ON STRONGLY DEGENERATE CONVECTION-DIFFUSION PROBLEMS MODELING SEDIMENTATION-CONSOLIDATION PROCESSES

R. BÜRGERa, S. EVJEb, AND K. HVISTENDAHL KARLSENc;b

Abstract. We investigate initial-boundary value problems for a quasilinear strongly degenerate convection-diffusion equation with a discontinuous diffusion coefficient. These problems come from the mathematical modeling of certain sedimentation-consolidation processes. Existence of entropy solutions belonging to BV is shown by the vanishing viscosity method. The existence proof for one of the models includes a new regularity result for the integrated diffusion coefficient. New uniqueness proofs for entropy solutions are also presented. These proofs rely on a recent extension to second order equations of Kružkov’s method of “doubling of the variables”. The application to a sedimentation-consolidation model is illustrated by two numerical examples.

1. Introduction

In this paper, we consider quasilinear strongly degenerate parabolic equations of the type

∂_tu + ∂_x(q(t)u + f(u)) = ∂^2_xA(u), (x, t) ∈ Q_T , A(u) := ∫_u 0 a(s) ds, a(u) ≥ 0, (1.1) where Q_T := Ω × T, Ω := (0, 1) and T := (0, T ). In general, we allow that the diffusion coefficient a(u) vanishes on intervals of solution values u, where (1.1) is then of hyperbolic type; therefore this equation is also called hyperbolic-parabolic. Although equations of this type occur in a variety of applications, we here focus on the application to sedimentation-consolidation processes [3, 8, 9], which leads to an initial-boundary value problem (IBVP) with mixed Dirichlet-flux boundary conditions (“Problem A”) or alternatively to an IBVP with two flux conditions (“Problem B”). It is well known that solutions of (1.1) develop discontinuities due to the nonlinearity of the flux density function f(u) and the degeneracy of the diffusion coefficient. Therefore one has to consider entropy solutions in order to have a well-posed problem. Moreover, in regions where (1.1) is hyperbolic, solution values propagate along straight-line characteristics which might intersect the lateral boundaries of Q_T from the interior and require the treatment of Dirichlet boundary conditions as entropy boundary conditions [2, 7]. A review of properties and known existence and uniqueness results related to the concept of entropy solutions for equation (1.1), as well as an overview of numerical methods for strongly degenerate parabolic equations, is provided in [11].

Our particular application justifies various assumptions on the coefficients of (1.1) and on the initial and boundary data. Most notably, many constitutive equations proposed for these processes imply that a(u) = 0 for u ≤ u_c and that a(u) jumps at u_c to a positive value, where u_c is a given constant, the so-called critical concentration. We therefore insist on using a discontinuous diffusion coefficient a(u). This case had not been covered by the previous existence and uniqueness analysis of Problem A by Bürger and Wendland [6], which relies on relatively strong assumptions on the regularity of the coefficients of equation (1.1) and on the initial and boundary data; in particular, a(u) is assumed to be continuously differentiable. We point out that the previous analysis [6] was limited to Problem A, and that Problem B has not been treated so far.

Key words and phrases. Degenerate convection-diffusion equation, entropy solutions, discontinuous diffusion coefficient, sedimentation-consolidation processes, BV solutions.

AMS subject classifications. 35D05, 35D10, 35K65, 76T05.

aInstitute of Mathematics A, University of Stuttgart, Pfaffenwaldring 57, D-70569 Stuttgart, Germany, e-mail: buerger@mathematik.uni-stuttgart.de.

bRF-Rogaland Research, Thormølensgt. 55, N-5008 Bergen, Norway, e-mail: Steinar.Evje@rf.no. cDepartment of Mathematics, University of Bergen, Johs. Brunsgt. 12, N-5008 Bergen, Norway e-mail: kenneth.karlsen@mi.uib.no. 1

The first objective of this paper is to show existence of entropy solutions belonging to BV (Q_T ) for these problems when the diffusion coefficient is discontinuous. We show that smoothing out the jumps of a(u) and of the initial and boundary data by a standard mollifier technique will not cause new singularities when the smoothing parameter tends to zero in the vanishing viscosity method. As a part of the existence proof of Problem B, we show that the integrated diffusion coefficient A(u) belongs to the Hölder space C^{1,1/2}(Q_T ). This is a significantly better regularity property compared to the result ∂_xA(u) ∈ L^2(Q_T ) valid for Problem A.

The second objective of this paper is to present new uniqueness proofs for both problems based on the technique known as “doubling of the variables”. This technique was introduced in Kružkov’s pioneering work [13] as a tool for proving the L^1 contraction principle for entropy solutions of scalar conservation laws and very recently extended elegantly by Carrillo [10] to a class of degenerate parabolic equations. It is the extension in [10] that we adopt here to our initial-boundary value problems. We emphasize that these uniqueness proofs merely require that the functions f(u) and A(u) are locally Lipschitz continuous (a(u) may be discontinuous) and that they are not based on deriving jump conditions as in [24]. In fact, continuity of a(u) has been assumed in previous papers [6, 24, 25] in order to derive such jump conditions. Furthermore, the jump conditions — and thus the corresponding uniqueness proof — derived by Wu and Yin [25] (see also [7]) have at present no multidimensional analogue, whereas the uniqueness approach presented here also works in multidimensions [4]. Having said this, some new results dedicated to the solution of this problem are available, see Vol’pert [20].

We mention that to produce an entropy solution belonging to BV (Q_T ), it is necessary to require that the initial function u_0 belongs to the class B of functions for which TV(∂_xA(u)) is uniformly bounded with respect to regularization. This condition is rather restrictive but satisfied by most initial data occurring in the context of the sedimentation-consolidation problems. Our problems are also solvable for u_0 ∉ B (say u_0 ∈ BV (Ω)), but then it is only possible to show existence of an entropy solution in the larger class C^{1/2}(T; L^1(Ω))∩L^∞(T; BV (Ω)), also referred to as BV_{1,1/2}(Q_T ) [22]. In this larger class, one can not assume a priori that the traces of the entropy solution at the boundaries of Q_T exist. To resolve this problem one needs a reformulation of the concept of solution that avoids these traces. Such a solution concept has been employed by Wu [22], but will not be considered here since it is not obvious how to prove uniqueness of such solutions.

This paper is organized as follows. In § 2, we recall some properties of mollifiers and related functions, state the initial-boundary value problems with the respective pertaining assumptions on the data and formulate definitions of entropy solutions. In § 3, existence of entropy solutions is shown by the vanishing viscosity method and the improved regularity result valid for entropy solutions of Problem B is derived. Uniqueness of entropy solutions is shown in § 4. In Section 5 we present two numerical solutions of the IBVP modeling sedimentation with compression, in which the assumptions for the existence of BV solutions are satisfied.

2. Mathematical preliminaries and definition of entropy solutions

2.1. Mollifiers and related functions. Let ω ∈ C^∞_0 (R) be a function satisfying ω ≥ 0, supp ω ⊂ (−1, 1) and ‖ω‖_L1_(R_) = 1, and define a standard mollifier [16] with support in (−h, h) by ω_h(x) = ω(x/h)/h. A C^∞ regularization of a bounded function b(u) is then given by the convolution

(b ∗ ω_h)(u) := ∫_h −h b(u − v)ω_h(v) dv. Moreover, we define for sufficiently small h > 0 the functions

ϱ_h(x) := ∫_x −∞ ω_h(ξ) dξ, μ_h(x) := 1 − ϱ_h(x − 2h), ν_h(x) := ϱ_h ( x − (1 − 2h) ) , (2.1)

which have the property stated in the following lemma given in [24].

Lemma 1. Let v ∈ L^1 ( T; L^∞(Ω) ) . If the traces γ_0v := (γv)(0, t) and γ_1v := (γv)(1, t) exist a.e. in T, then we have for φ ∈ C^∞(Q_T )

lim_{h↓0} ∫∫ Q_T ∂_x ( φ(x, t) ( μ_h(x) + ν_h(x) )) v(x, t) dxdt = ∫_T 0 ( φ(1, t)γ_1v − φ(0, t)γ_0v ) dt. 2.2. Statement of Problem A. We consider the IBVP

∂_tu + ∂_x(q(t)u + f(u)) = ∂^2_xA(u), (x, t) ∈ Q_T , (A1)

u(x, 0) = u_0(x), x ∈ Ω, (A2) u(1, t) = φ_1(t), t ∈ (0, T ], (A3) f(u(0, t)) − ∂_xA(u(0, t)) = 0, t ∈ (0, T ], (A4)

where we assume

f is continuous and piecewise differentiable, f ≤ 0, supp f ⊂ [0, u_{max}], ‖f^′‖_∞ ≤ ∞, (2.2) a(u) ≥ 0, supp a ⊆ supp f, a(u) = 0 for u ≤ u_c, 0 < u_c ≤ u_{max}, (2.3)

q(t) ≤ 0 ∀t ∈ T, TV_T(q) < ∞, TV_T(q^′) < ∞, (2.4)

Since A is monotonically non-increasing, sgn(k_1 − k_2)(A(k_1) − A(k_2)) = |A(k_1) − A(k_2)|. Defining

a_ε(u) := ((a + ε) ∗ ω_ε)(u), A_ε(u) := ∫_u 0 a_ε(s)ds, ε > 0 and U_ε := [−ε, u_{max} + ε] for ε ≥ 0, we can state the regularity assumption on u_0 as

u_0 ∈ B := { u ∈ BV (Ω) : u(x) ∈ U_0 ∀x ∈ Ω; TV_Ω(∂_xA_ε(u)) < M_0 uniformly in ε } , (2.5)

We comment on the assumption (2.5). First note that, if u_0 ∈ B, then also ~u_0 ∈ B. This requirement is needed to show that the entropy solution of the initial-boundary value problem is L^1 Lipschitz continuous in time. It might be difficult to verify whether a given initial function belongs to B, but, for example, all piecewise constant functions defined on Ω do so.

The boundary datum φ_1 is assumed to satisfy

0 ≤ φ_1(t) ≤ u_{max}, t ∈ T, (2.6) φ_1 changes its monotonicity behaviour at most a finite number of times. (2.7)

In particular, we admit that the functions u_0 and φ_1 may possess jumps, and note that (2.6) and (2.7) imply that TV_T(φ_1) < ∞. The assumptions (2.2)–(2.7) are essential in the proof of existence of an entropy solution belonging to BV (Q_T ).

Remark 1. Of course, if a(·) is sufficiently smooth, then the requirement that u_0 ∈ B can be replaced by the requirement TV_Ω(∂_xu_0)) < M_0. In particular, the existence analysis conducted in [6] is contained in the analysis presented below.

2.3. Definition of entropy solutions of Problem A. Since weak, possibly discontinuous solutions are in general not unique, we need a selection principle or entropy criterion. This is included in the following solution concept. Wherever notationally convenient, we set g(u, t) := q(t)u+f(u).

Definition 1. A function u ∈ L^∞(Q_T ) ∩ BV (Q_T ) is an entropy solution of Problem A if the following conditions are satisfied:

∂_xA(u) ∈ L^2(Q_T ); (2.8) ∀φ ∈ C^∞ ( (0, 1] × T ) , φ ≥ 0, supp φ ⊂ (0, 1] × T, ∀k ∈ R : ∫∫ Q_T { |u − k|∂_tφ + sgn(u − k) [ g(u, t) − g(k, t) − ∂_xA(u) ] ∂_xφ } dxdt + ∫_T 0 { −sgn(φ_1(t) − k) [ g(γ_1u, t) − g(k, t) − γ_1∂_xA(u) ] φ(1, t)

+ [ sgn(γ_1u − k) − sgn(φ_1(t) − k) ][ A(γ_1u) − A(k) ] ∂_xφ(1, t) } dt ≥ 0; (2.9)

for almost all t ∈ T, γ_0 (f(u) − ∂_xA(u)) = 0; (2.10)

for almost all x ∈ Ω, lim_{t↓0} u(x, t) = u_0(x). (2.11)

Entropy inequalities like (2.9) go back to the pioneering papers of Vol’pert [19] and Kružkov [13] for first order equations and Vol’pert and Hudjaev [21] for second order equations.

2.4. Statement of Problem B. We also consider Problem B which is obtained from Problem A if the boundary condition at x = 1, (A3), is replaced by the total flux condition ( g(u, t) − ∂_xA(u) ) (1, t) = Ψ(t), t ∈ (0, T ]. (B3)

We have to assume that

either Ψ ≡ 0 or ∃ξ > 0, M_g > 0 : ξa(u) − (q(t) + f^′(u)) ≥ M_g . (2.12)

All other assumptions (2.2), (2.3) and (2.5) remain valid. Here, we assume that ∀t ∈ T : min_{u∈U0} ( g(u, t) ) ≤ Ψ(t) ≤ 0, Ψ(t) ≥ g(u_{max}, t); TV_T(Ψ) < ∞. (2.13)

Problem B is also of interest in the application of the sedimentation-consolidation model, since frequently the feed flux Ψ rather than a boundary concentration φ_1 is prescribed.

2.5. Definition of entropy solutions of Problem B. Here, the definition of entropy solution is analogous to Definition 1:

Definition 2. A function u ∈ L^∞(Q_T ) ∩ BV (Q_T ) is an entropy solution of Problem B if (2.8) and (2.11) in Definition 1 are satisfied, if for all φ ∈ C^∞_0 (Q_T ), φ ≥ 0 and k ∈ R the inequality ∫∫ Q_T { |u − k|∂_tφ + sgn(u − k) [ g(u, t) − g(k, t) − ∂_xA(u) ] ∂_xφ } dtdx ≥ 0 (2.14) holds, if the boundary condition (2.10) is valid, and if

γ_1 (g(u, t) − ∂_xA(u)) = Ψ(t) for almost all t ∈ T. (2.15)

3. Existence of entropy solutions

3.1. Existence of entropy solutions of Problem A. Existence of entropy solutions is proved here by the vanishing viscosity method. Therefore we replace a(u) by a_ε(u^ε) and use the regularizations f_ε(u) := (f ∗ ω_ε)(u), q_ε(t) := (q ∗ ω_ε)(t) and g_ε(u, t) := f_ε(u) + q_ε(t)u. Note that (2.2) implies that supp f_ε ⊂ U_ε. The functions u_0 and φ_1 are replaced by smooth approximations u^ε_0 and φ^ε_1 with u^ε_0 → u_0 in L^1(Ω) and φ^ε_1 → φ_1 in L^1(T) for ε ↓ 0. The solution to the degenerate IBVP is then obtained as the limit for ε ↓ 0 of the family {u^ε}_{ε>0} of smooth solutions of the regularized parabolic IBVP (referred to as Problem A^ε):

∂_tu^ε + ∂_x (q_ε(t)u^ε + f_ε (u^ε)) = ∂^2_xA_ε (u^ε) , (x, t) ∈ Q_T , (A^ε.1) u^ε(x, 0) = u^ε_0(x), x ∈ Ω, (A^ε.2) u^ε(1, t) = φ^ε_1(t), t ∈ (0, T ], (A^ε.3) ( f_ε(u^ε) − ∂_xA_ε(u^ε) ) (0, t) = 0, t ∈ (0, T ]. (A^ε.4)

To ensure the existence of a smooth solution of Problem A^ε for any fixed value ε > 0, the functions u^ε_0 and φ^ε_1 have to satisfy first order compatibility conditions:

u^ε_0(1) = φ^ε_1(0), (3.1a) − [ q_ε(0) + f^′_ε ( u^ε_0(1) )]( u^ε_0 )_′ (1) − α^′ ( u^ε_0(1) )[ (u^ε_0)^′(1)

]_2 α ( u^ε_0(1) ) (u^ε_0)^{′′}(1) = (φ^ε_1)^′ (0), (3.1b) α ( u^ε_0(0) ) (u^ε_0)^′(0) − f_ε ( u^ε_0(0) ) = 0, (3.1c)

where α(u) = a_ε(u). In [6] it is required that the functions a(u), u_0 and φ_1 do already satisfy the smoothness conditions necessary for the existence of a smooth solution of the Problem A^ε.

The compatibility conditions are established there by setting φ^ε_1 ≡ φ_1 and u^ε_0(x) = u_0(x) + h^ε(x), where h^ε satisfies ‖h^ε‖_L1_{(Ω)} = O(ε) with supp h^ε ⊂ [0, ε] ∪ [1 − ε, 1]. Moreover, in that paper, the functions u_0 and φ_1 are assumed to satisfy a priori the compatibility conditions (3.1) with respect to α(u) = a(u), and the choice of h^ε ensures that (3.1) remains valid for α(u) = a(u) + ε. Here, the regularity assumptions made in [6] are relaxed to (2.5) and (2.6). We set x^ε := (x − 2ε)/(1 − 4ε), t^ε := ( (t − 2ε)T )/ (T − 2ε), (3.2)

~u_0(x) := u_0(1) for x ≥ 1 − 2ε, u_0(x^ε) for 2ε < x < 1 − 2ε, −ε for x ≤ 2ε, ~φ_1(t) := { u_0(1) for t ≤ 2ε, φ_1(t^ε) for 2ε < t < T ,

and define the regularized initial and boundary data by u^ε_0(x) := (~u_0 ∗ ω_ε)(x) for x ∈ Ω and φ^ε_1(t) := (~φ_1 ∗ ω_ε) (t) for t ∈ T.

Lemma 2. The functions u^ε_0 and φ^ε_1 satisfy the regularity assumptions necessary for the existence of a smooth solution of Problem A^ε and the first order compatibility conditions (3.1). They also satisfy u^ε_0(x) ∈ U_ε for x ∈ Ω, φ^ε_1(t) ∈ U_0 for t ∈ T, TV_T (φ^ε_1) ≤ TV_T (φ_1) + |u_0(1) − φ_0(0)| , TV_Ω (u^ε_0) ≤ TV_Ω + u_0(0) + ε.

Proof. The compatibility conditions (3.1) follow from

u^ε_0(1) = φ^ε_1(0) = u_0(1), (u^ε_0)^′ (1) = (φ^ε_1)^′ (1) = 0, (u^ε_0)^′(0) = 0, f_ε ( u^ε_0(0) ) = f_ε(−ε) = 0.

From ω_ε ≥ 0, we obtain φ^ε_1 ≥ 0 and u^ε_0 ≥ −ε. Since u_{max} − ~u_0(x) ≥ 0 for all x ∈ R, we have 0 ≤ ( (u_{max} − ~u_0) ∗ ω_ε ) (x) = u_{max} − (~u_0 ∗ ω_ε) (x) for x ∈ R, that is, u^ε_0 ≤ u_{max}, and by the same argument, φ^ε_1 ≤ u_{max}. Furthermore, we have

TVR(u^ε0) = TVΩ (u^ε0) , TVR(φ^ε1) = TVT (φ^ε1) , TVR(~φ1) = TVT (~φ1) = TVT (φ1) + |u0(1) − φ1(0)| , TVR(~u0) = TVΩ (~u0) = TVΩ (u0) + u0(0) + ε.

Following [16], we show that mollifying the functions ~u_0 and ~φ_1 does not increase their total variation, respectively. Recall that the total variation of a function g ∈ L^1(R) can be expressed as

TV(g) = sup_{φ∈D} ∫ R^{g(x)φ′(x) dx, D := {φ ∈ C10 (R) : ‖φ‖∞ ≤ 1}.} Then we have TVR(u^ε0) = sup_{φ∈D}^∫R^{∫ ε}_{−ε} ~u0(x − y)ωε(y)φ^′(x) dydx = sup_{φ∈D}^{∫ ε}_{−ε}^∫R~u0(x − y)∂x^(ωε(y)φ(x)^) dxdy. Using the substitution x̃ := x − y, ỹ := −y, the symmetry ω_ε(−y) = ω_ε(y) and finally replacing x̃ by x and ỹ by y and setting φ_ε(x) := (φ ∗ ω_ε) (x), we obtain from this TVR(u^ε0) = sup_{φ∈D}^{∫ ε}_{−ε}^∫R~u0(x)∂x^(ωε(y)φ(x − y)^) dxdy = sup_{φ∈D}^∫R~u0(x)φ^′ε(x) dx, and hence, noting that { φ ∗ ω_ε : φ ∈ C^1_0 (R), ‖φ‖_∞ ≤ 1 } ⊂ D, TVR(u^ε0) ≤ sup_{φ∈D}^∫R~u0(x)φ^′(x) dx = TVR(~u0). (3.3)

The inequality TVR(φ^ε_1) ≤ TVR(~φ_1) follows in the same way.

Lemma 3. Let u^ε be a smooth solution of Problem A^ε. Then there exist positive constants M_1, M_2 and M_3 such that the following estimates hold uniformly with respect to ε: ‖u^ε(x, t)‖_L1_{(QT )} ≤ M_1, (3.4) ‖∂_xu^ε(·, t)‖_L1_{(Ω)} ≤ M_2 for all t ∈ T, (3.5) ‖∂_tu^ε‖_L1_{(QT )} ≤ M_3. (3.6)

Proof. For every ε > 0, Problem A^ε has a unique solution u^ε ∈ C^{2+β,1+β/2}(Q_T ) ⊂ C^{2,1}(Q_T ), β > 0. This is shown in [6] by applying the well-known results from [17]. The uniform boundedness of u^ε can be shown in a standard way by rewriting Problem A^ε in terms of exp(−Kt)u^ε(x, t) and exp(−Kt) (u_{max} + ε − u^ε(x, t)), where K > 0 is an arbitrary constant, and showing that these functions are nonnegative on Q_T , see [6]. Hence we have u^ε(x, t) ∈ U_ε for (x, t) ∈ Q_T ; in particular, (3.4) is valid. Estimate (3.5) can be established here by following the derivation in [6], where more regularity was assumed on the initial and boundary data, and by arguing additionally that mollifying the data does not increase their respective one-dimensional total variations with respect to x and t. Similarly, estimate (3.6) can be proved by following the derivation in [6], where assumption (2.7) is required. Here, the derivation of these estimates will be performed in detail for Problem B (see § 3.2).

Estimates (3.4), (3.5) and (3.6) imply that the family {u^ε}_{ε>0} of solutions of Problem A^ε is bounded in W^{1,1}(Q_T ) ⊂ BV (Q_T ). Since BV (Q_T ) is compactly imbedded in L^1(Q_T ), there exists a sequence ε = ε_n ↓ 0 such that {u^{εn} } converges in L^1(Q_T ) to a function u ∈ L^∞(Q_T ) ∩ BV (Q_T ). To show that u is an entropy solution of Problem A, we must show that the integrated diffusion function A(u) possesses the required regularity.

Lemma 4. The limit u of solutions u^ε of Problem A^ε satisfies condition (2.8).

Proof. Multiply equation (A^ε.1) by ( u^ε−φ^ε_1(t) ) , integrate over Q_T and use the boundary conditions to obtain (see also [6]) ∫∫ Q_T a_ε(u^ε)(∂_xu^ε)^2 dtdx = −

∫_1 0 1 2 (u^ε)^2 − φ^ε_1(t)u^ε | |^T 0 dx − ∫∫ Q_T u^ε (φ^ε_1)^′ (t) dtdx + ∫∫ Q_T ∂_xu^εg_ε(u^ε, t) dtdx + ∫_T 0 ( u^ε(0, t) − φ^ε_1(t) ) q_ε(t)u^ε(0, t) dt. (3.7)

It is easy to see that (3.7) implies that ∫∫ Q_T a_ε(u^ε)(∂_xu^ε)^2 dtdx ≤ 5M^2_1 + M_1M_3 + ‖g_ε‖_∞T M_2 + ‖q_ε‖_∞T M^2_1 ,

so that ‖a^{1/2}_ε (u^ε)∂_xu^ε‖_L2_{(QT )} is uniformly bounded with respect to ε. However, since a(u^ε) is bounded, we can conclude that ‖∂_xA_ε(u^ε)‖_L2_{(QT )} is also bounded. Therefore, passing if necessary to a subsequence, A_ε(u^ε) → A in L^2(Q_T ) and ∂_xA_ε(u^ε) → ∂_xA weakly in L^2(Q_T ) as ε ↓ 0. Since A_ε(u^ε) → A(u) a.e. as ε ↓ 0, we conclude that A = A(u) a.e. and thus condition (2.8) holds.

Lemma 5. The vanishing viscosity limit u of solutions u^ε of Problem A^ε satisfies the entropy inequality (2.9) and the boundary condition (2.10).

For the proof, we need the following lemma given in [24].

Lemma 6. If v ∈ L^1(Q_T ) and ∂_xv is an absolutely continuous measure, then for φ ∈ C^∞ ( Q_T ) with supp φ ⊂ Ω × T there holds ∫∫ Q_T ∂_xφv dtdx = ∫_T 0 ( γ_1vφ(1, t) − γ_0vφ(0, t) ) dt − ∫∫ Q_T φ∂_xv dtdx. Proof of Lemma 5. We multiply the viscous equation (A^ε.1) by sgn_η(u^ε − k)φ, φ ∈ C^∞(Q_T ), φ ≥ 0, supp φ ⊂ (0, 1] × T, k ∈ R, integrate over Q_T and use integration by parts to obtain − ∫∫ Q_T |u^ε − k|_η∂_tφ dtdx + ∫_T 0 sgn_η ( u^ε(1, t) − k )[ g_ε(u^ε(1, t), t) − g_ε(k, t) ] φ(1, t) dt − ∫∫ Q_T sgn_η(u^ε − k) ( g_ε(u^ε, t) − g_ε(k, t) ) ∂_xφ dtdx (3.8) − ∫∫ Q_T sgn^′_η(u^ε − k)∂_xu^ε ( g_ε(u^ε, t) − g_ε(k, t) ) φ dtdx

= ∫_T 0 sgn_η ( u^ε(1, t) − k ) ∂_x ( A_ε(u^ε) ) (1, t)φ(1, t) dt (3.9) − ∫∫ Q_T sgn_η(u^ε − k)∂_x ( A_ε(u^ε) − A_ε(k) ) ∂_xφ dtdx − ∫∫ Q_T sgn^′_η(u^ε − k)(∂_xu^ε)^2a_ε(u^ε)φ dtdx.

The last integral on the left-hand side of (3.9) vanishes when η ↓ 0, while the last one is nonneg-

ative. Noting that ν_h(1) = 1 and ν^′_h(1) = 0, we obtain from this when η ↓ 0 the inequality ∫∫ Q_T { |u^ε − k| ∂_tφ + sgn(u^ε − k) [ g_ε(u^ε, t) − g_ε(k, t) ] ∂_xφ } dtdx − ∫_T 0 sgn ( φ^ε_1(t) − k )( g_ε(u^ε(1, t), t) − g_ε(k, t) − ∂_xA_ε(u^ε)(1, t) ) φ(1, t)ν_h(1) dt (3.10) − ∫_T 0 sgn ( φ^ε_1(t) − k )[ A_ε(u^ε) − A_ε(k) ] ∂_x ( φ(x, t)ν_h(x) ) (1, t) dt + ∫∫ Q_T sgn (u^ε − k) ( A_ε(u^ε) − A_ε(k) ) ∂^2_xφ dtdx ≥ 0. We have ∫∫ Q_T sgn (u^ε − k) ( A_ε(u^ε) − A_ε(k) ) ∂^2_xφ dtdx = ∫_T 0 sgn (u^ε(1, t) − k) × × ( A_ε(u^ε(1, t)) − A_ε(k) ) (∂_xφ)(1, t) dt − ∫∫ Q_T ∂_x ( sgn(u^ε − k) ( A_ε(u^ε) − A_ε(k) )) ∂_xφ dtdx, which, by using Lemma 1 and the fact that ∂_x ( sgn(u − k) ( A(u) − A(k) )) = sgn(u − k)∂_x ( A(u) − A(k) ) in the sense of measures,

yields ∫∫ Q_T sgn(u^ε − k) ( A_ε(u^ε) − A_ε(k) ) ∂^2_xφ dtdx ε↓0 −→ ∫_T 0 sgn(γ_1u − k) ( A(γ_1u) − A(k) ) (∂_xφ)(1, t) dt − ∫∫ Q_T sgn(u − k)∂_x ( A(u) − A(k) ) ∂_xφ dtdx. Moreover, − ∫_T 0 sgn ( φ^ε_1(t) − k )( A_ε(u^ε) − A_ε(k) ) ∂_x ( φ(x, t)ν_h(x) ) (1, t) dt = − ∫∫ Q_T sgn ( φ^ε_1(t) − k )( A_ε(u^ε) − A_ε(k) ) ∂^2_x(φν_h) dtdx − ∫∫ Q_T ∂_x ( sgn ( φ^ε_1(t) − k )( A_ε(u^ε) − A_ε(k) )) ∂_x(φν_h) dtdx ε↓0 −→ − ∫∫ Q_T sgn ( φ_1(t) − k )( A(u) − A(k) ) ∂^2_x(φν_h) dtdx − ∫∫ Q_T sgn ( φ_1(t) − k ) ∂_x ( A(u) − A(k) ) ∂_x(φν_h) dtdx. Taking the limits ε ↓ 0 and h ↓ 0 and using Lemma 6, we obtain inequality (2.9) from (3.10). To

verify that the limit satisfies the boundary condition (2.10), we multiply equation (A^ε.4) by a test

function Φ ∈ C^∞_0 (T) and integrate over T to obtain 0 = ∫_T 0 ( f_ε(u^ε) − ∂_xA_ε(u^ε) ) (0, t)Φ(t) dt = − ∫∫ Q_T ∂_x ( f^ε(u^ε) − ∂_xA_ε(u^ε) ) Φ(t)μ_h(x) dtdx − ∫∫ Q_T ( f_ε(u^ε) − ∂_xA(u^ε) ) Φ(t)μ^′_h(x) dtdx

= ∫∫ Q_T ( ∂_tu^ε + q_ε(t)∂_xu^ε ) Φ(t)μ_h(x) dtdx − ∫∫ Q_T ( f_ε(u^ε) − ∂_xA_ε(u^ε) ) Φ(t)μ_h(x) dtdx. (3.11) The first integral on the right-hand side of (3.11) vanishes for h ↓ 0. The boundary condition at x = 0 follows then from − ∫∫ Q_T ( f_ε(u^ε) − ∂_xA_ε(u^ε) ) Φ(t)μ_h(x) dtdx ε↓0 −→ − ∫∫ Q_T ( f(u) − ∂_xA(u) ) Φ(t)μ^′_h(x) dtdx^{h↓0}−→ ∫_T 0 γ_0 ( f(u) − ∂_xA(u) ) Φ(t) dt. Lemma 7. The limit function u of solutions u^ε of Problem A^ε satisfies the initial condition (2.11).

To prove Lemma 7, we need the following variant of Kružkov’s lemma [13] proved in [12].

Lemma 8. Assume that there exist finite constants c_1 and c_2 such that the function u : Ω×T → R satisfies ‖u(·, t)‖_∞ ≤ c_1 and TV_Ω(u(·, t)) ≤ c_2 for all t ∈ T, and that u(x, t) is weakly Lipschitz continuous in the time variable in the sense that | | ∫_1 0 ( u(x, t_2) − u(x, t_1) ) φ(x) dx | | ≤ O(t_2 − t_1) n∑ i=0 ‖ ‖φ^{(i)} ‖ ‖_L1_{(Ω)} ∀φ ∈ C^n_0 (Ω), 0 ≤ t1 ≤ t2 ≤ T.

Then there exists a constant c, depending in particular on c_1 and c_2, such that the following interpolation result is valid:

‖u(·, t_2) − u(·, t_2)‖_L1_{(Ω)} ≤ c(t_2 − t_1)^{1/(n+1)}, 0 ≤ t_1 ≤ t_2 ≤ T. (3.12)

Proof of Lemma 7. Multiplying equation (A^ε.1) with a test function φ ∈ C^2_0 (Q_T ) and using integration by parts it is easy to see that the statement of Lemma 8 holds with n = 2, i.e. there exists a constant c such that ‖u^ε(·, τ ) − u^ε_0‖_L1_{(Ω)} ≤ cτ^{1/3} holds uniformly in ε for sufficiently small τ > 0. This implies for τ ↓ 0 and ε ↓ 0 that the initial condition (2.11) satisfied.

As a consequence of Lemmas 2 to 5 and 7, we obtain

Theorem 1. Under the assumptions (2.2)–(2.7), Problem A admits an entropy solution u.

3.2. Existence of entropy solutions of Problem B. To show existence of entropy solutions of Problem B, we consider the regularized parabolic IBVP B^ε, which is obtained from Problem A^ε if the boundary condition (A^ε.3) is replaced by ( q_ε(t)u^ε + f_ε(u^ε) − ∂_xA_ε(u^ε) ) (1, t) = Ψ_ε(t), t ∈ (0, T ]. (B^ε.3)

Here f_ε and A_ε denote the same regularizations as before. Obviously, the definition of u^ε_0 has to be modified slightly; here we set u^ε_0(x) := (~u_0 ∗ ω_ε) (x) and q_ε(t) := (q̃ ∗ ω_ε) (t), where

~u_0(x) := −ε for x ≥ 1 − 2ε, u_0(x^ε) for 2ε < x < 1 − 2ε, −ε for x ≤ 2ε, q̃(t) := { q(0) for t ≤ 2ε, q(t^ε) for 2ε < t < T ,

and x^ε(x) and t^ε(t) are defined in (3.2). The first-order compatibility conditions appropriate for Problem B^ε are then given by (3.1c) and the condition

q_ε(0)u^ε_0(1) + f_ε ( u^ε_0(1) ) − a_ε ( u^ε_0(1) ) (u^ε_0)^′ (1) = Ψ_ε(0) (3.13)

valid at x = 1, t = 0. This condition is satisfied if we set Ψ_ε(t) := ( ~Ψ ∗ ω_ε)(t), where

~Ψ(t) := { 0 for t ≤ 2ε, Ψ(t^ε) for 2ε < t < T .

As in the previous case, mollifying the functions ~u_0, q̃ and ~Ψ does not increase their respective total variations. By the classical theory of quasilinear parabolic equations, also Problem B^ε has a smooth solution u^ε ∈ C^{2+β,1+β/2} (Q_T ) for a fixed value of ε > 0.

Lemma 9. Let u^ε be a solution of Problem B^ε. Then there exist positive constants C_1 and C_2 independent of ε satisfying

−C_1ε ≤ u^ε(x, t) ≤ u_{max} + C_2ε for (x, t) ∈ Q_T . (3.14)

In particular, there exists a constant M_4 such that ‖u^ε‖_L1_{(QT )} ≤ M_4 holds uniformly in ε.

Proof. The maximum principle can be applied in a similar way as for Problem A and as in [6], but the treatment at the boundary x = 1 is different. Suppose that u^ε assumes a maximum at (x = 1, t = t_0), 0 < t_0 ≤ T . Then ∂_xu^ε(1, t_0) ≥ 0 must be valid; without loss of generality we may assume that ∂_xu^ε(1, t_0) > 0. Inserting this assumption into (B^ε.3), which can be expressed as

∂_xu^ε(1, t) = [ g_ε ( u^ε(1, t), t ) − Ψ_ε(t) ]/ a_ε ( u^ε(1, t) ) , (3.15)

reveals that then g_ε(t) ( u^ε(1, t_0), t_0 ) > Ψ_ε(t_0) holds. Due to the regularity assumptions on f(u) and q(t), we may conclude from this that g ( u^ε(1, t_0), t_0 ) > Ψ(t_0) + O(ε). (3.16)

Since g(u, t) ≤ Ψ(t) for u ≥ u_{max}, inequality (3.16) implies that u^ε(1, t_0) ≤ u_{max} + O(ε).

Now assume that u^ε assumes a local minimum at (1, t_0), this implies ∂_xu^ε(1, t_0) ≤ 0; again we have to consider only the case ∂_xu^ε(1, t_0) < 0. This assumption yields g_ε ( u^ε(1, t_0), t_0 ) < Ψ_ε(t_0).

In view of Ψ(t) ≤ q(t)u = g(u, t)|_{u<0}, this can not hold for −u > O(ε), and we conclude that u(1, t_0) ≥ O(ε) is valid. These arguments, combined with the discussion of extrema of u^ε on the remaining parts of Q_T following the analysis of Problem A, imply that estimate (3.14) is valid.

To derive estimates on the derivatives of u^ε, we first need to prove the following lemma.

Lemma 10. Let u be the limit function of solutions u^ε of Problem B^ε. Then ∂_xA(u) ∈ L^2(Q_T ).

Proof. Multiplying equation (A^ε.1) by u^ε and integrating over Q_T , we obtain ∫∫ Q_T a_ε(u^ε)(∂_xu^ε)^2 dtdx = ∫_T 0 u^ε ( a_ε(u^ε)∂_xu^ε − g_ε(u^ε, t) ) | |^1 0 dt − 1 2 ∫∫ Q_T ∂_t(u^ε)^2 dtdx − ∫∫ Q_T g_ε(u^ε, t)∂_xu^ε dtdx = ∫_T 0 ( u^ε(1, t)Ψ_ε(t) + q_ε(t)u^ε(0, t) ) dt − 1 2 ∫_1 0 (u^ε)^2 | |^T 0 dx − ∫_T 0 G_ε(u^ε, t) | |^1 0 dt, where G_ε(u, t) := ∫_u 0 g_ε(s, t) ds. Obviously, we have the uniform estimate ∫∫ Q_T a_ε(u^ε)(∂_xu^ε)^2 dtdx ≤ T M_4 ( ‖Ψ_ε‖_∞ + ‖q_ε‖_∞ + M_4 + 2‖G_ε‖_∞ ) =: M_5, (3.17)

hence ∂_xA_ε(u^ε) ∈ L^2(Q_T ) independently of ε and the conclusion of Lemma 10 follows as in the proof of Lemma 4.

We note that the regularity result expressed in Lemma 10 will be significantly improved in § 3.3.

Lemma 11. Let u^ε be a solution of Problem B^ε.

a) In the case where Ψ ≡ 0, there exists a constant M_6 such that the following estimate holds uniformly in ε:

‖∂_xu^ε(·, t)‖_L1_{(Ω)} ≤ M_6 for all t ∈ T. (3.18)

b) In the case where ξa(u) − ( q(t) + f^′(u) ) ≥ M_g for some positive constants ξ, M_g, there exists a constant M_6 such that the following estimate holds uniformly in ε:

‖∂_xu^ε‖_L1_{(QT )} ≤ M_6. (3.19)

In both cases, there exists a constant M_7 such that the following uniform estimate is valid:

‖∂_tu^ε(·, t)‖_L1_{(Ω)} ≤ M_7 for all t ∈ T. (3.20)

Proof. Let approximations sgn_η and | · |_η of the sign and modulus functions be given by

sgn_η(τ ) := { sgn(τ ) if |τ | > η, τ /η if |τ | ≤ η, |x|_η = ∫_x 0 sgn_η(ξ) dξ, η > 0. (3.21)

We first consider the estimate on ∂_tu^ε. We define v^ε := ∂_tu^ε and w^ε := ∂_xu^ε and differentiate equation (A^ε.1) with respect to t to obtain

∂_tv^ε = ∂_t ( ∂_x ( −g_ε(u^ε, t) + a_ε(u^ε)w^ε )) = ∂_x ( ∂_t ( −g_ε(u^ε, t) + a_ε(u^ε)w^ε )) . (3.22)

Multiplying (3.22) by sgn_η(φ^ε), integrating over Q_{T0} := Ω × (0, T_0), 0 < T_0 ≤ T , integrating by parts and using the boundary conditions yields ∫∫ Q_T0 ∂_t|v^ε|_η dtdx ≤ ∫_{T0} 0 sgn_η(v^ε) ( −Ψ^′_ε(t) + q^′_ε(t)u^ε(1, t) + q_ε(t)v^ε(1, t) ) dt (3.23) − ∫∫ Q_T0

sgn^′_η(v^ε)∂_xv^ε ( a^′_ε(u^ε)w^ε − f^′_ε(u^ε) − q_ε(t) ) v^ε dtdx − ∫∫ Q_T0

sgn^′_η (v^ε)a_ε(u^ε)(∂_xv^ε)^2 dtdx + ∫_{T0} 0 sgn_η (v^ε)q_ε(t)u^ε | |^1_0 dt − ∫∫ Q_T0

sgn_η(v^ε)q^′_ε(t)w^ε dtdx =: I^1_η + I^2_η + I^3_η + I^4_η + I^5_η .

Observe that I^1_η^{η↓0}−→ ∫_{T0} 0 sgn ( v^ε(1, t) )( Ψ^′_ε(t) + q^′_ε(t) ) dt + ∫_{T0} 0 q_ε(t)|v^ε(1, t)| dt ≤ TV_T(Ψ_ε) + TV_T(q_ε).

By Saks’ lemma, I^2_η^{η↓0}−→ 0; and I^3_η ≤ 0. Finally, we have |I^4_η | ≤ 2T ‖q_ε‖_∞(u_{max} + ε) and

I^5_η^{η↓0}−→ I^5_0 := ∫_{T0} 0 q_ε(t) ∫_1 0 sgn(v^ε)w^ε dxdt. (3.24)

To evaluate the integral I^5_0 , we have to derive the estimate on ∂_xu^ε.

a) Let Ψ ≡ 0. To obtain an estimate on ∂_xu^ε, differentiate (A^ε.1) with respect to x. Setting w^ε := ∂_xu^ε, we get

∂_tw^ε + ∂^2_x ( q_ε(t)u^ε + f_ε(u^ε) ) = ∂^2_x (a_ε(u^ε)w^ε) . (3.25)

Multiplying equation (3.25) by sgn_η(w^ε), integrating over Q_T and using integration by parts yields ∫∫ Q_T sgn_η(w^ε)∂_tw^ε dtdx = ∫∫ Q_T sgn_η(w^ε)∂^2_x ( a_ε(u^ε)w^ε − g_ε(u^ε, t) ) dtdx = ∫_T 0 sgn_η(w^ε)∂_x ( a_ε(u^ε)w^ε − g_ε(u^ε, t) )| |^1_0 dt + ∫∫ Q_T sgn^′_η(w^ε)∂_xw^ε(∂_ug_ε)(u^ε, t)w^ε dtdx − ∫∫ Q_T sgn^′_η(w^ε)∂_xw^εa^′_ε(u^ε) (w^ε)^2 dtdx − ∫∫ Q_T sgn^′_η(w^ε)a_ε(u^ε) (∂_xw^ε)^2 dtdx.

From the nonnegativity of the last integral, from the initial condition and from equation (A^ε.1), we obtain

∫_1 0 |w^ε(x, T )|_η dx ≤ ∫_1 0 | (u^ε_0)^′ (x) | η dx + ∫_T 0 sgn_η ( w^ε(1, t) ) ∂_tu^ε(1, t) dt (3.26) − ∫_T 0 ( w^ε(0, t) ) ∂_tu^ε(0, t) dt + ∫∫ Q_T sgn^′_η(w^ε)∂_xw^ε(∂_ug_ε)(u(u^ε, t))w^ε dtdx − ∫∫ Q_T sgn^′_η(w^ε)∂_xw^ε∂_xa_ε(u^ε)w^ε dtdx =: I^6_η + I^7_η + I^8_η + I^9_η + I^{10}_η .

From Saks’ lemma (see [2, 18]) we infer that I^9_η → 0 and I^{10}_η → 0 for η ↓ 0. By the boundary condition (B^ε.3), we have for Ψ ≡ 0 that w^ε(1, t) = g_ε ( u^ε(1, t), t ) /a_ε ( u^ε(1, t) ) . We have therefore either w^ε(1, t) < 0 or w^ε(1, t) = 0. However, the latter is true if and only if u^ε(1, t) assumes the constant value −ε or u_{max} + ε. Letting E = {t ∈ [0, T ] : u^ε(1, t) = −ε or u^ε(1, t) = u_{max} + ε}, we note that ∂_tu^ε(1, t) = 0 a.e. in E. We therefore conclude that I^7_η^{η↓0}−→ ∫_T 0 sgn(w^ε(1, t))∂_tu^ε(1, t) dt = − ∫_T 0 ∂_tu^ε(1, t) dt = u^ε(1, 0) − u^ε(1, T ). (3.27)

Applying the same argument to the boundary condition (A^ε.4), we have I^8_η^{η↓0}−→ − ∫_T 0 sgn(w^ε(0, t))∂_tu^ε(0, t) dt = ∫_T 0 ∂_tu^ε(0, t) dt = u^ε(0, T ) − u^ε(0, 0). (3.28)

From (3.26) we obtain then for η ↓ 0:

‖∂_xu^ε(·, T )‖_L1_{(Ω)} ≤ ‖(u^ε_0)^′‖_L1_{(Ω)} + u^ε(0, T ) − u^ε(1, T ) ≤ ‖(u^ε_0)^′‖_L1_{(Ω)} + u_{max} + ε,

which proves estimate (3.18). Inserting this into (3.24) shows that I^5_0 ≤ T_0‖q_ε‖_∞M_6. Consequently, the right-hand part of the limit for η ↓ 0 of (3.23) is uniformly bounded in ε. Estimate (3.20) follows since u_0 ∈ B and hence ‖v^ε(·, 0)‖_L1_{(Ω)} is uniformly bounded.

b) In this part of the proof, we follow Wu [23]. We now assume that the second alternative of (2.12) holds, from which we may infer that ξa_ε(u^ε) − ( q_ε + f^′_ε(u^ε) ) ≥ M̃_g , M̃_g = M_g + O(ε) > 0. (3.29)

Multiplying equation (A^ε.1) by −sgn_η(w^ε) and integrating over Ω yields

∫_1 0 sgn_η(w^ε) ( −q_ε(t) − f_ε(u^ε) ) w^ε dx = −sgn ( w^ε(1, t) )( g_ε(u^ε(1, t)) − Ψ_ε(t) )

+ sgn_η ( w^ε(0, t) ) f_ε ( u^ε(0, t) ) + ∫_1 0 sgn^′_η(w^ε)∂_xw^εa_ε(u^ε)w^ε dx +

∫_1 0 sgn_η(w^ε)v^ε dx. (3.30)

Note that first integral on the right-hand part of (3.30) vanishes due to Saks’ lemma. For η ↓ 0, we then obtain from (3.30) ∫_1 0 ( −q_ε(t) − f^′_ε(u^ε) ) |w^ε| dx ≤ 2‖f_ε‖_∞ + ‖q_ε‖_∞ + ‖Ψ_ε‖_∞ + ∫_1 0 |v^ε| dx. (3.31) Integrating (3.31) over [0, T_0], we obtain ∫∫ Q_T0 ( −q_ε(t) − f^′_ε(u^ε) ) |w^ε| dtdx ≤ T_0 ( 2‖f_ε‖_∞ + ‖q_ε‖_∞ + ‖Ψ_ε‖_∞ ) + ∫∫ Q_T0 |v^ε| dtdx. (3.32) From (3.17) we obtain ∫∫ Q_T0 a_ε(u^ε)|w^ε| dtdx ≤ (∫∫ Q_T a_ε(u^ε) dtdx )_{1/2}(∫∫ Q_T a_ε(u^ε)(∂_xu^ε)^2 dtdx )_{1/2}

≤ ( T ‖a_ε‖_∞ )_{1/2} M^{1/2}_5 =: M_8. (3.33)

Consequently, adding ∫∫ Q_T0 ξaε(u ε)|w^ε| dtdx to both sides of (3.32) yields ∫∫ Q_T0 ( ξa_ε(u^ε) − q_ε(t) − f^′_ε(u^ε) ) |w^ε| dtdx ≤ ξM_8 + T_0 ( 2‖f_ε‖_∞ + ‖q_ε‖_∞ + ‖Ψ_ε‖_∞ ) + ∫∫ Q_T0 |v^ε| dtdx. In view of (3.29), we finally obtain ∫∫ Q_T0 |w^ε| dtdx ≤ M_9 + 1 M̃_g ∫∫ Q_T0 |v^ε| dtdx, (3.34) where M_9 := [ ξM_8 + T_0 ( 2‖f_ε‖_∞ + ‖q_ε‖_∞ + ‖Ψ_ε‖_∞ )]/~ M_g. Using (3.34) we obtain from (3.24) that

I^5_0 ≤ ‖q_ε‖_∞ ( M_9 + 1 M̃_g ∫∫ Q_T0 |v^ε| dtdx ) . Using this estimate in (3.23) and sending η ↓ 0, we see that v^ε satisfies the inequality ∫_1 0 |v^ε(x, T_0)| dx ≤ ∫_1 0 |v^ε(x, 0)| dx + M_{10} + M_{11} ∫_{T0} 0 ∫_1 0 |v^ε(x, t)| dtdx, (3.35) for some suitable constants M_{10} and M_{11}. Note that the first integral on the right-hand side is bounded since we assume u_0 ∈ B. Using Gronwall’s lemma, we obtain from (3.35) the desired estimate (3.20). Finally, using (3.20) in (3.34) for T_0 = T shows that (3.19) is also valid.

Remark 2. Note that we have not been able to establish that ‖∂_xu^ε(·, t)‖_L1_{(Ω)} is uniformly bounded when the second alternative of (2.12) holds.

As in § 3.1, we may conclude from the estimates established by Lemmas 9 to 11 that there exists a sequence ε = ε_n ↓ 0 such that the sequence of solutions {u^{εn} } of solutions of Problem B^ε converges in L^1(Q_T ) to a function u ∈ L^∞(Q_T ) ∩ BV (Q_T ). We now prove:

Lemma 12. The viscosity limit function u of solutions u^ε of Problem B^ε satisfies inequality (2.14) for all φ ∈ C^∞_0 (Q_T ), φ ≥ 0 and k ∈ R and the boundary and initial conditions (2.10) and (2.15).

Proof. To show that u satisfies the integral inequality (2.14), we follow the first part of the proof of Lemma 5 by multiplying equation (A^ε.1) by sgn_η (u^ε − k)φ, φ ∈ C^∞_0 (Q_T ), φ ≥ 0 and k ∈ R, and letting η ↓ 0 and ε ↓ 0. Note that in this case, no boundary terms appear. The verification of boundary condition (2.10) is, of course, exactly as in the second part of the proof of Lemma 5. Using the function ν_h instead of μ_h and starting from 0 = ∫_T 0 ( g_ε(u^ε(1, t)) − ∂_xA_ε(u^ε(1, t)) − Ψ_ε(t) ) Φ(t) = 0,

the boundary condition (2.15) can be verified in the same way. As for Problem A, the initial condition (2.10) can be inferred from estimate (3.20).

Summarizing, we have:

Theorem 2. If (2.2)–(2.5) and (2.13) hold, then Problem B admits an entropy solution u.

3.3. An improved regularity result for entropy solutions of Problem B. In Lemma 10, we proved that the vanishing viscosity solution u of Problem B satisfies ∂_xA(u) ∈ L^2(Q_T ), as required by the definition of entropy solution. The purpose of this section is to show that A(u) is actually more regular than this; namely, we have that A(u) is Hölder continuous on Q_T .

Lemma 13. Let u^ε be a solution of Problem B^ε. Then there exists a constant M_{12} > 0 such that the following estimate holds uniformly with respect to ε:

‖∂_xA_ε(u^ε)‖_L1_{(QT )} ≤ M_{12}. (3.36)

Proof. Define V^ε := −q_ε(t)u^ε − f_ε(u^ε) + a_ε(u^ε)∂_xu^ε. Equation (A^ε.1) can then be written as ∂_tu^ε = ∂_xV^ε. Inserting this into (3.22), we obtain

∂_x (∂_tV^ε) + ∂_x ([ q_ε(t) + f^′_ε(u^ε) ] ∂_xV^ε + q^′_ε(t)u^ε ) = ∂^2_x ( a_ε(u^ε)∂_xV^ε ) , (3.37)

which implies that V^ε satisfies an equation of the type ∂_tV^ε + [ q_ε(t) + f^′_ε(u^ε) ] ∂_xV^ε + q^′_εu^ε = ∂_x ( a_ε(u^ε)∂_xV^ε ) + C(t). (3.38)

Evaluating (3.38) at x = 0 and using the boundary condition (A^ε.4) yields C(t) ≡ 0. In view of Problem B^ε, V^ε can be considered as the solution of the linear IBVP with Dirichlet boundary conditions

∂_tV^ε + [ q_ε(t) + f^′_ε(u^ε) ] ∂_xV^ε + q_εu^ε = ∂_x ( a_ε(u^ε)∂_xV^ε ) , x ∈ Ω, t ∈ (0, T ], (3.39a)

V^ε(x, 0) = −q_ε(0)u^ε_0(x) − f_ε ( u^ε_0(x) ) + a_ε ( u^ε_0(x) ) (u^ε_0)^′(x), x ∈ Ω, (3.39b)

V^ε(1, t) = −Ψ_ε(t), t ∈ (0, T ], (3.39c)

V^ε(0, t) = −q_ε(t)u^ε(0, t), t ∈ (0, T ]. (3.39d)

Since u_0 ∈ B, the right-hand part of equation (3.39b) is uniformly bounded in ε, and so are those of (3.39c) and (3.39d). Thus, the maximum principle implies that there exists a constant M̃_{12} such that the uniform estimate ‖V^ε‖_L1_{(QT )} ≤ M̃_{12} holds; as a consequence, we have shown (3.36).

Theorem 3. Assume that u^ε → u a.e. in Q_T as ε ↓ 0. Then there exists a subsequence ε_n ↓ 0 such that A(u^{εn} ) → A(u) uniformly on Q_T and

A(u) ∈ C^{1,1/2}(Q_T ). (3.40)

Proof. We shall estimate the L^1 continuity in time of V^ε applying Lemma 8. Integrating equation (3.39a) against a function φ ∈ C^1_0 (Ω), and exploting the relation ∂_xV^ε = ∂_tu^ε and Lemma 11, we obtain for 0 ≤ t_1 < t_2 ≤ T : | | ∫_1 0 ( V^ε(x, t_2) − V^ε(x, t_1) ) φ(x) dx | | = | | ∫_{t2} t1 ∫_1 0 ( − [ q_ε(t) + f^′_ε(u^ε) ] ∂_xV^ε − q^′_εu^ε + ∂_x ( a_ε(u^ε)∂_xV^ε )) φ(x) dxdt | |

= | | ∫_{t2} t1 ∫_1 0 { −q^′_εu^εφ(x) + ([ q_ε(t) + f^′_ε(u^ε) ] V^ε − a_ε(u^ε)∂_tu^ε ) φ^′(x) } dxdt | | ≤ (t_2 − t_1) { ‖q^′_ε‖_∞ M_1 ‖φ‖_∞ + (( ‖q_ε‖_∞ + ‖f^′_ε‖_∞ )~ M_{12} + ‖a^ε‖_∞ M_7 ) ‖φ^′‖_∞ } . Applying Lemma 8, we obtain

∃M_{13} > 0 : ‖V^ε(·, t_2) − V^ε(·, t_1)‖_L1_{(Ω)} ≤ M_{13} √ t_2 − t_1. (3.41)

We use this to obtain a continuity in time estimate of A_ε(u^ε). From the definition of V^ε we obtain A_ε ( u^ε(x, t_2) ) − A_ε ( u^ε(x, t_1) ) = ∫_x 0 { a_ε ( u^ε(ξ, t_2) ) ∂_xu^ε(ξ, t_2) − a_ε ( u^ε(ξ, t_1) ) ∂_xu^ε(ξ, t_1) } dξ = ∫_x 0 {[ q_ε(t) + f^′_ε(ũ) ]( u(ξ, t_2) − u(ξ, t_1) ) + V^ε(ξ, t_2) − V^ε(ξ, t_1) } dξ, and using the L^1 continuity in time estimates (3.20) and (3.41), | A_ε ( u^ε(x, t_2) ) − A_ε ( u^ε(x, t_1) )| ≤ ( ‖q_ε‖_∞ + 2 ‖q^′_ε‖_∞ + ‖f^′_ε‖_∞ ) (t_2 − t_1) + M_{13} √ t_2 − t_1. (3.42)

In view of Lemma 13 and (3.42), there exists a constant M_{14} > 0 independent of ε such that | A_ε ( u^ε(x_2, t_2) ) − A_ε ( u^ε(x_1, t_1) )| ≤ M_{14} ( |x_2 − x_1| + √ |t_2 − t_1| ) , ∀(x_1, t_1), (x_2, t_2) ∈ Q_T .

The Ascoli-Arzelà compactness theorem then yields the existence of a subsequence of {A(u^{εn} )} converging uniformly on Q_T to a limit Ā ∈ C^{1,1/2}(Q_T ) and we conclude easily that Ā = A(u).

Remark 3. If one could prove for the solution u^ε of Problem A^εthat ε∂_xu^ε(1, t) is bounded uniformly in ε, then, under some additional technical assumptions, it is easy to see that Theorem 3 would also be valid for Problem A.

4. Uniqueness of entropy solutions

4.1. General results. We consider Problem A or B and assume only that f and A are locally Lipschitz continuous functions. Observe that if u is an entropy solution of Problem A or B, then it is easy to see that the equality ∫∫ Q_T { u∂_tφ + [ g(u, t) − g(k, t) − ∂_xA(u) ] ∂_xφ } dxdt = 0 (4.1)

holds for all φ ∈ C^∞_0 (Q_T ). An approximation argument will reveal that (4.1) holds also for all φ ∈ L^2(T; H^1_0(Ω)) ∩ W^{1,1}(T; L^∞(Ω)). This immediately implies ∂_tu may be viewed as an element in L^2(T; H^{−1}(Ω)), since ∂_xA(u) ∈ L^2(Q_T ) and obviously u, g(u, t), A(u) ∈ L^p(Q_T ) for all p. In

what follows, we let ⟨·, ·⟩ denote the usual pairing between H^{−1}(Ω) and H^1_0 (Ω).

For later use, introduce the function

A_ψ(k) = ∫_k 0 ψ ( A(r) ) dr, where ψ : R → R is a nondecreasing and Lipschitz continuous function. Recall that A(u) = 0 for

u ≤ u_c, A(·) is increasing in (u_c, u_{max}), and A(u) = A(u_{max}) =: A_{max} for u ≥ u_{max}. Thus the

range of A(·) is the interval [0, A_{max}] and therefore |A_ψ(k)| is bounded by |k|ψ(A_{max}).

We shall need the following “weak chain rule” (see [1, 10]), which is here properly adapted to

our problem.

Lemma 14. Let u : Q_T → R be a measurable function satisfying the following four conditions:

(a) u ∈ L^∞(Q_T ) ∩ C(T; L^1(Ω)), (b) u(0) = u_0 ∈ L^∞(Ω), (c) ∂_tu ∈ L^2 ( T; H^{−1}(Ω) ) , and (d) A(u) ∈ L^2 ( T; H^1(Ω) ) . Then, for a.e. s ∈ T and every nonnegative φ ∈ C^∞_0 (Q_T ) for which

∂^p_xφ|_{x=0,1} = 0 for p = 0, 1, 2, . . ., we have − ∫_s 0 ⟨ ∂_tu, ψ ( A(u) ) φ ⟩ dt = ∫ Ω ∫_s 0 A_ψ(u)∂_tφ dtdx+ ∫ Ω A_ψ(u_0)φ(x, 0) dx− ∫ Ω A_ψ(u(x, s))φ(x, s) dx. Proof. In the sequel let φ be as in Lemma 14. We can assume without loss of generality that

ψ(0) = 0. If ψ(0) ≠ 0, we simply replace ψ by ψ̃ = ψ −ψ(0) and note that A_{ψ̃}(u) = A_ψ(u)−ψ(0)u.

Note that A_ψ is a nonnegative and convex function. Convexity implies that for a.e. (x, t) ∈ Q_T ,

we have A_ψ ( u(x, t) ) − A_ψ ( u(x, t − τ ) ) ≤ ( u(x, t) − u(x, t − τ ) ) ψ ( A(u(x, t)) ) , where we define u(t) = u_0 for t ∈ (−τ, 0). Multiplying this inequality by φ(x, t) yields A_ψ ( u(x, t) ) φ(x, t) − A_ψ ( u(x, t − τ ) ) φ(x, t − τ ) + A_ψ ( u(x, t − τ ) )( φ(x, t − τ ) − φ(x, t) ) = A_ψ ( u(x, t) ) φ(x, t) − A_ψ ( u(x, t − τ ) ) φ(x, t) ≤ ( u(x, t) − u(x, t − τ ) ) ψ ( A(u(x, t)) ) φ(x, t). (4.2)

Note that u_0, A_ψ(u_0) ∈ L^1(Ω) and u, A_ψ(u) ∈ L^∞ ( T; L^1(Ω) ) . Dividing (4.2) by τ and integrating

over Ω × (0, s), we get 1 τ ∫ Ω ∫_s s−τ A_ψ ( u(x, t) ) φ(x, t) dtdx − 1 τ ∫ Ω ∫_τ 0 A_ψ ( u_0(x) ) φ(x, t − τ ) dtdx + 1 τ ∫ Ω ∫_s 0 A_ψ ( u(x, t − τ ) )( φ(x, t − τ ) − φ(x, t) ) dxdt ≤ 1 τ ∫ Ω ∫_s 0 ( u(x, t) − u(x, t − τ ) ) ψ ( A(u(x, t)) ) φ(x, t) dtdx. (4.3)

Since φ ∈ C^∞_0 (Q_T ) and ∂_xA(u) ∈ L^2(Q_T ), we have ψ(A(u))φ ∈ L^2 ( T; H^1_0(Ω) ) . Therefore,

exploiting that u ∈ C ( T; L^1(Ω) ) and ∂_tu ∈ L^2 ( T; H^{−1}(Ω) ) , we can let τ ↓ 0 in (4.3) and obtain ∫ Ω A_ψ ( u(x, s) ) φ(x, s) dx − ∫ Ω A_ψ(u_0)φ(x, 0) dx − ∫ Ω ∫_s 0 A_ψ(u)∂_tφ dtdx ≤ ∫_s 0 ⟨∂_tu, ψ ( A(u) ) φ⟩ dt, for a.e. s ∈ T. Convexity implies also that for a.e. (x, t) ∈ Q_T and t > τ , we have A_ψ ( u(x, t) ) − A_ψ ( u(x, t − τ ) ) ≥ ( u(x, t) − u(x, t − τ ) ) ψ ( A(u(x, t − τ )) ) . Multiplying this inequality by φ(x, t − τ ) yields A_ψ ( u(x, t) ) φ(x, t) − A_ψ ( u(x, t − τ ) ) φ(x, t − τ ) + A_ψ ( u(x, t) )( φ(x, t − τ ) − φ(x, t) ) = A_ψ ( u(x, t) ) φ(x, t − τ ) − A_ψ ( u(x, t − τ ) ) φ(x, t − τ ) ≥ ( u(x, t) − u(x, t − τ ) ) ψ ( A(u(x, t − τ )) ) φ(x, t − τ ). (4.4)

After dividing (4.4) by τ and integrating over Ω × (τ, s), we obtain 1 τ ∫ Ω ∫_s s−τ A_ψ ( u(x, t) ) φ(x, t) dtdx − 1 τ ∫ Ω ∫_τ 0 A_ψ ( u(x, t) ) φ(x, t) dtdx + 1 τ ∫ Ω ∫_s τ A_ψ ( u(x, t) )( φ(x, t − τ ) − φ(x, t) ) dxdt ≥ 1 τ ∫ Ω ∫_s τ ( u(x, t) − u(x, t − τ ) ) ψ ( A(u(x, t − τ )) ) φ(x, t − τ ) dtdx. (4.5)

Finally, similar to the case (4.3), letting τ ↓ 0 in (4.5), we get, for a.e. s ∈ T, ∫ Ω A_ψ ( u(x, s) ) φ(x, s) dx − ∫ Ω A_ψ(u_0)φ(x, 0) dx − ∫ Ω ∫_s A_ψ(u)∂_tφ dtdx ≥ ∫_s 0 ⟨∂_tu, ψ ( A(u) ) φ⟩ dt. This concludes the proof of the lemma.

The following lemma is an adaption to our problem of Carrillo’s [10] main observation:

Lemma 15. Let u be an entropy solution of Problem A or B. Then, for any nonnegative φ ∈

C^∞_0 (Q_T ) and k ∈ (u_c, u_{max}), we have ∫∫ Q_T { |u − k|∂_tφ + sgn(u − k) [ g(u, t) − g(k, t) − ∂_xA(u) ] ∂_xφ } dt dx = lim_{η↓0} ∫∫ Q_T ( ∂_xA(u) )_2

sgn^′_η ( A(u) − A(k) ) φ dtdx. (4.6) Proof. In what follows, we always let φ, k be as in the lemma and use the approximation sgn_η

(see (3.21)) for the sign function. Introduce the function ψ_η(z) = sgn_η ( z − A(k) ) and note that it

satisfies the hypothesis of Lemma 14, so that − ∫_T 0 ⟨ ∂_tu, sgn_η ( A(u) − A(k) ) φ ⟩ dt = ∫ Ω ∫_T 0 A_{ψη} (u)∂_tφ dtdx. Since u satisfies (4.1) and sgn_η(A(u) − A(k))φ ∈ L^2(T; H^1_0(Ω)), we have − ∫_T 0 ⟨ ∂_tu, sgn_η ( A(u) − A(k) ) φ⟩ dt + ∫∫ Q_T [ g(u, t) − g(k, t) − ∂_xA(u) ] ∂_x ( sgn_η ( A(u) − A(k) ) φ ) dtdx = 0, which implies ∫∫ Q_T A_{ψη} (u)∂_tφ dtdx + ∫∫ Q_T ( g(u, t) − g(k, t) − ∂_xA(u) ) ∂_x ( sgn_η ( A(u) − A(k) ) φ ) dtdx = 0. (4.7)

Since A(r) > A(k) if and only if r > k, sgn_η(A(r) − A(k)) → 1 as η ↓ 0 for any r > k. Similarly,

sgn_η(A(r) − A(k)) → −1 as η ↓ 0 for any r < k. Consequently, A_{ψη} (u) → |u − k| a.e. in Q_T as

η ↓ 0. Moreover, we have |A_{ψη} (u)| ≤ |u|, so by Lebegue’s dominated convergence theorem

lim_{η↓0} ∫∫ Q_T A_{ψη} (u)∂_tφ dtdx = ∫∫ Q_T |u − k|∂_tφ dtdx. We have

lim_{η↓0} ∫∫ Q_T [ g(u, t) − g(k, t) − ∂_xA(u) ] ∂_x ( sgn_η ( A(u) − A(k) ) φ ) dtdx = lim_{η↓0} ∫∫ Q_T [ g(u, t) − g(k, t) − ∂_xA(u) ] ∂_xsgn_η ( A(u) − A(k) ) φ dtdx

+ lim_{η↓0} ∫∫ Q_T [ g(u, t) − g(k, t) − ∂_xA(u) ] sgn_η ( A(u) − A(k) ) ∂_xφ dtdx = lim_{η↓0} ∫∫ Q_T [ g(u, t) − g(k, t) ] sgn^′_η ( A(u) − A(k) ) ∂_xA(u)φ dtdx − lim_{η↓0} ∫∫ Q_T ( ∂_xA(u) )_2

sgn^′_η ( A(u) − A(k) ) φ dtdx + lim_{η↓0} ∫∫ Q_T [ g(u, t) − g(k, t) − ∂_xA(u) ] sgn_η ( A(u) − A(k) ) ∂_xφ dtdx =: I_1 − lim_{η↓0} ∫∫ Q_T ( ∂_xA(u) )_2

sgn^′_η ( A(u) − A(k) ) φ dtdx + I_2. One can easily check that

I_1 = lim_{η↓0} ∫∫ Q_T [ g(u, t) − g(k, t) ] sgn^′_η ( A(u) − A(k) ) ∂_xA(u)φ dtdx = 0. Using that sgn(u − k) = sgn ( A(u) − A(k) ) a.e. in Q_T ,

I_2 = lim_{η↓0} ∫∫ Q_T [ g(u, t) − g(k, t) − ∂_xA(u) ] sgn_η ( A(u) − A(k) ) ∂_xφ dtdx = ∫∫ Q_T sgn ( u − k )[ g(u, t) − g(k, t) − ∂_xA(u) ] ∂_xφ dtdx. Consequently, letting η ↓ 0 in (4.7), we obtain the desired equality (4.6).

Theorem 4. If u and v are two entropy solutions of Problem A or B, then we have for any

φ ∈ C^∞_0 (Q_T ), φ ≥ 0: ∫∫ Q_T { |u − v|∂_tφ + sgn(u − v) [ g(u, t) − g(v, t) − ( ∂_xA(u) − ∂_xA(v) )] ∂_xφ } dtdx ≥ 0. (4.8) Proof. Let φ ∈ C^∞_0 (Q_T × Q_T ), supp φ ⊂ Q_T × Q_T , φ = φ(x, t, y, s) ≥ 0, u = u(x, t), and

v = v(y, s). Observe that

∂_xA(u) = 0 a.e. in O_u := { (x, t) ∈ Q_T : u(x, t) ≤ u_c or u(x, t) ≥ 1 } , ∂_yA(v) = 0 a.e. in O_v := { (y, s) ∈ Q_T : v(y, s) ≤ u_c or v(y, s) ≥ 1 } , sgn(u − v) = sgn ( A(u) − A(v) ) a.e. in [ Q_T × (Q_T \O_u) ] ∪ [ (Q_T \O_v) × Q_T ] . From the definitions of entropy solutions and Lemma 15, we easily derive ∫∫∫∫ Q_T ×Q_T { |u − v|∂_tφ + sgn(u − v) [ g(u, t) − g(v, t) − ∂_xA(u) ] ∂_xφ } dtdxdsdy

≥ lim_{η↓0} ∫∫∫∫ (Q_T \O_v )×Q_T ( ∂_xA(u) )_2

sgn^′_η ( A(u) − A(v) ) φ dtdxdsdy (4.9)

= lim_{η↓0} ∫∫∫∫ (Q_T \O_v )×(Q_T \O_u) ( ∂_xA(u) )_2

sgn^′_η ( A(u) − A(v) ) φ dtdxdsdy, (4.10) ∫∫∫∫ Q_T ×Q_T { |v − u|∂_sφ + sgn(v − u) [ g(v, s) − g(u, s) − ∂_yA(v) ] ∂_yφ } dtdxdsdy (4.11)

= lim_{η↓0} ∫∫∫∫ (Q_T \O_u)×(Q_T \O_v ) ( ∂_yA(v) )_2

sgn^′_η ( A(v) − A(u) ) φ dtdxdsdy. (4.12)

Observe that for a.e. (x, t) ∈ Q_T , ∫∫ Q_T ∂_xA(u)∂_y ( sgn_η ( A(u) − A(v) ) φ ) dsdy = 0, or if one prefers − ∫∫ Q_T sgn_η ( A(u) − A(v) ) ∂_xA(u)∂_yφ dsdy = ∫∫ Q_T ∂_ysgn_η ( A(u) − A(v) ) ∂_xA(u)φ dsdy. (4.13) Similarly, for a.e. (y, s) ∈ Q_T , − ∫∫ Q_T sgn_η ( A(v) − A(u) ) ∂_yA(u)∂_xφ dtdx = ∫∫ Q_T ∂_xsgn_η ( A(v) − A(u) ) ∂_yA(u)φ dtdx. (4.14) Now using (4.13), we find that − ∫∫∫∫ Q_T ×Q_T sgn(u − v)∂_xA(u)∂_yφ dtdxdsdy

= − ∫∫∫∫ (Q_T \O_v )×Q_T sgn ( A(u) − A(v) ) ∂_xA(u)∂_yφ dtdxdsdy

= − lim_{η↓0} ∫∫∫∫ (Q_T \O_v )×Q_T sgn_η ( A(u) − A(v) ) ∂_xA(u)∂_yφ dtdxdsdy

= − lim_{η↓0} ∫∫∫∫ (Q_T \O_v )×Q_T ∂_yA(v)∂_xA(u)sgn^′_η ( A(u) − A(v) ) φ dtdxdsdy.

= − lim_{η↓0} ∫∫∫∫ (Q_T \O_v )×(Q_T \O_u) ∂_yA(v)∂_xA(u)sgn^′_η ( A(u) − A(v) ) φ dtdxdsdy.

(4.15)

Similarly, using (4.14), we find that − ∫∫∫∫ Q_T ×Q_T sgn(v − u)∂_yA(v)∂_xφ dtdxdsdy

= − lim_{η↓0} ∫∫∫∫ (Q_T \O_v )×(Q_T \O_u) ∂_xA(u)∂_yA(v)sgn^′_η ( A(v) − A(u) ) φ dtdxdsdy. (4.16)

Adding (4.9) and (4.15) yields ∫∫∫∫ Q_T ×Q_T { |u − v|∂_tφ + sgn(u − v) [( g(u, t) − g(v, t) ) ∂_xφ − ∂_xA(u)(∂_xφ + ∂_yφ) ]} dtdxdsdy

= lim_{η↓0} ∫∫∫∫ (Q_T \O_v )×(Q_T \O_u) [( ∂_xA(u) )_2 − ∂_yA(u)∂_xA(v) ] sgn^′_η ( A(u) − A(v) ) φ dtdxdsdy. (4.17)

Adding (4.11) and (4.16) yields ∫∫∫∫ Q_T ×Q_T { |v − u|∂_sφ + sgn(v − u) [( g(v, s) − g(u, s) ) ∂_yφ − ∂_yA(v)(∂_y φ + ∂_xφ) ]} dtdxdsdy

= lim_{η↓0} ∫∫∫∫ (Q_T \O_v )×(Q_T \O_u) [( ∂_yA(v) )_2 − ∂_xA(v)∂_y A(v) ] sgn^′_η ( A(v) − A(u) ) φ dtdxdsdy. (4.18)

Using that sgn(−r) = −sgn(r) and sgn^′_η(−r) = sgn^′_η(r) a.e. in R, adding (4.17) and (4.18) gives ∫∫∫∫ Q_T ×Q_T { |u − v|(∂_tφ + ∂_sφ) + sgn(u − v) [ g(u, t) − g(v, s) − ( ∂_xA(u) − ∂_yA(v) )] (∂_xφ + ∂_yφ)

+ sgn(u − v) [ (g(u, s) − g(u, t))∂_yφ + ( g(v, s) − g(v, t) ) ∂_xφ ]} dtdxdsdy = lim_{η↓0} ∫∫∫∫ (Q_T \O_v )×(Q_T \O_u) ( ∂_xA(v) − ∂_yA(v) )_2

sgn^′_η ( A(u) − A(v) ) φ dtdxdsdy ≥ 0. (4.19) Let φ ∈ C^∞_0 (Q_T ) be nonnegative and let {δ_h}_{h>0} be a standard regularizing sequence in R. We then introduce the test function φ_h(x, t, y, s) = φ ( x + y 2 , t + s 2 ) δ_h ( x − y 2 ) δ_h ( t − s 2 ) . Observe that

∂_tφ_h + ∂_sφ_h = ∂_tφ ( x + y 2 , t + s 2 ) δ_h ( x − y 2 ) δ_h ( t − s 2 ) , ∂_xφ_h + ∂_yφ_h = ∂_xφ ( x + y 2 , t + s 2 ) δ_h ( x − y 2 ) δ_h ( t − s 2 ) . Using φ_h as test function in (4.19), we get ∫∫∫∫ Q_T ×Q_T { |u − v|∂_tφ ( x + y 2 , t + s 2 ) + sgn(u − v) [ g(u, t) − g(v, s)

− ( ∂_xA(u) − ∂_yA(v) )] ∂_xφ ( x + y 2 , t + s 2 ) δ_h ( x − y 2 ) δ_h (t − s 2 )

+ sgn(u − v) [( g(u, s) − g(u, t) ) ∂_yφ_h + ( g(v, s) − g(v, t) ) ∂_xφ_h ]} dtdxdsdy ≥ 0. (4.20)

It is now classical (see Kružkov [13]) to take the limit h ↓ 0 in (4.20) to obtain (4.8).

Remark 4. One should note that (4.8) is valid under significantly less regularity than u ∈ BV (Q_T ).

4.2. Uniqueness of entropy solutions of Problem A.

Corollary 1. Let u, v be two entropy solutions of Problem A with initial data u_0, v_0, respectively. Then

‖u(·, t) − v(·, t)‖_L1_{(Ω)} ≤ ‖u_0 − v_0‖_L1_{(Ω)}. (4.21)

In particular, Problem A has at most one entropy solution.

For the proof of Corollary 1, we need the following lemma.

Lemma 16. Let u be an entropy solution of Problem A. Then condition (2.9) is satisfied if and only if the integral inequality (2.14) holds for all nonnegative φ ∈ C^∞_0 (Q_T ) and k ∈ R; if a(s) = 0 is valid for all s ∈ I (φ_1(t), γ_1u) := [min{φ_1(t), γ_1u}, max{φ_1(t), γ_1u}]; and if the following entropy boundary inequality is satisfied: [ sgn ( (γ_1u)(1, t) − k ) − sgn ( φ_1(t) − k )][ g(γ_1u, t) − g(k, t) − γ_1∂_xA(u) ] ≥ 0. (4.22)

Proof of Lemma 16. Set φ(x, t) = φ̃(x)ν_h(x)Φ(t) in inequality (2.9), where φ̃ ≥ 0, φ ∈ C^∞_0 ( Ω ) , Φ ≥ 0, Φ ∈ C^∞_0 ( T ) and ν_h is defined in (2.1) and let h ↓ 0. See [7] for details.

Proof of Corollary 1. In inequality (4.8) we choose φ(x, t) = ((1 − μ_h(x) − ν_h(x))Φ(t) with Φ ∈ C^∞_0 (T), Φ ≥ 0 and μ_h and ν_h from (2.1). Taking the limit h ↓ 0, we obtain from Lemma 1, using the boundary condition at x = 0 and the nonpositivity of q: ∫∫ Q_T |u − v|Φ^′(t) dt = ∫_T 0 { sgn(γ_1u − γ_1v) [ g(γ_1u, t) − g(γ_1v, t) − ( γ_1∂_xA(u) − γ_1∂_xA(v) )]

− sgn(γ_0u − γ_0v)q(t) (γ_0u − γ_0v) } dt ≥ ∫_T 0 { sgn(γ_1u − γ_1v) [ g(γ_1u, t) − g(γ_1v, t) − ( γ_1∂_xA(u) − γ_1∂_xA(v) )]} dt. (4.23)

Note that

Figure 1. The model functions f(u) and a(u) for the sedimentation-consoli-dation problem. The units are 10^{−5} [m/s] for f(u) and 10^{−5} [m^2/s] for a(u).

sgn(γ_1u − γ_1v) [ g(γ_1u, t) − g(γ_1v, t) − ( γ_1∂_xA(u) − γ_1∂_xA(v) )] = sgn(γ_1u − γ_1v) × × [ g(γ_1u, t) − g(k, t) − γ_1∂_xA(u) ] + sgn(γ_1v − γ_1u) [ g(γ_1v, t) − g(k, t) − γ_1∂_xA(v) ] . (4.24)

Choosing in a standard fashion k(t) = γ_1u if γ_1u ∈ J ( φ_1(t), γ_1v ) , φ_1(t) if φ_1(t) ∈ J ( γ_1u, γ_1v ) , γ_1v if γ_1v ∈ J ( φ_1(t), γ_1u ) in the entropy boundary inequality (4.22) and its analogue for v, we see that both summands on the right-hand part of (4.24) are nonnegative. Consequently, ∫∫ Q_T |u − v|Φ^′(τ ) dτ dx ≥ 0. (4.25) Now let Φ(τ ) = ϱ_h(τ )−ϱ_h(τ −t), where ϱ_h is given in (2.1). Corollary 1 follows by taking h ↓ 0.

4.3. Uniqueness of entropy solutions of Problem B. We note that by the boundary condition (B3), the right-hand part of (4.23) is zero, so that inequality (4.25) follows immediately. Summarizing, we may conclude:

Corollary 2. Let u, v be two entropy solutions of Problem A with initial data u_0, v_0, respectively. Then (4.21) holds. In particular, Problem B has at most one entropy solution.

Remark 5. We point out that for both initial-boundary value problems A and B, the stability proof essentially depends on the nonpositivity of q. In other words, stability relies on reducing the total flux g(u, t) − ∂_xA(u) to its convective part q(t)u at the ‘outflow’ boundary of Q_T only.

5. Application to gravitational sedimentation-consolidation processes

5.1. Statement of the problem. The study of degenerate convection-diffusion equations of type (1.1) is in part motivated by a model of sedimentation-consolidation processes of flocculated suspensions in an idealized sedimentation vessel, here considered to be of height 1 [m]. In that application, u = u(x, t) denotes the local volumetric solid concentration, q(t) ≤ 0 is the average flow velocity of the mixture which can be controlled externally, f(u) is a given nonlinear function relating the local solid-fluid relative velocity to the local solids concentration, and a(u) = −f(u)σ^′_e(u)/(Δϱgu), (5.1) where Δϱ > 0 denotes the solid-fluid mass density difference, g is the acceleration of gravity, and σ^′_e(u) ≥ 0 is the derivative of the solid effective stress function. The material behaviour of the suspension is described by the functions f(u) and σ_e(u). Condition (A2) corresponds to a given initial concentration distribution, condition (A3) to prescribing a concentration value at x = 1 due to dilution of feed suspension which enters the container continuously, and condition (A4) is then a) b)

Figure 2. Numerical solutions of Problem A applied to the sedimentationconsolidation model: a) batch settling, b) continuous sedimentation-consolidation

equivalent to reducing the solid volume flux density at the bottom of the vessel to its convective part q(t)u(0, t). This sedimentation-consolidation model is described in detail in [3, 8, 9].

The property which is of interest here is that most researchers (see, e.g., [15]) assume that σ_e is constant for u not exceeding a critical value u_c, at which the solid flocs are assumed to touch each other, and that σ_e is strictly increasing for u > u_c. Consequently, a(u) = 0 for u ≤ u_c and a(u) > 0 for u > u_c wherever f(u) < 0. Most notably, many constitutive equations for σ_e imply a jump of σ^′_e at u = u_c, which makes a(u) discontinuous.

5.2. Numerical examples. We calculate entropy solutions of Problem A in this application by using the finite-difference operator splitting scheme described in [5].

We employ a flux density function of the well-known Richardson and Zaki type with parameters which were determined for a suspension of copper ore tailings (see [9]):

f(u) = −6.05 × 10^{−4}u(1 − u)^{12.59} [m/s].

The function a(u) is given by (5.1) with Δϱ = 1500 [kg/m^3], σ^′_e(u) = 0 for u ≤ u_c = 0.23 and

σ^′_e(u) =^d_{du} ( 100(u/u_c)^8 − 1) ) [Pa] for u > u_c,

see e.g. [15]. Figure 1 shows the resulting model functions f(u) and a(u).

In the first example, see Figure 2a), we consider the settling of an initially homogeneous suspension of concentration u_0 = 0.15 in a closed column, i.e. φ_1 ≡ 0, q ≡ 0. Observe that the discontinuity between u = 0 and u = u_0 is a shock. In the second example, we set q = −1.5 × 10^{−5} [m/s] and start with a steady state: the function u_0(x) is obtained by setting u_0(0) = 0.34, by integrating the time-independent version of equation (1.1) using this boundary condition until u = u_c is reached at a certain level x_c and setting u_0(x) = Φ_1(u_0(0)) above, where Φ_1 is obtained from solving qΦ_1 + f(Φ_1) = qu_0(0), yielding Φ_1(0.34) = 0.00922 and Φ_1(0.37) = 0.01014. Setting

φ_1(t) = { Φ_1(0.34) for 0 < t ≤ 5 [h], Φ_1(0.37) for 12 [h] < t ≤ 30[h], 0.02 for 5 [h] < t ≤ 12[h], 0 for t > 30 [h],

we obtain the numerical solution depicted in Figure 2b). This is a successive simulation of the operation at steady state, rise of the sediment level, convergence to the next steady state and emptying of the sedimentation vessel.

Note that u_0 ∈ B in both examples. This is obvious for u_0 = const., while in the second case ∂_xA ( u_0(x) ) = q ( u_0(x) − u_0(0) ) + f ( u_0(x) ) for 0 ≤ x ≤ x_c, (5.2)

where u_0(0) was chosen such that the right-hand part of (5.2) is nonpositive, therefore u^′_0(x) ≤ 0 for 0 ≤ x ≤ x_c. We have u_0 ∈ B, since we can conclude from the jump condition [7] that

TV_Ω(∂_xA(u_0)) = ∫_{xc} 0 | ∂^2_xA ( u_0(x) )| dx + | | lim_{x↑xc} ∂xA(u0(x)) | | ≤ ( ‖f^′‖_∞ − q ) (u_0(0) − u_c) + | f(u_c) − f ( Φ_1(u_0(0)) )| < ∞. Acknowledgements

We acknowledge support by the Sonderforschungsbereich 404 at the University of Stuttgart and by the Applied Mathematics in Industrial Flow Problems (AMIF) programme of the European Science Foundation (ESF).

References

[1] H.W. Alt and S. Luckhaus, Quasilinear elliptic-parabolic differential equations, Math. Z. 183 (1983), pp. 311– 341.

[2] C.Bardos, A.Y. Le Roux and J.C. Nedelec, First order quasilinear equations with boundary conditions, Comm. PDE 4 (1979), pp. 1017–1034.

[3] R. Bürger and F. Concha, Mathematical model and numerical simulation of the settling of flocculated suspensions, Int. J. Multiphase Flow 24 (1998), pp. 1005–1023.

[4] R. Bürger, S. Evje and K.H. Karlsen, On strongly degenerate convection-diffusion problems in several space dimensions, Preprint (in preparation).

[5] R. Bürger, S. Evje, K.H. Karlsen and K.-A. Lie, Numerical methods for the simulation of the settling of flocculated suspensions, to appear in a special issue of Separ. Purif. Technol.

[6] R. Bürger and W.L. Wendland, Existence, uniqueness and stability of generalized solutions of an initialboundary value problem for a degenerating quasilinear parabolic equation, J. Math. Anal. Appl. 218 (1998), pp. 207–239.

[7] R. Bürger and W.L. Wendland, Entropy boundary and jump conditions in the theory of sedimentation with compression, Math. Meth. Appl. Sci. 21 (1998), pp. 865–882.

[8] R. Bürger, W.L. Wendland and F. Concha, Model equations for gravitational sedimentation-consolidation processes, to appear in Z. Angew. Math. Mech.

[9] M.C. Bustos, F. Concha, R. Bürger and E.M. Tory, Sedimentation and Thickening: Phenomenological Foundation and Mathematical Theory, Kluwer Academic Publishers, Dordrecht, The Netherlands.

[10] J. Carrillo, Solutions entropiques de problèmes non linéaires dégénérés, C. R. Acad. Sci. Paris Sér. I Math.

327 (1998), pp. 155–160.

[11] M.S. Espedal and K.H. Karlsen, Numerical solution of reservoir flow models based on large time step operator splitting methods, in A. Fasano and H. van Duijn (Eds.), Filtration in Porous Media and Industrial Applications, Lecture Notes in Mathematics, Springer Verlag, Berlin, to appear.

[12] K.H. Karlsen and N.H. Risebro, Corrected operator splitting for nonlinear parabolic equations, SIAM J.

Numer. Anal., to appear.

[13] S.N. Kružkov, First order quasilinear equations in several independent variables, Math. USSR Sbornik 10 (1970), pp, 217–243.

[14] O.A. Ladyženskaja, V.A. Solonnikov and N.N. Ural’ceva, Linear and Quasilinear Equations of Parabolic Type, AMS Translations of Mathematical Monographs, vol. 23, Providence, RI, USA.

[15] K.A. Landman and L.R. White, Solid/liquid separation of flocculated suspensions, Adv. Colloid Interf. Sci.

51 (1994), pp. 175–246.

[16] J. Málek, J. Nečas, M Rokyta and M. Ružička, Weak and Measure-valued Solutions to Evolutionary PDEs, Chapman & Hall, London, UK, 1996.

[17] O.A. Oleĭnik and S.N. Kružkov, Quasi-linear second-order parabolic equations with many independent variables, Russ. Math. Surv. 16 (1961), pp. 105–146.

[18] S. Saks, Theory of the Integral, Monografie Matematyczne, Drukarna Uniw. Jagiellonskiego, Warsaw, Poland;

G.E. Stechert & Co., New York, NY, USA, 1937.

[19] A.I. Vol’pert, The spaces BV and quasilinear equations, Math. USSR Sbornik 2 (1967), pp. 225–267. [20] A.I. Vol’pert, private communication (Nov. 1998).

[21] A.I. Vol’pert and S.I. Hudjaev, Cauchy’s problem for degenerate second order parabolic equations, Math.

USSR Sbornik 7 (1969), pp. 365–387.

[22] Z. Wu, A note on the first boundary value problem for quasilinear degenerate parabolic equations, Acta Math.

Sc. 4 (1982), pp. 361–373.

[23] Z. Wu, A boundary value problem for quasilinear degenerate parabolic equations, MRC Technical Summary Report #2484, University of Wisconsin (1983).

[24] Z. Wu and J. Wang, Some results on quasilinear degenerate parabolic equations of second order, in: Proc.

of the 1980 Beijing Symp. on Diff. Geom. and Diff. Eqns, Vol. 3, Science Press, Beijing, Gordon & Breach, Science Publ. Inc., New York (1982), pp. 1593–1609.

[25] Z. Wu and J. Yin, Some properties of functions in BVx and their applications to the uniqueness of solutions for degenerate quasilinear parabolic equations, Northeastern Math. J. 5 (1989), pp. 395–422.