A Note on the Spreading of Characteristics for Nonconvex Conservation Laws

Helge Kristian Jenssen^∗

Abstract

We study the spreading of characteristics for a class of one-dimensional scalar conservation laws for which the flux function has exactly one point of inflection. It is well-known that the characteristic speed satisfies a one-sided Lipschitz estimate in the convex case. Using Dafermos’ theory of generalized characteristics [3] we show that the characteristic speed in the nonconvex case satisfies a Hölder estimate at each fixed time.

1991 Mathematical Subject Classification: 35L65, 35B40, 35B65 Key Words: Scalar conservation laws without convexity, Oleinik-type estimates.

1 Introduction

We consider scalar conservation laws of the form

∂_tu(x, t) + ∂_xf(u(x, t)) = 0, u(x, t = 0) = u_0(x), (x, t) ∈ R× R^+. (1)

The flux function f is assumed to be (at least) of class C^2. It is well–known that this equation has a unique classical solution only locally in time. In general discontinuities develop in finite time no matter how smooth the initial data are. One is thus forced to extend the notion of a solution and consider weak solutions. However, this extension also entails a loss of uniqueness. To obtain uniqueness in the larger class of generalized solutions one introduces entropy conditions which single out the “physical” solution. The theory of existence and uniqueness of entropy solutions to (1) is more or less complete, see for example [8]. However, except for the case where the flux f(u) is convex, the qualitative properties of these solutions are not correspondingly well understood.

For strictly convex equations where the function f^{′′}(u) is nonnegative and not identically zero on any interval, the following inequality holds, f^′(u(y, t)) − f^′(u(x, t)) ≤ y − x t , x ≤ y. (2) When the flux f is strictly convex with f^{′′}(u) ≥ c > 0 for all u with |u| ≤ sup_{x∈}R|u_0(x)|, this yields the following stronger estimate, u(y, t) − u(x, t) ≤ y − x ct , x ≤ y. (3) �Department of Mathematical Sciences, Norwegian University of Science and Technology, N-7034 Trondheim, Norway, e{mail: helgekj@math.ntnu.no

The estimate (3) was first proved by Hopf [6] for Burgers’ equation (i.e., when f(u) = u^2/2) and later established by Oleinik [12] in the general case. For a proof of (2) see [1]. These estimates contain much information about the structure of the solution. In particular (2) shows that f^′(u(·, t)) is of locally bounded variation. The inequality also contains the entropy condition that f^′(u(·, t)) can only decrease across shocks, that is, the characteristics go into the shock as time increases. Finally it reveals exactly how rarefaction waves spread out as time increases. For other ways of formulating the entropy condition in the convex case, see [5], [14].

For convex fluxes one has detailed information on the asymptotic behavior of the solution. For periodic data it is known that the solution tends uniformly to the mean value of the initial data with a rate 1/t. In the case of compactly supported data the solution tends uniformly to zero at a rate 1/ √ t, while it tends to an N-wave at the same rate with respect to the L^1–norm. Furthermore, the effect of source terms for convex equations has been studied in several papers, see [9, 10, 11]. In particular, [7] contains a detailed analysis of the asymptotic profile near a blowup point in the case of a superlinear source term. For nonconvex equations much fewer results are known. However, see [13] and references therein.

A key property in the convex case is that no rarefaction waves are generated at positive times. Any collision of shocks always produce a single outgoing shock wave. For general nonconvex equations the situation is complicated by the fact that the solution can contain contact discontinuities from which characteristics radiate as time increase. Moreover, centered rarefaction waves may be generated at positive times. In this note we will consider equations with the former type of behavior. We assume the following normalization:

f(0) = f^′(0) = f^{′′}(0) = 0, uf^{′′}(u) < 0 for u ≠ 0. (4)

A class of model equations is given by the conservation laws ∂_tu(x, t) − ∂_x[|u(x, t)|^{m−1}u(x, t)] = 0, (5) where m > 1. As observed in [3] the assumptions (4) guarantee that no centered rarefaction waves are generated for t > 0. However, the solution will in general contain left contact discontinuities along which characteristics are emitted. The theory of generalized characteristics [1, 2] gives a detailed description of the structure of the solution including generic regularity and large time behavior. The analysis in [3] shows that there are certain “convex” regions in which the solution behaves as in the convex case. For these regions we thus know the generic regularity as well as how characteristics spread out in time. Dafermos [3] provides a detailed analysis of the remaining “nonconvex” regions and describes the generic regularity of the solution, see Theorem 2.5 below. In addition the asymptotic behavior of the solution under various assumptions on the initial data was considered. In particular, for the case of periodic initial data it was proved that the characteristic speed decays like 1/t, while in the case of data with compact support it was showed that the characteristic speed satisfies the estimate f^′(u(x, t)) = x t + O(t^{−α}) as t → ∞. Here α is a positive constant depending on the flatness of f at the point of inflection.

The aim of this note is to supplement the analysis in [3] by establishing pointwise estimates describing the spreading of characteristics in the nonconvex regions of the solution. In particular we are interested in the regularity of f^′(u(·, t)) close to a left contact discontinuity.

The estimate (2) shows that f^′(u(·, t)) satisfies a one-sided Lipschitz condition in the convex case. In the present case the characteristic speed may have infinite gradients. However, provided the flux f is not too flat near the point of inflection we show that f^′(u(·, t)) satisfies a Hölder estimate at each fixed time.

After recalling the definition and key properties of generalized characteristics, we state the main regularity results from [3]. We then use these results to give a detailed analysis of f^′(u(·, t)) when u(x, t) solves (1) and f(u) satisfies (4).

Apart from their intrinsic interest the results presented below were motivated by the work of Tadmor [14] on local error estimates for convex equations. The results may be viewed as a first step toward a corresponding analysis of nonconvex equations. Recently Tegnander [15] obtained similar results based on a front tracking argument.

2 Preliminaries

We define an admissible BV solution of (1) to be a bounded measurable function defined

on R × R^+, with distributional derivatives ∂tu, ∂xu which are locally finite Borel measures,

satisfying the entropy inequality ∂_tη(u(x, t)) + ∂_xq(u(x, t)) ≥ 0, (6) for every entropy entropy–flux pair (η(u), q(u)). For initial data u_0 in L^∞∩BV_{loc}, it is well– known that (1) has a unique admissible BV solution, see [8]. We normalize the solution to be continuous from the left.

A generalized characteristic associated with an admissible BV solution u(x, t) of (1) is a Lipschitz curve ξ : [t_0, t_1] → R, 0 ≤ t_0 < t_1 < ∞, which satisfies the differential inequality ξ^′(t) ∈ [f^′(u(ξ(t)+, t)), f^′(u(ξ(t), t))], (7) for almost all t ∈ [t_0, t_1]. From the theory of differential equations with discontinuous righthand side (see [4]), it follows that through any point of R × (0, ∞) there is a funnel of generalized characteristics passing through this point. These lie between a minimal one and a maximal one. The backward maximal (minimal) generalized characteristic through a given point (x̄, t̄ ) is the rightmost (leftmost) characteristic passing through (x̄, t̄ ) traveling with minimal (maximal) speed. The forward maximal (minimal) through (x̄, t̄ ) is the rightmost (leftmost) characteristic passing through (x̄, t̄ ) traveling with maximal (minimal) speed.

As in the case of a convex conservation law, classical characteristics and shocks are examples of generalized characteristics. Another possibility is the situation of a generalized characteristic traveling with a speed which coincides with the characteristic speed to the left (right) of itself. We call these left (right) contacts. We note that the normalization (4) implies that all right contacts are also left contacts, while the converse is not true in general. In the convex case contacts are necessarily classical characteristics whereas in the present case a left contact can be a line of discontinuity. In the following we refer to generalized characteristics as characteristics. By a genuine shock we mean a curve of discontinuity x = χ(t), t ∈ [a, b], for which f^′(u(χ(t), t)) < χ̇(t) < f^′(u(χ(t), t)), for almost all t ∈ [a, b].

2.1 Extremal Characteristics The following results give a detailed description of the extremal backward characteristics of the solution of (1). A basic fact is that these are contacts.

Proposition 2.1 The minimal (maximal) backward characteristic through a point (x, t) ∈

R× (0, ∞) is a left (right) contact on [0, t].

Proof. This is Lemma 2.3 in [3].

The following proposition describes the solution along a left contact. This result will be used below when we consider the behavior of f^′(u(·, t)) close to a left contact discontinuity.

Proposition 2.2 Let χ be a left contact characteristic on some interval (a, b). Then, if u(χ(t), t) ≥ 0 (or ≤ 0) for almost all t ∈ (a, b), then t → u(χ(t), t) is nonincreasing (or nondecreasing, respectively) on (a, b). In particular χ is a convex curve.

Proof. This is Lemma 2.5 in [3].

The next theorem describes the maximal backward characteristics. These are convex polygons with vertices at left contacts and thus have a particularly simple structure.

Theorem 2.3 Given (x̄, t̄ ) ∈ R×(0, ∞), let ξ be the maximal backward characteristic through (x̄, t̄ ). If u(x̄, t̄ ) ≠ 0 or u(x̄+, t̄ ) ≠ 0, then there is a finite mesh 0 = t_0 < t_1 < · · · < t_{n+1} = t̄ such that ξ is a convex polygonal with vertices at the points (ξ(t_j ), t_j ), j = 0, . . ., n + 1. Furthermore, u(ξ(t), t) = u(ξ(t)+, t) = u(ξ(t_{j+1}), t_{j+1}), t_j < t < t_{j+1}, j = 0, . . ., n, u(ξ(t_j ), t_j) = u(ξ(t_{j+1}), t_{j+1}) j = 1, . . ., n, { u_0(ξ(0)) ≥ u(ξ(t_1)+, t_1) if u(ξ(t_1)+, t_1) > 0, u_0(ξ(0)) ≤ u(ξ(t_1)+, t_1) if u(ξ(t_1)+, t_1) < 0, ξ̇(t) = f^′(u(ξ(t_{j+1})+, t_{j+1})), t_j < t < t_{j+1}, j = 0, . . ., n, f^′(u(ξ(t_j ), t_j)) = f(u(ξ(t_j )+, t_j )) − f(u(ξ(t_j ), t_j)) u(ξ(t_j )+, t_j ) − u(ξ(t_j ), t_j ) , j = 0, . . ., n. Proof. This is Theorem 2.1 in [3].

We include the following result for maximal forward characteristics which shows that once a discontinuity has developed it never disappears.

Theorem 2.4 Given a point (x̄, t̄ ) ∈ R× (0, ∞) of discontinuity of an admissible solution u and let χ denote the maximal forward characteristic passing through (x̄, t̄ ). Then χ is a shock on [t̄, ∞). Also, the functions u(χ(t), t), u(χ(t)+, t) are continuous from the right on [t̄, ∞), χ is differentiable from the right on [t̄, ∞), and

d^+ dt χ(t) = f(u(χ(t)+, t)) − f(u(χ(t), t)) u(χ(t)+, t) − u(χ(t), t) , t ∈ [t̄, ∞). Proof. This is Theorem 2.3 in [3].

These results are used to study the generic regularity of solutions.

2.2 Generic Regularity

We now assume that the flux f is of class C^∞ and that the initial data satisfies the following assumptions:

(i) u_0 is of class C^∞;

(ii) u_0 coincides outside a compact interval with a function v_0 which satisfies d d x f^′(v_0(x)) > 0.

(iii) u_0 changes sign across a finite number of points −∞ < y_1 < · · · < y_l < ∞.

The set of initial data u_0 which satisfy (i)–(iii) forms an open dense subset of C^∞ when equipped with the standard topology of uniform convergence of all derivatives. This justifies the term generic.

We let ϕ_i denote the maximal forward characteristic starting at (y_i, 0). If ϕ_{i−1} and ϕ_i collide, we let s^∗_i > 0 denote the time of collision. In that case we have ϕ_{i−1}(t) = ϕ_i(t) for all t ∈ [s^∗_i , ∞). The characteristics ϕ_i partition the upper half-plane in l + 1 regions R_1, . . ., R_{l+1} given by R_i = {(x, t) | 0 ≤ t < s^∗_i , ϕ_{i−1}(t) < x < ϕ_i(t)} i = 1, . . ., l + 1, where we let

ϕ_0 ≡ −∞, ϕ_{l+1} ≡ ∞, and s^∗_i = ∞ whenever ϕ_{i−1}(t) < ϕ_i(t) for all t ∈ [0, ∞).

It follows that any backward characteristic from a point in R_i remains within R_i and that the sign of u(x, t) is constant on R_i.

We now single out two special types of characteristics. A classical characteristic is said to graze upon ϕ_i at time t = τ if it is tangent to ϕ_i at (ϕ_i(τ), τ). Also, a weak wave of order m, m ≥ 1, is a classical characteristic L such that u(x, t) is C^{m−1} on an open neighborhood U of L, it is C^∞ on U \ L, and its partial derivatives of order m has jump discontinuities across L. We can now state the main regularity result from [3].

Theorem 2.5 Assume that the flux is C^∞ smooth and satisfies the assumptions (4), and assume that the data satisfy (i)–(iii) above. Then the domain R × [0, ∞) of an admissible solution of (1) generically consists of four disjoint subsets D, S, W, I, with the following properties:

(a) D is a dense set on which u(x, t) is C^∞.

(b) S is a finite union of C^∞ arcs which are genuine shocks or left contact discontinuities.

(c) W is a finite union of classical characteristics which are weak waves. All weak waves emanate tangentially out of left contact discontinuities and terminate by colliding with discontinuities. A weak wave of order 1 is generated whenever a characteristic graze upon a left contact discontinuity, while waves of order m ≥ 2 are generated when a weak wave of order m − 1 hits a left contact discontinuity from the right.

(d) I is the finite set of shock generation points, shock interaction points and points of interaction between shocks and weak waves.

2.3 Convex and Nonconvex Regions

In order to describe the solution in more detail we now divide each region R_i further into two subregions. The idea is to identify where the solution behaves as in the case of a convex flux and where the behavior is influenced by the presence of the inflection point of f.

We let σ_i denote the minimal forward characteristic starting from x = y_i at time zero. Note that the maximal backward characteristic through points (x, t) with x ∈ [ϕ_{i−1}(t), σ_i(t)) lies strictly to the left of ϕ_i on [0, t], whereas if x ∈ [σ_i(t), ϕ_i(t)), then the maximal backward characteristic meets ϕ_i at some positive time. We now define the following subregions,

G_i = {(x, t) ∈ R× R^+ | ϕ_{i−1}(t) < x < σ_i(t)}, (8) H_i = {(x, t) ∈ R× R^+ | σ_i(t) < x < ϕ_i(t)}, (9)

where ϕ_{l+1} ≡ ∞. We refer to G_i, H_i, i = 1, . . ., l + 1, as the convex and nonconvex regions of the solution, respectively.

The behavior in the region G_i is easily analyzed. The domain of dependence of G_i is the interval (y_{i−1}, y_i) where u_0 does not cross the inflection point of f(u). It follows that the behavior of u(x, t) on G_i is governed by the same mechanism as in the case of convex equations. We thus have the following result for the convex region.

Proposition 2.6 The solution is generically of class C^∞ in G_i except from a finite set of smooth shock curves and a finite set of points where shocks are generated or collide. For (x, t), (y, t) ∈ G_i with x ≤ y the solution u(x, t) satisfies the Lipschitz estimate sign[f^{′′}(u(x, t))](f^′(u(y, t)) − f^′(u(x, t))) ≤ y − x t . (10)

Proof. See [1] and [2].

The study of u(x, t) in the nonconvex regions is more involved. We first describe the boundary curves of H_i in more detail, while the spreading of characteristics in H_i will be treated in the next section.

At time zero ϕ_i starts as a classical characteristic with zero speed. At some later time t = t^∗_i it may collide with a shock after which it propagates either as a genuine shock, with characteristics impinging upon it from both sides, or as a left contact discontinuity with characteristics emitted to the left. Note that these parts of the ϕ_i are the only left contacts present in the solution which are not at the same time right contacts. We denote by J_i the set of times t ∈ (t^∗_i , s^∗_i ) at which ϕ_i is a left contact discontinuity. The interior of J_i is denoted J^o_i . It was proved in [3] that ϕ_i generically is of class C^∞ on J^o_i except at a finite number of points across which some derivative ϕ^{(m)}_i , m ≥ 1, experiences a jump discontinuity.

The characteristics σ_i starts out at time t = 0 from the point x = y_i and stay together with ϕ_i until the first time at which a classical characteristic originating at the x–axis grazes upon ϕ_i. At that point the two curves separate and σ_i follows the grazing characteristic for some time. The solution is continuous but experiences a jump in the first derivative across σ_i, that is, σ_i is now a weak wave of order 1. As time increases σ_i may:

• collide with ϕ_{i−1}; or

• collide with a shock in G_i; or

Figure 1: The characteristics bounding a nonconvex region

• pass through a shock generation point and develop into a shock; or

• collide with ϕ_i and develops into a shock.

Subsequently σ_i follows the shock and may again collide with ϕ_i, stay together for some time, branch out along a grazing characteristic which started at time zero, etc. It was proved in [3] that generically the process of branching out along grazing characteristics takes place only a finite number of times. Figure 1 shows a typical situation.

3 Spreading of Characteristics in Nonconvex Regions

Our aim in this section is to establish estimates on the characteristic speed f^′(u) in the regions H_i. We assume throughout that the solution behaves as in the generic case described by Theorem 2.5.

Consider first a general situation where characteristics at some time s spread out until some later time t. That is, defining θ_s(x) = f^′(u(x, s)), we assume that θ^′_s(x) is positive on some interval. Since the solution is constant along classical characteristics we have the relation θ_t(x) = θ_s(x − (t − s)θ_t(x)).

Differentiation with respect to x gives

θ^′_t(x) = θ^′_s(ξ(x)) 1 + (t − s)θ^′_t(ξ(x)) , where ξ(x) = x − (t − s)θ_t(x). We conclude that θ^′_t(x) ≤ 1 t − s . (11)

We now choose one of the nonconvex regions H_i and simplify notation by dropping the subscript i. Thus, σ(t) ≡ σ_i(t), ϕ(t) ≡ ϕ_i(t), J ≡ J_i, etc. We fix a time t for which σ(t) < x < ϕ(t), and define θ(x) = f^′(u(x, t)), σ(t) < x < ϕ(t). By the definition of the nonconvex regions we have that all characteristics intersecting the interval (σ(t), ϕ(t)) at time t are straight line characteristics which were emitted tangentially from ϕ at earlier times. The function θ is negative and increasing on (σ(t), ϕ(t)). Due to the presence of at most finitely many weak waves the derivative of θ is defined almost everywhere. It follows from the previous estimate that θ^′(x) (when defined) is bounded on any compact subset of (σ(t), ϕ(t)) and that lim_{x↓σ(t)} θ^′(x) < ∞. Furthermore, if t ∈ [(t^∗, s^∗) \ J]^o, then lim_{x↑ϕ(t)} θ^′(x) < ∞. However, for t ∈ clJ this last limit may be infinite. In particular this shows that the characteristic speed f^′(u) does not satisfy a Lipschitz estimate of the form (10) in the nonconvex region.

In order to obtain estimates on θ near a left contact discontinuity we need to assume that the graph of the flux is not too flat at the point of inflection. From the assumptions (4) it follows that for each u ≠ 0 there exists a unique u^∗ ≠ u with the property that

f^′(u) = f(u^∗) − f(u) u^∗ − u . (12)

This is exactly the relation satisfied across a left contact discontinuity with left state u and right state u^∗. We now assume that there exists a differentiable function ρ(u) with the following properties:

(a) 0 < ρ(u) < 1 for u ≠ 0;

(b) ρ(u)f^′(u^∗) = f^′(u), where u and u^∗ satisfy (12);

(c) sign(u)ρ^′(u) ≤ 0, for u ≠ 0.

As an example consider the model equation (5). In this case ρ is constant and equal to the unique positive root of the algebraic equation

mρ^{1+1/m} + (m + 1)ρ − 1 = 0. (13)

Assuming that (a)–(c) are satisfied we now proceed to study the profile of θ(x) close to (ϕ(t), t) for t ∈ J^o. Without loss of generality we assume that ϕ is C^∞ smooth in a neighborhood of t. For x ∈ (σ(t), ϕ(t)) we let τ = τ(x) denote the time at which the characteristic through (x, t) was emitted from ϕ. We choose x close enough to ϕ(t) to guarantee that ϕ is C^∞ smooth also at time τ. We have x = ϕ(τ(x)) + ϕ̇(τ(x))(t − τ(x)). (14)

Differentiation with respect to x yields

ϕ̈(τ(x))τ^′(x) = 1 t − τ(x) . (15)

Recall that θ(x) = f^′(u(x, t)) = ϕ̇(τ(x)), whence

θ^′(x) = 1 t − τ(x) . (16)

As noted above this shows that the characteristic speed cannot satisfy a Lipschitz condition as in the convex case. Now, differentiating once more with respect to x and using (15) and (16) gives θ^{′′}(x) (θ^′(x))^3 = 1 ϕ̈(τ(x)). (17)

To proceed we must estimate the curvature of ϕ at time τ. We let ξ and ζ denote the maximal backward characteristics through (x, t) and (ϕ(t), t), respectively. According to Theorem 2.3 these are convex polygonal lines with vertices at the points where they cross left contact discontinuities. Following ζ backward in time from (ϕ(t), t) we let t̄ be the first time ζ crosses a left contact discontinuity which we denote by ψ. By the smoothness of ϕ at time t and by choosing x sufficiently close to ϕ(t) we may assume that ξ crosses ψ at some time τ̄ = τ̄(τ) and that ψ is smooth on an open neighborhood of [τ̄, t̄ ]. Recalling that u is normalized to be continuous from the left we set v(τ) = u(ϕ(τ), τ), so that

ϕ(τ) = ψ̇(τ̄)(τ − τ̄) + ψ(τ̄) = ϕ̇(τ) ρ(v(τ)) (τ − τ̄) + ψ(τ̄). Differentiating with respect to τ and using Proposition 2.2 together with the properties of ρ gives ϕ̇(τ) ≥ ϕ̈(τ)(τ − τ̄) + ϕ̇(τ) ρ(v(τ)) . Defining ρ_0 = inf{ρ(v) : |v| ≤ ‖u_0‖_∞} and observing that τ(x) − τ̄ > τ(x) − t̄ > 0 for x close enough to ϕ(t), we conclude that 1 ϕ̈(τ(x)) ≥ ( ρ_0 ρ_0 − 1 ) τ(x) − t̄ ϕ̇(τ(x)) .

Substituting this into (17) and using (16) we obtain the estimate θ^{′′}(x) (θ^′(x))^3 ≥ ( ρ_0 ρ_0 − 1 ) θ^′(x)(t − t̄ ) − 1 θ(x)θ^′(x) , which may be written as d dx ( θ(x) θ^′(x) ) ≥ ( ρ_0 1 − ρ_0 ) θ^′(x)(t − t̄ ) + ( 1 − 2ρ_0 1 − ρ_0 ) . Integration from x to ϕ(t) finally yields the following differential inequality for θ(x): θ^′(x) ≤ − (1 − ρ_0)θ(x) ρ_0(t − t̄ )(ϕ̇(t) − θ(x)) + (1 − 2ρ_0)(ϕ(t) − x) . We let μ(x) be the solution of the problem

μ^′(x) = −

(1 − ρ_0)μ(x) ρ_0(t − t̄ )(ϕ̇(t) + μ(x)) + (1 − 2ρ_0)(ϕ(t) − x) , μ(ϕ(t)) = −ϕ̇(t), (18) and conclude that θ(x) ≥ −μ(x) for x close to ϕ(t). It is readily verified that the solution of (18) is implicitly given as the solution of the algebraic equation

(x − A)μ(x)^{−a} + (t − t̄ )μ(x)^{1−a} = C, (19)

where A = ρ_0 1 − 2ρ_0 (t − t̄ )ϕ̇(t) + ϕ(t), a = 1 − 2ρ_0 1 − ρ_0 , C = (ϕ(t) − A)(−ϕ̇(t))^{−a} + (t − t̄ )(−ϕ̇(t))^{1−a}. This result immediately yields information on the singularity of θ^′ at the point x = ϕ(t). Let μ̃(x) = μ(x − ϕ(t)) for small x < 0 and consider the inverse function ν = μ̃^{−1}. From (19) it follows that ν satisfies the equation ν(y) = A − (t − t̄ )y + Cy^a, y ≥ −ϕ̇(t). A straightforward computation shows that

ν(−ϕ̇(t)) = 0, ν^′(−ϕ̇(t)) = 0, ν^{′′}(−ϕ̇(t)) = ( ρ_0 1 − ρ_0 ) t − t̄ ϕ̇(t) < 0. It follows that μ satisfies a corresponding Hölder estimate μ(x) = −ϕ̇(t) + c √ ϕ(t) − x t − t̄ + higher order terms. (20)

Since θ(x) ≥ −μ(x) and lim_{x↑ϕ(t)} θ(x) = ∞ it follows that the characteristic speed is Hölder continuous from the left at x = ϕ(t) and satisfies the estimate 0 > f^′(u(x, t)) ≥ f^′(u(ϕ(t), t)) − c √ ϕ(t) − x t − t̄ , (21)

Figure 2: Profile of θ(x) and −μ(x)

for x close to ϕ(t) and where the constant c is given by

c = ( 2(1 − ρ_0)|ϕ̇(t)| ρ_0(t − t̄ ) )_{1/2} . We summarize the results in the following theorem.

Theorem 3.1 Assume that the flux f is C^∞ smooth and satisfies the conditions (4). Also assume that there exists a function ρ such that (a)–(b) hold and that the initial data satisfy (i)–(iii) above. Then, generically, the gradient of the characteristic speed f^′(u) is bounded from either side at every point except those lying on left contact discontinuities. At these points the gradient is bounded from the right while f^′(u) satisfies the Hölder estimate (21) from the left.

Remarks. The result is valid for more general initial data. In particular one may allow for a finite number of jump discontinuities in the initial data.

Of course, the time t̄ in the estimate (21) may be close to t. However, if the data crosses the inflection point of f only once , then t̄ = 0 and the characteristic speed is Hölder continuous from the left with exponent 1/2 and coefficient O(t^{−1/2}).

Acknowledgments The author is greatly indebted to N. H. Risebro, C. Tegnander, and C. Sinestrari for discussions.

References

[1] C. M. Dafermos, Characteristics in hyperbolic conservation laws. A study of the structure and the asymptotic behavior of solutions, in “Nonlinear analysis and mechanics: Heriot–Watt Symposium”, editor R. J. Knops, Volume 1,Pitman Research Notes in Mathematics, London, 1977.

[2] C. M. Dafermos, Generalized characteristics and the structure of solutions of hyperbolic conservation laws,Indiana Univ. Math. J. 26 (1977), 1097–1119.

[3] C. D. Dafermos, Regularity and large time behavior of solutions of a conservation law without convexity, Proc. Roy. Soc. Edinburgh Sect. A 99 (1985), 201–239.

[4] A. F. Filippov, Differential Equations with Discontinuous Righthand Sides, Kluwer Academic Publishers, Dordrecht, 1988.

[5] D. Hoff, The sharp form of Oleĭnik’s entropy condition in several space variables, Trans.

Amer. Math. Soc. 276 (1983), no. 2, 707–714.

[6] E. Hopf, The partial differential equation u_t + uu_x = μu_{xx}, Comm. Pure. Appl. Math.

3 (1950), 201–230.

[7] H. K. Jenssen, C. Sinestrari, Blowup Asymptotics for a Scalar Conservation Laws with a Source, submitted, available at http://www.math.ntnu.no/conservation/.

[8] S.N. Kruz̆kov, First order quasilinear equations in several independent variables, Mat.

Sb. 81 (1970), 228–255 (english tr.: Math. USSR-Sb. 10 (1970), 217–243). [9] C. Mascia, C. Sinestrari, The Perturbed Riemann Problem for a Balance Law, Advances in Differential Equations 2 (5), (1997), 779-810.

[10] R. Natalini, A. Tesei, Blow–up of solutions for a class of balance laws, Comm. Partial Differential Equations 19 (1994), 417–453.

[11] R. Natalini, C. Sinestrari, A. Tesei, Incomplete blow-up of solutions of quasilinear balance laws, Arch. Rat. Mech. Anal. 135 (1996), 259–296.

[12] O. Oleinik, Discontinuous solutions of nonlinear differential equations, Usp. Mat. Nauk.

(N. S. ) 12 (1957), 3–73; English transl. in Amer. Math. Soc. Transl. Ser. 2 26, 95–172. [13] C. Sinestrari, The Riemann problem for an inhomogeneous conservation law without convexity. SIAM J. Math. Anal. 28 (1997), no. 1, 109–135.

[14] E. Tadmor, Local error estimates for discontinuous solutions of nonlinear hyperbolic equations, SIAM J. Numer. Anal. 28 (1991), no. 4, 891–906.

[15] C. Tegnander, Ph. D. Thesis, University of Oslo, 1998.