Oleinik Type Estimates and Uniqueness for n x n Conservation Laws

Alberto Bressan and Paola Goatin

S.I.S.S.A., Via Beirut 4, Trieste 34014 Italy.

Abstract. Let u_t + f(u)_x = 0 be a strictly hyperbolic n × n system of conservation laws in one space dimension. Relying on the existence of a semigroup of solutions, we first establish the uniqueness of entropy admissible weak solutions to the Cauchy problem, under a mild assumption on the local oscillation of u in a forward neighborhood of each point in the t-x plane. In turn, this yields the uniqueness of weak solutions which satisfy a decay estimate on positive waves of genuinely nonlinear families, thus extending a classical result proved by Oleinik in the scalar case.

1 - Introduction.

Consider a scalar conservation law in one space dimension:

u_t + f(u)_x = 0. (1.1)

If f is strictly convex, say f^{′′}(u) ≥ κ > 0 for every u, a well known estimate of Oleinik [20, 22] states that u(t, y) − u(t, x) ≤ y − x κt (1.2) for all t > 0, x < y and every entropy-admissible solution of (1.1). Viceversa, if u = u(t, x) is a weak solution satisfying (1.2), then u is entropy-admissible. In particular, given an initial condition u(0, x) = ū(x), (1.3) the above decay estimate singles out a unique weak solution to the Cauchy problem, continuously depending on the initial data ū in the L^1 norm.

Aim of the present paper is to prove an analogous uniqueness theorem, valid for BV solutions of n×n hyperbolic systems. The following standard conditions [16, 22] will be assumed throughout:

(♣) The function f is smooth, defined for u in a neighborhood Ω of the origin. The system (1.1) is strictly hyperbolic. Each characteristic field is either linearly degenerate or genuinely nonlinear.

Under these assumptions, it was proved in [4, 6] that there exists a family of entropy weak solutions to (1.1) continuously depending on the initial data. More precisely, there exists a closed domain D ⊂ L^1(IR; IR^n), constants η_0, L > 0, and a continuous semigroup S : D × [0, ∞[ → D with the properties:

(i) Every function ū ∈ L^1 with Tot.Var.(ū) ≤ η_0 lies in D.

(ii) For all ū, v̄ ∈ D, t, s ≥ 0 one has ‖ ‖S_tū − S_sv̄ ‖ ‖ L^1 ≤ L ( |t − s| + ‖ū − v̄‖L_1 ) . (iii) If ū ∈ D is piecewise constant, then for t > 0 sufficiently small the function u(t, ·) = S_tū coincides with the solution of (1.1), (1.3) obtained by piecing together the standard self-similar solutions of the corresponding Riemann problems.

(iv) Each trajectory t → u(t, ·) = S_tū is a weak, entropy-admissible solution of the corresponding Cauchy problem (1.1), (1.3).

(v) Every weak solution obtained as limit of Glimm or front tracking approximations coincides with the corresponding trajectory of the semigroup.

An alternative, much shorter proof of this same result was recently given in [8]. The positively invariant domain D has the form D = cl { u ∈ L^1(IR; IR^n); u is piecewise constant, V (u) + C_0 · Q(u) < δ_0 } , (1.4)

for some constants C_0, δ_0 > 0. Here V (u) and Q(u) denote the total strength of waves and the wave interaction potential of u, while cl denotes closure in L^1. On a given domain D, the semigroup S with the above properties is unique.

Following [1], we say that a map S with the properties (i)–(iii) is a Standard Riemann Semigroup (SRS). See [2] for a general survey. These results provide a new method for proving the uniqueness of the solution u to a given Cauchy problem (1.1), (1.3). Namely, it now suffices to show that u coincides with the corresponding semigroup trajectory:

u(t, ·) = S_tū for all t ≥ 0. (1.5)

In turn, a convenient way to prove (1.5) is to use the error estimate [3] ‖ u(T ) − S_T u(0) ‖ L^1 ≤ L · ∫_T 0 { lim inf h→0+ ‖ u(t + h) − S_hu(t) ‖ L^1 h } dt, (1.6)

valid for every Lipschitz continuous map u : [0, T ] → D. By showing that the integrand on the right hand side of (1.6) vanishes for almost every time t, one can thus establish (1.5). This approach was adopted in [7], proving the uniqueness of the entropy weak solution u = u(t, x) which satisfies an additional regularity assumption. This additional condition, called Tame Variation, controls the total variation of u along space-like segments in the t-x plane.

In the first part of this paper we show that the Tame Variation can be replaced by a weaker assumption, restricting the oscillation of u on a forward neighborhood of each given point. Observing that a weak solution of (1.1) is defined up to a set of measure zero in the t-x plane, for sake of definitness we shall henceforth consider its right continuous version, so that

u(t, x) = lim_{y→x+} u(t, y) for all (t, x). (1.7)

This is meaningful since each map x → u(t, x) has bounded variation. By λ_1(u) < · · · < λ_n(u) we denote the characteristic speeds, i.e. the eigenvalues of the Jacobian matrix Df(u). Following [16, p.555], we say that a shock is entropy admissible if the characteristics of the same genuinely nonlinear family impinge on the shock line from both sides.

For clarity, our main assumptions are listed below.

(A1) (Conservation Equations) The function u = u(t, x) is a weak solution of the Cauchy problem (1.1), (1.3), taking values within the domain D of a Standard Riemann Semigroup S. More precisely, u : [0, T ] → D is continuous w.r.t. the L^1 distance. The initial condition (1.3) holds, together with ∫ ∫ ( uφ_t + f(u)φ_x ) dxdt = 0 (1.8) for every C^1 function φ with compact support contained inside the open strip ]0, T [ ×IR.

(A2) (Entropy Condition) Let u have an approximate jump discontinuity at some point (τ, ξ) ∈ ]0, T [×IR. More precisely, let there exist states u^−, u^+ ∈ Ω and a speed λ ∈ IR such that, calling U(t, x) .= { u^− if x < ξ + λ(t − τ), u^+ if x > ξ + λ(t − τ),

(1.9)

there holds lim ρ→0+ 1 ρ^2 ∫_{τ+ρ} τ−ρ ∫_{ξ+ρ} ξ−ρ | |u(t, x) − U(t, x) | | dxdt = 0. (1.10)

Then, for some i ∈ {1, . . . , n}, one has the entropy inequality:

λ_i(u^−) ≥ λ ≥ λ_i(u^+). (1.11)

(A3) (Tame Oscillation Condition) There exists constants K and λ^∗ such that, at every point (τ, ξ), one has lim sup t→τ+, x→ξ | |u(t, x) − u(τ, ξ) | | ≤ K · | |u(τ, ξ+) − u(τ, ξ−) | | (1.12) and lim t → τ+, x → ξ± |x − ξ| > λ^∗(t − τ) u(t, x) = u(τ, ξ±). (1.13)

By u(τ, ξ±) we denote here the right and left limits of the map x → u(τ, x) at the point ξ. They certainly exist because this map has bounded variation. Observe that the Tame Oscillation consists of local L^∞ type estimates. These are much weaker than the global BV type estimates required by the Tame Variation assumption in [7]. Yet, (A3) suffices to guarantee uniqueness of entropy weak solutions:

Theorem 1. Let the basic assumptions (♣) hold, so that the system (1.1) generates a Standard Riemann Semigroup S : D × [0, ∞[ → D. Then, for every ū ∈ D, T > 0, the Cauchy problem (1.1), (1.3) has a unique weak solution u : [0, T ] → D satisfying the assumptions (A1)–(A3). Indeed, these conditions imply the identity (1.5)

In the second part of this paper we show that, for genuinely nonlinear n × n systems, the Oleinik type estimates on the decay of positive waves imply both the Entropy Condition and the Tame Oscillation Condition stated above. This will provide an additional uniqueness theorem for weak solutions of the Cauchy problem (1.1), (1.3).

Decay estimates were proved in [19] for approximate solutions constructed by the Glimm scheme, and in [5] for exact solutions obtained as limit of front tracking approximations. A careful statement of these results requires some notations.

Let A(u) = Df(u) be the Jacobian matrix of f at u. Smooth solutions of (1.1) thus satisfy the equivalent quasilinear system u_t + A(u)u_x = 0 . (1.14)

Call λ_1(u) < · · · < λ_n(u) the eigenvalues of A(u). Moreover, choose right and left eigenvectors r_i(u), l_i(u), i = 1, . . . , n, normalized so that |r_i| ≡ 1 , ⟨l_i, r_j ⟩ = { 1 if i = j, 0 if i ≠ j

(1.15)

for every i ∈ {1, . . . , n} and all u in the domain of f. The assumption on the genuine nonlinearity of the i-th characteristic family can be written as

∇λ_i · r_i(u) .= lim_{h→0} λ_i ( u + hr_i(u) ) − λ_i(u) h ≥ κ_i > 0 . (1.16)

For a given state u ∈ IR^n and i = 1, . . . , n, we denote by σ → S_i(σ)(u), σ → R_i(σ)(u) respectively the i-shock and the i-rarefaction curve through u, parametrized by arc-length. Moreover, we consider the composite curve

Ψ_i(σ)(u) .= { R_i(σ)(u) if σ ≥ 0, S_i(σ)(u) if σ < 0.

(1.17)

As in [5], the definition of the Glimm interaction functional can be extended to general BV functions. Let u : IR → IR^n have bounded variation. Then the distributional derivative μ = Du is a vector measure. Let x_1, x_2, . . . be the points where u has a jump, say Δu(x_α) = u(x_α+) − u(x_α−). Call σ^1_α, . . . , σ^n_α the waves generated by the corresponding Riemann problem at x_α. Recalling (1.17), this means u(x_α+) = Ψ_n(σ^n_α) ∘ · · · ∘ Ψ_1(σ^1_α) ( u(x_α−) ) . (1.18)

For i = 1, . . . , n we can now define μ^i as the signed measure such that, for every open interval J,

μ^i(J) = ∫ J l_i · Du , (1.19) where { l_i(x) = l_i ( u(x) ) if u is continuous at x, l_i(x_α) · Δu(x_α) = σ^i_α if u has a jump at x_α.

(1.20)

Observe that, for a point of jump as in (1.18), the definitions (1.19)-(1.20) simply mean μ^i ( {x_α} ) = σ^i_α. In this case, (1.20) does not uniquely determine the value of l_i(x_α). However, since

σ^i_α = l_i ( u(x_α) ) · Δu(x_α) + O(1) · |Δu(x_α)|^2 , (1.21)

where O is the Landau order symbol, we can choose the vector l_i so that | |l_i(x_α) − l_i(u(x_α)) | | = O(1) · |Δu(x_α)| . (1.22)

Call μ^{i+}, μ^{i−} the positive and negative parts of the signed measure μ^i, so that

μ^i = μ^{i+} − μ^{i−}, |μ^i| = μ^{i+} + μ^{i−}. (1.23)

The total strength of waves in u is defined as V (u) .= n∑ i=1 V_i(u), V_i(u) .= |μ^i|(IR), (1.24) Let N be the set of those indices i ∈ {1, . . . , n} such that the i-th characteristic family is genuinely nonlinear. The interaction potential of waves in u is then defined as Q(u) .= ∑ 1≤i<j≤n ( |μ^j | × |μ^i| )({ (x, y); x < y }) + ∑ i∈N ( μ^{i−} × |μ^i| )({ (x, y); x ≠ y }) . (1.25)

The decay estimates in [5] can be stated as follows.

Proposition 1. Let the i-th characteristic field be genuinely nonlinear. Then there exist constants C_1, κ > 0 such that, for every solution u with small total variation obtained as limit of wave-front tracking approximations, one has μ^{i+}_t ( [a, b] ) ≤ b − a κ(t − s) + C_1 · [ Q(u(s)) − Q(u(t)) ] . (1.26)

for every interval [a, b] and all t > s ≥ 0.

Here and in the sequel, by μ^{i+}_t we denote the measure of positive i-waves in u(t, ·). Intuitively, (1.26) says that these positive waves can be split in two parts:

- The “old” waves, generated before time s, that have decayed throughout the interval [s, t] due to genuine nonlinearity. Their density is O(1) · (t − s)^{−1}.

- The “new” waves, generated after time s. Their density can be arbitrarily large, but their total strength is controlled by the decrease in the interaction potential.

Our second main result provides a converse to Proposition 1, showing that the uniqueness of solutions to the Cauchy problem can also be derived from the following.

(A4) (Decay Assumption) There exist a constant κ > 0 and a nonincreasing function Z such that μ^{i+}_t ( [a, b] ) ≤ b − a κ(t − s) + [ Z(s) − Z(t) ] . (1.27)

for every interval [a, b] and all i = 1, . . . , n, t > s ≥ 0.

Theorem 2. Let the system (1.1) be strictly hyperbolic, with each characteristic field genuinely nonlinear, so that it generates a Standard Riemann Semigroup S on a domain D as in (1.4), with δ_0 > 0 sufficiently small. Then, for every ū ∈ D, T > 0, the Cauchy problem (1.1), (1.3) has a unique solution u : [0, T ] → D satisfying (A1) and (A4) for some constant κ and some nonincreasing function Z. Indeed, these conditions imply the identity (1.5).

Several uniqueness results for entropy weak solutions to hyperbolic systems of conservation laws have appeared in the literature. For scalar conservation laws, the uniqueness and stability problem was completely solved by Kruzhkov [15]. In the case of systems, however, until recently all available theorems required additional regularity hypotheses on the solutions. In [21, 18], a uniqueness result is proved in the class of piecewise smooth functions, while in [10] it is shown that if a piecewise regular solution exists, then it is unique within a class of BV functions. The main result in [17] establishes the uniqueness of solutions under a restriction on the locations of centered rarefaction waves. For Temple class systems, stronger uniqueness theorems can be found in [9, 13]. Relying on the semigroup approach proposed in [1], the uniqueness theorem in [7] was the first one which could be applied within the same class of BV functions where an existence theorem is known. The present assumptions (A3) further weaken the regularity condition used in [7] and are clearly satisfied by the weak solutions obtained as limits of the Glimm scheme [12] or front tracking approximations [2]. As shown in [5], any limit of front tracking approximations satisfies the decay assumption (A4), provided that all characteristic fields of the system (1.1) are genuinely nonlinear.

2 - Preliminary results.

In this section we collect some technical lemmas, for later use.

Lemma 1. Let u : [0, T ]×IR → IR^n be a function which satisfies the Conservation Equations (A1), say with Tot.Var.u(t, ·) ≤ M for all t ∈ [0, T ]. Then the map t → u(t, ·) is Lipschitz continuous, i.e. ‖ u(τ, ·) − u(τ^′, ·) ‖ L^1 ≤ L^′|τ − τ^′| (2.1)

for some constant L^′ and all τ, τ^′ ∈ [0, T ].

Proof. Fix any τ > τ^′ > 0 and construct a smooth approximation to the characteristic function of

the interval [τ^′, τ]. For this purpose, take a smooth nondecreasing function α : IR → [0, 1], such

that α(x) = { 0 if x ≤ −1, 1 if x ≥ 1,

and define α_h(x) .= α(x/h). As h → 0+, α_h thus approaches the Heaviside function. Consider any

smooth function ψ = ψ(x) with compact support, and define φ_h(t, x) = [α_h(t − τ^′) − α_h(t − τ)]ψ(x). By the assumption on u, using φ_h in (1.8) and letting h → 0, thanks to the L^1-continuity of the

function t → u(t, ·) we obtain ∫ ψ(x)[u(τ, x) − u(τ^′, x)]dx + ∫_τ τ^′ ∫ ψ_x(x)f(u)dxdt = 0. It thus follows ‖ ‖u(τ, ·) − u(τ^′, ·) ‖ ‖ L^1 = sup ψ∈C^1_c , |ψ|≤1 ∫ ψ(x)[u(τ, x) − u(τ^′, x)]dx ≤ ∫_τ τ^′ Tot.Var. { f(u(t, ·)) } dt ≤ M · Lip(f) · |τ − τ^′|, where by Lip(f) we denote the Lipschitz constant of the function f on the domain |u| ≤ M.

Lemma 2. Let w : ]a, b[ → IR^n be an integrable function such that, for some measure μ, one has | | | ∫_{ζ2} ζ_1 w(x) dx | | | ≤ μ ( [ζ_1, ζ_2] ) , whenever a < ζ_1 < ζ_2 < b. (2.2)

Then ∫_b a | |w(x) | | dx ≤ μ(]a, b[). (2.3)

Proof. Observe that, in (2.2), one can replace the closed interval [ζ_1, ζ_2] with an open one.

Namely, | | | | ∫_{ζ2} ζ_1 w(x) dx | | | | = lim_{ε→0} | | | | ∫_{ζ2−ε} ζ_1+ε w(x) dx | | | | ≤ μ ( ]ζ_1, ζ_2[ ) (2.4)

Next, fix any ε > 0. Then there exists a piecewise constant function v such that ∫_b a | |w(x) − v(x) | |dx ≤ ε. Calling a = x_0 < · · · < x_N = b the points of discontinuity of v, we compute ∫_b a | w(x) | dx ≤ ∫_b a | w(x) − v(x) | dx + ∫_b a | v(x) | dx ≤ ε + ∑ j ∫_{xj} x_{j−1} | v(x) | dx

= ε + ∑ j | | | ∫_{xj} x_{j−1} v(x)dx | | |

≤ ε + ∑ j | | | | ∫_{xj} x_{j−1} w(x)dx | | | | + ∑ j | | | | ∫_{xj} x_{j−1} ( v(x) − w(x) ) dx | | | | ≤ ε + ∑ j μ ( ]x_{j−1}, x_j [ ) + ∫_b a | |v(x) − w(x) | |dx ≤ 2ε + μ ( ]a, b[ ) . Since ε was arbitrary, this proves the lemma.

Lemma 3. Let u : [0, T ] → D be Lipschitz continuous. At a given point (τ, ξ), let the conditions

(1.9)-(1.10) hold, for some u^−, u^+ ∈ IR^n, λ ∈ IR. Then, for each λ^∗ > 0 one has lim ρ→0+ sup_{|h|≤ρ} 1 ρ ∫_{ξ+λ}∗_ρ ξ−λ^∗ρ | u(τ + h, x) − U(τ + h, x)| dx = 0. (2.5)

Proof. Assume, on the contrary, that there exists δ > 0 and sequences ρ_ν → 0, |h_ν | < ρ_ν , such that ∫_{ξ+λ∗ρν} ξ−λ^∗ρ_ν | |u(τ + h, x) − U(τ + h, x)| dx > δρ_ν (2.6) for every ν ≥ 1. To fix the ideas, assume h_ν ≥ 0 for all ν, the other cases being entirely similar.

By the Lipschitz continuity proved in (2.1), we have ∫_b a {| |u(t, x) − U(t, x) | | − | |u(t^′, x) − U(t^′, x) | | } dx ≤ L^∗|t − t^′| (2.7) for some constant L^∗, for every t, t^′ ≥ 0 and every interval [a, b]. It is not restrictive to assume

L^∗ > 1/δ. The assumption (1.10) implies lim ρ→0+ 1 ρ^2 ∫_{τ+ρ} τ−ρ ∫_{ξ+λ}∗_ρ ξ−λ^∗ρ | |u(t, x) − U(t, x) | | dxdt = 0. (2.8)

However, if (2.6) holds, by (2.7) it follows ∫_{τ+ρν} τ−ρ_ν ∫_{ξ+λ}∗_{ρν} ξ−λ^∗ρ_ν | | |u(t, x) − U(t, x) | | | dxdt ≥ ∫_{τ+hν} τ+h_ν −(δ/L^∗)ρ_ν ∫_{ξ+λ}∗_{ρν} ξ−λ^∗ρ_ν {| |u(τ + h_ν , x) − U(τ + h_ν , x) | | − L^∗|τ + h_ν − t| } dxdt ≥ ∫_{τ+hν} τ+h_ν −(δ/L^∗)ρ_ν δρ_ν − L^∗(τ + h_ν − t) dt = δ(δ/L^∗)ρ^2_ν

(2.9)

for all ν, in contradiction with (2.8). This proves the lemma.

Corollary 1. Under the same assumptions of Lemma 3, the states u^−, u^+ in (1.9)-(1.10) satisfy u^− = u(τ, ξ−), u^+ = u(τ, ξ+). (2.10)

Indeed, taking h = 0 and letting ρ → 0+ in (2.5) one obtains | u(τ, ξ+) − u^+ | ≤ lim sup ρ→0+ 1 ρ (∫_{ξ+ρ} ξ | u(τ, ξ+) − u(τ, x) | dx + ∫_{ξ+ρ} ξ | u(τ, x) − u^+ | dx )

= 0 The other identity is proved similarly.

Lemma 4. Let u be a weak solution of (1.1). Let the conditions (1.9)-(1.10) hold at some point (τ, ξ). Then the states u^−, u^+ and the speed λ satisfy the Rankine-Hugoniot equations

λ(u^+ − u^−) = f(u^+) − f(u^−). (2.11)

Together with the entropy condition in (A2), Lemma 4 shows that the states u^−, u^+ are connected either by an admissible shock or by a contact discontinuity, propagating with speed λ. To prove the lemma, define the function V (s, y) .= { u^− if y < λs, u^+ if y > λs.

By (1.10) it follows lim ρ→0+ ∫∫ B | |u(τ + ρs, ξ + ρy) − V (s, y) | | dyds = 0 for every bounded set B ⊂ IR^2. Moreover, (1.8) implies ∫ ∫ u(τ + ρs, ξ + ρy)ϕ_s(s, y) + f ( u(τ + ρs, ξ + ρy) ) ϕ_y (s, y) dyds = 0 for all ϕ ∈ C^1_c and all ρ > 0. The two above relations imply ∫ ∫ V ϕ_s + f(V )ϕ_y dyds = 0, showing that the function V itself is a solution of (1.1). Therefore the Rankine-Hugoniot equations (2.11) must hold.

We conclude this section by recalling two local integral estimates that characterize the trajectories of a Standard Riemann Semigroup.

Two types of local approximate solutions for (1.1) will be considered. One is derived from the self-similar solution of a Riemann problem, the other is obtained by “freezing” the coefficients of the corresponding quasilinear hyperbolic system in a neighborhood of a given point.

Let w : IR → IR^n be any BV function and fix any point ξ ∈ IR where w has a jump. Call ω = ω(t, x) the unique self-similar entropy solution of the Riemann problem

ω_t + f(ω)_x = 0, ω(0, x) = { w(ξ−) if x < 0, w(ξ+) if x > 0. (2.12)

Let λ̂ be an upper bound for the absolute values of all wave speeds. For t ≥ 0, define U^♯(t, x) .= { ω(t, x − ξ) if |x − ξ| ≤ λ̂t, w(x) if |x − ξ| > λ̂t. (2.13)

Observe that the function t → U^♯(t, ·) is Lipschitz continuous w.r.t. the L^1 distance, and approaches w as t → 0+ .

Next, call ~A .= Df ( w(ξ) ) the Jacobian matrix of f computed at the point w(ξ). For t ≥ 0, define U^♭(t, x) as the solution of the linear hyperbolic Cauchy problem with constant coefficients

U^♭_t + ~AU^♭_x = 0, U^♭(0) = w. (2.14)

Lemma 5. Let S be a Standard Riemann Semigroup generated by the system (1.1), with domain D as in (1.4). Then, there exists a constant C_1 such that the following holds. For every function w ∈ D, every ξ ∈ IR and h, ρ > 0, with the above definitions one has 1 h ∫_{ξ+ρ−h}^_λ ξ−ρ+hλ̂ | | | ( S_hw ) (x) − U^♯(h, x) | | | dx ≤ C1 · Tot.Var. ( w; ]ξ − ρ, ξ[ ∪ ]ξ, ξ + ρ[ ) , (2.15)

1 h ∫_{ξ+ρ−h}^_λ ξ−ρ+hλ̂ | |(S_hw)(x) − U_♭(h, x) | | dx ≤ C_1 · (Tot.Var.(w; ]ξ − ρ, ξ + ρ[ ))^2. (2.16)

For a proof, see [1, p.217].

3 - Proof of Theorem 1.

As before, let λ̂ be an upper bound for all wave speeds. Let u satisfy the hypotheses of Theorem 1. For every R, it suffices to show that u(T, ·) = S_T ū, restricted to the interval J_T .= [−R + λ̂T, R − λ̂T ], (3.1) for all T > 0. In turn, this can be deduced from the error estimate ‖ u(T ) − S_T ū ‖ L^1 (JT ) ≤ L · ∫_T 0 { lim inf h→0+ ‖ ‖u(τ + h) − S_hu(τ) ‖ ‖ L^1(Jτ+h) h } dτ, (3.2)

if we prove that the integrand on the right hand side of (3.2) vanishes almost everywhere. Recalling Lemma 1 and the assumption u(t, ·) ∈ D, we conclude that u = u(t, x) is a BV function on the strip [0, T ] × IR, in the sense that the distributional derivatives D_tu, D_xu are Radon measures [11]. By a well known structure theorem [11, 23], there exists a set ~N ⊂ ]0, T [ ×IR of 1-dimensional Hausdorff measure zero such that, at every point (τ, ξ) /∈ ~N , u either is approximately continuous or has an approximate jump discontinuity. We claim that, at every such point of discontinuity, the jump cannot have a horizontal tangent. In other words, one can never have (1.10) in the case U(t, x) = { u^− if t < τ, u^+ if t > τ, u^+ ≠ u^−. (3.3)

Indeed, for every positive constant c (arbitrarily large), from (3.3), (1.10) and (2.1) we deduce

c|u^+ − u^−| = lim_{ρ→0+} 1 ρ^2 ∫_{τ+ρ} τ ∫_{ξ+cρ} ξ |u^+ − u^−| dxdt ≤ lim sup ρ→0+ 1 ρ^2 ∫_{τ+ρ} τ ∫_{ξ+cρ} ξ | |u(t, x) − u(2τ − t, x) | | dxdt

≤ lim_{ρ→0+} 1 ρ^2 ∫_{τ+ρ} τ L^′ · 2(t − τ) dt = L^′. Hence |u^+ − u^−| ≤ L^′/c for every c, against the second assumption in (3.3).

Taking the projection of ~N on the t-axis, we conclude that there exists a set N ⊂ [0, T ] of measure zero, containing the endpoints 0 and T , such that, at every point (τ, ξ) ∈ [0, T ] × IR with τ /∈ N , the following property holds.

(P) Either u is approximately continuous at (τ, ξ), or it has an approximate jump discontinuity, in the sense that (1.9)-(1.10) hold for some states u^−, u^+ and some λ ∈ IR. In this second case, Corollary 1 implies u^− = u(τ, ξ−), u^+ = u(τ, ξ+). Moreover, by Lemma 4 the Rankine- Hugoniot equations (2.11) hold. Hence, by (A2) the entropy condition (1.11) holds as well.

Theorem 1 will be proved by establishing the basic relation

lim inf h→0+ 1 h ∫_{R−}^_{λ(τ+h)} −R+λ̂(τ+h) | |u(τ + h, x) − (S_hu(τ))(x) | |dx = 0 for all τ /∈ N . (3.4)

Let τ ∈ [0, T ] \ N and ε > 0 be given. For notational convenience, call μ the measure of total variation of u(τ, ·), so that μ ( ]a, b[ ) . = Tot.Var. { u(τ); ]a, b[ } . (3.5)

Let ξ^′_1 < . . . < ξ^′_N be the points in [−R, R] such that μ ( {ξ^′_α} ) ≥ ε. The boundedness of μ on any bounded interval implies that only finitely many such points exist. Since τ /∈ N , for each α = 1, . . . , N by the property (P) the two states u^±_α .= u(τ, ξ^′_α±) are connected by an entropy-admissible shock, travelling with some speed λ^α. Moreover, introducing the functions U_α(t, x) = { u^−_α if x < ξ^′_α + λ^α(t − τ), u^+_α if x > ξ^′_α + λ^α(t − τ),

(3.6)

one has lim ρ→0+ 1 ρ^2 ∫_{τ+ρ} τ−ρ ∫_ξ′_{α+ρ} ξ^′_α−ρ | |u(t, x) − U_α(t, x) | | dxdt = 0 (α = 1, . . . , N). (3.7) For any fixed λ^∗ > 0 (arbitrarily large), Lemma 3 implies lim h→0+ 1 h ∫_ξ′_{α+λ}∗_h ξ^′_α−λ^∗h | |u(τ + h, x) − U_α(τ + h, x) | | dx = 0. (3.8)

By (3.8) we can thus assume N∑ α=1 1 h ∫_ξ′_{α+λ}∗_h ξ^′_α−λ^∗h | |u(τ + h, x) − U_α(τ + h, x) | | dx ≤ ε (3.9)

for h > 0 sufficiently small. By (2.15) in Lemma 5 it follows that the semigroup trajectory satisfies an entirely similar estimate: N∑ α=1 1 h ∫_ξ′_{α+λ}∗_h ξ^′_α−λ^∗h | | | ( S_hu(τ) ) (x) − U_α(τ + h, x) | | | dx

≤ C_1 · N∑ α=1 Tot.Var. { u(τ); ]ξ^′_α − 2λ^∗h, ξ^′_α[ ∪ ]ξ^′_α, ξ^′_α + 2λ^∗h[ }

≤ ε,

(3.10) for all h > 0 sufficiently small. Indeed, it is not restrictive to assume that λ^∗ is larger than all wave speeds. Combining (3.9) and (3.10) we deduce N∑ α=1 1 h ∫_ξ′_{α+λ}∗_h ξ^′_α−λ^∗h | |u(τ + h, x) − (S_hu(τ))(x) | | dx ≤ 2 ε for all h ∈ ]0, h_∗], (3.11)

with h^∗ > 0 sufficiently small.

Next, we consider all the remaining points, where u(τ, ·) is either continuous or has a jump of strength < ε. Choose ρ > 0 such that

2ρ < min α=2,···,N |ξ^′_α − ξ^′_{α−1}|, μ ( ]a, b[ ) ≤ ε whenever b − a ≤ 2 ρ, ]a, b[ ∩ {ξ^′_1, . . . ξ^′_N } = ∅. (3.12) Such a ρ exists, because the total variation of u(τ) is bounded and μ ( {x} ) < ε whenever x /∈ {ξ^′_1, . . . ξ^′_N }. We can now select a finitely many points ξ_1 < . . . < ξ_M , such that the open intervals I_β .= ]ξ_β − ρ, ξ_β + ρ[ satisfy: (i) ⋃_M β=1 I_β ⊇ [−R, R] \ {ξ^′_1, . . . , ξ^′_N }. (ii) Every point x is contained in at most two distinct intervals I_β .

Observe that the closed intervals I^′_{α,h} .= [ξ^′_α − hλ^∗, ξ^′_α + hλ^∗] together with the open intervals I_{β,h} .= ]ξ_β − ρ + hλ^∗, ξ_β + ρ − hλ^∗[ still cover [−R, R], for h > 0 sufficiently small.

We claim that, for every β, there exists h_β > 0 such that | |u(τ + h, x) − u(τ, ξ_β ) | | ≤ (K + 2)ε for all x ∈ I_{β,h}, h ∈ [0, h_β ]. (3.13)

To see this, we apply (1.13) with ξ replaced by ξ_β − ρ. By (3.12), there exists δ^∗ > 0 such that | |u(τ + h, x) − u(τ, ξ_β ) | | ≤ | | |u(τ + h, x) − u ( τ, (ξ_β − ρ) + )| | + | | |u ( τ, (ξ_β − ρ) + ) − u(τ, ξ_β ) | | | ≤ ε + ε (3.14) for all h > 0 and x ∈ I_{β,h} with x < ξ_β − ρ + δ^∗. Similarly, | u(τ + h, x) − u(τ, ξ_β ) | ≤ 2ε (3.15)

for all h > 0 and x ∈ I_{β,h} with x > ξ_β + ρ − δ^∗. For each point (τ, x) with |x − ξ_β | ≤ ρ − δ^∗ we can

now apply (1.12) and deduce | |u(τ + h, y) − u(τ, x) | | ≤ K | |u(τ, x+) − u(τ, x−) | | + ε (3.16)

for h > 0 and |y − x| sufficiently small. By (3.16) and (3.12), for some δ_x > 0 there holds | u(τ + h, y) − u(τ, ξ_β ) | ≤ | u(τ + h, y) − u(τ, x) | + | u(τ, x) − u(τ, ξ_β ) | ≤ Kε + 2ε, (3.17)

for h ∈ [0, δ_x], |y − x| < δ_x. Covering the compact interval [ξ_β − ρ + δ^∗, ξ_β + ρ − δ^∗] with finitely

many subintervals [x_ℓ − δ_ℓ, x_ℓ + δ_ℓ], ℓ = 1, . . . , N, and choosing h_β .= min{δ^∗, δ_1, . . . , δ_N }, we

deduce (3.13).

Next, for each β, define U^♭ to be the solution of the linear hyperbolic problem with constant

coefficients

U^♭_t + ~AU^♭_x = 0, U^♭(τ) = u(τ), (3.18) where ~A .= Df ( u(τ, ξ_β ) ) . Call λ̃_1, . . . λ̃_n the eigenvalues of ~A and let l̃_i, r̃_i be the corresponding

left and right eigenvectors, normalized as in (1.15). For every i = 1, . . . , n and every choice of

ζ_1, ζ_2 ∈ I_{β,h}, we now estimate the quantity

E_i .= ∫_{ζ2} ζ_1 ⟨~ l_i, u(τ + h, x) − U^♭(τ + h, x) ⟩ dx. Observing that (3.18) implies ⟨~ l_i, U^♭(τ + h, x) ⟩ = ⟨~ l_i, U^♭(τ, x − hλ̃_i) ⟩ = ⟨~ l_i, u(τ, x − hλ̃_i) ⟩ , and integrating (1.1) over the domain D_i .= { (t, x); t ∈ [τ, τ + h], ζ_1 + (t − τ − h)λ̃_i ≤ x ≤ ζ_2 + (t − τ − h)λ̃_i } , we obtain

E_i = ∫_{τ+h} τ ⟨ l̃_i, (f(u) − λ̃_iu)(t, ζ_1 + (t − τ − h)λ̃_i) ⟩ dt − ∫_{τ+h} τ ⟨ l̃_i, (f(u) − λ̃_iu)(t, ζ_2 + (t − τ − h)λ̃_i) ⟩ dt. (3.19)

To estimate the quantity in (3.19), consider the states u^′ .= u ( t, ζ_1 + (t − τ − h)λ̃_i ) , u^{′′} .= u ( t, ζ_2 + (t − τ − h)λ̃_i ) , ũ .= u(τ, ξ_β ). We then have ⟨ l̃_i, f(u^{′′}) − f(u^′) − λ̃_i(u^{′′} − u^′) ⟩ = ⟨ l̃_i, Df(ũ) · (u^{′′} − u^′) − λ̃_i(u^{′′} − u^′) ⟩ + ⟨ l̃_i, A^∗(u^{′′} − u^′) ⟩ , where the matrix A^∗ is defined by

A^∗ .= ∫_1 0 [ Df ( su^{′′} + (1 − s)u^′ ) − Df(ũ) ] ds.

Therefore, | | | | ⟨ l̃_i, f(u^{′′}) − f(u^′) − λ̃_i(u^{′′} − u^′) ⟩| | | ≤ C · |u^{′′} − u^′| · ( |u^{′′} − ũ| + |u^′ − ũ| ) , (3.20)

for some constant C depending only on the second order derivatives of the function f. By (3.13), |u^{′′} − ũ| + |u^′ − ũ| ≤ 2(K + 2)ε. (3.21) Using (3.20)-(3.21) in (3.19) we deduce that, for some constant C_2, | | | | ∫_{ζ2} ζ_1 ⟨~ l_i, u(τ + h, x) − U^♭(τ + h, x) ⟩ dx | | | | ≤ C_2 ε ∫_{τ+h} τ Tot.Var. { u(t); J^i_{ζ1,ζ2} (t) } dt, (3.22)

where J^i_{ζ1,ζ2} (t) .= ]ζ_1 + (t − τ − h)λ̃_i, ζ_2 + (t − τ − h)λ̃_i[. Define the positive Radon measure μ_{i,h}

by setting μ_{i,h} ( ]ζ_1, ζ_2[ ) . = 1 h ∫_{τ+h} τ Tot.Var. { u(t); J^i_{ζ1,ζ2} (t) } dt, for every open interval ]ζ_1, ζ_2[ . Thanks to (3.22), we can apply Lemma 2 and obtain ∫_{ξβ +ρ−λ}∗_h ξ_β −ρ+λ^∗h | |⟨l̃_i, u(τ + h, x) − U_♭(τ + h, x)⟩ | | dx ≤ C_2εh · μ_{i,h} ( ]ξ_β − ρ + λ^∗h, ξ_β + ρ − λ^∗h[ ) = C_2ε · ∫_{τ+h} τ Tot.Var. { u(t); ] ξ_β − ρ + λ^∗h + (t − τ − h)λ̃_i, ξ_β + ρ − λ^∗h + (t − τ − h)λ̃_i [} dt ≤ C_2ε · ∫_h 0 Tot.Var. { u(τ + h^′); I_{β,h}′ } dh^′.

We are now ready to estimate M∑ β=1 ∫_{ξβ +ρ−λ}∗_h ξ_β −ρ+λ^∗h | |u(τ + h, x) − U^♭(τ + h, x) | | dx

= O(1) · M∑ β=1 n∑ i=1 ∫_{ξβ +ρ−λ}∗_h ξ_β −ρ+λ^∗h | |⟨l̃_i, u(τ + h, x) − U_♭(τ + h, x)⟩ | | dx

= O(1) · ε M∑ β=1 ∫_{τ+h} τ Tot.Var. { u(t); ]ξ_β − ρ + λ^∗t, ξ_β + ρ − λ^∗t[ } dt

= O(1) · ε ∫_{τ+h} τ Tot.Var. { u(t); IR } dt ≤ C_3 ε h,

(3.23)

for some constant C_3 and all h > 0 sufficiently small.

On the other hand, applying (2.16) with w = u(τ), by (3.12) we deduce 1 h ∫_{ξβ +ρ−λ}∗_h ξ_β −ρ+λ^∗h | | | ( S_hu(τ) ) (x) − U^♭(τ + h, x) | | | dx ≤ C1 ( Tot.Var. { u(τ); ]ξ_β − ρ, ξ_β + ρ[ })2 ≤ C_1ε · Tot.Var. { u(τ); ]ξ_β − ρ, ξ_β + ρ[ } . (3.24)

Indeed, it is not restrictive to assume λ^∗ larger than all wave speeds. The two inequalities (3.23)

and (3.24) together yield M∑ β=1 1 h ∫_{ξβ +ρ−λ}∗_h ξ_β −ρ+λ^∗h | | |u(τ + h, x) − ( S_hu(τ) ) (x) | | | dx ≤ ( C_3 + 2C_1 · Tot.Var. { u(τ); IR }) ε. (3.25)

Since the intervals I^′_{α,h}, I_{β,h} cover [−R, R], from (3.9) and (3.25) we finally obtain 1 h ∫_R −R | | |u(τ + h, x) − ( S_hu(τ) ) (x) | | | dx ≤ ( 1 + C_3 + 2C_1 Tot.Var. { u(τ); IR }) ε, (3.26) for every h > 0 sufficiently small. Since ε > 0 was arbitrary, this establishes (3.4). Using (3.4) in

(3.2), Theorem 1 is proved.

4 - Proof of Theorem 2.

We first recall a result of real analysis [14, p.320]. Let Z : [0, T ] → IR be a nonincreasing

function. Then, for every M > 0 there holds

meas { τ ∈ [0, T ] ; | | | | Z(t) − Z(τ) t − τ | | | | > M for some t ≠ τ } ≤ 2 [ Z(0) − Z(T ) ] M . (4.1)

From (4.1) we deduce the existence of a set N of measure zero such that, for each τ ∈ [0, T ] \ N , there exists a constant M(τ) satisfying | |Z(t) − Z(τ) | | ≤ M(τ) | |t − τ | | for all t ∈ [0, T ]. (4.2)

Recalling the structure theorem for BV functions [11, 23], we can also assume that, for all τ /∈ N and all ξ ∈ IR, either u is approximately continuous or it has an approximate jump discontinuity at the point (τ, ξ).

From now on, we fix τ ∉ N and call M = M(τ) the corresponding constant in (4.2). We first prove that, at time τ, the Decay Assumption (A4) implies the Entropy Condition (A2). Let ξ be a point of jump for the function x → u(τ, x), so that (1.9)-(1.10) and (2.11) hold. In particular, we have u(τ, ξ+) = Ψ_i(σ) ( u(τ, ξ−) ) for some σ ∈ IR and some i ∈ {1, . . . , n}. Applying (1.27) with a = b = ξ, we find σ = μ^i_τ ( {ξ} ) ≤ [ Z(t) − Z(τ) ] ≤ M(τ − t) (4.3) for all 0 < t < τ. Letting t → τ−, we conclude σ ≤ 0. Hence the entropy condition (1.11) holds.

It now remains to prove that the Tame Oscillation Condition (A3) also holds. Assuming that the constant δ_0 > 0 in (1.4) is sufficiently small, we can choose a unit vector e and a constant c_0 > 0 such that d dσ ⟨ e, Ψ_i(σ)(u) ⟩ ≥ c_0 (4.4)

for |u| < δ_0, |σ| < δ_0. Recalling that the maps x → u(t, x) were assumed right continuous, from (4.4) it follows ⟨ e, u(t, b) − u(t, a) ⟩ ≤ n∑ i=1 μ^{i+}_t ( ]a, b] ) − c_0 · n∑ i=1 μ^{i−}_t ( ]a, b] ) , (4.5)

for all a < b and t ≥ 0. We claim that (1.12) holds with K = 2/c_0. Indeed, assume by contradiction that there exists a point ξ and sequences h_ν → 0+ and x_ν → ξ such that | |u(τ + h_ν , x_ν ) − u(τ, ξ) | | > 2 c_0 · | |u(τ, ξ+) − u(τ, ξ−) | |. (4.6) By Lemma 3, we can select sequences a_ν → ξ− and b_ν → ξ+, with a_ν < x_ν < b_ν , such that (by possibly taking a subsequence and relabelling) u^−_ν .= u(τ + h_ν , a_ν ) → u(τ, ξ−), u^+_ν .= u(τ + h_ν , b_ν ) → u(τ, ξ+). We can also assume that ũ_ν .= u(τ + h_ν , x_ν ) → ũ.

for some ũ. Set δ_ν .= b_ν − a_ν . Applying the decay estimate (1.27) to the interval [τ − √ δ_ν , τ + h_ν ]

we obtain μ^{i+}_{τ+hν} ( [a_ν , b_ν ] ) ≤ δ_ν κ( √ δ_ν + h_ν ) + [ Z(τ − √ δ_ν ) − Z(τ + h_ν ) ]

≤ √ δ_ν κ + M( √ δ_ν + h_ν ).

(4.7)

Therefore, lim_{ν→∞} μ^{i+}_{τ+hν} ( [a_ν , b_ν ] ) = 0. (4.8)

Using (4.5) and (4.8), and recalling that all functions x → u(t, x) are right continuous, we now

estimate | |u(τ, ξ+) − u(τ, ξ−) | | ≥ | | | ⟨ e, u(τ, ξ+) − u(τ, ξ−) ⟩| | = lim_{ν→∞} | | |⟨e, u^+_ν − u^−_ν ⟩ |

≥ c_0 n∑ i=1 lim inf ν→∞ μ^{i−}_{τ+hν} ( ]a_ν , b_ν ] ) . (4.9)

Moreover, | |u(τ, ξ+) − ũ | | ≤ lim_{ν→∞} | |u^+_ν − ũ_ν | | ≤ n∑ i=1 lim inf ν→∞ μ^{i−}_{τ+hν} ( ]x_ν , b_ν ] ) . (4.10)

Together, (4.9) and (4.10) yield | |u(τ, ξ+) − ũ | | ≤ 1 c_0 | |u(τ, ξ+) − u(τ, ξ−) | |, (4.11) which proves (1.12), since u(τ, ξ) = u(τ, ξ+) by the convention (1.7).

Finally, we show that the decay assumption (1.27) also implies (1.13), where λ^∗ is any upper

bound for all characteristic speeds. If the map x → u(τ, x) is continuous at x = ξ, then (1.13) is

an easy consequence of (1.12). Now consider the other case, where u has an approximate jump

discontinuity at (τ, ξ), so that (1.9)-(1.10) hold, for some u^−, u^+, λ satisfying (2.11). Assume by

contradiction that exist sequences h_ν → 0+ and x_ν → ξ+, with x_ν − ξ > λ^∗h_ν , such that

lim_{ν→∞} u(τ + h_ν , x_ν ) = ũ ≠ u(τ, ξ+). (4.12)

Since λ < λ^∗, by (2.5) there exist sequences a_ν , b_ν → ξ+ with ξ + λh_ν < a_ν < x_ν < b_ν such that u^−_ν .= u(τ + h_ν , a_ν ) → u(τ, ξ+), u^+_ν .= u(τ + h_ν , b_ν ) → u(τ, ξ+). Repeating the same arguments in (4.9)-(4.11), we conclude | ũ − u(τ, ξ+) | ≤ 1 c_0 | u(τ, ξ+) − u(τ, ξ+) | = 0.

This establishes the limit (1.13) in the sector where x > ξ + λ^∗(t − τ). The case x < ξ − λ^∗(t − τ) is entirely similar.

Thanks to the above analysis, for all τ /∈ N and ξ ∈ IR, the assumptions (A2)-(A3) hold. Therefore, we can repeat the arguments in Section 3 and establish (3.4). By (3.2), this implies u(T ) = S_T ū for all T > 0, proving Theorem 2.

5 - Concluding remarks.

We conclude with a few observations on the role of the regularity assumption (A3) toward the uniqueness of solutions of the Cauchy problem (1.1), (1.3). In our proof, this assumption is used at one single step, namely in the estimate (3.22) of the distance between a weak solution u and the solution U^♭ of an approximating linear problem. While deriving this particular estimate, we are not relying on any entropy condition. Therefore we need an assumption which rules out the appearance of large oscillations immediately after time τ. For general n × n systems, it is not clear whether (A3) could actually be deduced from (A1)-(A2), as in the scalar case.

In [7], a stronger regularity assumption was used, namely

(A5) (Tame Variation Condition) There exists a constant C such that, for every horizontal segment Γ in the t-x plane and every space-like segment Γ^′ in the domain of dependency of Γ, one has Tot.Var.{u ; Γ^′} ≤ C · Tot.Var.{u ; Γ}. (5.1)

It is not difficult to show that (A5) implies (A3). Indeed, fix any point (τ, ξ) and consider sequences t_ν → τ+, x_ν → ξ. Let λ̂ be an upper bound for all wave speeds and define ρ_ν .= |x_ν − ξ| + λ̂(t_ν − τ). Clearly, ρ_ν → 0. Consider the horizontal segment Γ_ν with endpoints (τ, ξ − ρ_ν ), (τ, ξ + ρ_ν ), and the space-like segment Γ^′_ν , with endpoints (t_ν , x_ν ), (τ, ξ + ρ_ν ). Applying (5.1) we obtain

lim sup ν→∞ | |u(t_ν , x_ν ) − u(τ, ξ) | | ≤ lim sup ν→∞ {| |u(t_ν , x_ν ) − u(τ, ξ + ρ_ν ) | | + | |u(τ, ξ + ρ_ν ) − u(τ, ξ) | | }

≤ (C + 1) · lim sup_{ν→∞} Tot.Var. { u(τ) ; Γ_ν } ≤ (C + 1) · | |u(τ, ξ+) − u(τ, ξ−) | |. This yields (1.12) with K = C + 1.

To prove (1.13) with λ^∗ = λ̂, assume x_ν → ξ, t_ν → τ+, with x_ν > ξ + λ̂(t_ν − τ). Calling

Γ_ν the segment with endpoints ( τ, x_ν ± λ̂(t_ν − τ) ) and Γ^′_ν the segment with endpoints (t_ν , x_ν ), ( τ, x_ν − λ̂(t_ν − τ) ) , an application of (5.1) yields

lim sup ν→∞ | |u(t_ν , x_ν ) − u(τ, ξ+) | | ≤ lim sup ν→∞ C · Tot.Var. { u(τ) ; Γ_ν } + lim sup ν→∞ | |u(τ, x_ν − λ̂(t_ν − τ)) − u(τ, ξ+) | | = 0.

It is worth observing that Theorem 1 remains valid under assumptions somewhat weaker than

(A3). Namely, in (1.13) one can allow the positive number λ^∗ to depend arbitrarily on the point

(τ, ξ). Moreover, instead of (1.12), one can assume that for almost every τ there exists a continuous

function K_τ = K_τ (ζ) with K_τ (0) = 0 such that

lim sup t→τ+, x→ξ | |u(t, x) − u(τ, ξ) | | ≤ K_τ (| |u(τ, ξ+) − u(τ, ξ−) | | ) . This extension requires only minor modifications of the original proof.

Aknowledgment. This research was supported by the European TMR Contract ERB FMRX

CT96 0033 on Hyperbolic Systems of Conservation Laws.

References

[1] A. Bressan, The unique limit of the Glimm scheme, Arch. Rational Mech. Anal. 130 (1995), 205-230.

[2] A. Bressan, Analysis of solutions to hyperbolic systems by the front tracking method, in “Analysis of Systems of Conservation Laws”, H. Freistüler Editor, Addison Wesley, to appear.

[3] A. Bressan, On the Cauchy problem for nonlinear hyperbolic systems, Proceedings CANum’97, C. Carasso Ed., http://www.emath.fr/Maths/Proc/proc.html

[4] A. Bressan and R. M. Colombo, The semigroup generated by 2 × 2 conservation laws, Arch.

Rational Mech. Anal. 133 (1995), 1-75.

[5] A. Bressan and R. M. Colombo, Decay of positive waves in nonlinear systems of conservation laws, Ann. Scuola Norm. Sup. Pisa 26 (1998), 133-160.

[6] A. Bressan, G. Crasta, and B. Piccoli, Well posedness of the Cauchy problem for n×n systems of conservation laws, preprint S.I.S.S.A., Trieste 1996.

[7] A. Bressan and P. LeFloch, Uniqueness of weak solutions to hyperbolic systems of conservation laws, Arch. Rational Mech. Anal. 140 (1997), 301-317.

[8] A. Bressan, T. P. Liu and T. Yang, L^1 stability estimates for n × n conservation laws, Arch.

Rational Mech. Anal., to appear.

[9] C. Dafermos and X. Geng, Generalized characteristics, uniqueness and regularity of solutions in a hyperbolic system of conservation laws, Ann. Inst. Henri Poincaré - Nonlinear Analysis 8 (1991), 231-269.

[10] R. J. DiPerna, Uniqueness of solutions to hyperbolic conservation laws, Indiana Univ. Math.

J. 28 (1979), 137–188.

[11] L. C. Evans and R. F. Gariepy, Measure Theory and Fine Properties of Functions, C.R.C. Press, 1992.

[12] J. Glimm, Solutions in the large for nonlinear hyperbolic systems of equations, Comm. Pure Appl. Math. 18 (1965), 697-715.

[13] A. Heibig, Existence and uniqueness of solutions for some hyperbolic systems of conservation laws, Arch. Rational Mech. Anal. 126 (1994), 79-101.

[14] A. N. Kolmogorov and S. V. Fomin, Introductory Real Analysis, Dover, New York, 1975. [15] S. Kruzhkov, First-order quasilinear equations with several space variables, Mat. Sb. 123 (1970), 228–255. English transl. in Math. USSR Sb. 10 (1970), 217–273.

[16] P.D. Lax, Hyperbolic systems of conservation laws II, Comm. Pure Appl. Math. 10 (1957), 537-566.

[17] P.G. LeFloch and Z.P. Xin, Uniqueness via the adjoint problems for systems of conservation laws, Comm. Pure Appl. Math. 46 (1993), 1499–1533.

[18] T. P. Liu, Uniqueness of weak solutions of the Cauchy problem for general 2 × 2 conservation laws, J. Differential Equations 20 (1976), 369–388.

[19] T. P. Liu, Admissible solutions of hyperbolic conservation laws, Amer. Math. Soc. Memoir 240 (1981).

[20] O. Oleinik, Discontinuous solutions of nonlinear differential equations Usp. Mat. Nauk. 12 (1957), 3-73; English transl. in Amer. Math. Soc. Transl. Ser.2, 26, 95-172.

[21] O. Oleinik, On the uniqueness of the generalized solution of the Cauchy problem for a nonlinear system of equations occurring in mechanics, Usp. Mat. Nauk (N.S.) 12 (1957), 169–176 (in Russian).

[22] J. Smoller, Shock Waves and Reaction-Diffusion Equations, Springer-Verlag, New York, 1983. [23] A. I. Volpert, The space BV and quasilinear equations, Math. USSR Sb. 2 (1967), 257–267.