A NOTE ON VISCOUS SPLITTING OF DEGENERATE CONVECTION-DIFFUSION EQUATIONS

Steinar Evje, Kenneth Hvistendahl Karlsen

Abstract. We establish L1 convergence of a viscous splitting method for nonlinear possibly strongly degenerate convection-diffusion problems. Since we allow the equations to be strongly degenerate, solutions can be discontinuous and they are not, in general, uniquely determined by their data. We thus consider entropy weak solutions realized by the vanishing viscosity method. This notion is broad enough to also include non-degenerate parabolic equations as well as hyperbolic conservation laws. It thus provides a suitable “L1 type” framework for analyzing numerical schemes for convection-diffusion problems that are designed to handle various balances of convective and diffusive forces. We present a numerical example which shows that our splitting scheme has such “design”.

0. Introduction

It is well known that accurate modeling of convective and diffusive processes is one of the most ubiquitous and challenging tasks in the numerical approximation of partial differential equations. This is partly because of the problems themselves, their widespread occurrence, as well as their close association with hyperbolic conservation laws. Nonlinear convection-diffusion equations arise in a variety of applications, ranging from models of turbulence [10], via traffic flow [48] and financial modeling [8], to two phase flow in porous media [11]. A convection-diffusion equation can also be viewed as a model problem for a system of convection-diffusion equations such as three phase flow in porous media [62] or the Navier-Stokes equations. Such equations also appear in, to mention a few, polymer chemistry [12], combustion modeling [51], modeling of semi-conductor devices [50], and in models for transport of solutes in ground water and surface water [6].

One objective of this paper is to establish convergence of a viscous splitting method for nonlinear possibly strongly degenerate convection-diffusion problems. First, convergence of the splitting will be established for the following initial value problem

(1) ∂_tu + ∂_xf(u) = ε∂_x [a(u)∂_xu] , u(x, 0) = u_0(x), (x, t) ∈ Q_T ,

where u : Q_T ≡ R×⟨0, T ] → Rdenotes the unknown; u_0 : R → [m, M ], f : [m, M ] → R, and a : [m, M ] → [0, ∞⟩ are given smooth, bounded functions; and ε > 0 is a scaling parameter. Secondly, the initial-boundary value problem will be discussed and we show how to extend our method of proof to cover also this problem.

When (1) is non-degenerate, i.e., a(u) > 0 ∀u, the mathematical theory is well known [54]. In particular, the initial value problem then admits a unique classical solution. This contrasts with the case where (1) is allowed to degenerate at certain points. The solution is then not necessarily smooth [1,2,3,53] and weak solutions must be sought. Almost all previous works on mathematical analysis focused mainly on the special case where the equation possesses only one or two point degeneracy and often only non-negative continuous solutions were considered [21,29,45,46]. The simplest examples are perhaps provided by the porous medium equation; ∂_tu = ε∂^2_x (u^m), m > 1, and the convective porous medium equation; ∂_tu + ∂_x (u^n) = ε∂^2_x (u^m), n, m > 1. To the best of our knowledge, the most general result on the existence and uniquness of weak solutions for (1) in the class of bounded and measurable functions is provided by Zhao [42]. The essential condition for uniqueness is that the function

(2) A(u) = ∫_u 0 a(ξ) dξ is strictly increasing. This condition is also sufficient for the existence of continuous solutions. Note that the restriction (2) does not rule out the possibility that a(u) has an infinite number of zero points. For recent results

Key words and phrases. Degenerate convection-diffusion problems, entropy conditions, operator splitting, convergence. The research of the second author has been supported by VISTA, a research cooperation between the Norwegian Academy of Science and Letters and Den norske stats oljeselskap a.s. (Statoil).

Typeset by AMS-TEX 1

on regularity properties of weak solutions we refer to Tassa [60] and the references cited therein. We refer to the survey texts [13,44] for a broad view of the theory of this type of degenerate parabolic equations.

The work of Volpert & Hudjaev [64] was the first devoted to degenerate equations that do not satisfy (2). Since the equations now are allowed to be strongly degenerate, the solutions can be discontinuous. We thus seek entropy weak solutions in the BV class that are realizable as the L^1 limit of smooth solutions u^μ of non-degenerate parabolic equations,

∂_tu^μ + ∂_xf(u^μ) = ε∂_x [a(u^μ)∂_xu^μ] + μ∂^2_xu^μ,

as the regularization parameter μ > 0 tends to zero. The existence of an entropy weak solution was demonstrated in [64], whereas the uniqueness of entropy weak solutions in the BV class was proved only recently by Wu & Yin [65]. Being a very general solution concept, the notion of an entropy weak solution includes all the previously mentioned parabolic equations as well as hyperbolic conservation laws; ∂_tu + ∂_xf(u) = 0 in the sense of Volpert [63], Kruzkov [47]. We refer to [43,61,66,67] for other works related to these mixed hyperbolic/parabolic equations. In particular, in [43] it is proved that if (x_0, t_0) is a point of approximate continuity of the entropy solution u(x, t) such that a(u(x_0, t_0)) > 0, then u(x, t) is a classical solution in a neighbourhood of (x_0, t_0). In addition, if the structure condition (2) holds, then the entropy solution is continuous.

From a computational point of view, when (1) is convection dominated, i.e., ε is small compared with other scales in (1), it is well known that Galerkin schemes exhibit non-physical oscillations, especially at the trailing end of moving shock fronts. In recent years there has been a significant activity on deriving splitting techniques [5,18,20,23,24,25,26,28,33,37,57] that can be used to combine numerical schemes for conservation laws with Galerkin schemes for parabolic equations with the purpose of eliminating such difficulties.

The most natural equation splitting can be written in the following abstract “product formula” form (3) u(x, nΔt) ≈ [ H_{Δt} ∘ S^f_{Δt} ]_n u_0, Δt > 0, where S^f_t is the solution operator associated with the conservation law ∂_tv + ∂_xf(v) = 0 at time t and H_t is the operator associated with the nonlinear “heat” equation ∂_tw = ε∂_x [a(w)∂_xw] at time t. A general convergence result for (3) was recently obtained by Karlsen & Risebro [37] in the case where a(u) ≡ 1. The present paper extends this result to any non-negative smooth a(u). If the convective part of (1) is linear, one can effectively use time stepping along the characteristics to realize the operator S^f_t (see [23,26,57]). A similar technique with a nonlinear convection part results in severe time step restrictions because the hyperbolic part of (1) may develop shocks. However, this problem has been solved by Espedal & Ewing [24] (see also e.g. [18,28,33]) who suggested to split the convective part of (1) into two parts: f = f̄ + f̃ , where, in particular, f̄ is linear in the shock region and thus makes time stepping along the characteristics feasible. This discussion motivates the following slightly more general splitting formula (4) u(x, nΔt) ≈ [ P^{f̃}_{Δt} ∘ S^{f̄}_{Δt} ]_n u_0,

which is the splitting formula that will be analyzed later. Here P^{f̃}_t denotes the solution operator associated with the equation ∂_tw + ∂_xf̃ (w) = ε∂_x [a(w)∂_xw]. We mention that the product formulas (3) and (4) are special cases of the corrected operator splitting approach introduced recently by Karlsen & Risebro [38] and Karlsen, Brusdal, Dahle, Evje & Lie [39] (see also [40,41] and §3).

The convergence analysis of numerical schemes has so far mainly been concerned with one or two point degenerated equations and often only the “convection free” case. We refer to [22,32,34,35,55,59] for analysis of some finite element and difference schemes applied within this context. It is well known that convergence of Galerkin schemes is difficult to establish when the equation is allowed to degenerate at certain points. The obvious reason is that the equation then fails to admit classical solutions. In order to get around the difficulties arising when trying to derive error estimates for Galerkin schemes for a degenerate equation, one consider instead an equation with a perturbed diffusion coefficient that is bounded away from zero. Consequently, the solutions are smooth and standard error analysis applies. The problem is then reduced to showing that the solution of the perturbed equation converges to the solution of the non-perturbed equation in a “L^2 type” topology consistent with that of finite element analysis.

Such convergence, along with corresponding error estimates for Galerkin schemes, has been demonstrated by Rose [56] for one-dimensional problems, but under restrictions that precludes, for example, realistic two phase flow applications where two-point degenerate diffusion function a(u) and s-shaped flux function f(u) are essential ingredients. These restrictions were recently removed by Koffi & Sharpely [27] who, in addition, extend the results to certain multi-dimensional equations. The theory developed in [27], which allow for both two-point degeneracy and s-shaped flux, has been applied by Chen, Espedal & Ewing [14] and Chen & Ewing [15] to establish convergence of Galerkin schemes for degenerate equations arising in the modelling of multiphase flow in groundwater hydrology. However, the theory in [27,56] is established under an assumption that implies diffusion dominated transport which thus contrasts with the typical multiphase flow application, in which one often encounters highly convection dominated situations. Furthermore, in the case of convection dominance the equations are “almost hyperbolic” and sometimes it seems reasonable to model such situations by hyperbolic conservation laws [7,9,31], i.e, by allowing the equations to be strongly degenerate.

Our intention is to demonstrate that the approximations generated by the product formula (4) converge to the entropy weak solution of the possibly strongly degenerate problem (1). As far as we have learned, this is the first time convergence is obtained for an approximation scheme for convection-diffusion problems of this generality. Numerical algorithms and the techniques used for their analysis tend to be very different in the two limiting cases of hyperbolic and parabolic equations (cf. e.g. [52]). The second and final objective of the present paper is to stress the following point of view: Since the solution concept found in [64] also includes hyperbolic as well as non-degenerate parabolic equations, we claim that convergence analysis of numerical schemes designed for general convection-diffusion equations can advantageously be carried out within this “L^1 type” framework. The motivation for this approach comes from the fact that we then avoid following the standard route of analysing, often within fundamentally different topologies, the hyperbolic/convection dominated case and the parabolic case seperately. Furthermore, this approach is also consistent with the goal of designing numerical schemes that can handle accurately any combination of convective and diffusive forces.

The paper is organized as follows. For completeness we give a survey of the mathematical theory associated with (1) in §1. In §2 we establish convergence of the product formula (4) by making use of a standard compactness argument. In §3 we present and discuss numerical results of fully discrete versions of (3) and (4) applied to a convection dominated two phase flow problem. Finally, in §4 we briefly discuss the theory associated with the initial-boundary value problem and then show how to extend our method of proof to cover this case.

1. Preliminaries

In this section we recall the mathematical theory of degenerate parabolic equations developed in [64], which in turn depends heavily on the BV calculus developed in [63].

Let Ω be an open subset of R^d (d > 1). The space BV (Ω) of functions of bounded variation consists of all integrable functions u : Ω → R whose first order partial derivatives^{∂u}_{∂yi} (i = 1, . . . , d) are represented by finite Borel measures. The total variation (semi-norm) |u|_{BV (Ω)} is by definition the sum of the total masses of these Borel measures. Moreover, BV (Ω) is a Banach space when equipped with the norm ||u||_{BV (Ω)} = ||u||_L1_{(Ω)} + |u|_{BV (Ω)}. Let us recall the regularity results concerning BV functions proved in [63]. For a BV function u, it occurs that with exception of a set of zero (d − 1) - dimensional Hausdorff measure, each point y of Ω is regular, i.e., either a point of approximate continuity (Lebesgue point) or a point of approximate jump (jump point). At a point of approximate jump y, there exists a unit normal ν(y) ∈ R^d, a left value u_−(y) and a right value u_+(y). Moreover, these jump points form an at most countable set of curves.

A useful concept proposed in [63] is the notion of averaged superposition.

Definition 1.1 [63]. Let p be in C^1(R) and u in L^∞(Ω) ∩ BV (Ω). The averaged superposition of the function u by the function p is defined for H_{d−1} - almost every y in Ω by

p̂(u)(y) = { p(u(y)), if y is an approximate continuity point of u, ∫_1 0 p (ξu_+(y) + (1 − ξ)u_−(y)) dξ, if y is an approximate jump point of u.

Here H_{d−1} denotes the (d − 1) - dimensional Hausdorff measure (see e.g. [68] for a definition of H_{d−1}).

Using the notion of averaged superposition, the following lemma can be proved.

Lemma 1.2 [63]. Let u and v be in L^∞(Ω) ∩ BV (Ω) and p in C^1(R). Then the function p̂(u) is measurable and integrable with respect to the Borel measure^{∂v}_{∂yi} , so that the non-conservative product p̂(u)^{∂v}_{∂yi} makes sense as a finite Borel measure.

This result is very useful since it leads to a notion of a weak solution to non-conservative partial differential equations such as (1), see Definition 1.5 below. The concept of averaged superposition (and generalizations of it) has also been applied as a tool in the study of systems of conservation laws in non-conservative form, see [19] and the references therein.

For later use, let us state the following formula for differentiation of an averaged superposition.

Lemma 1.3 [63]. Let p be in C^1(R) and u in L^∞(Ω) ∩ BV (Ω). Then the differentiating rule (5) ∂p(u(y)) ∂y_i = ∂p̂(u) ∂u ∂u ∂y_i holds. Here the equation (5) is to be understood in the sense of measures.

Furthermore, for applications to differential equations we need a formula for differentiating the product sign(u)v. This case is considered in the next lemma.

Lemma 1.4 [63]. Let u and v = (v_1, . . . , v_d) be in L^∞(Ω) ∩ BV (Ω) and let ∇ · v = ∑_d i=1 ∂v_i ∂y_i be an absolutely

continuous measure. Then sign(u)v is in BV (Ω) and, for any bounded Borel set E whose closure belongs to Ω, we have (6) ∫ E ∇ · (sign(u)v) dy = ∫ E sign(u) (∇ · v) dy + ∫ E∩Γ_u ( (sign(u)v)_+ − (sign(u)v)_− ) · ν dH_{d−1}, where Γ_u denotes the set of jump points of the function u, and ν denotes the unit normal to this set.

From now on we will consider the degenerate parabolic problem (1). Solutions to (1) can have discontinuities in the region of hyperbolicity {u : a(u) = 0}. We therefore seek solutions in the following sense.

Definition 1.5 [64]. A function u(x, t) in L^∞(Q_T ) ∩ BV (Q_T ) is said to be an entropy weak solution of the initial value problem (1) provided the following two conditions are fulfilled:

(C1). Let r(u) = √ εa(u). Then [r̂(u)∂_xu] should exist in the sense of distributions in L^2_{loc} (Q_T ). That is to say, there should exist a function g in L^2_{loc}(Q_T ) such that for all test functions ϕ ∈ C^∞_0 (Q_T ), ∫∫ Q_T [r̂(u)∂_xu] ϕ(x, t) dt dx = ∫∫ Q_T g(x, t)ϕ(x, t) dt dx.

(C2). For all non-negative functions ϕ ∈ C^∞_0 (Q_T ) for which ϕ|_{t=T} = 0 and all k ∈ R, the following entropy inequality should hold: ∫∫ Q_T (|u − k|∂_tϕ + sign(u − k) (f(u) − f(k) − ε [â(u)∂_xu]) ∂_xϕ) dt dx + ∫ R^{|u0 − k|ϕ(x, 0) dx ≥ 0.} We remark that our definition differs slightly from the original one presented in [64]. The latter requires that the initial datum u_0 is assumed in the sense that

(7) lim_{t→0+} ∫ K |u(x, t) − u_0(x)| dx = 0 for every compactum K ⊂ R. We have chosen to include this condition in the inequality (C2). By exploiting the arbitrariness of ϕ, it can easily be shown that the integral inequality (C2) implies (7).

Let us recall some basic consequences of (C1) and (C2), as pointed out in [64]. First, the condition (C1) implies that the measure [â(u)∂_xu] is absolutely continuous, meaning that [â(u)∂_xu] can be expressed by the integral of a function in L^1 (the Radon-Nikodym theorem). We shall always indentify [â(u)∂_xu] with this L^1 function. Secondly, it is easy to see that the entropy condition (C2) implies that the equation

∂_tu + ∂_xf(u) = ∂_x [â(u)∂_xu]

holds in the distributional sense. Consequently, the generalized derivative ∂_x [â(u)∂_xu] is a locally finite measure, since ∂_tu and ∂_xf(u) are locally finite measures, and the differential equation (1) holds in the sense of equality of measures. Next, notice that for any BV (Q_T ) function u satisfying (C1) and (C2), one has

(8) a(ξ) = 0, ∀ξ ∈ Int(u_−, u_+),

whenever u_− ≠ u_+. In other words, discontinuities are possible where there is degeneracy. From the same relation we see that a sufficient condition for there to be no discontinuities, except on a one-dimensional set of measure zero, is that a(u) > 0 on a dense set of values. On subsets S ⊂ Γ_u, the measure ∂_x [â(u)∂_xu] is zero. Finally, the facts that u(x, t) ∈ L^∞(Q_T ), [r̂(u)∂_xu] ∈ L^2_{loc}(Q_T ), and (8), imply that [â(u)∂_xu] ∈ L^2_{loc}(Q_T ) and hence [â(u)∂_xu] ∈ L^1_{loc}(Q_T ).

2. Viscous Splitting: The Initial Value Problem

We first construct the splitting approximations and subsequently establish the L^1 convergence of these approximations. Consistent with the discussion in the introduction and because of the increased generality, we introduce a smooth flux splitting of the form f = f̄ + f̃ . A non-trivial realization of this flux splitting will be given in §3. Fix T > 0 and choose a time discretization 0 = t_0 < t_1 . . . < t_N = T of ⟨0, T ]. Define Δt_n = t_{n+1} − t_n and Δt = max_n Δt_n. Let now u^n denote the approximate solution to (1) at a fixed time t = t_n, u^0 ≡ u_0. Next, we explain how to construct u^{n+1} from u^n.

Let v(x, t) denote the entropy weak solution to the hyperbolic conservation law

(9) ∂_tv + ∂_xf̄ (v) = 0, v(x, 0) = u^n(x), (x, t) ∈ R× ⟨0, Δt_n] .

Letting S^{f̄}_t denote the solution operator associated with (9) at time t, we define u^{n+1/2} = S^{f̄}_{Δtn} u^n.

From a numerical point of view, the possible roughness of the solution of the degenerate equation ∂_tw + ∂_xf̃ (w) = ε∂_x [a(w)∂_xw] requires an additional approximation or regularization accomplished by perturbing the diffusion coefficient a(w) by μ. Consequently, we obtain a non-degenerate equation which possesses smooth solutions that are better suited to be approximated, by e.g. the Galerkin method, than the solutions of the non-perturbed (degenerate) equation.

Let therefore a_μ(u) = a(u) + μ for μ > 0, and let w(x, t) denote the solution of the parabolic problem

(10) ∂_tw + ∂_xf̃ (w) = ε∂_x [a_μ(w)∂_xw] , w(x, 0) = u^{n+1/2}(x), (x, t) ∈ R× ⟨0, Δt_n] .

Let P^{f̃ ,μ}_t denote the solution operator associated with (10) at time t. With the current notation in hand, we can define the approximation u^{n+1} by the product formula

(11) u^{n+1} = [ P^{f̃,μ}_{Δtn} ∘ S^{f̄}_{Δtn} ] u^n, (n = 0, ..., N − 1). It will be more convenient to work with functions defined in the whole upper plane, and not merely on the time strips t = t_n. Consider therefore the function u_η(x, t), where η denotes (Δt, μ) and

(12) u_η(x, t) = [ P^{f̃ ,μ}_{Δtn} ∘ S^{f̄}_{Δtn} ]_n u_0, (x, t) ∈ R× ⟨t_n, t_{n+1}] , n = 0, . . . , N − 1. Remark. Let H^μ_t denote the operator associated with the nonlinear “heat” equation ∂_tw = ε∂_x [a_μ(w)∂_xw]. Choosing f̄ = f (and thus f̃ = 0), we recover the standard viscous splitting method [37]

(13) u^{n+1} = [ H^μ_{Δtn} ∘ S^{f̄}_{Δtn} ] u^n. We assume from now on that u_0 is in W^{1,∞}(R) ∩ BV (R) ∩ L^1(R). For the subsequent convergence analysis it will be necessary to know that the hyperbolic solution (9) does not develop singularities during the time interval ⟨0, Δt_n]. To this end, we recall that the blow-up time of (9) can be deduced from the formula

(14) ‖ ‖∂xu^{n+1/2} ‖ ‖_L1_(R_) ≤

‖∂_xu^n‖_L1_(R_) 1 − c_1 ‖∂_xu^n‖_L1_(R_) Δt_n

, c_1 = max_u |f^{′′}(u)|.

The solution of the non-degenerate parabolic equation (10) is always smooth and we shall assume that (10) possesses a smoothing property, say, of the form ‖∂_xu^n‖_L1_(R_) ≤ c_2/ ( μ √ εΔt ) for some finite constant c_2 independent of the time level n, and η (see e.g. [30]). Now, by choosing the time step Δt_n such that

(15) Δt_n < ε ( μ c_1c_2

)_2 , (n = 1, . . . , N − 1), we are á priori guaranteed that ‖ ∂_xu^{n+1/2} ‖ L1_(R_)^{is bounded independently of n and η. Thus un+1/2 is in}

W^{1,∞}(R) ∩ BV (R), and not merely BV (R). The assumption that the parabolic solution operator should “smooth out” the data at a certain rate is convenient but not necessary. Instead we could have included a separate smoothing step (using a standard mollifier) before we apply the hyperbolic solution operator to u^n. All the results found below would then have gone through for μ > 0 as well as in the case where we allow (10) to be degenerate, i.e., μ ≡ 0. We now justify the term “approximate solution” by stating the following theorem.

Theorem 2.1. Let {η = (Δt, μ)} be a sequence of discretization parameters tending to zero. Suppose that Δt and μ are chosen such that (15) holds. Then the sequence {u_η(x, t)} of splitting solutions converges to the unique entropy weak solution u(x, t) of the initial value problem (1). The convergence takes place in L^1_{loc}(Q_T ).

Note, due to the method of proof, that in Theorem 2.1 the existence of a solution to (1) is a conclusion rather than a hypothesis. Theorem 2.1 will follow immediately from Lemmas 2.2, 2.3, and 2.4 below. Here we do not minimize the smoothness assumptions on f and a, but simply suppose that they are appropriately smooth.

Lemma 2.2. There exists a subsequence {η_j} such that the corresponding splitting sequence {u_{ηj} (x, t)} converges to a function u(x, t) in L^∞(Q_T ) ∩ BV (Q_T ). The convergence takes place in L^1_{loc}(Q_T ).

Proof. First, we claim that there exists a finite constant M , independent of the discretization parameters η = (Δt, μ) and time t, such that the following three estimates hold:

(16) ‖u_η(·, t)‖_L1_(R_) ≤ M, |u_η(·, t)|_{BV (}R_) ≤ M, ‖u_η(·, t_2) − u_η(·, t_1)‖_{L1(}R_) ≤ M |t_2 − t_1|,

i.e., u_η(x, t) is in L^∞(Q_T ) ∩ BV (Q_T ) independently of η. The first claim follows from the well known fact that the solution operators S^{f̄}_t and P^{f̃,μ}_t do not introduce new minima and maxima. The second claim follows from the fact that these solution operators are L^1 contractions, ‖ ‖S^{f̄}_{Δtn} v0,1 − S^{f̄}_{Δtn} v0,2 ‖ ‖_{L1(}R_) ≤ ‖v0,1 − v0,2‖_L1_(R_) , ‖ ‖P^{f̃ ,μ}_{Δtn} w0,1 − P^{f̃,μ}_{Δtn} w0,2 ‖ ‖_{L1(}R_) ≤ ‖w0,1 − w0,2‖_L1_(R_) ,

and, thanks to translation invariance of (1), they do not increase the total variation of their data.

Let us finally demonstrate the validity of the last claim. Without loss of generality, assume that t_1 = kΔt and t_2 = lΔt for some integer k and l, where k < l. We will first establish weak Lipschitz continuity in time of the parabolic solution. To this end, integrating the parabolic differential equation (10) against a test function ϕ(x) over R× ⟨0, Δt_n⟩ gives the result | | ∫ R^{(Pf̃ ,μΔtn un+1/2 − un+1/2) ϕ(x) dx| =} | | | ∫_{Δtn} 0 ∫ R^{(ε∂x [aμ(w)∂xw] − ∂xf̃ (w) ϕ(x) dx dt} | | | = | | | ∫_{Δtn} 0 ∫ R^{(ε [aμ(w)∂xw] ∂xϕ(x) + ∂xf̃ (w)ϕ(x)) dx dt} | | | ≤ ( ‖εa_μ(w)∂_xw‖_L1_(R_{×⟨0,Δtn⟩)} |ϕ|_{BV (}R_) + max_u | |f̃^′ | | ‖ϕ‖_∞ |u0|_{BV (}R_) ) Δt, where we have also taken into account the second part of (16). From [60] (see also [42,43]) we get that ‖εa_μ(w)∂_xw‖_L1_(R_{×⟨0,Δtn⟩)} = O(1) since u^{n+1/2} is in W^{1,∞}(R) ∩ BV (R) due to (15). We thus conclude that ( ‖εa_μ(w)∂_xw‖_L1_(R_{×⟨0,Δtn⟩)} |ϕ|_{BV (}R_) + max_u | |f̃^′ | | ‖ϕ‖_∞ |u0|_{BV (}R_) ) Δt = O(1) ( ‖ϕ‖_∞ + |ϕ|_{BV (}R_) ) Δt. Because of finite speed of propagation of the hyperbolic solution and and since the total variation of the splitting solution u_η is bounded, we have strong L^1 continuity in time; ‖ ‖S^{f̄}_{Δtn} u^n − u^n ‖ ‖_{L1(}R_) = O(1)Δt.

Using these continuity estimates, we obtain | | ∫ R^{(un+1 − un) ϕ(x) dx| = O(1) (‖ϕ‖∞ + |ϕ|BV (}R^{)) Δt.} Consequently, by summing over all n between k and l and using the triangle inequality repeatedly, we derive the weak continuity result

(17) | | ∫ R^{(uη(x, t2) − uη(x, t1)) ϕ(x) dx| = O(1) (||ϕ||∞ + |ϕ|BV (}R^{)) (t2 − t1) .} This estimate can now be interpolated into the desired strong L^1 Lipshitz continuity in time by choosing ϕ(x) = sign(u_η(x, t_2) − u_η(x, t_1)) and observing that this ϕ has finite total variation.

Now using (16) and the compactness of the embedding L^1(O_T ) ∩ BV (O_T ) → L^1(O_T ) (O_T open, bounded subset of Q_T ) in a standard diagonal fashion, we achieve compactness of the sequence {u_η(x, t)} in the space L^1_{loc}(Q_T ). Thus there exists a subsequence {η_j} such that {u_{ηj} (x, t)} converges in L^1_{loc}(Q_T ) to a function u(x, t) in L^∞(Q_T ) ∩ BV (Q_T ). There is no loss of generality in assuming that the entire sequence converges to u. �

Remark. Let us briefly comment on the time step restriction (15). When u^{n+1/2} is (only) in BV (R), the arguments leading to (17) can be slightly modified along the lines of [37] to yield a L^1 Hölder estimate in time with exponent 1/2. The limit u(·, t) will therefore be in BV (R) for each fixed t, but u(x, t) is not necessarily in BV (Q_T ) and thus need not be a solution according to Definition 1.5. From a rigorous point of view, we hence claim that (15) is necessary in order to get convergence to the entropy weak solution. From a computational point of view, however, (15) is merely a technical assumption associated with the convergence analysis in the sense that (15) is not a stability condition, that is, convergence is obtained even without imposing this condition.

Lemma 2.3. Let u(x, t) be the limit function from Lemma 2.2. Then u(x, t) obeys (C1).

Proof. Introduce, with a slight abuse of the notation, the two sequences {u_η(x, t)} and {g_η(x, t)}, u_η(x, t) = [ P^{f̃,μ}_{t−tn} ∘ S^{f̄}_{Δtn} ] u^n, g_η(x, t) = r (u_η) ∂_xu_η, (x, t) ∈ R× ⟨t_n, t_{n+1}] . We note that also u_η → u in L^1_{loc}(Q_T ). Multiplying the differential equation for u_η(x, t) on R× ⟨t_n, t_{n+1}⟩ by u_η(x, t), integrating over Q_T , and then doing integration by parts in space, we get ‖g_η‖^2_{L2(QT )} ≤ ∫∫ Q_T εa_μ(u_η) (∂_xu_η)^2 dt dx = − ∫∫ Q_T ε∂_x [a_μ (u_η) ∂_xu_η] u_η dt dx

= − N−1∑ n=0 ∫ R^{∫ tn+1}tn^{(1}2^{∂t (uη)2 + ∂xf̃ (uη)uη) dt dx} = − 1 2 N−1∑ n=0 ∫ R^{((uη|t=tn+1 )2 − (uη|t=tn )2) dx − ∫∫}_{QT}^{∂xf̃(uη )uη dt dx} = − 1 2 N−1∑ n=0 ∫ R^{([(un+1)2 − (un)2] + [(un)2 − (un+1/2)2]) dx − ∫∫}_{QT}^{∂xf̃ (uη)uη dt dx} = − 1 2 ∫ R^{[(uN )2 − (u0)2] dx + 1}2^{N−1∑}n=0^∫R^{[(un+1/2)2 − (un)2] dx − ∫∫}_{QT}^{∂xf̃ (uη)uη dt dx,} where we have, without loss of generality, assumed that [a_μ (u_η) ∂_xu_η] u_η = 0 as |x| → ∞.

Since the solution operators S^{f̄}_t and P^{f̃,μ}_t both are L^1 stable, we know that ‖u_η(·, t)‖_{L1(}R_) ≤ ‖u_η(·, 0)‖_{L1(}R_). Thus, in view of the facts that the splitting solution u_η is uniformly bounded and the data is in L^1(R), the first term is clearly bounded independent of η,

(18) | | 1 2 ∫ R^{[(uN )2 − (u0)2] dx| ≤ ‖u0‖L1(}R^{) ‖u0‖L1(}R^{) = O(1).} Exploiting the L^1 Lipschitz continuity of the hyperbolic solution operator S^{f̄}_t and that the splitting solution u_η is uniformly bounded, we obtain for the second term that

(19) | | | 1 2 N−1∑ n=0 ∫ R^{[(un+1/2)2 − (un)2] dx} | | | ≤ ‖u_0‖_∞ N−1∑ n=0 ‖ ‖S^{f̄}_{Δtn} u^n − u^n ‖ ‖_{L1(}R_) = O(1)T.

Since the variation of u_η(·, t) is uniformly bounded, we can also bound the third term independently of η,

(20) | | | ∫∫ Q_T ∂_xf̃ (u_η) u_η dt dx | | | = O(1) ∫_T 0 ∫ R^{|∂xuη| dx dt = O(1)T.} From (18), (19), and (20) we can conclude that the following L^2 bound is valid: ‖g_η‖_{L2(QT )} ≤ M (T ), where M (T ) is a finite constant independent of η, but dependent on the data of the problem (1).

By virtue of the uniform L^2 estimate we conclude that {g_η} is weakly compact in L^2(Q_T ), i.e., there exists a subsequence {g_{ηj} } and a function g ∈ L^2(Q_T ) such that g_{ηj} ⇀ g weakly in L^2(Q_T ). Again, there is no loss of generality in assuming that the entire sequence {g_η} converges weakly to g. Let G be defined such that ∂G(u)/∂u = √ εa(u) and let ϕ be a test function. We can then calculate as follows ∫∫ Q_T g(x, t)ϕ(x, t) dt dx = lim_{η→0} ∫∫ Q_T ∂_xG(u_η)ϕ dt dx = lim_{η→0} ∫∫ Q_T (−G(u_η)∂_xϕ) dt dx = ∫∫ Q_T (−G(u)∂_xϕ) dt dx

= ∫∫ Q_T ∂_xG(u)ϕ dt dx = ∫∫ Q_T ∂Ĝ(u) ∂u ∂_xuϕ dt dx = ∫∫ Q_T [r̂(u)∂_xu] ϕ dt dx.

Here we have taken into account the differentiation rule of an averaged superposition (5). Consequently, we have shown that [r̂(u)∂_xu] exists in the sense of distributions in L^2_{loc}(Q_T ). Thus (C1) holds. �

Lemma 2.4. Let u(x, t) be the limit function from Lemma 2.2. Then u(x, t) obeys (C2).

Proof. The proof will follow along the lines of [16,37]. Let us introduce, again with a slight abuse of the notation, the sequence {u_η(x, t)},

(21) u_η(x, t) = S^{f̄}_{2(t−tn)}u^n, t ∈ ⟨ t_n, t_{n+} 1_2 ] , [ P^{f̃ ,μ}_{2(t−tn+ 12 )} ∘ S^{f̄}_{Δtn} ] u^n, t ∈ ⟨ t_{n+} 1_2 , t_{n+1} ] . Also now it should be clear that u_η → u in L^1_{loc} (Q_T ). Whenever notational convenient, we will adopt the notation U_k(u) = |u − k|, and F_k(u; h) = sign(u − k) (h(u) − h(k)) for any smooth function h(u).

Let w_n(t) = P^{f̃,μ}_t u^{n+1/2} for t ∈ ⟨0, Δt_n]. Recall that w_n(t) is the smooth solution of the non-degenerate problem (10). Formally, integrating the obvious equation

∂_t(w_n − k) + ∂_x ( f̃ (w_n) − f̃ (k) ) = ε∂_x [a_μ(w_n)∂_xw_n]

against sign(w_n − k)ϕ over R× ⟨0, Δt_n⟩, doing integration by parts and exploiting the fact that a(w_n) ≥ 0, we obtain that the following entropy inequality holds

(22) ∫∫ R×⟨0,Δtn⟩^{Uk (wn) ∂tϕ + Fk} ( w_n; f̃ ) ∂_xϕ + εF_k(w_n; A_μ)∂^2_xϕ dt dx

≥ ∫ R^{|wn(Δtn) − k| ϕ(x, Δtn) dx − ∫}R^{|un+1/2 − k| ϕ (x, 0) dx, Aμ(u) = ∫ u}0^{aμ(ξ) dξ,} where A_μ(u) → A(u) uniformly in u as μ → 0 (here A(u) is given in (2)). We mention that the entropy inequality is rigorously derived in a more general context in the appendix. Let φ be test function defined by φ(x, t) = ϕ(x,^t_2 ). Having (22), we can now deduce the following “local in time” entropy inequality for u_η(x, t)

(23)

∫ R^{∫ tn+1}tn+ 1_2^{( 1}2^{Uk (uη) ∂tϕ + Fk (uη; f̃ ) ∂xϕ + εFk (uη; Aμ) ∂2xϕ) dt dx} ≡ 1 2 ∫ R^{∫ Δtn}0^{(Uk (wn(τ )) ∂τ φ + Fk (wn(τ ); f̃) ∂xφ + εFk (wn(τ ); Aμ) ∂2xφ) dτ dx} ≥ 1 2 ∫ R^{|un+1 − k| ϕ(x, tn+1) dx − 1}2^∫R^{|un+1/2 − k| ϕ (x, tn+ 12 ) dx,} where we have used the substitution τ = 2(t − t_{n+1/2}). Adding this inequality and the similar inequality that is valid for u_η(x, t) on R× ⟨ t_n, t_{n+1/2} ⟩ , and summing over all n = 0, . . . , N − 1, yields the global inequality

(24) ∫∫ Q_T ( 1 2 U_k (u_η) ∂_tϕ + ( S_N (t)F_k ( u_η; f̄ ) + T_N (t)F_k ( u_η; f̃ )) ∂_xϕ + εT_N (t)F_k (u_η; A_μ) ∂^2_xϕ ) dt dx

+ 1 2 ∫ R^{|u0 − k| ϕ(x, 0) dx ≥ 0,}

where we recall that ϕ|_{t=T} = 0. Here the characteristic functions S_N (t) and T_N (t) are defined as

(25) S_N (t) = N−1∑ n=0 χø_{tn,t} n+ 12

˘(t), T_N (t) =^{N−1}∑ n=0 χø_t n+ 12 ,tn+1 ˘(t). Observe that the functions S_N (t) and T_N (t) both tend weakly in L^2 to 1/2. In view of the dominated convergence theorem we can therefore pass to the limit as η → 0 in (24), obtaining ∫∫ Q_T ( 1 2 U_k (u_η) ∂_tϕ + ( S_N (t)F_k ( u_η; f̄ ) + T_N (t)F_k ( u_η; f̃ )) ∂_xϕ + εT_N (t)F_k (u_η; A_μ) ∂^2_xϕ ) dt dx η→0 −→ 1 2 ∫∫ Q_T ( |u − k|∂_tϕ + sign(u − k)(f(u) − f(k))∂_xϕ + ε sign(u − k)(A(u) − A(k))∂^2_xϕ ) dt dx,

= 1 2 ∫∫ Q_T (|u − k|∂_tϕ + sign(u − k) (f(u) − f(k) − ε∂_x [sign(u − k)(A(u) − A(k))]) ∂_xϕ) dt dx. The limit u(x, t) is in BV (Q_T ) and [â(u)∂_xu] is an absolutely continuous measure. Thus, sign(u−k)(A(u)−A(k)) is in BV (Q_T ) and we can apply Lemmas 1.3 and 1.4 to justify that the following equality ∂_x [sign(u − k)(A(u) − A(k))] = sign(u − k)∂_x [A(u) − A(k)] = sign(u − k) [â(u)∂_xu] holds in the sense of measures. This concludes the proof of the lemma and Theorem 2.1. �

3. An Application to Two Phase Flow in Porous Media

In this section we consider an application of the theory developed in the previous section to a partial differential equation arising in the modelling of two phase flow in a porous medium. Consider a fluid in a one-dimensional homogenous porous medium consisting of two immiscible phases; a wetting phase, say, water and a non-wetting phase, say, oil. Let u(x, t) denote the water saturation and thus 1 − u the oil saturation. Then the equation modelling the immiscible displacement of oil by water takes the form (1); see [11] for a complete derivation of the mathematical model. In the present context, the function f(u) is called the fractional flow function and it is determined by the relative permabilities and the viscosities of water and oil and by the gravitation. The fractional flow function has the characteristic features that it is non-convex and not necessarily monotone; see Figure 4.1 (left) for an example. The function a(u) is called the capillary diffusion function. The capillary diffusion function is determined by the relative permabilities and the viscosities of water and oil, in addition to the capillary pressure function. The characteristic feature is the degenerate behaviour at u = 0 and u = 1; see Figure 4.1 (left) for an example.

For computational purposes, we recreate some of the features mentioned above by employing the following analytic expressions

(26) f(u) = u^3 u^3 + (1 − u)^3 [ 1 − 10(1 − u)^3 ] , a(u) = 4u(1 − u), consult Figure 4.1 (left). Furthermore, as initial saturation we use Riemann data; u_0(x) = χ_{[0.65,∞⟩}(x).

Figure 4.1. Left: The fractional flow function (including gravitation forces) and the capillary diffusion function. Middle: The initial function and the exact solution at time 0.5 with scaling parameter 0.01. Note the loss of regularity near the saturation values 0 and 1 (the solution is merely continuous). Right: The flux function (solid) and the flux splitting (dotted and dashdot) employed by F-OS. Observe that the residual flux only contains information about the structure of the fronts.

We will solve the problem (1) using the operator splitting formulas (13) and (11) with Δt_n = Δt for all n, that is, we will use a fixed time step Δt. We abbreviate the scheme (13) by OS, and (11), which also take into account a flux splitting, by F-OS. In order to apply the splitting techniques we need a numerical method for the conservation law (9). We have used a front tracking method which is based on solving Riemann problems and “tracking” shock collisions. A description of this method is outside the scope of the present paper, we refer the reader instead to [17,36,49]. We also need to solve the parabolic equation (10). In the case where the convection term f̃ is zero (OS), we have used a standard Galerkin method. When f̃ is present (F-OS) we have employed a Petrov-Galerkin scheme. We refer to [39] for a description of these finite element schemes.

All solutions are computed up to time T = 0.5 and the scaling parameter ε is set to 0.01. In Figure 4.1 (middle) we have shown the exact solution. Notice the loss of regularity at u = 0 and u = 1. Let us first discuss the application of OS. In Figure 4.2 (left) we have shown a calculation on the interval [0, 2] using 200 mesh points, i.e., Δx = 0.01, and Δt = 0.5. In Figure 4.2 (right) we have used the same Δx, but the time step is reduced to Δt = 0.025. As is well known [37,38,39], we observe that OS produces too diffusive shock fronts when Δt is much larger than ε. On the other hand, OS clearly resolves the fronts properly when Δt = O(ε).

We now consider a particular realization of F-OS. To this end, we recall that the conservation law (9) with Riemann data v(x, 0) = χ_{[0.65,∞⟩}(x) admits a traveling wave solution v(x, t) = v(x/t) of the form (see e.g. [58])

(27) v (x t ) = 0, for^{x−0.65}_t < f^′_c(0), (f^′_c)^{−1} (_x t ) , for^{x−0.65}_t ∈ [f^′_c(0), f^′_c(1)], 1, for^{x−0.65}_t > f^′_c(1),

where f_c denotes the lower convex envelope of f restricted to the interval [0, 1] and (f^′_c)^{−1} the inverse of its derivative. Having the piecewise smooth solution (27) in mind, we define the flux splitting by letting f̄ ≡ f_c and thus f̃ = f − f_c; consult Figure 4.1 (right). In Figure 4.2 (right) we have shown a F-OS calculation using Δx = 0.01 and Δt = 0.5. Compared with Figure 4.2 (left), we see that F-OS resolves the shock fronts remarkably better than OS. It is fair to say that F-OS is, at least in the “visual” norm, free of temporal splitting error, which contrasts strongly with OS. In order to explain this behaviour we need to slightly change our point of view. Observe therefore that the two solutions of the conservation law (9) with the Riemann data v(x, 0) = χ_{[0.65,∞⟩}(x) and flux functions f and f_c, respectively, coincide. In other words, OS does not take into account the part of the flux function f that determines the self-sharpening nature of a front, i.e, the part that gives each shock front its characteristic structure. It is a matter of fact that OS uses the flux f_c instead of f and this hence explains why OS is too diffusive.

Fortunately, the part that is thrown away can be identified as a residual flux term of the form f_{res} = f − f_c. Observe that f_{res} possesses a self-sharpening (anti-diffusive) whose purpose is to ensure the correct balance between convection and diffusion. This discussion motivates the following alternative formulation of (11) (and generalization of (13)), namely the corrected operator splitting formula

(28) u^{n+1} = [ P^{μ,fres} Δt ∘ S^f_{Δt} ] u^n. Obviously the corrected splitting formula (28) coincides with F-OS when Δt = T . Note that by taking this point of view, we have explained why F-OS is virtually without any splitting error. From the above discussion it should be clear that with a different initial saturation, F-OS may not produce accurate results. The reason is that in such case the flux splitting is no longer consistent with the solution, i.e., F-OS can no longer be interpreted as a splitting of the form (28). Let us conclude this section by mentioning, however, that the corrected splitting idea can be generalized so that (28) can handle any initial saturation (and flux function). As pointed out in [38], the resiudal flux term f_{res} can be constructed easily in a dynamical fashion if, for example, front tracking is used to realize the hyperbolic step (9). We refer to [38] for detailed description of this construction and [39,40,41] for applications of the corrected splitting approach.

4. Viscous Splitting: The Initial-Boundary Value Problem

The convection-diffusion problem (1) can also be restricted to some bounded interval I and then constrained by Dirichlet boundary conditions on ∂I. Let Q_T denote I × ⟨0, T ], where we for simplicity let I = ⟨0, 1⟩. From now we will consider the initial-boundary value problem

(29) ∂_tu + ∂_xf(u) = ε∂_x [a(u)∂_xu] , u(x, 0) = u_0(x), u(0, t) = b_0, u(1, t) = b_1, (x, t) ∈ Q_T ,

Figure 4.2. Left: Exact solution versus OS using 1 time step and 200 mesh points. Middle: Exact solution versus OS using 20 time steps and 200 mesh points (CPU time 1.43 sec). Right: The exact solution versus F-OS using 1 time step and 200 mesh points (CPU time 0.40 sec). We see that F-OS’ temporal splitting error is negligible compared with OS.

where b_0 and b_1 are finite constants. The notion of an entropy weak solution remains the same except that the boundary conditions have to be given a proper interpretation. As is well known in the context of conservation laws [4], the boundary conditions have to be formulated, in general, in a weak sense. It turns out that the vanishing viscosity method provides us with the correct (weak) formulation. For all non-negative functions ϕ ∈ C^∞_0 (Q_T ) for which ϕ|_{t=T} = 0, ϕ|_{x=i} ≠ 0 and all k ∈ R, the following entropy inequality should now hold:

(C2)

∫∫ Q_T (|u − k|∂_tϕ + sign(u − k) (f(u) − f(k) − [â(u)∂_xu]) ∂_xϕ) dt dx + ∫ I |u_0 − k|ϕ(x, 0) dx

≥ 1∑ i=0 ∫_T 0 sign(b_i − k) (f(γ_iu) − f(k) − εγ_i [â(u)∂_xu]) ϕ | |_{x=i}ni dt

+ 1∑ i=0 ∫_T 0 ε (sign(b_i − k) − sign(γ_iu − k)) (A(γ_iu) − A(k)) ∂_xϕ | |_{x=i}ni dt,

where γ_iu = (γu)(i, t) denotes the trace of u(x, t) at x = i and n_i = (−1)^{i+1}, i = 0, 1. Recall that the trace operator γ is well defined for any BV function. Furthermore, note that the existence of γ_i [â(u)∂_xu] must be required in the definition. It suffices however to require that [â(u)∂_xu] (·, t) is in BV (R) for a.e. t ∈ ⟨0, T ].

Remark. By exploiting the arbitrariness of ϕ, it is not difficult to deduce from the entropy inequality that a(ξ) = 0 ∀ξ ∈ Int(b_i, γ_iu), whenever γ_iu ≠ b_i, and that the weak form of the boundary condition

(30) (sign(b_i − k) − sign(γ_iu − k)) (f(γ_i u) − f(k) − εγ_i [â(u)∂_xu]) n_i ≥ 0, i = 0, 1,

holds a.e. in ⟨0, T ]. Letting a ≡ 0, we recover the correct formulation of the boundary condition for hyperbolic conservation laws [4]. Note that when f is linear and a ≡ 0, (30) implies that u is equal to the prescribed boundary data on the inflow boundary, whereas on the outflow boundary no boundary data are imposed.

The vanishing viscosity method was justified for the homogeneous boundary value problem by Wu & Wang [67]. The definition of an entropy weak solution used here, which takes into account possibly non-zero boundary data, represents a slight modification of the one introduced in [67]. We refer the reader to [66] for the treatment of multi-dimensional initial-boundary value problems.

As before we will investigate convergence of a sequence of splitting solutions produced by the formula

(31) u_η(x, t) = [ P^{f̃ ,μ}_{Δtn} ∘ S^{f̄}_{Δtn} ]_n u_0, (x, t) ∈ I × ⟨t_n, t_{n+1}] , n = 0, . . . , N, where S^{f̄}_t and P^{f̃ ,μ}_t are the exact solution operators associated with (9) and (10), respectively, restricted to the interval I and with Dirichlet boundary data imposed on ∂I. We assume that Δt = max_n Δt_n and μ are chosen according to (15). Again we have the following three á priori bounds on the splitting solution (31) ‖u_η(·, t)‖_L1_{(I)} ≤ M, |u_η(·, t)|_{BV (I)} ≤ M, ‖u_η(·, t_2) − u_η(·, t_1)‖_{L1(I)} ≤ M |t_2 − t_1|, where M is some finite contant independent of the discretization parameters. Thus we obtain the strong compactness of {u_η} in L^1(Q_T ). Assume that the entire sequence {u_η(x, t)} converges to an element u(x, t) in L^∞(Q_T ) ∩ BV (Q_T ). It remains to show that u(x, t) is an entropy solution. Closely following the proof of Lemma 2.3, we can conclude that [r̂(u)∂_xu] exists in the sense of distributions in L^2(Q_T ). Hence the limit u(x, t) satisfies (C1). Furthermore, since the limit function u(x, t) satisfies the differential equation in the sense of measures (see §2), we get that [â(u)∂_xu] (·, t) is in BV (R) for a.e. t ∈ ⟨0, T ].

Although the method of proof is essentially the same as for the initial value problem, the proof of (C2) in the present context is notably more technical because the crux is to represent the boundary terms as integrals over the whole domain Q_T , which in turn requires additional limiting arguments. To this end, we introduce two functions λ^0_h(s) and λ^1_h(s) representing smooth approximations to the characteristic functions χ_{⟨−∞,0]}(s) and χ_{[1,∞⟩}(s), respectively. More concretely, these approximations are obtained as follows. First we define

ρ_h(s) = ∫_s −∞ ω_h(τ ) dτ, h > 0, where ω_h(τ ) is a standard mollifier given by ω_h(τ ) =^1_h ω(^τ_h ), where ω(τ ) ∈ C^∞_0 (R), ω(τ ) ≥ 0, ω(τ ) = 0 for |τ | ≥ 1, and

∫R^{ω(τ )dτ = 1. Then we define the two approximations by λ0}h^{(s) = 1 − ρ}h^{(s − 2h) and}

λ^1_h(s) = ρ_h(s−(1−2h)). In particular we notice that the functions λ^i_h satisfy the following important properties:

(32) λ^i_h(j) = δ_{ij} , ∂_xλ^i_h(j) = 0, |λ^i_h| ≤ 1, λ^i_h → 0 a.e. in I, i, j = 0, 1,

where δ_{ij} = 1 for i = j and 0 for i ≠ j. The following lemma will be exploited repeatedly.

Lemma 4.1 [67]. Suppose that u(x, t) is in L^1(Q_T ) and u(·, t) is in BV (R) for a.e. t ∈ ⟨0, T ]. Let Φ(t) be an element of L^1(⟨0, T ]). Then the following results hold:

(a) If |u(x, t)| ≤ Φ(t) a.e. in Q_T and γ_iv exists a.e. in ⟨0, T ], then for all suitable functions ϕ ∈ C^∞_0 (Q_T ),

lim_{h→0} ∫∫ Q_T ∂ ∂x ( ϕλ^i_h ) u dt dx = ∫_T 0 n_iϕ | x=iγ_iu dt, i = 0, 1. (b) If^{∂u}_{∂x} is an absolutely continous measure, then for all suitable functions ϕ ∈ C^∞_0 (Q_T ), ∫∫ Q_T ∂ϕ ∂x u dt dx = 1∑ i=0 ∫_T 0 n_iϕ | x=iγ_iu dt − ∫∫ Q_T ϕ ∂u ∂x dt dx, i = 0, 1. (c) We have, for any smooth function h(u), that γ_ih(u) = h(γ_iu). Moreover, for almost all k ∈ R, γ_i sign(u− k) (h(u) − h(k)) exists a.e. in ⟨0, T ] and γ_i sign(u − k) (h(u) − h(k)) = sign(γ_iu − k) (h(γ_iu) − h(k)).

Similarly to (23), we can formally deduce the following local entropy inequality (see the appendix for a rigorous treatment) ∫ I ∫_{tn+1} t_{n+} 1_2 ( 1 2 U_k (u_η) ∂_tϕ + F_k ( u_η; f̃ ) ∂_xϕ + εF_k (u_η; A_μ) ∂^2_xϕ ) dt dx ≥ 1 2 ∫ I | u^{n+1} − k | ϕ(x, t_{n+1}) dx − 1 2 ∫ I | |u^{n+1/2} − k | | ϕ ( x, t_{n+} 1_2 ) dx + 1∑ i=0 ∫_{tn+1} t_{n+ 12}

sign(b_i − k) (( f̃ (u_η) − f̃ (k) − εa_μ(u_η)∂_xu_η ) ϕ + ε (A_μ(u_η) − A_μ(k)) ∂_xϕ ) | |_{x=i}ni dt. Adding this and the similar inequality valid for u_η(x, t) on I × ⟨ t_n, t_{n+1/2} ] (obtained by setting a ≡ 0 in (C2)), and summing over all n = 0, . . . , N − 1, yields the global entropy inequality

(33)

∫∫ Q_T ( 1 2 U_k (u_η) ∂_tϕ + ( S_N (t)F_k ( u_η; f̄ ) + T_N (t)F_k ( u_η; f̃ )) ∂_xϕ + εT_N (t)F_k (u_η; A_μ) ∂^2_xϕ ) dt dx

+ 1 2 ∫ I |u_0 − k| ϕ(x, 0) dx ≥ 1∑ i=0 ∫_T 0 sign(b_i − k)S_N (t) (¯ f (γ_iu_η) − f̄ (k) ) ϕ | |_{x=i}ni dt

+ 1∑ i=0 ∫_T 0 sign(b_i − k)T_N (t) (( f̃ (u_η) − f̃ (k) − εa_μ(u_η)∂_xu_η ) ϕ + ε (A_μ(u_η) − A_μ(k)) ∂_xϕ ) | |_{x=i}ni dt ≡ I^1_η + I^2_η , where the (characteristic) functions S_N (t) and T_N (t) are defined in (25). In view of the dominated convergence

theorem, we can pass to the limit as follows ∫∫ Q_T ( 1 2 U_k (u_η) ∂_tϕ + ( S_N (t)F_k ( u_η; f̄ ) + T_N (t)F_k ( u_η; f̃ )) ∂_xϕ + εT_N (t)F_k (u_η; A_μ) ∂^2_xϕ ) dt dx η→0 −→ 1 2 ∫∫ Q_T ( |u − k|∂_tϕ + sign(u − k)(f(u) − f(k))∂_xϕ + ε sign(u − k)(A(u) − A(k))∂^2_xϕ ) dt dx.

Since obviously sign(u − k) (A(u) − A(k)) is in BV (Q_T ) and [â(u)∂_xu] is absolutely continuous, we can use

Lemmas 4.1 (b), (c), 1.4, and 1.3, to conclude that 1 2 ∫∫ Q_T ε sign(u − k) (A(u) − A(k)) ∂^2_xϕ dt dx

= 1 2 1∑ i=0 ∫_T 0 ε sign(γ_iu − k) (A(γ_iu) − A(k)) ∂_xϕ | |_{x=i}ni dt − 1 2 ∫∫ Q_T ε sign(u − k) [â(u)∂_xu] ∂_xϕ dt dx.

Let us now consider the boundary term I^1_η associated with the hyperbolic conservation law. In view of Lemma

4.1 (a) and (c), we get

I^1_η = 1∑ i=0 ∫_T 0 sign(b_i − k)γ_i ( S_N (t) (¯ f (u_η) − f̄ (k) )) ϕ | |_{x=i}ni dt

= lim_{h→0} 1∑ i=0 ∫∫ Q_T sign(b_i − k)S_N (t) (¯ f(u_η ) − f̄ (k) ) ∂_x ( ϕλ^i_h ) n_i dt dx

η→0 −→ lim_{h→0} 1 2 1∑ i=0 ∫∫ Q_T sign(b_i − k) (¯ f(u) − f̄ (k) ) ∂_x ( ϕλ^i_h ) n_i dt dx

= 1 2 1∑ i=0 ∫_T 0 sign(b_i − k) (¯ f (γ_iu) − f̄ (k) ) ϕ | |_{x=i}ni dt. Consider now the term I^2_η associated with the parabolic equation. Using the two relations ϕλ^i_h | x=j = δ_{i,j} ϕ | x=j and ∂_x ( ϕλ^i_h ) | x=j = δ_{i,j} ∂_xϕ | x=j , we can rewrite I^2_η as follows

I^2_η = 1∑ i=0 ∫∫ Q_T sign(b_i − k)T_N (t)∂_x (( f̃ (u_η) − f̃ (k) − εa_μ(u_η)∂_xu_η ) ϕλ^i_h + ε(A_μ(u_η) − A_μ(k))∂_x ( ϕλ^i_h )) n_i dt dx

= 1∑ i=0 ∫∫ Q_T sign(b_i − k)T_N (t) ( ∂_x ( f̃ (u_η) − f̃ (k) − εa_μ(u_η )∂_xu_η ) ϕλ^i_h + ( f̃ (u_η) − f̃ (k) ) ∂_x(ϕλ^i_h) ) n_i dt dx

+ 1∑ i=0 ∫∫ Q_T ε sign(b_i − k)T_N (t) (A_μ(u_η) − A_μ(k)) ∂^2_x ( ϕλ^i_h ) n_i dt dx

= − 1∑ i=0 ∫∫ Q_T sign(b_i − k)T_N (t)∂_tu_η(ϕλ^i_h)n_i dt dx + ∑ i=0 ∫∫ Q_T sign(b_i − k)T_N (t) ( f̃ (u_η) − f̃(k) ) ∂_x(ϕλ^i_h)n_i dt dx

+ 1∑ i=0 ∫∫ Q_T ε sign(b_i − k)T_N (t) (A_μ(u_η) − A_μ(k)) ∂^2_x(ϕλ^i_h)n_i dt dx ≡ −J^1_{η,h} + J^2_{η,h} + J^3_{η,h},

where we have also used the partial differential equation for u_η(x, t) on I × ⟨ t_{n+1/2}, t_{n+1} ] , and moreover that

∂_x (A_μ(u_η ) − A_μ(k)) = a_μ(u_η)∂_xu_η which results in two terms canceling out. In the view of (32) and dominated convergence theorem, the limit J^1_{η,h} → 0, as h → 0 for each fixed η > 0, should be obvious. Furthermore, by letting η → 0 and subsequently letting h → 0, we obtain that J^2_{η,h}^{η→0}−→ 1 2 ∫∫ Q_T sign(b_i − k) ( f̃ (u) − f̃(k) ) ∂_x ( ϕλ^i_h ) n_i dt dx

h→0−→ 1 2 1∑ i=0 ∫_T 0 sign(b_i − k) ( f̃(γ_iu) − f̃ (k) ) ϕ | |_{x=i}ni dt,

where have used Lemma 4.1 (a) and (c). Let us finally calculate the limit of J^3_{η,h} as η, h → 0 as follows J^3_{η,h}^{η→0}−→ 1 2 ∫∫ Q_T ε sign(b_i − k) (A(u) − A(k)) ∂^2_x ( ϕλ^i_h ) n_i dt dx

= 1 2 1∑ i=0 ∫_T 0 ε sign(b_i − k) (A(γ_iu) − A(k)) ∂_xϕ | |_{x=i}ni dt − 1 2 ∫∫ Q_T ε sign(b_i − k) [â(u)∂_xu] ∂_x ( ϕλ^i_h ) n_i dt dx

h→0−→ 1 2 1∑ i=0 ∫_T 0 ε sign(b_i − k) (A(γ_iu) − A(k)) ∂_xϕ | |_{x=i}ni dt − 1 2 ∫_T 0 ε sign(b_i − k)γ_i [â(u)∂_xu] ϕ | |_{x=i}ni dt, where we have once more used the dominated convergence theorem, Lemma 4.1 (b) and (c), the identity ∂_x ( ϕλ^i_h ) | x=i = ∂_xϕ | x=i, Lemma 1.3, and finally Lemma 4.1 (a) together with the fact that [â(u)∂_xu] can be identified as an element in L^1(Q_T ) and, furthermore, is in BV (R) (in space) for a.e. t ∈ ⟨0, T ]. Summing up the recent calculations, we get that the limit u(x, t) obeys (C2). Thus we have proven the following theorem.

Theorem 4.2. Let {η = (Δt, μ)} be a sequence of discretization parameters tending to zero. Suppose that Δt and μ are chosen according to (15). Then the sequence {u_η(x, t)} of splitting solutions converges to the unique entropy weak solution u(x, t) of the initial-boundary value problem (29). The convergence takes place in L^1(Q_T ).

Acknowledgment. The authors thank Magne S. Espedal, Knut-Andreas Lie, and Nils Henrik Risebro for comments on a preliminary version of the manuscript. We also thank Tamir Tassa and Yin Jingxue for providing us with their papers on degenerate equations. We are particularly grateful to Yin Jingxue for many valuable discussions concerning the mathematical theory of degenerate parabolic equations. This work was completed while the second author was a guest at the Institute for Mathematics and its Applications (IMA) at the University of Minnesota. This author would like to thank IMA for financial support and great hospitality.

References

1. D. G. Aronson, Regularity properties of flows through porous media, SIAM J. Appl. Math. 17 (1969), 461–467. 2. D. G. Aronson, Regularity properties of flows through porous media: the interface, Arc. Rat. Mech. Anal. 37 (1970), 1–10. 3. D. G. Aronson, Regularity properties of flows through porous media: a counterexample, SIAM J. Appl. Math. 19 (1970), 299–307.

4. C. Bardos, A. Y. LeRoux, J. C. Nedelec, First order quasilinear equations with boundary conditions, Comm. Partial Diff. Eqs.

4(9) (1979), 1017–1034.

5. J. T. Beale, A. Majda, Rates of convergence for viscous splitting of the Navier-Stokes equations, Math. Comp. 37 (1981), 243–259.

6. J. Bear, A. Verruijt, Modeling groundwater flow and pollution, Reidel, Dordrecht, 1987.

7. J. B. Bell, G.R. Shubin, Higher-order Godunov methods for reducing numerical dispersion in reservoir simulation, Eight SPE Symposium on Reservoir Simulation (1985).

8. F. Black, M. Scholes, The pricing of options and corporate liabilities, Jour. Pol. Econ. 81 (1973), 637–659. 9. F. Bratvedt, K. Bratvedt, C. F. Buchholz, T. Gimse, H. Holden, L. Holden, N. H. Risebro, Frontline and frontsim: two full scale, two-phase, black oil reservoir simulators based on front tracking., Surv. Math. Indu. (1993), 185–215.

10. J. M. Burgers, The nonlinear diffusion equation, Reidel, Dordrecht, 1974.

11. G. Chavent and J. Jaffre, Mathematical models and finite elements for reservoir simulation, North Holland, Amsterdam, 1986.

12. R. Chella, J. M. Ottino, Modelling of rapidly-mixed-fast-crosslinking exothermic polymerizations, AIChE J. 29 (1983), 373– 382.

13. Y. Chen, Degenerate parabolic and elliptic equations, Partial differential equations in China (C. Gu et al., eds.), Kluwer Academic Publishers, Netherlands, 1994, pp. 1–18.

14. Z. Chen, M. S. Espedal, R. E. Ewing, Continuous-time finite element analysis of multiphase flow in groundwater hydrology, Applications of Mathematics. 40 (1995), 203–226.

15. Z. Chen, R. E. Ewing, Fully-discrete finite element analysis of multiphase flow in groundwater hydrology, to appear in SIAM J. Numer. Anal.

16. M. Crandall, A. Majda, The method of fractional steps for conservation laws, Numer. Math. 34 (1980), 285–314.

17. C. M. Dafermos, Polygonal approximations of solutions of the initial value problem for a conservation law, J. Math. Anal.

Appl. 38 (1972), 33–41.

18. H. K. Dahle, Adaptive characteristic operator splitting techniques for convection-dominated diffusion problems in one and two space dimensions, PhD Thesis, Dept. of Math., University of Bergen, Norway (1988).

19. G. Dal Maso, P. G. LeFloch, F. Murat, Definition and weak stability of nonconservative products, Journal de Mathematiques Pures et Appliquees 74 (1995), 483–548.

20. C. N. Dawson, Godunov-mixed methods for advective flow problems in one space dimension, SIAM J. Numer. Anal. 28(5) (1991), 1282–1309.

21. J. I. Diaz, R. Kersner, On a nonlinear degenerate parabolic equation in infiltration or evaporation through a porous medium, J. Diff. Eqs. 69 (1987), 368–403.

22. E. DiBenedetto, D. Hoff, An interface tracking algorithm for the porous medium equation, Trans. Amer. Math. Soc. 284 (1984), 463–500.

23. J. Douglas, T. F. Russell, Numerical mehtods for convection dominated diffusion problems based on combining the method of characteristiscs with finite element or finite difference procedures, SIAM J. Numer. Anal. 19 (1982), 871–885.

24. M. S. Espedal, R. E. Ewing, Characteristic Petrov–Galerkin subdomain methods for two-phase immiscible flow, Comput.

Methods. Appl. Mech. Engrg. 64 (1987), 113–135.

25. R. E. Ewing, Operator splitting and Eulerian-Lagrangian localized adjoint methods for multiphase flow, The mathematics of finite elements and Applications VII MAFELAP (J. Whiteman, eds.), Academic Press, San Diego, 1990, pp. 215–232.

26. R. E. Ewing, T. F. Russell, Efficient time stepping methods for miscible displacement problems in porous media, SIAM J.

Numer. Anal. 19 (1982), 1–67.

27. K. B. Fadimba, R. C. Sharpley, A priori estimates and regularization for a class of porous medium equations, Nonlinear World 2 (1995), 13–41.

28. J. Frøyen, Sequential and massively parallel reservoir simulations, PhD Thesis, University of Bergen, Norway (1997). 29. B. H. Gilding, L. A. Peletier, The Cauchy problem for an equation in the theory of infiltration, Arc. Rat. Mech. Anal. 61 (1976), 127–140.

30. B. H. Gilding, R. Natalini, A. Tesei, How Parabolic Free Boundaries Approximate Hyperbolic Fronts, Quaderno IAC n. 2 (1996).

31. J. Glimm, B. Lindquist, O. A. McBryan, B. Plohr, S. Yaniv, Front tracking for petroleum reservoir simulation, SPE, Paper 12238, 41–49.

32. J. L. Graveleau, P. Jamet, A finite difference approach to some degenerate nonlinear parabolic equations, SIAM J. Appl.

Math. 20 (1971), 199–223.

33. R. Hansen, M. S. Espedal, On the Numerical Solution of Nonlinear Reservoir Flow Models with Gravity, International Journal for Numerical Methods in Engineering 38 (1995), 2017–2032.

34. D. Hoff, A linearly implicit finite-difference scheme for the one-dimensional porous medium equation, Math. Comp. 45 (1985), 23–33.

35. D. Hoff, A scheme for computing solutions and interface curves for a doubly-degenerate parabolic equation, SIAM J. Numer.

Anal. 22 (1985), 687–712.

36. H. Holden, L. Holden, R. Høegh-Krohn, A numerical method for first order nonlinear scalar conservation laws in one– dimension, Comput. Math. Applic. 15 (1988), 595–602.

37. K. Hvistendahl Karlsen, N. H. Risebro, An operator splitting method for nonlinear convection-diffusion equations, To appear in Numer. Math.

38. K. Hvistendahl Karlsen, N. H. Risebro, Corrected operator splitting for nonlinear parabolic equations, Preprint, University of Bergen (1997).

39. K. Hvistendahl Karlsen, K. Brusdal, H. K. Dahle, S. Evje, K-A. Lie, The corrected operator splitting approach applied to a nonlinear advection-diffusion problem, Preprint, University of Bergen (1997).

40. K. Hvistendahl Karlsen, K-A. Lie, N. H. Risebro, J. Frøyen, A front tracking approach to a two-phase fluid flow model with capillary forces, Preprint, University of Bergen (1997).

41. K. Hvistendahl Karlsen, K-A. Lie, An unconditionally stable splitting scheme for a class of nonlinear advection-diffusion equations, In preparation.

42. Zhao Junning, Uniqueness of solutions of quasilinear degenerate parabolic equations, Northeastern Math. J. 1 (1985), 153–165. 43. Zhao Junning, Some properties of solutions of quasilinear degenerate parabolic equations and quasilinear degenerate elliptic equations, Northeastern Math. J. 2 (1986), 281–302.

44. A. S. Kalashnikov, Some results of the qualitative theory of non-linear degenerate second-order parabolic equations, Russian Math. Surv. 42 (1987), 169–222.

45. S. Kamin, J. L. Vazquez, Asymptotic behaviour of solutions of the porous medium equation with changing sign, SIAM J.

Math. Anal. 22 (1991), 34–45.

46. B. F. Knerr, The porous medium equation in one dimension, Trans. Amer. Math. Soc. 234 (1977), 381–415. 47. S. N. Kruzkov, First order quasi-linear equations in several independent variables, Math. USSR Sbornik 10 (1970), 217–243. 48. M. J. Lighthill, G. B. Whitham, On kinematic waves. II. Theory of traffic flow on long crowded roads, Proc. Roy. Soc. 229A (1955), 317–345.

49. B. J. Lucier, A moving mesh numerical method for hyperbolic conservation laws, Math. Comp. 46 (1986), 59–69. 50. M. S. Mock, Analysis of mathematical models of semi-conductor devices, Boole Press, Dublin, 1983. 51. K. K. Mohanty, J. M. Ottino, H. T. Davis, Reaction and transport in disordered composite media, Chem. Eng. Sci. 37 (1982), 905–924.

52. K. W. Morton, Numercial solution of convection-diffusion problems, Chapman & Hall, 1996. 53. O. A. Oleinik, A. S. Kalashnikov, Chzou Yulin, The Cauchy problem and boundary problems for equations of the type of nonstationary filtration, Isv. Akad. Nauk. SSSR, Ser. Mat. 22 (1958), 667–704.

54. O. A. Oleinik, S. N. Kruzkov, Quasi-linear second order equations with many indendent variables, Russian Math. Surveys 16 (1961), 105–146.

55. M. E. Rose, Numerical methods for flows through porous media. I, Math. Comp. 40 (1983), 435–467. 56. M. E. Rose, Numerical methods for flows through porous media. II, Comput. Math. with Appls. 6 (1980), 99–122. 57. T. F. Russell, Galerkin time stepping along characteristics for Burgers’ equation, Scientific computing (R. Stepleman, eds.), IMACS, North-Holland, 1983, pp. 183–192.

58. J. Smoller, Shock waves and reaction-diffusion equations, Springer-Verlag, 1994.

59. D. L. Smylie, A near optimal-order approximation to a class of two-sided nonlinear degenerate parabolic partial differential equations, PhD Thesis, University of Wyoming (1989).

60. T. Tassa, Uniqueness and regularity of weak solutions of the nonlinear Fokker-Plack equation, UCLA-CAM Report. 61. T. Tassa, Uniqueness of piecewise smooth weak solutions of multidimensional degenerate parabolic equations, UCLA-CAM Report.

62. J. A. Trangenstein, Mathematical structure of the black-oil model for petroleum reservoir simulation, SIAM J. Appl. Math.

49 (1989), 749–783.

63. A. I. Volpert, The Spaces BV and Quasi-linear Equations, Math. USSR Sbornik 2 (1967), 225–267. 64. A. I. Volpert and S. I. Hudjaev, Cauchy’s problem for degenerate second order quasilinear parabolic equations, Math. USSR Sbornik 7 (1969), 365–387.

65. Wu Zhuoqun, Yin Jingxue, Some properties of functions in BVx and their applications to the uniqueness of solutions for degenerate quasilinear parabolic equations, Northeastern Math. J. 5 (1989), 395–422.

66. Wu Zhuoqun, Zhao Junning, The first boundary value problem for quasilinear degenerate parabolic equations of second order in several space variables, Chin. Ann. Math. 4B (1983), 57–76.

67. Wu Zhuoqun, Wang Junyu, Some results on quasilinear degenerate parabolic equations of second order, Proc. of the Beijing.

Sym. on Diff. Geom. and Diff. Eqns., 1980.

68. W. P. Ziemer, Weakly differentiable functions, Springer-Verlag, 1989.

Appendix A.

Let Q_T = I × ⟨0, T ], where I = ⟨0, 1⟩, and consider the non-degenerate initial-boundary value problem (34) ∂_tw + ∂_xg(w) = ε∂_x [d(w)∂_xw] , w(x, 0) = w_0(x), w(0, t) = b_0, w(1, t) = b_1. (x, t) ∈ Q_T , where b_0 and b_1 are constants which are assumed to be consistent with u_0(0) and u_0(1), respectively. Under appropriate assumption on g(w), d(w), and w_0(x), it is well known that (34) possesses a unique classical solution w(x, t); see e.g. [54]. We wish to prove rigorously that w(x, t) satisfies an (entropy) integral inequality.

Lemma A.1. Let D denote the primitive of d; D(w) = ∫_w d(ξ) dξ. The smooth solution w(x, t) of (34) satisfies the following integral inequality

(35)

∫∫ Q_T ( |w − k|∂_tϕ + sign(w − k)(g(w) − g(k))∂_xϕ + sign(w − k) (D(w) − D(k)) ∂^2_xϕ ) dt dx

≥ ∫ I |w(x, T ) − k|ϕ(x, T ) dx − ∫ I |w_0 − k|ϕ(x, 0) dx + 1∑ i=0 ∫_T 0 sign(b_i − k) (g(w) − g(k) − d(w)∂_xw) ϕ | |_{x=i}ni dt

+ 1∑ i=0 ∫_T 0 sign(b_i − k) (D(w) − D(k)) ∂_xϕ | |_{x=i}ni dt dx for all non-negative functions ϕ ∈ C^∞_0 (Q_T ) and all k ∈ R. A similar integral inequality holds for the initial value problem.

Proof. To prove the integral inequality we introduce the smooth function sign_h, sign_h(τ ) = τ / √ τ^2 + h, for h > 0.

Note that sign_h(τ ) → sign(τ ) as h → 0 for a.e. τ , and τ sign^′_h(τ ) → 0 as h → 0 for a.e. τ and is, furthermore, uniformly bounded in h and τ . We multiply the obvious equation ∂_t(w − k) + ∂_x(g(w) − g(k)) = ∂_x [d(w)∂_xw] by sign_h(w − k)ϕ and integrate over Q_T . Integration by parts then gives the following equality

(36)

∫ I (w − k) sign_h(w − k)ϕ | |^{t=T}_{t=0} dx − ∫∫ Q_T (w − k)∂_t (sign_h(w − k)ϕ) dt dx

+ ∫_T 0 (g(w) − g(k)) sign_h(w − k)ϕ | |^{x=1}_{x=0} dt − ∫∫ Q_T (g(w) − g(k)) ∂_x (sign_h(w − k)ϕ) dt dx

= ∫_T 0 d(w)∂_xw sign_h(w − k)ϕ | |^{x=1}_{x=0} dt − ∫∫ Q_T d(w)∂_xw∂_x (sign_h(w − k)ϕ) dt dx, which we conveniently write as I^1_h − I^2_h + I^3_h − I^4_h = I^5_h − I^6_h. The purpose now is to pass to the limit as h → 0. Using the dominated convergence theorem and the properties of sign_h, we get for three of the terms that I^1_h^{h→0}−→ ∫ I |w(x, T ) − k|ϕ(x, T ) dx − ∫ I |w_0 − k|ϕ(x, 0) dx, I^5_h − I^3_h^{h→0}−→ 1∑ i=0 ∫_T 0 sign(b_i − k) (g(w) − g(k) − d(w)∂_xw) ϕ | |_{x=i}ni dt.

Exploiting the fact that τ sign^′_h(τ ) → 0 for a.e. τ , we get for the second term and (similarly) for the fourth term that

I^2_h = ∫∫ Q_T (w − k) sign^′_h(w − k)∂_twϕ dt dx + ∫∫ Q_T (w − k) sign_h(w − k)∂_tϕ dt dx^{h→0}−→ ∫∫ Q_T |w − k|∂_tϕ dt dx,

I^4_h^{h→0}−→ ∫∫ Q_T sign(w − k) (g(w) − g(k)) ∂_xϕ dt dx.

Using the facts that ϕ, d, and sign^′_h are non-negative, we get for the last term in (36) that

I^6_h = ∫∫ Q_T d(w) (∂_xw)^2 sign^′_h(w − k)ϕ dt dx + ∫∫ Q_T d(w)∂_xw sign_h(w − k)∂_xϕ dt dx

≥ ∫∫ Q_T d(w)∂_xw sign_h(w − k)∂_xϕ dt dx = ∫∫ Q_T ∂_x (D(w) − D(k)) sign_h(w − k)∂_xϕ dt dx

= 1∑ i=0 ∫_T 0 sign_h(b_i − k) (D(w) − D(k)) ∂_xϕ | |_{x=i}ni dt − ∫∫ Q_T (D(w) − D(k)) ∂_x (sign_h(w − k)∂_xϕ) dt dx

h→0−→ 1∑ i=0 ∫_T 0 sign(b_i − k) (D(w) − D(k)) ∂_xϕ | |_{x=i}ni dt − ∫∫ Q_T sign(w − k) (D(w) − D(k)) ∂^2_xϕ dt dx,

where the limit in the last line is similar to that of I^2_h and I^4_h . This concludes the proof of (35) and thus the lemma. �

Department of Mathematics University of Bergen Johs. Brunsgt. 12 N–5008 Bergen, Norway (Evje)

E-mail address: steinar.evje@mi.uib.no

Department of Mathematics University of Bergen Johs. Brunsgt. 12 N–5008 Bergen, Norway (Hvistendahl Karlsen) E-mail address: kenneth.karlsen@mi.uib.no