j | + λ(1 − μ)A^n_j |U^n_j − U^n_{j−1}|, and thereby, (1 + Δt ϵ )‖Q^{n+1}‖_L1 ≤ ‖Q^n‖_L1 + Δx ∑ j |ΔU^n_j |_L1 ≤ ‖Q^n‖_L1 + CΔt. (2.10)

Here we have used Lemma 2.2 and Δx = O(Δt). From (2.10) it is easy to verify that ‖Q^n‖_L1 ≤ (1 + Δt ϵ )^{−n}‖Q^0‖_L1 + Cϵ. Hence the lemma follows from the assumption ‖Q^0‖_L1 ≤ Cϵ in (2.7).

Lemma 2.3 implies the following two lemmas. Lemma 2.4. For n = 0, 1, 2, · · · , ‖U^{n+1} − U^n‖_L1 + ‖v^{n+1} − v^n‖_L1 ≤ CΔt.

Proof. It follows from the scheme in (2.5) that |U^{n+1}_j − U^n_j | ≤ λA^n_j |U^n_j − U^n_{j−1}| + Δt ϵ |Q^{n+1}_j |, |v^{n+1}_j − v^n_j | ≤ Δt ϵ |Q^{n+1}_j |. By using the last two lemmas, we obtain ‖U^{n+1} − U^n‖_L1 + ‖v^{n+1} − v^n‖_L1 ≤ CΔt.

The proof is complete. Lemma 2.5. ‖u^{n,ϵ} − u^{n,0}‖_L1 + ‖v^{n,ϵ} − v^{n,0}‖_L1 ≤ nΔtC ϵ Δt . Proof. The first equation of the scheme in (2.1) can be rewritten as u^{n+1,ϵ}_j = u^{n,ϵ}_j + λ(μf(u^{n,ϵ}_{j−1}) − μf(u^{n,ϵ}_j )) + λ(Q^{n,ϵ}_{j−1} − Q^{n,ϵ}_j ). (2.11) Here we have used the superscript ϵ to denote the scheme depending on the parameter ϵ. On the other hand, fix Δt and Δx and let ϵ go to zero. It is easy to see that the difference solution (u^{n,ϵ}_j , v^{n,ϵ}_j ) converges to (u^{n,0}_j , v^{n,0}_j ), which satisfies u^{n+1,0}_j = u^{n,0}_j + λ(μf(u^{n,0}_{j−1}) − μf(u^{n,0}_j )), v^{n,0}_j = (1 − μ)f(u^{n,0}_j ).

(2.12)

This is just the first-order upwind scheme for the reduced system in (1.2).

Set e^n_j = u^{n,ϵ}_j − u^{n,0}_j . Then from the equation in (2.11) and the first equation in (2.12) it follows that e^{n+1}_j = e^n_j + λμf^′(ũ^n_{j−1})e^n_{j−1} − λμf^′(ũ^n_j )e^n_j + λ(Q^{n,ϵ}_{j−1} − Q^{n,ϵ}_j ), where ũ^n_j satisfies f(u^{n,ϵ}_j ) − f(u^{n,0}_j ) = (u^{n,ϵ}_j − u^{n,0}_j )f^′(ũ^n_j ).

Therefore, |e^{n+1}_j | ≤ |e^n_j | + λμf^′(ũ^n_{j−1})|e^n_{j−1}| − λμf^′(ũ^n_j )|e^n_j | + λ(|Q^{n,ϵ}_{j−1}| + |Q^{n,ϵ}_j |). Note that ‖u^{n,ϵ}_j − u^{n,0}_j ‖_L1 < +∞ implies lim_{j→±∞} |u^{n,ϵ}_j − u^{n,0}_j | = 0. Using Lemma 2.3 and the last inequality gives ‖e^{n+1}‖_L1 ≤ ‖e^n‖_L1 + 2λ‖Q^n‖_L1 ≤ ‖e^n‖_L1 + Cϵ. Since ‖u^{0,ϵ}_j − u^{0,0}_j ‖_L1 = 0, we obtain

‖e^{n+1}‖_L1 ≤ (n + 1)Cϵ ≤ (n + 1)ΔtC ϵ Δt . This completes the proof.

By combining Lemma 2.5 and the well-known error estimate in [3], we immediately obtain Lemma 2.6. There is a constant C_T , depending only on T , such that for all n with nΔt ≤ T , ‖u^{n,ϵ} − u^0(·, nΔt)‖_L1 + ‖v^{n,ϵ} − v^0(·, nΔt)‖_L1 ≤ C_T ( ϵ Δt + √ Δt). Here (u^0, v^0)(x, t) is the unique solution of the reduced system in (1.2) with initial data (u_0, v_0)(x).

3. Entropies In this section, we discuss entropies for general systems of the form u_t + F (u, v)_x =0, v_t + Q(u, v) =0. (3.1)

We assume that there is a function h(u) such that Q(u, v) = 0 implies v = h(u). In addition, we call (3.1) a full system and u_t + F (u, h(u))_x = 0

(3.2) its equilibrium or reduced system. Now, the stability condition like that in (1.3) for the system (1.1) becomes Q_v(u, v) > 0 and F_vQ_u(F_uQ_v − F_vQ_u) > 0

(3.3) for all (u, v) under consideration. See [8] for this condition. Note that h^′(u) = −Q_u(u, h(u))/Q_v(u, h(u)). (3.4)

Let (η, q) be a smooth entropy pair for the system in (3.1). Then by the definition we have η_u(u, v)F_u(u, v) = q_u(u, v) , η_u(u, v)F_v(u, v) = q_v(u, v). (3.5) Set ϕ = η_u(u, v). From the last two relations it immediately follows that ϕ_vF_u − ϕ_uF_v = 0.

Thus, ϕ is a function of F (u, v), that is, ϕ = ϕ(F (u, v)). Consequently, the general representation of the entropy pairs is η = ∫_u ϕ(F (ξ, v))dξ + ψ(v), q = ∫_{F (u,v)} ϕ(ξ)dξ, (3.6)

where ϕ and ψ are two arbitrary smooth functions of a single variable.

Note that both ϕ and q are functions of a single variable. Having these explicit expressions, one can easily see the following basic properties about the entropy pairs (a). η_u(u, v) = ϕ(F (u, v)); (b). q^′(ξ) = ϕ(ξ);

(c). If η is convex, then ϕ(F (u, v)) is increasing with respect to u. Obviously, there exist convex entropies for the systems in (3.1). Furthermore, we have Lemma 3.1. Let (η, q) be an entropy pair for the full system and η_v vanish along v = h(u). Then (η, q)(u, h(u)) is an entropy pair for the reduced system. Conversely, given an entropy pair (η_∗, q_∗) for the reduced system, there is an entropy pair (η, q) for the full system, such that (η, q)(u, h(u)) = (η_∗, q_∗)(u) and η_v(u, h(u)) = 0.

Proof. For the first part, we only need to show that q(u, h(u))^′ = η(u, h(u))^′F (u, h(u))^′. In fact, the relations in (3.5), satisfied by η and q, give us q(u, h(u))^′ = q_u(u, h(u)) + q_v(u, h(u))h^′(u) = η_u(u, h(u))F_u(u, h(u)) + η_u(u, h(u))F_v(u, h(u))h^′(u) = η_u(u, h(u))F (u, h(u))^′ = η(u, h(u))^′F (u, h(u))^′. For the other part, by the general representation in (3.6) of the entropy pairs we need to choose ϕ and ψ such that ∫_u ϕ(F (ξ, h(u)))dξ + ψ(h(u)) = η_∗(u) (3.7)

and ∫_u ϕ^′(F (ξ, h(u)))F_v(ξ, h(u))dξ + ψ^′(h(u)) = 0. (3.8)

Differentiating the equation in (3.7) with respect to u and using the equation in (3.8), we get η^′_∗(u) = ϕ(F (u, h(u))).

The stability condition in (3.3) with the relation in (3.4) implies F (u, h(u))^′ ≠ 0. Therefore, as a function of u, F (u, h(u)) has an inverse, say g. Namely, F (g(v), h(g(v))) = v. Thus, we take ϕ(ξ) = η^′_∗(g(ξ)). Having ϕ, ψ can be chosen from the equation in (3.7) as

ψ(v) = η_∗(h^{−1}(v)) −

∫_h�1_{(v)} ϕ(F (ξ, v))dξ, where we have used the fact that h has an inverse h^{−1}, which is also implied by the stability condition in (3.3) with the relation in (3.4). This proves the lemma.

The stability condition in (3.3) also implies F_u(u, v) ≠ 0. Without loss of generality, we assume that F_u(u, v) > 0. Thus, the scheme for the system in (1.1) is an example of the following scheme for the system in (3.1) u^{n+1}_j − u^n_j Δt + F (u^n_j , v^n_j ) − F (u^n_{j−1}, v^n_{j−1}) Δx = 0, v^{n+1}_j − v^n_j Δt + Q(u^{n+1}_j , v^{n+1}_j ) = 0.

(3.9)

And the CFL-condition now becomes λF_u(u, v) ≤ 1 (3.10) for (u, v) under consideration.

Now we turn to prove the main result of this section.

Lemma 3.2. Suppose (η, q) is a convex entropy pair for the system in (3.1), the CFLcondition in (3.10) holds and (u^n_j , v^n_j ) is the solution of the difference scheme in (3.9). Then the following discrete entropy inequality

η(u^{n+1}_j , v^{n+1}_j ) − η(u^n_j , v^n_j ) Δt + q(u^n_j , v^n_j ) − q(u^n_{j−1}, v^n_{j−1}) Δx ≤ −η_v(u^{n+1}_j , v^{n+1}_j )Q(u^{n+1}_j , v^{n+1}_j )

holds for each n and j.

Proof. The convexity of η implies that η_{vv} ≥ 0 and thereby η(u^{n+1}_j , v^{n+1}_j ) − η(u^{n+1}_j , v^n_j ) ≤(v^{n+1}_j − v^n_j )η_v(u^{n+1}_j , v^{n+1}_j ) ≤ − Δtη_v(u^{n+1}_j , v^{n+1}_j )Q(u^{n+1}_j , v^{n+1}_j ),

(3.11)

where we have used the scheme.

On the other hand, set δ = u^{n+1}_j − u^n_j and consider η(u^{n+1}_j , v^n_j ) − η(u^n_j , v^n_j ).

Since δ = λ(F (u^n_{j−1}, v^n_{j−1}) − F (u^n_j , v^n_j )) due to the scheme, by using the properties (a) and (b) of the entropies in the previous paragraph we have η(u^{n+1}_j , v^n_j ) − η(u^n_j , v^n_j ) =(u^{n+1}_j − u^n_j )

∫_1 0 η_u(θu^{n+1}_j + (1 − θ)u^n_j , v^n_j )dθ =δ ∫_1 0 ϕ(F (u^n_j + θδ, v^n_j ))dθ =λ(F (u^n_{j−1}, v^n_{j−1}) − F (u^n_j , v^n_j ))

∫_1 0 q^′(θF (u^n_{j−1}, v^n_{j−1}) + (1 − θ)F (u^n_j , v^n_j ))dθ + δ ∫_1 0 {ϕ(F (u^n_j + θδ, v^n_j )) − ϕ(θF (u^n_{j−1}, v^n_{j−1}) + (1 − θ)F (u^n_j , v^n_j ))}dθ ≡λ(q(F (u^n_{j−1}, v^n_{j−1})) − q(F (u^n_j , v^n_j ))) + δ ∫_1 0 γ(θδ)dθ,

(3.12)

where γ(θδ)^{def}= ϕ(F (u^n_j + θδ, v^n_j )) − ϕ(F (u^n_j , v^n_j ) + θδ/λ).

Next we show that δ ∫_1 0 γ(θδ)dθ ≤ 0. (3.13) Because F_u(u, v) > 0 and η is convex, the property (c) of entropies implies that ϕ is increasing. Thus, it suffices to show that δ(F (u^n_j + θδ, v^n_j ) − F (u^n_j , v^n_j ) − θδ/λ) ≤ 0, which is implied by the CFL condition in (3.10), since δ(F (u^n_j + θδ, v^n_j ) − F (u^n_j , v^n_j ) − θδ/λ) = θδ^2 1 λ (λF_u − 1) ≤ 0. Combining (3.12) and (3.13) yields η(u^{n+1}_j , v^n_j ) − η(u^n_j , v^n_j ) ≤ λ(q(F (u^n_{j−1}, v^n_{j−1})) − q(F (u^n_j , v^n_j ))).

Adding this to the inequality in (3.11) leads to the discrete entropy inequality in the lemma.

4. Main Results The main results of this paper are two theorems to be shown here. Having the estimates in lemmas 2.1–2.4 and Lemma 3.2 and recalling the inequalities in (2.8), we follow the standard argument in [6] to obtain Theorem 4.1. Suppose the initial data (u_0, v_0) are bounded measurable, have bounded total variations and are close to equilibrium as indicated in (2.7), and the grid sizes Δt, Δx always satisfy the CFL-condition in (2.4). Then when the grid sizes Δt, Δx tend to zero, there is a subsequence of the family {(u^{Δ,ϵ}, v^{Δ,ϵ})}, generated by the scheme in (2.1)–(2.2), converging in (L^1_{loc}(R × R^+))^2 to an entropy solution (u^ϵ, v^ϵ) of the system in

(1.1) with initial data (u_0, v_0). Furthermore, u^ϵ and v^ϵ satisfy C_1 ≤ f(u^ϵ(x, t)) − v^ϵ(x, t) ≤ C_2, 1 − μ μ C_1 ≤ v^ϵ(x, t) ≤ 1 − μ μ C_2;

(4.1)

T V (U^ϵ(·, t)) + T V (v^ϵ(·, t)) ≤ T V (U_0) + T V (v_0);

(4.2) ‖u^ϵ(·, t) − u^ϵ(·, τ )‖_L1 + ‖v^ϵ(·, t) − v^ϵ(·, τ )‖_L1 ≤ C|t − τ |; (4.3) ‖v^ϵ(·, t) − (1 − μ)f(u^ϵ(·, t))‖_L1 ≤ Cϵ; η(u^ϵ, v^ϵ)_t + q(u^ϵ, v^ϵ)_x + 1 ϵ η_v(u^ϵ, v^ϵ)(v^ϵ − (1 − μ)f(u^ϵ)) ≤ 0 in the sense of distribution.

Here is an explanation of the notations in the above theorem. The definition of (u^{Δ,ϵ}, v^{Δ,ϵ}) from (u^{n,ϵ}_j , v^{n,ϵ}_j ) is that in [6]. C_1, C_2 are found as in (2.3). U is the Riemann invariant f(u) − v. t ≥ 0, τ ≥ 0 and the constant C is independent of t (and τ ) as well.

In this framework of BV-solutions, the zero relaxation limit can be very easily discussed. In fact, the standard argument in [6] proves actually that the embedding of L^∞(R^+ × R) ∩ L^∞(R^+, BV (R)) ∩ Lip(R^+ , L^1(R)) into L^1_{loc}(R^+ × R) is compact. On the other hand, the relations in (4.1)–(4.3) show that {(u^ϵ, v^ϵ)}_{ϵ>0} lies in a bounded subset of L^∞(R^+ × R) ∩ L^∞(R^+, BV (R)) ∩ Lip(R^+ , L^1(R)). Thus, we have Theorem 4.2. Assume the conditions of Theorem 4.1. Then when the relaxation time ϵ tends to zero, there is a subsequence of the family {(u^ϵ, v^ϵ)}_{ϵ>0} converging in (L^1_{loc}(R × R^+))^2 to a weak solution (u^0, v^0) of the reduced system in (1.2). Furthermore, u^0 and v^0 are bounded measurable, have bounded total variations and satisfy ‖u^0(·, t) − u^0(·, τ )‖_L1 + ‖v^0(·, t) − v^0(·, τ )‖_L1 ≤ C|t − τ |.

Acknowledgement: This work was supported by the Deutsche Forschungsgemeinschaft through SFB 359 at the University of Heidelberg.

References

[1] G.-Q. Chen and T.-P. Liu, Zero relaxation and dissipation limits for hyperbolic conservation laws, Comm. Pure Appl. Math. 46 (1993), 755–781.

[2] J. M. Greenberg and L. Hsiao, The Riemann problem for the system ut + σx = 0 and (σ � f(u))t +

(σ � μf(u)) = 0, Arch. Rat. Mech. Anal. 82 (1983), 87–108.

[3] N. N. Kuznetsov, Accuracy of some approximate methods for computing the weak solutions of a first order quasilinear equation, USSR. Comp. Math. and Math. Phys. 16 (1976), 105–119.

[4] T.-P. Liu, Hyperbolic conservation laws with relaxation, Comm. Math. Phys. 108 (1987), 153–175. [5] H. J. Schroll, A. Tveito, and R. Winther, An error bound for a finite difference scheme applied to a stiff system of conversation laws, Preprint 1994–3, University of Oslo, 1994.

[6] J. Smoller, Shock waves and reaction-diffusion equations, Spring-Verlag, New York, 1983. [7] A. Tveito and R. Winther, On the rate of convergence to equilibrium for a system of conservation laws including a relaxation term, Preprint 1994–1, University of Oslo, 1994.

[8] W.-A. Yong, Singular perturbations of first-order hyperbolic systems, Ph.D. thesis, Universität Heidelberg, 1992.

Institut für Angewandte Mathematik, Universität Heidelberg, Im Neuenheimer Feld 294, 69120 Heidelberg, Germany

E-mail address: yong@esprit.iwr.uni-heidelberg.de