Structural Stability and Regularity of Entropy Solutions to Hyperbolic Systems of Conservation Laws

Alberto Bressan^{(∗)} and Philippe G. LeFloch^{(∗∗)}

(^∗) S.I.S.S.A., Via Beirut 4, Trieste 34014, ITALY.

(^{∗∗}) Centre de Mathématiques Appliquées & Centre National de la Recherche Scientifique, URA 756, Ecole Polytechnique, 91128 Palaiseau, FRANCE.

Abstract. The paper is concerned with the qualitative structure of entropy solutions to a strictly hyperbolic, genuinely nonlinear system of conservation laws. We first give an accurate description of the local and global wave-front structure of a BV solution, generated by a front tracking algorithm. We then consider a sequence of exact or approximate solutions u_ν , converging to a solution u in L^1. The convergence of the wave-fronts of u_ν to the corresponding fronts of u is studied, proving a structural stability result in a neighborhood of each point in the t-x plane.

This research was supported in part by TMR project HCL # ERBFMRXCT960033.

1 - Introduction.

This paper is concerned with the qualitative structure of entropy solutions to a strictly hyperbolic n × n system of conservation laws in one space dimension:

u_t + [ f(u) ] x = 0, u(t, x) ∈ IR^n, t ≥ 0, x ∈ IR. (1.1) We consider solutions having small total variation and assume that every characteristic field of (1.1) is genuinely nonlinear [18].

The recent analysis in [5, 6, 7, 10] shows that solutions constructed by wave-front tracking [3, 4] or by the Glimm scheme [16] are unique and depend continuously on the initial data, in the L^1 norm. The main question addressed in this paper is whether this continuous dependence carries over to the wave-front structure of the solutions. In particular, consider a sequence of (exact) entropy solutions u_ν converging to u in L^1_{loc} as ν → ∞. Can one establish a one-to-one correspondence between the shock fronts of u and those of u_ν or, else, is it possible for an arbitrarily small perturbation (in the L^1 norm) to destroy the wave-front configuration of the reference solution u? An answer will be provided by introducing a suitable structural stability condition on the function u.

A related question is whether the total amount of i-waves in u_ν , regarded as a positive Radon measure, converges weakly to the amount of i-waves in u. In general, this is not the case.

Example 1. For the Burgers’ equation u_t +(u^2/2)_x = 0, consider a sequence of (saw-tooth shaped) entropy solutions, defined by u_ν (t, x) .= ψ(νx) ν(t + 1) , t ≥ 0, ψ(x) .= x − p if x ∈ ]p − 1/2, p + 1/2], p ∈ ZZ. Clearly, u_ν → 0 in L^1_{loc} as ν → ∞. For each t ≥ 0, introducing the distributional derivatives μ_ν (t) .= D_xu_ν (t, ·), we thus have μ_ν (t) ⇀ 0 in the sense of weak convergence of measures. On the other hand, the corresponding measures of total variation satisfy |μ_ν (t)| ⇀ μ_∞(t) ≠ 0. Indeed, in this case, μ_∞(t) is the measure with constant density 2/(t + 1) w.r.t. the Lebesgue measure.

Our results will show that, if u_ν → u, for the corresponding measures of total variation one may have |μ_ν | ⇀ μ_∞ ≠ |μ|, in general. However, the atomic parts of the measures |μ| and μ_∞ do coincide. Genuinely nonlinear systems of conservation laws thus exhibit a somewhat intermediate behavior between parabolic systems, where convergence of solutions implies convergence of their derivatives, and linear hyperbolic systems, where convergence of solutions has no similar implications concerning derivatives.

Another issue addressed in this paper is the regularity of an entropy solution u(t, x) of (1.1). We recall that, for solutions of 2×2 systems constructed by the Glimm scheme, a detailed qualitative description was obtained by DiPerna [13]. In particular, there exists a countable number of shock curves x = y_m(t), t ∈ [a_m, b_m], such that :

(i) Each function y_m is Lipschitz continuous. At all (except countably many) times t ∈ [a_m, b_m], the right and left limits u^± = u ( t, y_m(t) ± ) satisfy the Rankine-Hugoniot relations

f(u^+) − f(u^−) = ẏ_m ( u^+ − u^− ) . (1.2)

(ii) The function u is continuous outside the set { (t, y_m(t)); t ∈ [a_m, b_m], m ≥ 1 } . These results were extended by Liu [22] to n × n systems that need not be genuinely nonlinear. For scalar equations, the structure of solutions was analyzed by Dafermos [12] and Schaeffer [25].

To address the questions of structural stability, we first need to refine the regularity results in [13, 22]. By studying the piecewise constant approximations generated by the front tracking algorithm and then taking the limit, we shall derive various qualitative properties of the entropy solutions of (1.1). We recall that solutions constructed by wave front tracking coincide with those obtained by the Glimm scheme [5]. The uniqueness also holds in the larger class of entropy weak solutions which satisfy the Tame Variation Assumption introduced in [11]. For further uniqueness results see also [14, 19, 20, 21].

Some basic notations are now recalled. Let A(u) = Df(u) be the Jacobian matrix of the flux function f : IR^n → IR^n at u. Smooth solutions of (1.1) satisfy the equivalent quasilinear system

u_t + A(u)u_x = 0. (1.3)

Call λ_1(u) < · · · < λ_n(u) the eigenvalues of A(u) and choose right and left eigenvectors r_i(u) and l_i(u), i = 1, . . . , n, normalized so that |r_i| ≡ 1, ⟨l_i, r_j ⟩ ≡ { 1 if i = j, 0 if i ≠ j.

(1.4)

The assumption of genuine nonlinearity provides the existence of a constant c_0 > 0 such that, for all u,

∇λ_i(u) · r_i(u) .= lim_{ε→0+} λ_i ( u + ε r_i(u) ) − λ_i(u) ε ≥ c_0 > 0, i = 1, . . . , n. (1.5) By σ → S_i(σ)(u) and σ → R_i(σ)(u) we denote respectively the i-shock and the i-rarefaction curves through the state u, parametrized by arc-length. We write

Ψ_i(σ)(u) .= { R_i(σ)(u) if σ ≥ 0, S_i(σ)(u) if σ < 0

(1.6) for the i-wave curve through u. For simplicity we assume that all of the wave speeds are < 1 in absolute value. This is not restrictive because it can always be achieved by a linear rescaling of the time variable in (1.1).

Following [2, 8, 9, 26], the definition of the Glimm functionals can be extended to general BV functions. Let u : IR → IR^n be a function of bounded variation. Then μ .= D_xu is a vector-valued measure, which can be decomposed into a continuous and an atomic part : μ = μ_c + μ_a. For i = 1, . . . , n, define the signed measure μ^i = μ^i_c + μ^i_a as follows. The continuous part of μ^i is the Radon measure such that ∫ IR ϕ dμ^i_c = ∫ IR ϕ l_i(u) · dμ_c (1.7) for every scalar continuous function ϕ having compact support. The atomic part of μ^i is the measure concentrated on the countable set {x_α; α = 1, 2, . . .} where u has a jump, and μ^i_a ( {x_α} ) is the strength of the i-th wave in the solution of the Riemann problem with data u(x_α−) and u(x_α+). According to the above definition, one thus has a representation of the form ∫ ϕ dμ^i = ∫ ϕ(x)l̃_i(x) · du(x), (1.8) where x → l̃_i(x) is a BV function (defined for every x) satisfying | | |l̃i(x) − li ( u(x−) )| | ≤ C1 | u(x+) − u(x−) | (1.9)

for some constant C_1. In particular, l̃_i(x) = l_i ( u(x) ) at points where u is continuous. Note that the right hand side of (1.8) is defined as a Borel-Stieltjes integral.

Call μ^{i+} and μ^{i−} the positive and negative parts of the signed measure μ^i, respectively, so that μ^i = μ^{i+} − μ^{i−}, |μ^i| = μ^{i+} + μ^{i−}, μ^{i±} ≥ 0. (1.10)

The total strength of waves in u is defined as V (u) .= n∑ i=1 V^i(u), V^i(u) .= |μ^i|(IR), (1.11) while the interaction potential of waves in u is Q(u) .= ∑ 1≤i<j≤n ( |μ^j | ⊗ |μ^i| )({ (x, y); x < y }) + n∑ i=1 ( μ^{i−} ⊗ |μ^i| )({ (x, y); x ≠ y }) . (1.12)

More generally, the total strength of waves in u inside a Borel set J ⊂ IR is written V (u; J) .= n∑ i=1 V^i(u; J), V^i(u; J) = |μ^i|(J). (1.13)

We denote by Q(u; J) the interaction potential of u restricted to pairs of waves both contained inside J (i.e., in the right hand side of (1.12), the sets of integration are restricted to x, y ∈ J). Observe that J → V (u; J) defines a measure on IR, equivalent to the measure of total variation of u, and that Q(u; J) ≤ [ V (u; J) ]_2 . For solutions with small total variation, obtained as limit of wave-front tracking approximations, the Glimm interaction estimates are well known. In particular, they imply

Proposition 1. There exist constants C_0, δ_0 > 0 such that, for every solution u = u(t, x) of (1.1) satisfying Υ ( u(t) ) . = V ( u(t) ) + C_0Q ( u(t) ) ≤ δ_0 t ≥ 0, (1.14) the following holds. Let t = Λ_k(x), k = 1, 2, be the equations of two space-like curves in the t-x plane, with Λ_1 ≤ Λ_2. Calling u_k(x) = u ( Λ_k(x), x ) , one then has Q(u_2) ≤ Q(u_1), V (u_2) + C_0Q(u_2) ≤ V (u_1) + C_0Q(u_1), V^i(u_2) + C_0Q(u_2) ≤ V^i(u_1) + C_0Q(u_1), i = 1, . . . , n.

(1.15)

Throughout this paper we deal with solutions of (1.1) satisfying the uniform bounds (1.14) for all t ≥ 0 and suitable constants C_0 ≥ 1 and δ_0. All constants introduced below will solely depend upon the flux f and upon δ_0, but are independent of the solution under consideration. For each t ≥ 0, u(t, ·) is a BV function, in principle defined up to L^1 equivalence. For sake of definiteness, we shall always work with right-continuous representatives, so that u(t, x) = u(t, x+) for all t, x.

Our first results are concerned with the structure of these solutions in the neighborhood of a point, and along shock curves.

Theorem 2 (Local structure of solutions). Let u = u(t, x) be a solution of (1.1). Fix a point (τ, ξ) and consider the rescaled functions u^η(t, x) .= u ( τ + ηt, ξ + ηx), η > 0. (1.16) Then, as η → 0+, the functions u^η converge in L^1_{loc} for all t ∈ IR to a self-similar solution ũ : IR × IR → IR^n of (1.1). On the upper half plane { t ≥ 0 } , the function ũ coincides with the standard solution of the Riemann problem with data u^− .= u(τ, ξ−) and u^+ .= u(τ, ξ+). On the lower half plane { t < 0 } , ũ contains only negative waves, i.e. shock waves and centered compression waves.

For every t, the measures μ^{i±}(u^η, t) of positive and negative i-waves in u^η(t, ·) converge in the weak topology of measures: μ^{i+}(u^η, t) ⇀ μ^{i+}(ũ, t), μ^{i−}(u^η, t) ⇀ μ^{i−}(ũ, t), as η → 0 + . (1.17)

All of the properties stated in Theorem 2 and below are particular to entropy solutions and are not shared by arbitrary BV functions (for the latter, see [15, 28]). In particular, for an arbitrary BV function u(t, x), the whole family of rescaled functions u^η need not be convergent, but may have several subsequences converging to distinct limits.

Theorem 3 (Structure of shock curves). Let u = u(t, x) be a solution of (1.1) and let ε > 0 be given. Then there exists a finite number of Lipschitz continuous curves, x = y_m(t) for t ∈ [a_m, b_m], m = 1, . . . , m̄, such that the following holds.

For each m and all (except countably many) times t ∈ [a_m, b_m] , the derivative ẏ_m(t) and the right and left limits

u^− .= lim (s,y)→(t,ym(t)) y<ym (s) u(s, y), u^+ .= lim_{(s,y)→(t,ym(t))} y>ym(s) u(s, y) (1.18) exist. The states u^− and u^+ determine a shock wave of some characteristic family, with size σ_m(t) ≤ −ε/2, and the Rankine-Hugoniot relations (1.2) hold. The total variation of the maps t → σ_m(t) and t → ẏ_m(t) is bounded.

At each point (τ, ξ) outside the set Γ_ε .= { (t, y_m(t)); t ∈ [a_m, b_m], m = 1, . . . , m̄ } and outside a finite set Θ_ε .= { (τ_ℓ, ξ_ℓ); the function u has small oscillation:

lim sup (t,x)→(τ,ξ) | |u(t, x) − u(τ, ξ) | | ≤ 5 ε. (1.19)

By applying Theorem 3 in connection with a sequence ε_k → 0 we reach the following:

Corollary 4 (Regularity of solutions). Let u be a solution of (1.1). Then there exists a countable set Θ .= { (t_ℓ, x_ℓ); ℓ ≥ 1 } of interaction points and a countable family of Lipschitz continuous shock curves, Γ .= { x = y_m(t); t ∈ [a_m, b_m], m ≥ 1 } such that the following holds.

For each m and each t ∈ [a_m, b_m] such that ( t, y_m(t) ) /∈ Θ, the left and right limits (1.18) of u at ( t, y_m(t) ) and the shock speed ẏ_m(t) exist and satisfy the Rankine-Hugoniot relations (1.2).

Moreover, u is continuous outside the set Θ ∪ Γ.

The next result shows that the shock curves are preserved under small L^1 perturbations.

Theorem 5 (Stability of shock curves). Consider a sequence of exact solutions (or wave-front tracking approximations) u_ν converging to u in L^1_{loc}.

(i) For ν ≥ 1, let y_ν : [t^−_ν , t^+_ν ] → IR be a shock curve of u_ν of uniformly large strength: | |σ_ν (t) | | > ε for a.e. t ∈ [t^−_ν , t^+_ν ] and for some fixed ε > 0. Assume t^−_ν → t^−, t^+_ν → t^+, and y_ν (t) → y(t) for every t ∈ ]t^−, t^+[ . Then y(·) is a shock curve of the limiting solution u. That is, for all but countably many times, the derivative ẏ exists together with distinct right and left limits u^±, satisfying the Rankine-Hugoniot relations.

(ii) Viceversa, let y : [t^−, t^+] → IR be a shock curve of u with strength | σ(t) | > ε for a.e. t ∈ [t^−, t^+] and for some fixed ε > 0. Then there exists a sequence of shock curves y_ν : I_ν → IR of u_ν such that

lim sup ν→∞ I_ν ⊇ [t^−, t^+], | |σ_ν (t) | | ≥ c_0ε, lim_{ν→∞} y_ν (t) = y(t) (1.20)

for some constant c_0 > 0 and a.e. t ∈ [t^−, t^+].

In the second part of this paper, relying on Theorem 2, we study the structural stability of an entropy solution u of (1.1). Our aim is to investigate whether the wave-front structure of u in a neighborhood of a given point (τ, ξ) is preserved by nearby solutions, or else can be destroyed by arbitrarily small perturbations in the L^1 norm.

Example 2 (Structural instability). Consider a solution containing three shocks interacting at the same point (τ, ξ). This configuration (figure 1) is structurally unstable, since an arbitrarily small perturbation can make the shocks interact only two at a time (figure 2). Another unstable configuration is provided by a solution containing a centered compression wave.

In order to achieve the local stability of the wave-front configuration of u on a whole neighborhood of a given point, we need to exclude the two cases illustrated by the above example.

Definition. A solution u of (1.1) is said to be structurally stable at the point (τ, ξ) if, on the lower half plane { t < 0 } , the self-similar solution ũ = lim_{η→0+} u^η constructed in Theorem 2 satisfies one of the following:

Case 1 : ũ is a constant function.

Case 2 : ũ contains one incoming shock and no other wave. Case 3 : ũ contains two incoming shocks and no other wave.

In other words, structural stability does not hold iff ũ contains three or more incoming shocks, or a centered compression wave.

We recall that, on the set of Radon measures on the open interval ]−M, M[ , the Kantorovich- Rubinstein distance d_M is defined as follows: for any two measures μ and μ^′,

d_M (μ, μ^′) .= sup_ϕ ⟨ ϕ, μ^′ − μ ⟩ = sup_ϕ | | | | | ∫ ]−M,M[ ϕ dμ^′ − ∫ ]−M,M[ ϕ dμ | | | | | , (1.21)

where the supremum is taken over all Lipschitz continuous functions ϕ with Lip(ϕ) ≤ 1, ‖ϕ‖_{L∞} ≤ 1. Similarly the distance d(μ, μ^′) is defined as in (1.21) replacing ] − M, M[ with ] − ∞, ∞[.

We first prove a general stability result. Roughly speaking, it says that the L^1 convergence of a sequence of solutions u_ν → u implies the convergence of the local wave-front structure in a backward and in a forward neighborhood of each given point (τ, ξ). To state this more precisely, figure 1 figure 2

consider the measures μ^{i±}_{ν,t} of positive and negative i-waves in u_ν (t, ·) and define the rescaled measures ^μ^{i±}_{ν,t} by ∫ ϕ(x) d^μ^{i±}_{ν,t} = ∫ ϕ ( x − ξ |t − τ| ) dμ^{i±}_{ν,t} (1.22) for each continuous ϕ having compact support. In connection with the solution u, let ũ .= lim_{η→0+} u^η be the corresponding self-similar solution at a point (τ, ξ), constructed in Theorem 2. Call μ̃^{i+}_− ≡ 0 and μ̃^{i−}_− .= μ^{i−}(ũ, −1), respectively, the measures of positive and negative i-waves in ũ(−1, ·). Similarly, call μ̃^{i+}_+ and μ̃^{i−}_+ the measures of positive and negative i-waves in ũ(1, ·). With the above notations, one has:

Theorem 6 (Local backward and forward structural stability). Let u_ν be a sequence of solutions, converging to u in L^1_{loc}. Fix ε > 0, M > 1 and a point (τ, ξ). Then there exists ρ > 0 such that lim sup ν→∞ d_M (^μ^{i±}_{ν,t}, μ̃^{i±}_− ) < ε t ∈ [τ − ρ, τ[ , (1.23) lim sup ν→∞ d_M (^μ^{i±}_{ν,t}, μ̃^{i±}_+ ) < ε t ∈ ]τ, τ + ρ]. (1.24)

The condition M > 1 is related to the assumption that all wave speeds are < 1 in absolute value. Theorem 6 can be supplemented with a result on the convergence of the atomic parts of the measures ^μ^{i−}_{ν,t}.

Theorem 7. In addition to the assumptions of Theorem 6, let ũ(−1, ·) contain an i-shock of size σ̃_i < 0 at the point x̃, so that μ̃^{i−}_− {x̃} = |σ̃_i|. Then one can find ρ > 0 such that, for each t ∈ [τ − ρ, τ[ , there exists a sequence of points x_ν → x̃ satiafying lim sup ν→∞ | |^μ^{i−}_{ν,t}{x_ν } − |σ̃_i| | | < ε. (1.25)

An illustration of the above theorems is provided by Figures 1-2. Let u be a solution containing exactly three shocks, interacting at a same point (τ, ξ) and producing three outgoing shocks (fig.1). Consider a sequence of solutions u_ν → u. Then, in a neighborhood of the point ξ, for each time t smaller but sufficiently close to τ, every function u_ν (t, ·) with ν ≥ N(t) large enough will contain three incoming shocks, and almost no other waves. Observe that here the integer N(t) may well approach infinity as t → τ−.

Similarly, for each time t^′ larger but sufficiently close to τ, every function u_ν (t^′, ·) with ν ≥ N(t^′) will contain three outgoing shocks and almost no other waves. Again, the integer N(t^′) depends on t^′ and may well approach infinity as t^′ → τ+.

An explanation of this behavior is as follows. In any perturbed solution u_ν , the three incoming shocks may not interact at a single point (fig.2). However, if u_ν is sufficiently close to u, most of the interactions occur within a small neighborhood of the point (τ, ξ). In particular, if we fix a later time t^′ > τ, for every solution u_ν close enough to u most of the interactions take place before time t^′. Hence, in a small neighborhood J of ξ, the local interaction potential Q ( u_ν (t^′); J ) is small. On J, the function u_ν (t^′, ·) therefore will contain almost the same waves as the solution to the Riemann problem with data u(τ, ξ±).

In cases where u has a specified wave-front structure at (τ, ξ), in particular if u is structurally stable, one can show that every nearby solution w has a similar wave-front structure on a whole neighborhood of the point (τ, ξ). In the following theorem we consider solutions w that are suitably close to u in the L^1 norm. More precisely, we assume that, for some small δ, ρ̄ > 0, the perturbed solution w satisfies ∫_{ξ+ρ̄} ξ−ρ̄ | |w(t, x) − u(t, x) | | dx < δ, t ∈ [τ − ρ̄, τ]. (1.26)

Theorem 8 (Local structural stability). For some constant C > 0 the following holds. Let u be a solution of (1.1) and let ρ̄, ε > 0 and a point (τ, ξ) be given with τ ≥ ρ̄ > 0. Let ũ = lim_{η→0+} u^η be as in Theorem 2.

(1) Assume that, for t < 0, the total amount of waves in ũ satisfies V ( ũ(t) ) < ε. Then there exist ρ, δ > 0 such that, for any other solution w of (1.1), the integral estimate (1.26) implies V ( w(t); [ξ − 2ρ, ξ + 2ρ] ) < C ε, t ∈ [τ − ρ, τ + ρ]. (1.27) (2) Assume that, for t < 0, the function ũ contains a single i-shock of strength |σ̃| > Cε plus other waves whose total strength is < ε. Then there exist ρ, δ > 0 such that, for any other solution w of (1.1), the integral estimate (1.26) implies the following. For every t ∈ [τ − ρ, τ + ρ], the function w also has an i-shock at a point y(t) ∈ [ξ − 2ρ, ξ + 2ρ]. The strength of all other waves in w(t) is V ( w(t); [ ξ − 2ρ, ξ + 2ρ ] \ { y(t) }) < C ε, t ∈ [τ − ρ, τ + ρ]. (1.28) (3) Assume that, for t < 0, the function ũ contains two large incoming shocks with strengths |σ̃|, |σ̃^′| > Cε, plus other waves whose total strength is < ε. Then there exist ρ, δ > 0 such that, for any other solution w of (1.1), the integral estimate (1.26) implies the following. The function w also contains two incoming shocks, interacting at some point (τ^∗, ξ^∗), with |τ^∗ − τ| + |ξ^∗ − ξ| < ρ/2. For t ∈ [τ − ρ, τ^∗[ , these shocks are located at points y(t), y^′(t) ∈ [ξ − 2ρ, ξ + 2ρ]. The strength of all other waves in w(t) is V ( w(t); [ ξ − 2ρ, ξ + 2ρ ] \ { y(t), y^′(t) }) < Cε, t ∈ [τ − ρ, τ^∗]. (1.29)

Observe that, if u is structurally stable at (τ, ξ), then the assumptions of the above theorem hold with an arbitrary choice of ε > 0.

The proofs of our results rely heavily on the decay estimates for positive waves of genuinely nonlinear families, established in [7]. They generalize the classical Oleinik estimates to the case of vector-valued solutions. In analogy with (1.13), we denote by V^{i+} ( u(t); J ) the amount of positive i-waves of u(t, ·) contained inside the set J. The Lebesgue measure of J is denoted by meas(J).

Proposition 9 (Decay of positive waves). There exist constants C_2, κ > 0 such that every solution u of (1.1) satisfies V^{i+} ( u(t^′); J ) ≤ meas(J) κ(t^′ − t) + C_2 ( Q(u(t)) − Q(u(t^′)) ) (1.30)

for every Borel set J ⊂ IR, i = 1, . . . , n and t^′ > t ≥ 0.

When J is an interval, inequalities of the form (1.30) also hold for approximate solutions constructed by wave front tracking. We recall that, when restricted to a set of functions with suitably small total variation, the Glimm functionals u → Q(u), u → Υ(u) .= V (u) + C_0Q(u) (1.31) are lower semi-continuous w.r.t. the L^1-convergence. For a proof, see [2].

Proposition 10. There exist constants C_0 ≥ 1 and δ_0 > 0 such that the following holds. Let u, u_ν : IR → IR^n be functions with bounded total variation such that Υ(u), Υ(u_ν ) ≤ δ_0, and assume that u_ν → u in L^1. Then, for every open interval J ⊆ IR, one has

Q(u; J) ≤ lim inf_{ν→∞} Q(u_ν ; J), (1.32)

Υ(u; J) ≤ lim inf_{ν→∞} Υ(u_ν ; J), (1.33)

Observe however that one may have

V (u) > lim sup_{ν→∞} V (u_ν ). (1.34)

Indeed, let w = w(t, x) be a solution of (1.1) containing two shocks that interact at a time τ,

and assume that the total amount of waves is increased by the interaction. Choosing u .= w(τ),

u_ν .= w(τ − 2^{−ν} , ·), we then have u_ν → u together with (1.34).

Throughout the following, we shall assume that the constants C_0, δ_0 are chosen so that Propo-

sitions 1 and 10 hold, and so that the decrease Υ ( u(t) ) − Υ ( u(t^′) ) provides a bound on the total

amount of interaction and cancellation in the solution u on the interval ]t, t^′], for every t^′ > t ≥ 0.

We conclude this section by stating some additional results on the global behavior of waves,

for solutions of (1.1). For i = 1, . . . , n, consider the measures μ^i(u, t) = μ^{i+}(u, t) + μ^{i−}(u, t) of

i-waves in u(t, ·). If u = u(t, x) is a BV solution of (1.1), the maps t → μ^{i±}(u, t) have bounded

variation w.r.t. the Kantorovich-Rubinstein distance (1.21). More precisely, the total variation of

these maps is estimated in terms of the variation of Q(u) or Υ(u).

Proposition 11. For some positive constant C_3 the following holds. Given any solution u of (1.1)

satisfying (1.14), for i = 1, . . . , n and all 0 ≤ t < t^′ one has d ( μ^i(u, t^′), μ^i(u, t) ) ≤ C_3 ( Q ( u(t) ) − Q ( u(t^′) )) + (t^′ − t)δ_0. (1.35) d ( μ^{i±}(u, t^′), μ^{i±}(u, t) ) ≤ C_3 ( Υ ( u(t) ) − Υ ( u(t^′) )) + (t^′ − t)δ_0. (1.36)

In particular, during a time interval [t_1, t_2] where no interaction takes place, the maps t →

μ^{i±}(u, t) are Lipschitz continuous with constant δ_0. The validity of Proposition 11 depends on the

fact that δ_0 is an upper bound for the total strength of waves, and that all wave speeds are < 1 in

absolute value. From Proposition 11 and a compactness argument one obtains:

Proposition 12. For some positive constant C_4 the following holds. Let (u_ν )_{ν≥1} be a sequence of

solutions to (1.1) satisfying (1.14) and having uniformly bounded support. By possibly extracting a

subsequence, there exist measures μ^{i±}_∞ (t) and functions Υ_∞, Q_∞ such that, for all t^′ > t ≥ 0, one has Q_∞(t) = lim_{ν→∞} Q ( u_ν (t) ) , Υ_∞(t) = lim_{ν→∞} Υ ( u_ν (t) ) , (1.37) μ^{i±}(u_ν , t) ⇀ μ^{i±}_∞ (t), (1.38) d ( μ^{i±}_∞ (t^′), μ^{i±}_∞ (t) ) ≤ C_4 ( Υ_∞(t) − Υ_∞(t^′) ) + (t^′ − t)δ_0. (1.39)

Observe that, for any (right-continuous, by convention) solution u of (1.1), the functions t → Q ( u(t) ) , t → Υ ( u(t) ) are always right-continuous. On the other hand, t → Q_∞(t+) denotes the right-continuous version of the BV function Q_∞. In the following, we assume that the measures μ^{i±}_∞ and the function Q_∞ are given by (1.37)–(1.39). The next results describe the relations between the measures μ^{i±}_∞ (t), describing the asymptotic amount of positive and negative i-waves in u_ν (t, ·) as ν → ∞, and the corresponding measures μ^{i±}(u, t), describing the amount of i-waves in the limiting solution u(t, ·). To avoid misunderstandings, we remark that, given a weakly convergent sequence of positive measures μ_k ⇀ μ, the limit of the atomic parts of μ_k may well be different from the atomic part of μ.

Proposition 13. In the same setting as in Proposition 12, let t → μ^{i±}_∞ (t+) be the right continuous version of the BV map t → μ^{i±}_∞ (t). Then the atomic parts of the measures μ^{i±}(u, t) and μ^{i±}_∞ (t+) coincide for all t ≥ 0.

The function t → Q ( u(t) ) is continuous at a time τ > 0 if and only if the function Q_∞ is continuous at τ. In the positive case, the atomic parts of the measures μ^i(u, τ) and μ^i_∞(τ) are purely negative and coincide.

Propositions 11–13 also hold for a sequence of approximate solutions constructed by wave-front tracking.

2 - Preliminary estimates.

First of all we recall the algorithm of wave-front tracking [3, 4]. One starts with a piecewise constant function ū at time t = 0. At each point of jump, the corresponding Riemann problem is approximately solved within the class of piecewise constant functions. This yields an approximate solution defined up to the first time t_1 > 0 where an interaction between two wave fronts takes place. The new Riemann problem is then solved again within the class of piecewise constant functions, extending the solution up to some time t_2 > t_1 where the second interaction takes place, etc.

In order to keep finite the total number of wave-fronts, we shall use two distinct procedures for solving a Riemann problem: an accurate method, which possibly introduces several new fronts, and a simplified method, which avoids the introduction of new wave-fronts. For given Riemann data u^−, u^+, these two resolution methods are described below. The algorithm involves two (strictly positive) parameters: δ, bounding the maximum size of rarefaction fronts, and ρ, determining which Riemann problems will be accurately solved. By [[s]] we denote the integer part of s.

Accurate Riemann solver: Let ω_0 = u^−, ω_1, . . . , ω_n = u^+ be the constant states present in the solution of the Riemann problem. The piecewise constant approximation u is obtained by replacing each centered rarefaction wave with several propagating discontinuities. If the states ω_{i−1}, ω_i are connected by an i-rarefaction wave of size σ_i > 0, we divide this jump into p_i .= 1 + [[σ_i/δ]] equal parts of size < δ and insert the intermediate states ω_{i,ℓ} .= R_i(ℓσ_i/p_i)(ω_{i−1}), ℓ = 0, 1, . . . , p_i. Here σ → R_i(σ)(ω) denotes the i-rarefaction curve through the state ω. Each small jump (ω_{i,ℓ−1}, ω_{i,ℓ}) is then propagated with speed λ_i(ω_{i,ℓ}), i.e. with the characteristic speed of its right state.

Simplified Riemann Solver: Assume that the Riemann problem is determined by the interaction of two waves of distinct families, say i < j, with sizes σ_i, σ_j . Call u^l, u^m, u^r the left, middle and right states before the interaction. With the notation (1.6), we thus have u^m = Ψ_j (σ_j )(u^l), u^r = Ψ_i(σ_i)(u^m). The Riemann problem is then solved in terms of two outgoing wave-fronts of the same families, still with sizes σ_i, σ_j . The solution involves a new middle state ũ^m .= Ψ_i(σ_i)(u^l) and a new right state ũ^r .= Ψ_j (σ_j )(ũ^m). In general, ũ^r ≠ u^r. The jump (ũ^r, u^r ) is then propagated along a non-physical wave-front, travelling with a fixed speed λ̂, larger than all characteristic speeds. In the case that both incoming wave-fronts belong to the same i-th family and have sizes σ_i, σ^′_i, the Riemann problem is solved by a single outgoing i-wave of size σ_i + σ^′_i, together with a non-physical wave-front connecting the states ũ^r .= Ψ_i(σ_i + σ^′_i)(u^l) and u^r, travelling with speed λ̂. Finally, in the case where a non-physical front interacts with an i-wave of size σ_i, the Riemann problem is solved in terms of an outgoing i-wave of the same size σ_i, and a non-physical front travelling with speed λ̂.

To complete the description of the algorithm, it remains to specify which Riemann solver is used at any given interaction. The choice is made in connection with a threshold parameter ρ > 0:

– The accurate method is used at time t = 0, and at every interaction where the product of the strengths of the incoming waves is ≥ ρ.

– The simplified method is used at every interaction involving a non-physical wave-front, and also at interactions where the product of the strengths of the incoming waves is < ρ.

In the above, we tacitly assumed that only two wave-fronts interact at any given point. This can always be achieved by an arbitrarily small change in the speed of one of the interacting fronts. We shall also adopt the provision that, in the Accurate Riemann Solver, rarefaction fronts of the same family of one of the incoming fronts are never partitioned (even if their strength is > δ). This guarantees that every wave-front can be uniquely continued forward in time, unless it gets completely cancelled by interacting with another front of the same family and opposite sign.

Given any initial data ū having sufficiently small total variation and using the above algorithm under natural conditions on ρ_ν and δ_ν as ν → ∞, we obtain a sequence (u_ν )_{ν≥1} of piecewise constant approximate solutions such that u_ν (0) → ū in L^1. Each u_ν is defined for all t ∈ [0, ∞) and has a finite number of lines of discontinuity in the t-x plane. The estimates in [3, 4] show that:

(i) The total variation of u_ν (t) remains uniformly small.

(ii) The maximum size of the rarefaction fronts in u_ν approaches zero.

(iii) The total strength of all non-physical waves approaches zero.

Furthermore the interaction estimates in Proposition 1 hold for the functions u_ν , uniformly in ν. In view of (i), Helly’s theorem guarantees the existence of a subsequence, strongly convergent in L^1_{loc}. By (ii) and (iii), this limit is indeed an entropy weak solution to (1.1).

We shall adopt the following conventions, introduced in [4]: All non-physical wave-fronts belong to a (fictitious) (n + 1)-th characteristic family. A non-physical front located at x has strength σ .= | |u(t, x(t+)) − u(t, x(t)−) | | and approaches all physical fronts located at points y > x.

Two non-physical fronts never approach each other. With these conventions, all estimates (1.14)- (1.15) still hold.

We recall a useful technical property of front-tracking approximations [9]: the interaction potential for u_ν is small in some forward neighborhood of each given point, uniformly with respect to ν.

Lemma 14. Let (u_ν )_{ν≥1} be a sequence of approximate solutions of (1.1), generated by wave-front tracking. Let a point (τ, ξ) and ε > 0 be given. Then there exists ρ > 0 such that, by setting J(t) .= [ ξ − ρ + (t − τ), ξ + ρ − (t − τ) ]

and possibly extracting a subsequence, one has

lim sup ν→∞ Q ( u_ν (t); J(t) ) < ε, t ∈ ]τ, τ + ρ]. (2.1)

Toward the proof of Theorem 2, we first describe two situations where the L^1 convergence u_ν → u implies the weak convergence μ^{i±}_ν ⇀ μ^{i±} of the measures of i-waves associated with a sequence of functions u_ν = u_ν (x). It is assumed that either the positive waves and the local interaction potential of u_ν approach zero, or else the global interaction potential of the u_ν approaches zero. This result will be used later with a sequence of solutions or approximate solutions u_ν = u_ν (t, x) and combined with Lemma 14. For notations, we refer to (1.7)–(1.13).

Lemma 15. Let u_ν : IR → IR^n be a uniformly bounded sequence of BV functions, converging to u pointwise and hence in L^1_{loc}. Call μ^{i±}_ν , μ^{i±} the measures of positive and negative i-waves in u_ν , u, respectively.

(1) For all i = 1, . . . , n, assume the weak convergence μ^{i+}_ν ⇀ 0. Moreover, assume that for each x and every ε > 0 there exists ρ > 0 such that

lim sup ν→∞ Q ( u_ν ; [x − ρ, x + ρ] ) < ε. (2.2) Then one has the weak convergence μ^{i−}_ν ⇀ μ^{i−}, μ^{i+}_ν ⇀ μ^{i+}. (2.3) (2) In addition, if μ^{i−} ( {x̄} ) = |σ̄| > 0, then there exists a sequence of points x_ν → x̄ such that μ^{i−}_ν ( {x_ν } ) . = |σ_ν | → |σ̄|. (3) The above results remain true if the conditions μ^{i+}_ν ⇀ 0 and (2.2) are replaced by the single assumption lim_{ν→∞} Q ( u_ν ; [a, b] ) = 0 for all a < b. (2.4)

The remainder of this section is devoted to the proof of Lemma 15, given in several steps. The main idea is to decompose the domain IR into a set J, where the convergence u_ν → u is nearly uniform, and a finite collection of small intervals I_j around jump points, such that the interaction potential Q(u_ν ; I_j ) is very small. On each interval I_j the weak convergence μ^{i±}_ν ⇀ μ^{i±} follows from a stability property of the Riemann problem.

1. As a preliminary we observe that, by the stability of solutions to the Riemann problem, there exists an increasing continuous function φ = φ(δ) with φ(0) = 0 such that the following holds. For any left and right states u^−, u^+, let σ_1, . . . , σ_n be the sizes of the waves present in the solution of the corresponding Riemann problem. Let v : [a, b] → IR^n be any BV function which satisfies | |v(a) − u^−| < δ, | |v(b) − u^+ | | < δ, Q(v; [a, b]) < δ. (2.5) Then, for i = 1, . . . , n, the measures μ^{i±} ( v ) of i-waves in v satisfy | | |μ^{i±} ( v; [a, b] ) − σ^±_i | | | < φ(δ), (2.6) where σ^+_i = max(σ_i, 0) and σ^−_i = max(−σ_i, 0). 2. Fix ε > 0. Call μ^#_ν .= ∑ i(μ^{i+}_ν + μ^{i−}_ν ) the total measure of waves in u_ν . By extracting a subsequence, we can assume the pointwise convergence u_ν (x) → u(x) for each x ∈ IR, together with the weak convergence μ^#_ν ⇀ μ^# for some positive Radon measure μ^#. Let F .= {x_1, . . . , x_N } be the points such that μ^# ( {x_j } ) ≥ ε/4. Then every other point x /∈ F admits an open neighborhood

I_x such that

lim sup ν→∞ sup y,y^′∈I_x | |u_ν (y) − u_ν (y^′) | | < ε/3. (2.7) Recalling the representation dμ^i_ν = l̃^ν_i · du_ν in (1.8)-(1.9), this implies

lim sup ν→∞ sup y,y^′∈I_x | |l̃^ν_i (y) − l̃^ν_i (y^′) | | < C_1ε/3. (2.8) From (2.7) and the pointwise convergence u_ν → u, it also follows sup y,y^′∈I_x | |u(y) − u(y^′) | | < ε/2, sup y,y^′∈I_x | |l̃_i(y) − l̃_i(y^′) | | < C_1ε/2. (2.9) 3. Choose δ^∗ > 0 such that φ(δ^∗) < ε/N. By assumption (2.2), we can find disjoint intervals

I_j .= [x_j − ρ_j , x_j + ρ_j ] such that, for each j = 1, . . . , N,

lim sup ν→∞ Q ( u_ν ; I_j ) < δ^∗. (2.10)

μ^# ( I_j \ {x_j } ) < ε N . (2.11)

Let ϕ be a continuous scalar function with compact support. Using a continuous partition of unity,

we can construct continuous functions ϕ̃, ϕ_j such that

ϕ̃ ≡ 0 in a neighborhood of each point x_j , (2.12)

supp(ϕ_j ) ⊂ I_j , (2.13)

ϕ(x) = ϕ̃(x) + N∑ j=1 ϕ_j (x), | |ϕ(x) | | = | |ϕ̃(x) | | + N∑ j=1 | |ϕ_j (x) | |, x ∈ IR. (2.14) 4. For j = 1, . . . , N, choose ρ^′_j ∈ ]0, ρ_j [ small enough so that

ϕ̃(x) = 0, |ϕ_j (x) − ϕ_j (x_j )| < ε/N for all x ∈ I^′_j .= [x_j − ρ^′_j , x_j + ρ^′_j ]. (2.15)

On the open set J .= IR \ (_N⋃ j=1 I^′_j ) , define the multifunction

Λ_i(x) .= { z ∈ IR^n; max { |z − l̃_i(y−)|, |z − l̃_i(y+)|, |z − l̃_i(y)| } ≤ C_1ε for all y with |y − x| < ρ }

for i = 1, · · · , n and for some ρ > 0 to be determined. Observe that Λ_i has closed convex values

and is lower semicontinuous [1], i.e. for every x and each ε > 0 there exists δ > 0 such that

Λ_i(x) ⊂ B ( Λ_i(y), ε ) whenever |y − x| < δ.

Here B ( Λ_i(y), ε ) denotes the ε-neighborhood around the set Λ_i(y). Moreover, by (2.9), choosing

ρ > 0 small enough the values of Λ_i are non-empty. A selection theorem of Michael [1, 23] thus

provides the existence of a continuous function l̂_i such that

l̂_i(x) ∈ Λ_i(x) for all x ∈ J. (2.16)

By construction, for all ν sufficiently large, this selection satisfies |^ l_i(x) − l̃^ν_i (x) | < C_1ε, |^ l_i(x) − l̃_i(x) | < C_1ε for all x ∈ J. (2.17)

5. Using (1.8)-(1.9), we now estimate the limit as ν → ∞ of ∫ ϕ (dμ^i_ν − dμ^i) = ∫ ϕ̃ (dμ^i_ν − dμ^i) +^N ∑ j=1 ∫ ϕ_j (dμ^i_ν − dμ^i). (2.18)

Concerning the first term on the right hand side of (2.18) we have

lim sup ν→∞ | | | | ∫ ϕ̃ (l̃^ν_i · du_ν − l̃_i · du) | | | | ≤ lim sup ν→∞ { | | ∫ ϕ̃ (l̃^ν_i − l̂_i) · du_ν | | | + | | | ∫ ϕ̃ l̂_i · (du_ν − du) | | | + | | | ∫ ϕ̃ (l̂_i − l̃_i) · du | | | }

≤ sup_x |~ ϕ(x) | · lim sup ν→∞ ( sup_{x∈J} |~ l^ν_i (x) − l̂_i(x) |) ( lim sup ν→∞ |du_ν |(IR) + |du|(IR) )

≤ C ε sup_x | |ϕ(x) | |

(2.19)

in view of (2.17), where |du| is the measure of total variation of u.

6. Concerning the second term on the right hand side of (2.18), for each j we have

lim sup ν→∞ | | | ∫ ϕ_j (dμ^i_ν − dμ^i) | | | ≤ | |ϕ_j (x_j ) | | · lim sup ν→∞ | |μ^i_ν (I^′_j ) − μ^i(I^′_j ) | | + sup x∈I^′_j | |ϕ_j (x) − ϕ_j (x_j ) | | · lim sup ν→∞ [ |μ^i_ν |(I^′_j ) + |μ^i|(I^′_j ) ]

+ sup_x | |ϕ_j (x) | | · lim sup ν→∞ ( |μ^i_ν | + |μ^i| )( ]x_j − ρ_j , x_j − ρ^′_j ] ∪ [x_j + ρ^′_j , x_j + ρ_j [ )

≤ sup_x | |ϕ(x) | | · { ε N + ε N · 2μ^#(I^′_j ) + 2 ε N } .

(2.20)

Indeed, the estimate on the first term follows from (2.10), (2.6) and the choice of δ^∗. The second

term is estimated by (2.15) and the third by (2.11).

7. The previous arguments show that, from every subsequence u_ν′ one can extract a further

subsequence, say u_ν′′ , for which the following holds. For every continuous function ϕ with compact

support, one has

lim sup ν→∞ | | | | ∫ ϕ(dμ^i_ν′′ − dμ^i) | | | | ≤ C ε sup_x | |ϕ(x) | | (2.21) for some constant C independent of ϕ and ε. Since ε > 0 in (2.21) is arbitrary, this proves the weak convergence μ^i_ν ⇀ μ^i. (2.22) 8. On one hand, assuming that μ^{i+}_ν ⇀ 0, for every ϕ ≥ 0 we have ∫ ϕ dμ^i = lim_{ν→∞} ∫ ϕ dμ^i_ν ≤ 0. Therefore μ^{i+} ≡ 0. By (2.22), it is thus clear that μ^{i−}_ν ⇀ μ^{i−} = μ^i. On the other hand if, instead, (2.4) holds, we have in particular, for each i,

lim sup ν→∞ μ^{i+}_ν (IR) · μ^{i−}_ν (IR) = 0. Hence (by possibly taking a subsequence) we either have μ^{i+}_ν ⇀ 0 or μ^{i−}_ν ⇀ 0. In both cases, from (2.22), we deduce μ^{i±}_ν ⇀ μ^{i±}. 9. Finally, assume that μ^{i−} ( {x̄} ) = |σ̄| > 0. By definition of μ^{i−}, this means that u has a jump at x̄ and that the solution to the Riemann problem with data u(x̄−), u(x̄+) contains an i-shock of size σ̄ < 0. By the pointwise convergence u_ν → u and the assumption (2.2) or (2.4), there exists a sequence ρ_ν → 0 such that

u_ν (x − ρ_ν ) → u(x̄−), u_ν (x + ρ_ν ) → u(x̄+), Q ( u_ν ; [x̄ − ρ_ν , x̄ + ρ_ν ] ) → 0. By the stability of the solution of the Riemann problem, stated in (2.5)-(2.6), u_ν thus contains a shock of strength σ_ν → σ̄ at some point x_ν ∈ [x̄ −ρ_ν , x̄+ρ_ν ]. This establishes part (2), completing the proof of Lemma 15.

3 - Local structure of solutions.

This section contains a proof of Theorem 2, concerning the local asymptotic structure of a solution u = u(t, x) of (1.1), in the neighborhood of a given point (τ, ξ) with τ > 0. By assumption, u is the limit of a sequence of front-tracking approximations u_ν . As in [13], the main technique consists in letting ν → ∞ much faster compared with the limit η → 0+ of the rescaling parameter. In this way, as η → 0+ and ν = ν(η) → ∞, the total amount of interaction and cancellation in the rescaled approximations u^η_ν (t, x) .= u_ν (τ + ηt, ξ + ηx) converges to zero on every set of the form

Γ_{r2} \ Γ_{r1} 0 < r_1 < r_2, where Γ_r is the square { |t| ≤ r, |x| ≤ r}. The proof is given in several steps.

1. Let (η_k)_{k≥1} be a sequence of strictly positive numbers, decreasing to zero. Consider the rescaled functions u^k(t, x) .= u(τ + η_kt, ξ + η_kx) (3.1) and call μ^{k,i±}_t the measures of positive and negative i-waves in u^k(t, ·). Since u(t, ·) has bounded variation and varies Lipschitz continuously in time (w.r.t. the L^1 distance), the same property holds for all functions u^k(t, ·). Moreover, the measures μ^{k,i±}_t have uniformly bounded total mass. Extracting a subsequence, we can assume that there exist a measurable function ũ = ũ(t, x) and bounded measures μ̃^{i±}_t such that

u^k → ũ in L^1_{loc} ( IR_+ × IR; IR^n ) , (3.2) u^k(t, ·) → ũ(t, ·) in L^1_{loc}(IR; IR^n) for each t ∈ IQ. (3.3)

In the following steps, we will show that the limit ũ is self-similar and does not depend on the choice of the subsequence η_k.

2. Consider a sequence of wave-front tracking approximations u_ν converging to u. For each t, call μ^{i±}_{ν,t} the measures of positive and negative i-waves in u_ν (t, ·), and let

μ^#_{ν,t} .= n∑ i=1 ( μ^{i+}_{ν,t} + μ^{i−}_{ν,t} )

be the total measure of waves in u_ν (t). To each u_ν , we also associate a purely atomic positive measure μ^{IC}_ν in both variables (t, x) ∈ IR_+ ×IR, keeping track of the total amount of Interaction and Cancellation. More precisely, let (t, x) be a point where two wave-fronts in u_ν interact. Suppose that the incoming fronts belong to the families i, i^′ and have sizes σ, σ^′. We then set μ^{IC}_ν { (t, x) } . = |σσ^′| + { |σ| + |σ^′| − |σ + σ^′| if i = i^′, 0 otherwise.

(3.4)

Taking a subsequence, for some positive measures μ̄^{i±}_τ on the real line and μ̄^{IC} on IR^2, we can assume the weak convergence μ^{i±}_{ν,τ} ⇀ μ̄^{i±}_τ , μ^{IC}_ν ⇀ μ̄^{IC} . (3.5) For any given ε > 0, there exists δ > 0 such that μ̄^{i±}_τ ( [ξ − δ, ξ + δ] \ {ξ} ) < ε, (3.6) μ̄^{IC} ( Γ_δ \ {(τ, ξ)} ) < ε, (3.7) where we defined the square Γ_δ .= [τ − δ, τ + δ] × [ξ − δ, ξ + δ]. (3.8) By (3.5)–(3.7), there exist decreasing sequences ε_ν , δ_ν , ρ_ν → 0, with δ_ν > 2ρ_ν > 0, such that μ^{i±}_{τ,ν}′ ( [ξ − δ_ν , ξ + δ_ν ] \ [ξ − ρ_ν′ , ξ + ρ_ν′ ] ) < ε_ν ν ≤ ν^′. (3.9) μ^{IC}_ν′ ( Γ_{δν} \ Γ_{ρν′} ) < ε_ν ν ≤ ν^′. (3.10) 3. We shall be concerned first with the region where t < τ. Using the approximate conservation laws for positive and negative i-waves: | |[Strength of incoming waves] − [Strength of outgoing waves] | | ≤ C · [Interaction + Cancellation] (3.11) for u_ν′ on the region { (t, x); t ∈ [τ − ρ_ν′ , τ], ρ_ν′ + (τ − t) ≤ |x − ξ| ≤ ρ_ν − (τ − t) } , we obtain the estimate μ^{i±}_ν′_{,t} ( [ξ − δ_ν /2, ξ + δ_ν /2] \ [ξ − 2ρ_ν′ , ξ + 2ρ_ν′ ] ) ≤ Cε_ν , (3.12) for all ν ≤ ν^′ and all t ∈ [τ − ρ_ν′ , τ]. Indeed, the strength of outgoing waves is here bounded by (3.9) while the amount of interaction and cancellation is bounded by (3.10).

Our next goal is to derive a relation between the position of wave-fronts in u_ν′ and their speed. Fix any t ∈ J_{ν,ν}′ .= [τ − δ_ν /4, τ − ρ_ν′ ]. Consider the wave-fronts of u_ν′ (t, ·) contained inside the interval [ξ − δ_ν /4, ξ + δ_ν /4]. Suppose that these fronts are located at points x_α(t) and have sizes σ_α(t), for α ∈ A. We split the set A = A_1 ∪ A_2 ∪ A_3 as follows:

α ∈ A_1 if, during the time interval J_{ν,ν}′ , the front x_α loses at least half of its strength, due to interactions and cancellations.

α ∈ A_2 if α /∈ A_1 and, at time τ − ρ_ν′ , the front x_α lies outside the interval [ξ − 2ρ_ν′ , ξ + 2ρ_ν′ ]. α ∈ A_3 if α /∈ A_1 and, at time τ − ρ_ν′ , the front x_α lies inside the interval [ξ − 2ρ_ν′ , ξ + 2ρ_ν′ ].

Observe that A_1 includes all the fronts that are not defined in the whole time interval J_{ν,ν}′ .

Recalling (3.10) and (3.12), one obtains the estimate ∑ α∈A_1∪A_2 | |σ_α(t) | | ≤ C^′ ε_ν . (3.13)

If α ∈ A_3, then by definition | |x_α(τ − ρ_{ν′} ) − ξ | | ≤ 2ρ_{ν′} . Hence, by the mean value theorem, at some intermediate time t^′ ∈ [t, τ − ρ_ν′ ] there holds | | |ẋ^α(t^′) − ξ − x_α(t) τ − ρ_ν′ − t | | | ≤ | | |ẋ^α(t^′) − x_α(τ − ρ_ν′ ) − x_α(t) τ − ρ_ν′ − t | | | + | | | x_α(τ − ρ_ν′ ) − ξ τ − ρ_ν′ − t | | | ≤ 2 ρ_ν′ τ − ρ_ν′ − t . (3.14)

Observe that, at each interaction, the change in the quantity

Ψ(t) .= ∑ α | |σ_α(t) | |ẋ_α(t)

is controlled by the amount of interaction plus cancellation. From (3.10) and (3.14) it thus follows ∑ α∈A_3 | |σ_α(t) | | | | | |ẋ^α(t) − ξ − x_α(t) τ − ρ_ν′ − t | | | | ≤ 2 ρ^{ν′} ∑ α∈A_3 | σ_α(t) | τ − ρ_ν′ − t + C ε_ν .

Keeping ν fixed, and letting ν^′ → ∞ for the wave-fronts W_ν′ of u_ν′ (t, ·) contained inside the interval

[ξ − δ_ν /4, ξ + δ_ν /4], we obtain the estimate

lim sup ν^′→∞ ∑ α∈W_ν′ | |σ_α(t) | | | | | |ẋ^α(t) − ξ − x_α(t) τ − t | | | | ≤ Cε^ν , t ∈ [τ − δ^ν /4, τ[. (3.15)

4. As in (3.1), consider the rescaled functions

u^k_ν (t, x) .= u_ν (τ + η_kt, ξ + η_kx). (3.16)

By (3.9), (2.1), (3.10) and (3.15) we can choose a sequence ν(k) → ∞ increasing fast enough so

that, as k → ∞, the following holds. ρ_{ν(k)} η_k → 0, u^k_{ν(k)} → ũ in L^1_{loc}, (3.17)

μ^{IC}_{ν(k)} ⇀ 0 on IR^2 \ { (0, 0) } , (3.18)

lim_{k→∞} Q ( u^k_{ν(k)}(t, ·); [a, b] ) = 0 for every t > 0, a < b, (3.19) lim_{k→∞} ∑ α∈W^{[a,b]}_{ν(k)} | |σ^{ν(k)}_α (t) | | | | | | ẋ^{ν(k)}_α (t) − x^{ν(k)}_α (t) t | | | | = 0 for every t < 0, a < b, (3.20)

lim_{k→∞} Υ ( u^k_{ν(k)}(t) ) − Υ ( u^k_{ν(k)}(t^′) ) = 0 for every t < t^′ < 0. (3.21)

In (3.18), μ^{IC}_{ν(k)} denotes the measure of interaction and cancellation of the rescaled piecewise constant function u^k_{ν(k)}, while the summation in (3.20) extends to the family W^{[a,b]}_{ν(k)}, of all wave-fronts of u^k_{ν(k)}(t, ·) contained in the interval [a, b]. Recall that Υ was defined at (1.14).

5. We now show that, for t < 0, the measures of positive waves in the rescaled functions approach zero on bounded sets. More precisely, fix any t < 0 and any interval [a, b]. Call μ^{i+}_{k,t} the measure of positive i-waves in u^k(t, ·). Let ε > 0 be given. Choose τ^′ < τ so that Q ( u(τ^′) ) − Q ( u(τ−) ) < ε. Then, for all k so large that τ − τ^′ η_k > 1 ε − t, we can apply the decay estimate (1.30) to u^k along the time interval [ (τ^′ − τ)/η_k, t ] and deduce μ^{i+}_{k,t} ( [a, b] ) ≤ b − a κ ( t −^{τ ′−τ}_{ηk} ) + C_2 ( Q ( u^k((τ^′ − τ)/η_k) ) − Q ( u^k(t) ))

≤ ε(b − a) κ + C_2 ε.

Since ε was arbitrary, for each t < 0 we obtain the weak convergence μ^{i+}_{k,t} ⇀ 0 as k → ∞. (3.22) Similarly, call μ^{i+}_{ν(k),t} the measure of positive i-waves in u^k_{ν(k)}(t, ·). When J is an interval, the decay estimates (1.30) also hold for front tracking approximations [9], hence for every t < 0 the above argument yields μ^{i+}_{ν(k),t} ⇀ 0 as k → ∞. (3.23) By (3.18) every point (t, x) with t < 0 has a neighborhood, say N .= [t − 1, t/2] × [x − 1, x + 1], such that the total amount of interaction and cancellation in u^k, u^k_{ν(k)} approaches zero as k → ∞. As a consequence, the assumption (2.2) of Lemma 15 must hold.

We can now apply Lemma 15 and deduce the weak convergence μ^{i±}_{k,t} ⇀ μ̃^{i±}_t , μ^{i±}_{ν(k),t} ⇀ μ̃^{i±}_t as k → ∞ (3.24) for all t < 0. Here μ̃^{i±}_t denote the positive and negative measures of i-waves in the limiting solution ũ(t, ·) introduced at (3.3).

The weak convergence (3.24) also holds for t > 0. Indeed, this follows again from Lemma 15 because (3.19) yields (2.4).

6. This step will establish the self-similarity of the function ũ, i.e. ũ(t, x) = ũ(λt, λx) λ > 0. (3.25) From the definition of ũ it is clear that

ũ(0, x) = { u(τ, ξ+) if x > 0, u(τ, ξ−) if x < 0. (3.26)

By (3.19)-(3.20), recalling that all wave speeds are < 1 in absolute value, we deduce ũ(t, x) = u(τ, ξ−) if x ≤ −|t|, ũ(t, x) = u(τ, ξ+) if x ≥ |t|. (3.27)

By (3.18), for t > 0 the function ũ concides with the solution of the Riemann problem with data

(3.27), hence (3.25) is clear. On the region where t < 0, the identity (3.25) will be proved by

showing that ∫ ϕ ( x t ) dμ̃^{i−}_t = ∫ ϕ ( x t^′ ) dμ̃^{i−}_t′ (3.28) for every t < t^′ < 0 and every Lipschitz function ϕ with compact support. By (3.27), we can

restrict the above integrations to the domains [t, −t] and [t^′, −t^′] respectively.

As a preliminary, fix t < t^′ < 0 and consider any front tracking approximate solution u

defined on the strip [t, t^′] × IR. Call σ_α, x_α, for α ∈ W^−_∗ (t), the sizes and locations of the negative

wave-fronts in u(t, ·) contained in the interval [2t, −2t]. We use the similar notation σ_β , x_β , for

β ∈ W^−_∗ (t^′), for the fronts in u(t^′, ·). For each β ∈ W^−_∗ (t^′), let I_β be the set of indices α such that

the wave-front located at x_α at time t, reaches x_β at time t^′. Recalling (1.14), the total amount of

interaction and cancellation on the interval ]t, t^′] can be bounded in terms of Υ ( u(t) ) − Υ ( u(t^′) ) . We now have the estimates ∑ β∈W^−_∗ (t^′)

| | | | | σ_β − ∑ α∈I_β σ_α | | | | | ≤ C · ( Υ ( u(t) ) − Υ ( u(t^′) )) , (3.29)

∑ β∈W^−_∗ (t^′)

| | | | | |σ_β |ẋ_β − ∑ α∈I_β |σ_α|ẋ_α | | | | | ≤ C · ( Υ ( u(t) ) − Υ ( u(t^′) )) , (3.30)

∑ β∈W^−_∗ (t^′)

| | | | | |σ_β |x_β − ∑ α∈I_β |σ_α| [ x_α + (t^′ − t)ẋ_α ] | | | | | ≤ C · ( Υ ( u(t) ) − Υ ( u(t^′) )) . (3.31)

Moreover, calling σ_α, α ∈ W^−_{canc} the sizes of negative fronts in u(t, ·) which cannot be prolonged

to the whole interval [t, t^′] (i.e., those which disappear due to cancellations with positive fronts),

one has ∑ α∈W^−_{canc}(t) |σ_α| ≤ C · ( Υ ( u(t) ) − Υ ( u(t^′) ) (3.32)

Applying the estimates (3.29)–(3.32) to the waves σ^k_α, σ^k_β in the approximate solutions u^k_{ν(k)} and using (3.21) we thus obtain

lim_{k→∞} ∑ β∈W^−_∗ (t^′)

| | | | | σ^k_β − ∑ α∈I_β σ^k_α | | | | | = 0, lim_{k→∞} ∑ α∈W^−_{canc}(t) |σ^k_α| = 0, (3.33)

lim_{k→∞} ∑ β∈W^−_∗ (t^′)

| | | | | |σ^{(k)}_β |x^{(k)}_β − ∑ α∈I_β |σ^{(k)}_α |(t^′/t)x^{(k)}_α | | | | | = 0. (3.34)

Moreover, by (3.20) and the fact that all wave speeds are < 1 it follows lim_{k→∞} ∑ 2|t|<|x_α|<M |σ^k_α| = 0, lim_{k→∞} ∑ 2|t^′|<|x_β |<M |σ^k_β | = 0 (3.35)

for any large constant M. From (3.33)-(3.35) we deduce

lim_{k→∞} ∑ α∈W^−_∗ (t) ϕ ( xk_α t ) · |σ^k_α| = lim_{k→∞} ∑ β∈W^−_∗ (t^′) ϕ ( xk_β t ) · |σ^k_β |.

By Lemma 15, this yields (3.28).

7. It remains to show that the limit function ũ is independent of the specific sequence η_k. This will imply, in particular, that the whole family of rescaled functions u^η converges to ũ as η → 0. We only need to consider the case t < 0.

Another preliminary estimate is needed. For any front tracking approximation u and any time t < 0, define a positive Radon measure γ_t on the interval [−1, 1] as follows: γ_t(J) .= ∑ α∈W^−_∗ (t),ẋ_α∈J |σ_α| (3.35)

for every Borel set J, where W^−_∗ (t) is the set of negative waves in u(t, ·) contained in the interval [2t, −2t]. Consider the Kantorovich-Rubinstein distance d(γ_t, γ_t′ ) introduced at (1.21) (with M replaced by ∞). By standard interaction estimates it now follows d(γ_t, γ_t′ ) ≤ C · ( Υ ( u(t) ) − Υ ( u(t^′) )) , (3.36)

since the right hand side controls the total amount of interaction and cancellation over the interval [t, t^′]. Now consider two sequences η_k, η^∗_k → 0 and assume that the corresponding rescaled functions u^{ηk} , u^{η∗k} converge to self-similar solutions ũ, u^∗, respectively. By a simple relabeling, it is not restrictive to assume η^∗_k/η_k → 0. Define the corresponding Radon measures γ̃, γ^∗, by letting γ̃(J), γ^∗(J) be the total amount of (negative) waves in ũ(−1, ·), u^∗(−1, ·) respectively, contained inside the Borel set −J .= {x; −x ∈ J}.

Construct a sequence of front tracking approximations u_ν → u. Let ε > 0 be given. Define the measures γ^{ηk}_ν as in (3.35), taking u = u^{ηk}_ν , t = −1. Similarly, define γ^{η∗k}_ν as in (3.35), taking u = u^{η∗k}_ν , t = −1.

Since the functions t → Υ ( u_ν (t) ) are non-increasing and uniformly bounded, by possibly taking a subsequence we can assume that there exists τ_ε < τ such that

lim sup ν→∞ [ Υ ( u_ν (τ_ε) ) − Υ ( u_ν (t) )] < ε t ∈ [τ_ε, τ[ . (3.37) Choose k̄, ν̄ large enough so that η¯_k, η^∗_{k̄} < τ − τ_ε, (3.38) d(γ^{ηk}_ν , γ̃) < ε, d(γ^{η∗k}_ν , γ^∗) < ε k ≥ k̄, ν ≥ ν̄. (3.39) By (3.37)-(3.38) it follows

lim sup ν→∞ d(γ^{ηk}_ν , γ^{η∗k}_ν ) ≤ C · lim sup_{ν→∞} [ Υ ( u_ν (τ − η_k) ) − Υ ( u_ν (τ − η^∗_k) )] ≤ Cε. (3.40) Together (3.39) and (3.40) imply d(γ̃, γ^∗) ≤ 2ε + Cε. Since ε was arbitrary, γ̃ = γ^∗. Because of self-similarity, this implies ũ = u^∗, completing the proof of Theorem 2.

4 - Structure of shock fronts.

We begin this section with a proof of Theorem 3, given in several steps.

1. Let u be a solution of (1.1) and let ε > 0 be given. Consider a sequence u_ν → u of approximate solutions constructed by wave front tracking. Following [7, p. 29], by an ε-shock front in u_ν of the i-th family we mean a polygonal line in the t-x plane, with nodes (t_0, x_0), (t_1, x_1), . . . , (t_N , x_N ) having the properties:

(i) The points (t_k, x_k) are interaction points, with 0 ≤ t_0 < t_1 < · · · (ii) On each segment joining (t_{k−1}, x_{k−1}) with (t_k, x_k), the function u_ν has an i-shock with size σ_k ≤ −ε/2. Moreover, σ¯_k ≤ −ε for at least one index k̄ ∈ {1, . . . , N}.

(iii) For k ≠ N, if two incoming i-shocks interact at the node (t_k, x_k), then the shock coming from (t_{k−1}, x_{k−1}) has the larger speed, i.e. is the one coming from the left.

An ε-shock front which is maximal w.r.t. the set theoretical inclusion will be called a maximal ε-shock front. As in [7], one can prove that two maximal ε-shock fronts either are disjoint or coincide. Observe that the number of shock fronts in u_ν (0, ·) of size σ < −ε/2 is uniformly bounded. Moreover, a new shock of size < −ε can arise at some time t > 0 only if a uniformly large amount of interaction takes place. Therefore (see [7] for details), for fixed ε > 0, the number of maximal ε-shock fronts remains uniformly bounded as ν → ∞.

2. Call x_{ν,m} : [t^−_{ν,m}, t^+_{ν,m}] → IR, m = 1, . . . , N(ν) the set of maximal ε-shock fronts in u_ν . By possibly extracting a subsequence, we can assume the convergence x_{ν,m}(·) → y_m(·) t^±_{m,ν} → t^±_m, m ∈ { 1, · · · , N̄ } , (4.1)

where y_m : [t^−_m, t^+_m] → IR are Lipschitz continuous paths. Observe that two limiting paths may in principle coincide, on some interval at least. For each ν, call μ^{IC}_ν the positive, atomic measure of Interaction and Cancellation in the approximate solution u_ν , according to (3.4). By extracting a further subsequence, we can assume the weak convergence μ^{IC}_ν ⇀ μ̄^{IC} . Call Θ .= { (τ_ℓ, ξ_ℓ); ℓ = 1, 2, . . . } the set of atoms of μ̄^{IC} .

3. Consider any one of the curves y_m(·) in (4.1). We claim that, for every t ∈]t^−_m, t^+_m[ such that ( t, x_m(t) ) /∈ Θ, the derivative ẏ_m(t) exists and the corresponding left and right states defined at (1.18) satisfy the Rankine-Hugoniot equations (1.2). Indeed, since in a front-tracking approximation the change in the speed of a shock of strength | |σ_m(t) | | ≥ ε/2 is controlled in terms of the amount of interaction and cancellation, the assumption μ̄^{IC} { (t, y_m(t)) } = 0 implies the following.

For every ε^′ > 0, there exists δ > 0 such that

lim sup ν→∞ sup |s−t|<δ | |ẋ_{ν,m}(s) − ẋ_{ν,m}(t) | | < ε^′. (4.2)

From (4.2) and the uniform convergence x_{ν,m} → y_m on a neighborhood of t we deduce

ẏ_m(t) = lim_{ν→∞} ẋ_{ν,m}(t). (4.3)

3. Next we claim that, for each ε^′ > 0, there exists ρ > 0 such that, setting u^±_ν .= u_ν ( t, x_{ν,m}(t) ± ) , Γ_ρ .= [t − ρ, t + ρ] × [ y_m(t) − ρ, y_m(t) + ρ ] , for all ν large enough there holds | |u_ν (s, x) − u^−_ν | | < ε^′ if (s, x) ∈ Γ_ρ, x < x_{ν,m}(s), (4.4) | |u_ν (s, x) − u^+_ν | | < ε^′ if (s, x) ∈ Γ_ρ, x > x_{ν,m}(s). (4.5)

Indeed, in the opposite case, there would exist ε^′ > 0 and sequences t_ν → t, ρ_ν → 0 such that each function u_ν (t_ν , ·) contains waves of total strength > ε^′, disjoint from the large shock at x_{m,ν} , inside an interval of arbitrarily small size, say ] x_{ν,m}(t_ν ), x_{ν,m}(t_ν ) + ρ_ν [ . By strict hyperbolicity and genuine nonlinearity, this would generate a uniformly positive amount of interaction in an arbitrarily small neighborhood of the point ( t, y_m(t) ) , against the assumption. Therefore (4.4)- (4.5) hold. Recalling (4.3), since u^−_ν , u^+_ν satisfy the Rankine-Hugoniot equations for all ν, the same is true for the states u^−, u^+ in (1.18). Since the total variation of the maps t → ẋ_{ν,m}(t) and t → | σ_{ν,m}(t) | is bounded uniformly w.r.t. ν (in terms of the total amount of interaction and cancellation along the given path), the maps t → ẏ_m(t), t → | σ_m(t) | are in BV . This establishes the first part of Theorem 3.

4. Let Γ_ε .= { (t, y_m(t)); t ∈ [t^−_m, t^+_m], m = 1, . . . , N̄ } be the union of the larger shock fronts in u, and call Θ_ε .= { (t_ℓ, x_ℓ); ℓ = 1, . . . , ℓ̄ } the set of atoms of μ̄^{IC} with μ̄^{IC} { (t_ℓ, x_ℓ) } ≥ ε^3. Consider any point (τ, ξ) /∈ Γ_ε ∪ Θ_ε. Then there exists ν̄ and a neighborhood V of (τ, ξ), say V .= { (t, x); |t − τ| < ρ, |x − ξ| < 2ρ }

such that μ^{IC}_ν (V ) < ε^3 for all ν ≥ ν̄. (4.6)

We now apply the decay estimates (1.30) to the functions u_ν , with J .= [ξ − ρ^′, ξ + ρ^′], ρ^′ .= ε^3ρ, on the time interval [τ − ρ, τ]. For all ν ≥ ν̄ sufficiently large, the amount of positive waves in u_ν (τ, ·) contained in the interval [ξ − ρ^′, ξ + ρ^′] is thus ≤ Cε^3. Moreover, we can assume that all shocks of strength |σ| ≥ ε remain outside V since (τ, ξ) /∈ Γ_ε.

Now assume that, for some sequence ρ_ν → 0, each u_ν (τ, ·) has an amount > 2ε of waves inside the interval [ξ − ρ_ν , ξ + ρ_ν ]. Then, since by assumption there are no shocks of strength ≥ ε inside V , there would be a uniformly positive amount of interaction and cancellation in an arbitrarily small neighborhood of (τ, ξ). This would imply, μ̄^{IC} { (τ, ξ) } > c_0ε^2 for some c_0 > 0, in contradiction with (4.6). Therefore, for some fixed ρ^{′′} > 0 sufficiently small, the total strength of waves in u_ν (τ, ·) contained in [ξ − ρ^{′′}, ξ + ρ^{′′}] is ≤ 2ε for all ν large.

5. Consider the neighborhood N .= { (t, x); |t − τ| + |x − ξ| < ρ^{′′} }

of the point (τ, ξ). For each ν, call Λ^τ_ν the total strength of waves in u_ν (τ, ·) contained in the interval [ξ − ρ^{′′}, ξ + ρ^{′′}]. Moreover, for (t, x) ∈ N , call Λ^{(t,x)}ν the total strength of waves in u_ν that cross the space-like segment joining the two points (τ, ξ + ρ^{′′}) and (t, x). By standard interaction estimates it follows | |Λ^{(t,x)}_ν − Λ^τ_ν | | ≤ Cμ^{IC}_ν (N ). (4.7)

Using (4.7) and letting ν → ∞ we obtain

lim sup ν→∞ sup (t,x)∈N | |u_ν (t, x) − u_ν (τ, ξ) | | ≤ lim sup ν→∞ sup (t,x)∈N (| |u_ν (t, x) − u_ν (τ, ξ + ρ^{′′}) | | + | |u_ν (τ, ξ + ρ^{′′}) − u_ν (τ, ξ) | | )

≤ 2 lim sup ν→∞ Λ^τ_ν + C · lim sup_{ν→∞} μ^{IC}_ν (N ) ≤ 4ε + Cε^3. This establishes (1.19), completing the proof of Theorem 3.

Corollary 4 is clear, taking as Θ the set of all atoms of the measure μ̄^{IC} .

Concerning Theorem 5, in the case where the u_ν are front tracking approximations of u, the result is already implied by the above proof of Theorem 3. We can take here c_0 .= 1/10, for instance. Observe that the sets I_ν may be the union of a finite number of intervals, not necessarily one single interval.

To treat the case where the u_ν are exact solutions, one can approximate each u_ν with a sequence of front tracking approximations u_{ν,m} → u_ν , and work with a suitable diagonal subsequence u_{ν,m(ν)} → u. 5 - Local structural stability.

The aim of this section is to prove Theorems 6–8 on the local structural stability of solutions. We begin by proving a result on the weak convergence of wave measures, derived from Lemma 15. According to (1.13)-(1.14), by Υ(u; J) .= V (u; J) + C_0Q(u; J) we denote the sum of the strength of waves in u and of the interaction potential, restricted to the interval J. The shorter notation Υ^{Mt}(u) .= Υ ( u; [−Mt, Mt] ) will also be used. The next lemma shows that, if a solution u remains very close to a self-similar solution ũ for a long time, and if u contains almost no interaction and cancellation, then the wave-fronts of u must be close to those of ũ.

Lemma 17. Let ũ be a self-similar solution defined for t < 0, and fix M^{′′} > M^′ > M > 1. (a) Given ε > 0, there exist T_1 large enough and δ, δ_1 > 0 such that the following holds. If u = u(t, x) is another solution such that ∫_{−M} ′_t M^′t | |u(t, x) − ũ(t, x) | | dx < δ t for all t ∈ [ − T_1, −1/2 ] , (5.1) Υ^{M ′T1} ( u(−T_1) ) − Υ^{M ′/2} ( u(−1/2) ) < δ_1, (5.2) then, calling μ^{i±}_{−1}, μ̃^{i±}_{−1} the measures of positive and negative i-waves in u(−1, ·), ũ(−1, ·) respectively, one has d_M ( μ^{i±}_{−1}, μ̃^{i±}_{−1} ) < ε i = 1, . . . , n. (5.3)

(b) Given δ_1 > 0, there exist T_2, δ_2, δ > 0 such that ∫_{−M} ′′_t M^{′′}t | |u(t, x) − ũ(t, x) | | dx < δ t for all t ∈ [ − T_2, −1/2 ] , (5.4) Υ^{M ′′T2} ( u(−T_2) ) − Υ^{M ′′/2} ( u(−1/2) ) < δ_2, (5.5)

together imply Υ^{M ′} ( u(−1) ) − Υ^{M ′} ( ũ(−1) ) < δ_1 2 . (5.6)

Indeed, consider part (a). If the conclusion fails, there would exist a sequence of functions u_ν

and numbers T_ν → ∞, δ_ν → 0 such that ∫_M ′ −M^′ | |u_ν (−1, x) − ũ(−1, x) | | dx → 0, (5.7)

Υ^{M ′Tν} ( u_ν (−T_ν ) ) − Υ^{M ′/2} ( u(−1/2) ) < δ_ν , (5.8)

but the corresponding wave measures satisfy d_M ( μ^{i±}_{−1,ν} , μ̃^{i±}_{−1} ) ≥ ε for some index i± and all ν. We shall obtain a contradiction using Lemma 15. Indeed, by the

decay of positive waves (1.30), from (5.8) we deduce

μ^{i+}_{−1,ν} ⇀ 0 = μ̃^{i+}_{−1}.

Moreover, the assumption (2.2) also holds. To see this, let x be given. If (2.2) failed, we could

construct a sequence of positive numbers ρ_ν , strictly decreasing to zero, such that

lim sup ν→∞ Q ( u_ν ; [x − ρ_nu, x + ρ_ν ] ) > 0. Therefore, each solution u_nu would contain a uniformly positive amount of interaction within the

time interval [−1, −1/2], a contradiction with (5.8). By part (1) in Lemma 15, we conclude lim_{ν→∞} d_M ( μ^{i−}_{−1,ν} , μ̃^{i−}_{−1} ) = 0,

proving (a).

Part (b) of the lemma is proved by the same arguments as (a), observing that all waves in ũ

are negative and using (2) in Lemma 15.

To prove the local forward structural stability, we shall also need:

Lemma 18. Fix M > 1, ε > 0. For t ≥ 0, let ũ be the self-similar solution of the Riemann problem

with data u^−, u^+. Then there exists δ > 0 such that, for every solution u of (1.1) satisfying V ( u(0); [−M − 2, −δ] ∪ [δ, M + 2] ) < δ, (5.9) | |u(0, −M) − u^− | | < δ, | |u(0, M) − u^+ | | < δ, (5.10) one has d_M ( μ^{i±}(u(1)), μ^{i±} ( ũ(1)) ) < ε. (5.11)

Indeed, if the conclusion of the lemma fails, there would exist a sequence of solutions u_ν → ũ

and numbers δ_ν → 0+ satisfying the corresponding relations (5.9)-(5.10), together with d_M ( μ^{i±} ( u_ν (1) ) , μ^{i±}~ ( ũ(1) )) ≥ ε for all ν ≥ 1. (5.12)

By showing that lim_{ν→∞} Q ( u_ν (1); ] − M − 1, M + 1[ ) = 0, (5.13)

we can then use part (3) of Lemma 15, and obtain the weak convergence μ^{i±} ( u_ν (1) ) ⇀ μ^{i±}~ ( ũ(1) )

on the interval [−M, M], in contradiction with (5.12). To prove the lemma, it thus remains to

establish (5.13).

For each fixed ν, construct a sequence of front-tracking approximations u_{ν,m} → u_ν , with μ^{i±} ( u_{ν,m}(0) ) ⇀ μ^{i±} ( u_ν (0) ) as m → ∞. (5.14)

The lower semicontinuity of the functional Q, stated at (1.32), implies

lim inf m→∞ Q ( u_{ν,m}(1); [−M − 1, M + 1] ) ≥ Q ( u_ν (1); [−M, M] ) . Hence, if (5.11) fails, for some ε > 0 we must have Q ( u_{ν,m}(1); [−M − 1, M + 1] ) > ε_0, for all ν and all m ≥ m(ν) suitably large. By diagonalization argument, we thus obtain a sequence

of front-tracking approximations u_{ν,ℓ(ν)} → ũ such that V ( u_{ν,ℓ(ν)}(0); [−M − 2, −δ_ν ] ∪ [δ_ν , M + 2] ) < 2δ_ν , (5.15) but Q ( u_{ν,ℓ(ν)}(1); [−M − 1, M + 1] ) > ε_0 > 0 (5.16) for all ν. We now apply Lemma 14 to the sequence u_{ν,ℓ(ν)}, choosing ε = ε_0/2, (τ, ξ) = (0, 0), t = ρ/3. By possibly taking a subsequence, this yields Q ( u_{ν,ℓ(ν)}(ρ/3); [−2ρ/3, 2ρ/3] ) < ε_0/2 (5.17)

for every ν. In turn, (5.17) and (5.15) imply

lim sup ν→∞ Q ( u_{ν,ℓ(ν)}(1); [−M − 1, M + 1] )

≤ lim sup ν→∞ Q ( u_{ν,ℓ(ν)}(ρ/3); [−M − 2 + ρ/3, M + 2 − ρ/3] )

≤ ε_0/2. (5.18)

Indeed, the total strength of waves in u_{ν,ℓ(ν)}(ρ/3) outside the interval [−2ρ/3, 2ρ/3] approaches zero, and one can always assume that ρ/3 < 1. From (5.18) we obtain a contradiction with (5.16), proving (5.13) and hence the lemma.

We can now give a proof of Theorem 6, in several steps, starting with the case t < 0. To simplify the notation, we shall assume ξ = 0, which is not restrictive.

1. Let ε > 0 and M > 1 be given. Choose any M^{′′} > M^′ > M. We remark that the conclusions of Lemma 17 remain valid under rescalings. More precisely, for any θ > 0 the assumptions ∫_{−θM} ′_t θM^′t | |u(t, x) − ũ(t, x) | | dx < δ t for all t ∈ [ − θT_1, −θ/2 ] , (5.19) Υ^{θM ′T1} ( u(−θT_1) ) − Υ^{θM ′/2} ( u(−θ/2) ) < δ_1, (5.20)

imply d_M ( ^μ^{i±}_{−θ}, μ̃^{i±}_{−1} ) < ε i = 1, . . . , n. (5.21) Here ^μ^{i±}_{−θ} denotes the normalized measure of positive or negative i-waves in u(−θ), i.e. ∫ ϕ(x)d^μ^{i±}_{−θ} = ∫ ϕ(x/θ)dμ^{i±}_{−θ}. The same remark applies to part (b) of the lemma.

2. Choose T_1, δ_1, δ according to part (a) of Lemma 17, then choose T_2, δ_2 and a possibly smaller δ > 0 so that part (b) of the lemma also holds. By Theorem 2, there exists τ_0 < τ such that ∫_M ′′ −M^{′′} | |u(t, ξ + (τ − t)x) − ũ(−1, x) | | dx < δ 2 for all t ∈ [τ_0, τ[ . (5.22)

3. By (1.14)-(1.15), all functions t → Υ ( u_ν (t) ) are non-increasing and uniformly bounded by a constant δ_0. We now choose an integer N so large that

δ_0/N < δ_2. (5.23)

Next, with τ_0 as in step 2, we define the finite sequence of times τ_ℓ inductively by τ − τ_ℓ = τ − τ_{ℓ−1} 2 + 2T_2 ℓ = 1, . . . , N. (5.24) Moreover, we consider the intermediate times τ^′_ℓ ∈ [τ_{ℓ−1}, τ_ℓ] such that

τ − τ^′_ℓ = 2(τ − τ_ℓ). (5.25)

Finally, we define the times τ^∗, τ^{∗∗} ∈ [τ_N , τ] as

(τ − τ^{∗∗}) = τ − τ^′_N 2 + 2T_1

, τ − τ^∗ = 2(τ − τ^{∗∗}). (5.26)

4. We now show that (1.23) holds in the case t = τ^∗. Indeed, for all ν large enough there holds ∫_M ′′ −M^{′′} | |u_ν (t, (τ − t)x) − u(t, (τ − t)x) | | dx < δ 2 for all t ∈ [ τ_0, τ^{∗∗}] . (5.27)

This, together with (5.22), implies ∫_{−M} ′′_s M^{′′}s | |u_ν (τ + s, x) − ũ(s, x) | | dx < δ s for all s ∈ [τ_0 − τ, τ^{∗∗} − τ].

By (5.23) there exists at least one time interval, say [τ_{j−1}, τ_j ], where the drop in the functional Υ(u_ν ) is < δ_2. By part (b) in Lemma 17, this implies Υ^{M ′(τ−τ ′N )} ( u_ν (τ^′_N ) ) ≤ Υ^{M ′(τ−τ ′j )} ( u_ν (τ^′_j ) ) < Υ ( ũ(−1) ) + δ_1 2 . (5.28)

Since the functional Υ is lower semicontinuous and t → Υ ( ũ(t) ) is obviously constant for t < 0, for all ν large enough we have Υ^{M ′(τ−τ ∗∗)} ( u_ν (τ^{∗∗}) ) > Υ(ũ(−1)) − δ_1 2 . (5.29)

By (5.28)-(5.29), the drop in Υ(u_ν ) on the interval [τ^′_N , τ^{∗∗}] is < δ_1. We can thus apply part (a) of Lemma 17, in its rescaled version, and conclude that, at time t = τ^∗, d_M (^μ^{i±}_{ν,t}, μ̃^{i±}_− ) < ε. This proves the local backward stability of wave-fronts in u, stated in (1.23), at the time t = τ^∗.

5. The general case of (1.23), where t = θτ^∗ + (1 − θ)τ for some θ ∈ ]0, 1] can be treated in the same way, simply replacing the points τ_ℓ, τ^∗ with τ_{ℓ,θ} .= θτ_ℓ + (1 − θ)τ, τ^∗_θ .= θτ^∗ + (1 − θ)τ, and defining τ^′_{ℓ,θ}, τ^{∗∗}_θ similarly.

6. The remaining two steps will provide a proof of (1.24), always assuming ξ = 0. Let ε > 0 be given. For a fixed t > 0, by Lemma 18 the relation d_M (^μ^{i±}_{ν,t}, μ̃^{i±}_+ ) < ε (5.30) holds provided that the rescaled solution u^∗_ν (t^∗, x^∗) .= u_ν (τ + t^∗/t, x^∗/t) satisfies the corresponding estimates (5.7)-(5.8). In terms of the original function u_ν , these estimates hold if V ( u_ν (τ); [(−M − 2)t, −δt] ∪ [δt, (M + 2)t] ) < δ, (5.31) | |u_ν (τ, −Mt) − u^− | | < δ, | |u_ν (τ, Mt) − u^+ | | < δ, (5.32) 7. By the backward stability property proved in steps 1–5, for any given M^′ > 0, ε^′ > 0 there exists ρ^′ > 0 such that

lim sup ν→∞ d_M ′ (^μ^{i±}_{ν,t}′ , μ̃^{i±}_− ) < ε^′ t^′ ∈ [τ − ρ^′, τ[ (5.33) We claim that, for a suitable choice of M^′, ε^′, t^′, (5.33) implies (5.31). Indeed, since all waves in ũ(t^′) lie inside the interval [ (t^′ − τ), (τ − t^′) ] , from (5.33) we deduce V ( u_ν (t^′); [ (1 − M^′)(τ − t^′), (M^′ − 1)(τ − t^′) ] \ [ 2(t^′ − τ), 2(τ − t^′) ]) < Cε^′. (5.34) In turn, since all wave speeds are < 1 in absolute value, from (5.34) it follows V ( u_ν (t^′); [ (2 − M^′)(τ − t^′), (M^′ − 2)(τ − t^′) ] \ [ 3(t^′ − τ), 3(τ − t^′) ]) < Cε^′, (5.35) with a possibly different constant C.

Given ε > 0, M > 1, let δ be the constant in (5.31)-(5.32), determined in Lemma 18. We now choose M^′, ε^′ such that Cε^′ = δ, M^′ − 2 = 3(M + 2)/δ. (5.36)

Then (5.33) holds for a suitable ρ^′ > 0. Set ρ .= δρ^′/3. For t ∈ ]τ, τ + ρ] we then have t^′(t) .= τ − 3(t − τ)/δ ∈ [τ − ρ^′, τ[ . By the choices in (5.36), from (5.35) it thus follows (5.31). For ν large, the validity of (5.32) is clear. This completes the proof of Theorem 6.

By the same steps 1–5 in the proof of Theorem 6, using part (2) of Lemma 15 one obtains

Theorem 7.

The results stated in Theorem 8 are a straightforward consequence of backward structural

stability. Indeed, in cases (1)–(3), our assumptions imply the existence of ρ, δ > 0 with the

following property. If w is any other solution of (1.1) satisfying the integral estimates (1.26), then

the restriction of w(τ − ρ, ·) to the interval [ξ − 2ρ, ξ + 2ρ] contains respectively 0, 1 or 2 large

incoming shocks, plus possibly other waves of total strength < Cε. Therefore, the structure of the

solution w is determined in the domain of dependency: { (t, x); t ∈ [τ − ρ, τ + ρ/3], |x − ξ| ≤ ρ − (t − τ) }

as described in Theorem 8.

6 - Properties of wave measures.

This section contains a proof of Propositions 11–13 concerning wave measures.

To establish Proposition 11, we fix 0 ≤ τ < τ^′ and prove (1.35)-(1.36) with (t, t^′) = (τ, τ^′).

By a standard procedure we can construct a sequence of piecewise constant functions x → u_ν (τ, x)

satisfying u_ν (τ) → u(τ), μ^{i±}(u_ν , τ) ⇀ μ^{i±}(u, τ), i = 1, . . . , n. (6.1) Q ( u_ν (τ) ) → Q ( u(τ) ) , Υ ( u_ν (τ) ) → Υ ( u(τ) ) . (6.2)

Then, from this initial data u_ν (τ), we construct a sequence of front tracking approximations u_ν ,

defined for t ≥ τ, such that u_ν → u. For a given ν, call τ = t_0 < t_1 < · · · < t_N the interaction

times of wave fronts in u_ν . On each interval [t_{j−1}, t_j [ we have d ( μ^{i±}(u_ν , t_j −), μ^{i±}(u_ν , t_{j−1}) ) ≤ δ_0(t_j − t_{j−1}) (6.3)

because all wave speeds are < 1 in absolute value and the total strength of waves is < δ_0. Moreover,

at interaction times there holds (Cf. Proposition 1) d ( μ^i(u_ν , t_j ), μ^i(u_ν , t_j −) ) ≤ C_3 ( Q ( u_ν (t_j −) ) − Q ( u_ν (t_j ) )) , (6.4) d ( μ^{i±}(u_ν , t_j ), μ^{i±}(u_ν , t_j −) ) ≤ C_3 ( Υ ( u_ν (t_j −) ) − Υ ( u_ν (t_j ) )) , (6.5)

for some constant C_3 > 0. From (6.3)–(6.5) it follows d ( μ^i(u_ν , t), μ^i(u_ν , τ) ) ≤ C_3 ( Q ( u_ν (τ) ) − Q ( u_ν (t) )) + (t − τ)δ_0, (6.6) d ( μ^{i±}(u_ν , t), μ^{i±}(u_ν , τ) ) ≤ C_3 ( Υ ( u_ν (τ) ) − Υ ( u_ν (t) )) + (t − τ)δ_0, (6.7)

for all ν ≥ 1, t ≥ τ.

To simplify the remaining arguments, we assume that all functions u, u_ν have uniformly bounded support, which is not restrictive. More precisely, let u(t, x) = u_ν (t, x) = 0 for all ν ≥ 1, |x| > R, t ∈ [τ, τ^′ + 1]

Consider a sequence ε_k → 0+. Given ε_1 > 0, for each ξ ∈ [−R, R] by Lemma 14 there exists ρ > 0 such that

lim sup ν→∞ Q ( u_ν (τ^′), [ξ − ρ, ξ + ρ] ) < ε_1 for each t ∈ ]τ^′, τ^′ + ρ].

Covering the compact set [−R, R] with finitely many such intervals, we can find a constant r_1 > 0 and a subsequence u^{(1)}_ν such that

lim sup ν→∞ Q ( u^{(1)}_ν (t), J ) < ε_1 for each t ∈ ]τ^′, τ^′ + r_1] and every interval J of length < r_1. Repeating the previous argument, by induction for each ε_k we obtain a constant r_k > 0 and a further subsequence (u^{(k)}_ν )_{ν≥1} such that

lim sup ν→∞ Q ( u^{(k)}_ν (t), J ) < ε_k for each t ∈ ]τ^′, τ^′ + r_k] and every interval J of length < r_k. By a diagonalization procedure, we can now construct a subsequence u^∗_ν and a sequence of times t_ν → τ^′+ such that Q ( u^∗_ν (t_ν ), J ) < ε_k whenever meas(J) < r_k and ν ≥ k. By Lemma 15, this implies lim_{ν→∞} d ( μ^{i±}(u^∗_ν , t_ν ), μ^{i±}(u, τ^′) ) = 0. (6.8)

Since u^∗_ν (t_ν ) → u(τ^′), the estimates (1.35)-(1.36) are now obtained from (6.6)-(6.7) (with t = τ^′ and u_ν replaced with u^∗_ν ), using (6.8), (6.2) and the lower semicontinuity of the functionals Q, Υ (Proposition 10).

To prove Proposition 12, consider a sequence of solutions u_ν to (1.1). Observe that the functions t → Q ( u_ν (t) ) , t → Υ ( u_ν (t) ) are uniformly bounded and non-increasing. Hence, by Helly’s theorem, there exists a subsequence for which the limits (1.37) hold pointwise everywhere.

Call J the countable set of times t where Υ_∞ has a jump. By weak compactness, we can extract

a further subsequence such that μ^{i±}(u_ν , t) ⇀ μ^{i±}_∞ (t) for all t ∈ IQ ∪ J. Since the map t → μ^{i±}(u_ν , t) has been shown to be continuous for t /∈ J, then by (1.36) (with

again u replaced with u_ν ) the convergence (1.38) and the estimates (1.39) hold for all t^′ > t ≥ 0.

Proposition 13 is again a consequence of local structural stability. Let a point (τ, ξ) be given.

To shorten the notations, we write μ^{i±}_t .= μ^{i±}(u, t), μ^{i±}_{ν,t} .= μ^{i±}(u_ν , t), μ^{i±}_{∞,t} .= μ^{i±}_∞ (t). Assume μ^{i±}_τ ( {ξ} ) = b_{i±}. By the convergence μ^{i±}_{ν,τ} ⇀ μ^{i±}_{∞,τ} , for any given ε > 0 there exists ρ_ε > 0 and a sequence r_ν → 0+

such that for all i = 1, . . . , n, μ^{i±}_{ν,τ} ( [ξ − ρ_ε, ξ + ρ_ε] \ [ξ − r_ν , ξ + r_ν ] ) < ε ν ≥ 1, and hence μ^{i±}_{ν,τ+h} ( [ξ − ρ_ε/2, ξ + ρ_ε/2] \ [ξ − r_ν − h, ξ + r_ν + h] ) < Cε ν ≥ 1. (6.9) By the property (1.24) of local forward stability, we also have

lim sup ν→∞ | | | |μ^{i±}ν,t ([ ξ − 2(t − τ), ξ + 2(t − τ) ]) − b_{i±} | | | | < Cε t ∈ ]τ, τ + ρε]. (6.10) Concerning the measures μ^{i±}_{∞,t}, from (6.9)-(6.10) we deduce μ^{i±}_{∞,τ+} ( [ξ − ρ_ε/2, ξ + ρ_ε/2] \ {ξ} ) < Cε ν ≥ 1. (6.11) | | |μ^{i±}_{∞,τ+} ([ ξ − 2(t − τ), ξ + 2(t − τ) ]) − b_{i±} | | | < Cε. (6.12) Since ε > 0 is arbitrary, from (6.11)-(6.12) it follows μ^{i±}_{∞,τ+} ( {ξ} ) = b_{i±}, proving the first statement in Proposition 13.

Finally, observe that the function t → Q ( u(t) ) is continuous at time τ if and only if at every point (τ, ξ), ξ ∈ IR, the corresponding self-similar solution ũ(t, x) .= lim_{η→0+} u(τ + ηt, ξ + ηx) constructed in Theorem 2 either is a constant or consists of a single shock. We thus distinguish two cases.

Case 1: At some point ξ, the corresponding function ũ is not constant and does not consist of a single shock.

In this case, define m_0 .= Q ( ũ(−1) ) > 0. By the local stability properties (1-23)-(1.24), for every ε > 0 there exists ρ > 0 such that

lim sup ν→∞ Q ( u_ν (τ + h), [ξ − 2h, ξ + 2h] ) ≤ ε, (6.13) lim inf ν→∞ Q ( u_ν (τ − h), [ξ − 4h, ξ + 4h] ) ≥ m_0 − ε, (6.14)

for all h ∈ ]0, ρ]. Since ε > 0 can be taken arbitrarily small, from (6.13)-(6.14) we deduce Q_∞(τ−) − Q_∞(τ+) ≥ c m_0 for some positive constant c. Hence Q_∞ also has a jump at t = τ.

Case 2: At every point ξ, the corresponding function ũ either is constant or consists of a single shock.

It is then clear that the atomic parts of the measures μ^i(u, τ) are purely negative. To show that the map t → Q_∞(t) is also continuous at time τ, fix ε > 0 and let the supports of all functions u(τ, ·), u_ν (τ, ·) be contained in the interval [−R, R].

By the local structural stability property (1.23), for each ξ there exists ρ_ξ > 0 such that

lim sup ν→∞ Q ( u_ν (τ − h); [ξ − 4h, ξ + 4h] ) < ε for all h ∈ ]0, ρ_ξ].

Taking a finite covering of the interval [−R, R], we deduce the existence of some ρ^∗ > 0 such that

lim sup ν→∞ Q ( u_ν (τ − ρ^∗); [x − 4ρ^∗, ξ + 4ρ^∗] ) < ε for all x ∈ [−R, R]. (6.15)

From (6.15) it follows that the amount of interaction in u_ν near the time τ must be small. More precisely lim sup ν→∞ ( Q ( u_ν (τ − ρ^∗) ) − Q ( u_ν (τ + ρ^∗) )) < Cε. (6.16) Since ε is arbitrary, (6.16) implies the continuity of the function Q_∞ at time τ, completing the proof of Proposition 13.

References.

[1] J. P. Aubin and A. Cellina, Differential Inclusions, Springer, Berlin, 1984. [2] P. Baiti and A. Bressan, Lower semi-continuity of weighted path length in BV, to appear in: “Geometrical Optics and Related Topics”, F. Colombini and N. Lerner Eds., Birkhäuser, 1997.

[3] P. Baiti and H. K. Jenssen, On the front tracking algorithm, J. Math. Anal. Appl., to appear. [4] A. Bressan, Global solutions of systems of conservation laws by wave front tracking, J. Math.

Anal. Appl. 170 (1992), 414–432.

[5] A. Bressan, The unique limit of the Glimm scheme, Arch. Rat. Mech. Anal. 130 (1995), 205-230.

[6] A. Bressan, The semigroup approach to systems of conservation laws, Mathematica Contemporanea 10 (1996), 21-74.

[7] A. Bressan and R. M. Colombo, The semigroup generated by 2 × 2 conservation laws, Arch.

Rat. Mech. Anal. 133 (1995), 1-75.

[8] A. Bressan and R. M. Colombo, Unique solutions of 2 × 2 conservation laws with large data, Indiana Univ. Math. J. 44 (1995), 677-725.

[9] A. Bressan and R. M. Colombo, Decay of positive waves in nonlinear systems of conservation laws, Ann. Scuola Norm. Sup. Pisa, to appear.

[10] A. Bressan, G. Crasta, and B. Piccoli, Well posedness of the Cauchy problem for n×n systems of conservation laws, Memoir Amer. Math. Soc., to appear.

[11] A. Bressan and P. G. LeFloch, Uniqueness of entropy solutions for systems of conservation laws, Arch. Rat. Mech. Anal. 140 (1997), 301-317.

[12] C. Dafermos, Generalized characteristics and the structure of solutions of hyperbolic conservation laws, Ind. Univ. Math. J. 26 (1977), 1097–1119.

[13] R. J. DiPerna, Singularities of solutions of nonlinear hyperbolic systems of conservation laws, Arch. Rat. Mech. Anal. 60 (1976), 75–100.

[14] R. J. DiPerna, Uniqueness of solutions to hyperbolic conservation laws, Indiana Univ. Math.

J. 28 (1979), 137–188.

[15] H. Federer, Geometric Measure Theory, Springer Verlag, New York, 1969. [16] J. Glimm, Solutions in the large for nonlinear hyperbolic systems of equations, Comm. Pure Appl. Math. 18 (1965), 697-715.

[17] J. Glimm and P. D. Lax, Decay of solutions of systems of hyperbolic conservation laws, Amer.

Math. Soc. Memoir 101, Providence, 1970.

[18] P. D. Lax, Hyperbolic systems of conservation laws II, Comm. Pure Appl. Math. 10 (1957), 537-566.

[19] P. G. LeFloch and Z.-P. Xin, Uniqueness via the adjoint problems for systems of conservation laws, Comm. Pure Appl. Math. 46 (1993), 1499–1533.

[20] P. G. LeFloch and Z.-P. Xin, Uniqueness via entropy estimates for systems of conservation laws, in preparation.

[21] T.-P. Liu, Uniqueness of weak solutions of the Cauchy problem for general 2 × 2 conservation laws, J. Diff. Equations 20 (1976), 369–388.

[22] T.-P. Liu, Admissible solutions of hyperbolic conservation laws, Amer. Math. Soc. Memoir 240, Providence, 1981.

[23] E. Michael, Continuous selections I, Ann. Math. 63 (1956), 361-381. [24] O. Oleinik, Discontinuous solutions of nonlinear differential equations, Amer. Math. Soc.

Transl. Ser. 2, 26 (1963), 95-172.

[25] D. Schaeffer, A regularity theorem for conservation laws, Advances in Math. 11 (1973), 368– 386.

[26] M. Schatzman, Continuous Glimm functionals and uniqueness of solutions of the Riemann problem, Indiana Univ. Math. J. 34 (1985), 533-589.

[27] J. Smoller, Shock Waves and Reaction-Diffusion Equations, Springer-Verlag, New York, 1983. [28] A. I. Volpert, The space BV and quasilinear equations, Math. USSR Sb. 2 (1967), 257–267.