Convergence of a Relaxation Approximation to a Boundary Value Problem for Conservation Laws^�

Roberto Natalini^† Andrea Terracina^‡

Abstract

We propose a semilinear relaxation approximation to the unique entropy solutions of an initial boundary value problem for a scalar conservation law. Without any restriction on the initial–boundary data or on the flux function, we prove uniform a priori estimates and convergence of that approximation as the relaxation parameter tends to zero.

Key words: Hyperbolic conservation laws, initial–boundary value problem, relaxation approximation, entropy solutions.

AMS Classification: 35L65, 35B25.

1 Introduction

In this paper we investigate a hyperbolic relaxation approximation to the scalar conservation law ∂_tu + ∂_xf(u) = 0, (1.1)

for (x, t) ∈ R^+ × (0, T ) (T > 0) and for a smooth flux function f, with the initial condition

u(x, 0) = u_0(x), (1.2)

for x ∈ R^+ , and a boundary condition

u(0, t) = a_0(t), (1.3)

for t ∈ (0, T ). For the initial–boundary value problem (1.1)-(1.3), we shall consider the framework of the well-known entropy solutions [11, 2]. Actually a distinguished feature of hyperbolic mixed value problems is that, since in general boundary data are not assumed in a proper sense, the boundary conditions can be formulated only as compatibility conditions, which involve properties both of the flux function and of the data. Therefore a special care has to be used in the approximation to select the right solutions respect to the given compatibility conditions.

∗Work partially supported by European TMR project HCL # ERBFMRXCT960033 †Istituto per le Applicazioni del Calcolo “M. Picone”, Consiglio Nazionale delle Ricerche, Viale del Policlinico 137, I–00161 Roma, Italia. E–mail: natalini@iac.rm.cnr.it

‡Dipartimento di Matematica ”G. Castelnuovo”, Università di Roma “La Sapienza”, Piazza A. Moro 5, I-00185 Roma, Italia. E–mail: terracin@mat.uniroma1.it

Our approximation will be given by the following system with a singular perturbation parameter ϵ > 0:

∂_tu_1 + λ_1∂_xu_1 =^1_ϵ (M_1(u) − u_1),

∂_tu_2 + λ_2∂_xu_2 =^1_ϵ (M_2(u) − u_2),

(1.4)

for (x, t) ∈ R^+ × (0, T ) (T > 0) and for some fixed constant velocities λ_1 < λ_2 ∈ R; here u = u_1 + u_2. This system will be supplemented by the initial–boundary data:

u_i(x, 0) = M_i(u_0(x)), i = 1, 2 , (1.5)

for x ∈ R^+ and

u_i(0, t) = M_i(a_0(t)), for every i = 1, 2 such that λ_i > 0 , (1.6)

for t ∈ (0, T ).

The functions M_i, the so–called Maxwellian functions, will be defined only for u varying in some fixed real compact set I by the following formulas:

M_1(u) = λ_2u − f(u) λ_2 − λ_1

, M_2(u) = λ_1u − f(u) λ_1 − λ_2

. (1.7)

To have stability with respect to the parameter ϵ, we have to introduce a suitable condition. This condition has been first investigated by Whitham [26] and T.P. Liu [13] and follows by considering a Chapman-Enskog type expansions, see also [14]. In the present case we have that, for u varying in a fixed interval I, the condition reads

λ_1 ≤ f^′(u) ≤ λ_2. (1.8)

The main result of our paper is to show that, under condition (1.8), problem (1.4)-(1.6) relaxes to problem (1.1)-(1.3) when the parameter ϵ goes to zero.

Theorem 1.1 For every fixed initial–boundary data u_0 ∈ BV (R^+ ) and a_0 ∈ BV (0, T ), (T > 0), let I = {u ∈ R; min{ess inf(u_0), ess inf(a_0)} ≤ u ≤ max{ess sup(u_0), ess sup(a_0)}}. If the Maxwellian functions M_i are given by (1.7) and condition (1.8) is verified for u ∈ I, then for every ϵ > 0 there exists a (unique) globally bounded weak solution (u^ϵ_1, u^ϵ_2) ∈ BV (R^+ × (0, T ))^2 to problem (1.4)-(1.6) with u^ϵ := u^ϵ_1 + u^ϵ_2 ∈ I for almost every (x, t) ∈ R^+ × (0, T ). Moreover lim_{ϵ→0} u^ϵ = u in C([0, T ], L^1_{loc}(R^+ )),

where u is the unique entropy solution to problem (1.1)-(1.3).

Let us mention here that it is easy to state and prove an analogous result for spatially bounded domain.

Relaxation and discrete kinetic approximations, like the approximation presented here, have been proposed and investigated in recent years, starting from the paper [9] by Shi Jin and Zhouping Xin, mainly to find a class of new efficient approximations to entropy solutions for multidimensional systems of conservation laws, see also [15, 1]. The special features of these approximations are analytical simplicity, meaningful physical interpretation and a great numerical flexibility. On the mathematical side a lot of interesting rigorous results have already been proven [28, 6, 24, 14, 15, 7, 21, 10, 4, 5, 3], both for smooth and weak solutions, which assess the general validity of this approach. For a more complete list of references on general hyperbolic relaxation problems and in particular on the relaxation approximation and its numerical aspects, we refer to the Lecture Notes contained in [16].

Let us notice here that more or less all these works are just concerned with the Cauchy problem. Boundary value problems for systems with relaxation are considered in [27, 18] in the case of regular solutions. For more admissibility results as well as an investigation of the stability of boundary layers for problems with relaxation see [12]. Weak solutions are considered in [8] for a particular relaxation problem arising in chemical engineering with boundary condition, by using the compensated compactness methods. Another related approach to initial–boundary value problems is investigated in [19] by considering a kinetic approximation with a continuous set of velocities, in the spirit of [20], in the case of a flux function f either convex or concave. Finally we recall that problem (1.1)-(1.3) was approximated in [17] by using a sequence of quasilinear Goursat problems for f strictly increasing and the initial–boundary data verifying a special compatibility condition.

In [25], Wei-Cheng Wang and Zhouping Xin gave a first fundamental contribution to the study of relaxation approximations for boundary value problems in the general entropy formulation. In that paper the authors considered the relaxation approximation (1.4), (1.5) with λ_2 = −λ_1 = λ and with the following, slightly different boundary condition for t ∈ (0, T ):

u(0, t) = u_1(0, t) + u_2(0, t) = a_0(t). (1.9) The convergence result of that paper is obtained under some quite strong restrictions on the data, namely that, given a constant state u such that f^′(u) ≠ 0, the initial–boundary data have to be a suitable small perturbations of u in the norm ‖ · ‖_∞ + T V (·).

In the present paper we deal with a different approximation for the initial–boundary value problem which converges without any restriction on the flux function or on the initial– boundary data. This approximation extends the ideas and the results obtained for the Cauchy problem in [15].

The main difficulty of this problem is related to the particular way in which boundary conditions are taken into account. For this purpose we have to investigate how to minimize the boundary layer effects in the relaxation approximation to recover the entropy formulation of [2] in the limit.

First of all it is clear that the number of conditions to impose at the boundary is equal to the number of positive velocities among λ_1 and λ_2. To treat the case of transonic boundaries, when f^′(u) may be equal to zero for some values of u, and in view of condition (1.8), we deal only with the case λ_1 < 0 < λ_2, and then we can only impose one condition on the boundary. The other cases follow by arguing in the same way, but with simpler arguments, see [23].

Let us consider a general boundary condition of the form

αu_1 + u_2 = h(t), (1.10)

for some constant α and for a suitable function h(t). Following [27], it is possible to show that a necessary condition for problem (1.4), (1.5), (1.10) to be (locally) uniformly well– posed is that α ≠ λ_1/λ_2, as far as f^′ ≠ 0. Therefore condition (1.6) (α = 0) is in principle admissible, even if the situation with discontinuous solutions and a transonic boundary could be different.

As already noticed in [25], due to to the nonlinearity of the compatibility conditions on the boundary, the main problem that we have to solve is how to obtain compactness estimates to pass into the limit, not only in the functions u_1 and u_2, but also into the traces of that functions. Thanks to condition (1.10), it is enough to give a uniform estimate like the following: ∫_T 0 |u^ϵ_1(0, t + h) − u^ϵ_1(0, t)| dt ≤ Kh, (1.11)

for some fixed K > 0 and for every h > 0 small enough. This estimate implies a uniform bound of the time total variation of the component u^ϵ_1 and takes the greater part of the paper [25], just for the case α = 1 and it is the reason to require the mentioned strong restrictions on the initial–boundary data.

Let us note that for the parabolic approximation investigated in [2], this kind of estimates were not needed due to the particular features of that problem.

Here we are going to show that the choice α = 0 allows us to prove estimate (1.11) without any restriction on the data or on the flux function and much more. In fact we shall prove that, under the sub–characteristic condition (1.8), our approximation (1.4)-(1.6) has some very nice features, already observed in [14, 15] for the Cauchy problem: comparison property, L^1–contraction and an infinite set of kinetic entropy inequalities, which allow to prove very easily the consistency with entropy inequalities in the limit.

Actually all these nice properties hold true also for |α| <^{|λ1|}_{λ2} , but all the proofs become more complicated and in principle greater oscillations of the solutions are allowed, since the stability estimates are amplified by a factor ( 1 +^{|α|λ2} |λ1|−|α|λ2 ) . In particular our estimates are

no longer true in the case considered in [25], α =^{|λ1|}_{λ2} , which is a sort of limit case. These facts indicate that the choice α = 0 is a good way to minimize the boundary layer effects of this approximation.

The paper is organized as follows: after a short section of preliminaries, in Section 3 we give our compactness estimates and in Section 4 we show the convergence and the consistency of our approximation.

2 Preliminaries

In this section we shall present some backgrounds which will be of use in the following. For every real number a, b, set I(a, b) = (min{a, b}, max{a, b}).

Definition 2.1 Let u_0 ∈ BV (R^+ ) and a_0 ∈ BV (0, T ) (T > 0). We say that a function u ∈ BV (R^+ × (0, T ) is an entropy solution to the boundary value problem (1.1)-(1.3) if i) for any ϕ ∈ C^1_0 (R^+ × [0, T )), with ϕ ≥ 0, and for any k ∈ R

∫_T 0 ∫ R^+ |u − k|∂_tϕ + sgn (u − k)(f(u) − f(k))∂_xϕ dxdt

+ ∫ R^+ |u_0 − k|ϕ dx ≥ 0; (2.12)

ii) for almost any t ∈ (0, T )

max{ sgn (u(0, t) − a_0(t))(f(u(0, t)) − f(k)) : k ∈ I(a_0(t), u(0, t))} = 0. (2.13)

Here BV stands for the space of the functions of bounded variation and u(0, t) for the trace of the function u = u(x, t) on the boundary, which is well–defined for u ∈ BV , see [2].

Definition 2.2 Let u_0 ∈ BV (R^+ ), a_0 ∈ BV ((0, T )). The couple of functions (u_1^ϵ, u_2^ϵ) ∈ (BV (R^+ × (0, T )) ∩ L^∞(R^+ × (0, T )))^2 is a weak solution to problem (1.4)-(1.6) if i) for every ϕ ∈ C^1_0 (R^+ × (0, T )) we have ∫_T 0 ∫ R^+ u_i^ϵ(∂_tϕ + λ_i∂_xϕ) + 1 ϵ (M_i(u_1^ϵ + u_2^ϵ) − u_i^ϵ)ϕ dxdt = 0 i = 1, 2;

ii) u_i^ϵ(x, 0) = M_i(u_0(x)) for almost every x ∈ R^+ , i = 1, 2;

iii) For every i = 1, 2 such that λ_i > 0, u_i^ϵ(0, t) = M_i(a_0(t)) for almost every t ∈ (0, T ).

Using Kružkov’s techniques [11], it is possible to prove the following theorem (see [22]).

Theorem 2.1 For every u_0 ∈ BV (R^+ ) and a_0 ∈ BV (0, T ) (T > 0), there exists an unique bounded entropy solution u ∈ BV (R^+ × (0, T )) to problem (1.1)-(1.3). Moreover, given ũ_0 ∈ BV (R^+ ), ã_0 ∈ BV (0, T ) and the bounded entropy solution ũ(x, t) to the same problem with initial–boundary data ũ_0 and ã_0 respectively, the following comparison estimate holds true ∫_R 0 [ũ(x, t) − u(x, t)]_+ dx ≤ ∫_{R+Nt} 0 [ũ_0(x) − u_0(x)]_+ dx + ∫_t 0 [ã_0 − a_0]_+ dτ,

for any fixed R > 0 and for almost any t ∈ (0, T ), where [·]_+ is the usual positive part and N := sup |u|≤max(‖u‖L∞ ,‖ũ‖L∞ ) |f^′(u)|.

In this paper we shall prove a similar comparison and stability theorem for the solutions to problem (1.4)-(1.6), which will be essential to prove a priori estimates respect to the parameter ϵ (see Proposition 3.1).

Our main tool will be the next result, which is essentially contained in [11].

Lemma 2.1 Let u be a bounded weak solution to the linear equation ∂_tu + λ∂_xu = g(x, t) , for x ∈ R and t ∈ (0, T ) (T > 0), and v a solution of the same equation obtained replacing respectively the function g with another function h. Then for every ϕ ∈ C^1_0 (R × (0, T )), with ϕ ≥ 0, there holds ∫_T 0 ∫ R [u − v]_+∂_tϕ + λ[u − v]_+∂_xϕdxdt

≥ − ∫_T 0 ∫ R H(u(x, t) − v(x, t)) (g(x, t) − h(x, t)) ϕdxdt, (2.14)

where H is the usual Heaviside function.

3 A priori estimates

In the following we shall consider only the case λ_1 < 0 < λ_2, and we shall prove Theorem 1.1 only in this situation, the other cases being easier, see [23].

First, let us state a comparison and stability result for the relaxation problem (1.4)-(1.6), which will be useful in the following

Proposition 3.1 Fix ϵ > 0 and assume that the Maxwellian functions are given by (1.7) and condition (1.8) is verified on a given interval I. Let (u^ϵ_1, u^ϵ_2) and (u^ϵ_1, u^ϵ_2) be two weak solutions to problem (1.4)-(1.6), with initial data (u_0, a_0) and (u_0, a_0) respectively, and u^ϵ := u^ϵ_1 + u^ϵ_2, u^ϵ := u^ϵ_1 + u^ϵ_2 ∈ I for almost every (x, t) ∈ R^+ × (0, T ). Then for every

K ∈ R^+ , and almost every t ∈ (0, T ), the following inequalities hold true: ∫_K 0 2∑ i=1 [u^ϵ_i (x, t) − u^ϵ_i (x, t)]_+dx ≤ ∫_{K+|λ1|t} 0 [u_0(x) − u_0(x)]_+dx + λ_2 ∫_t 0 [a_0(τ) − a_0(τ)]_+dτ; (3.15) |λ_1| ∫_t 0 [u^ϵ_1(0, τ) − u^ϵ_1(0, τ)]_+ dτ ≤ ∫_{|λ1|t} 0 [u_0(x) − u_0(x)]_+ dx + λ_2 ∫_t 0 [a_0(τ) − a_0(τ)]_+ dτ . (3.16)

Proof. To simplify the notations we shall omit the dependence on ϵ of the solutions. Let us consider inequality (2.14) for the couple of functions u^ϵ_1 ,u^ϵ_1 and u^ϵ_2, u^ϵ_2. Setting w_i(x, t) = u_i(x, t) − u_i(x, t), r(x, t) = u_1(x, t) + u_2(x, t) and r(x, t) = u_1(x, t) + u_2(x, t), we obtain that, for every smooth nonnegative function ϕ, there holds ∫_T 0 ∫ R^+ 2∑ i=1 [w_i]_+(ϕ_t + λ_i∂_xϕ)dxdt

≥ −^1_ϵ ∫_T 0 ∫ R^+ 2∑ i=1 (H(w_i)(M_i(r) − M_i(r) − w_i))ϕdxdt. (3.17)

To prove that the right hand side in inequality (3.17) is nonnegative, we first show that 2∑ i=1 (H(w_i))(M_i(r) − M_i(r) − w_i)) ≤ 0.

First, let us consider the case H(w_1) = H(w_2) = 1. We have

∑_2

i=1(H(w_i))(M_i(r) − M_i(r) − w_i) = M_1(r) + M_2(r) − M_1(r) − M_2(r) − u_1(x, t) + u_1(x, t) − u_2(x, t) + u_2(x, t) = u_1(x, t) + u_2(x, t) − u_1(x, t) − u_2(x, t) − u_1(x, t) + u_1(x, t) − u_2(x, t) + u_2(x, t) = 0.

Since in the case sgn w_1 = sgn w_2 = −1 we have nothing to prove, we have only to check the case w_1 > 0 e w_2 ≤ 0. This yields: M_1(u_1 + u_2) − M_1(u_1 + u_2) − |u_1 − u_1| = M^′_1(θ)(u_1 − u_1) + M^′_1(θ)(u_2 − u_2) − |u_1 − u_1|, where θ is a suitable intermediate value. Since u_2 ≤ u_2 and, from (1.7) and (1.8), 0 ≤ M^′_i (θ) ≤ 1 for i = 1, 2, it follows that the above expression is non positive. Therefore ∫_T 0 ∫ R^+ 2∑ i=1 [u_i − u_i]_+(ϕ_t + λ_i∂_xϕ) dxdt ≥ 0 (3.18)

Choosing a sequence of test functions that approximate the characteristic function of the set {(x, τ) ∈ R^+ × (0, t) : 0 ≤ x ≤ K + |λ_1|(t − τ)}, yields ∫_K 0 2∑ i=1 [u^ϵ_i (x, t) − u^ϵ_i (x, t)]_+dx ≤ ∫_{K+|λ1|t} 0 ∑_2

i=1[M_i(u_0(x)) − M_i(u_0(x))]_+dx

+ ∫_t 0 2∑ i=1 λ_i[u_i(0, τ)) − u_i(0, τ))]_+dτ

and the first claim follows.

To prove inequality (3.16) we consider in (3.18) a sequence of test functions that approximate the characteristic function of the set {(x, τ) ∈ R^+ ×(0, t) : 0 < x < |λ_1|(t−τ)}. There follows |λ_1| ∫_t 0 [u^ϵ_1(0, τ) − u^ϵ_1(0, τ)]_+ dτ ≤ ∫_{|λ1|t} 0 ∑_2

i=1 [M_i(u_0(x)) − M_i(u_0(x))]_+ dx

+ ∫_t 0 λ_2[M_2(a_0(τ)) − M_2(a_0(τ))]_+ dτ, which proves (3.16). �

Let us present some consequences of this result.

Corollary 3.1 Assume that the Maxwellian functions are given by (1.7) and condition (1.8) is verified on a given interval I. Let (u^ϵ_1, u^ϵ_2) and (u^ϵ_1, u^ϵ_2) be two weak solutions to problem (1.4)-(1.6), with initial data (u_0, a_0) and (u_0, a_0) respectively, and u^ϵ := u^ϵ_1 + u^ϵ_2, u^ϵ := u^ϵ_1 + u^ϵ_2 ∈ I for almost every (x, t) ∈ R^+ × (0, T ). Assume that

u_0 ≤ u_0 almost everywhere in R^+ ;

a_0 ≤ a_0 almost everywhere in (0, T ).

Then u^ϵ_i ≤ u^ϵ_i almost everywhere in R^+ × (0, T ), i = 1, 2.

Corollary 3.2 In the same assumptions of Proposition 3.1, let (u^ϵ_1, u^ϵ_2) be a weak solution to problem (1.4)-(1.6) with initial data (u_0, a_0), then, for almost every (x, t) ∈ R^+ × (0, T ), M_i(min{ess inf(u_0), ess inf(a_0)}) ≤ u^ϵ_i ≤ M_i(max{ess sup(u_0), ess sup(a_0)}), for i = 1, 2 .

Proof. It is enough to observe that for every p ∈ R, the couple (M_1(p), M_2(p)) is a weak solution to problem (1.4)-(1.6), having initial and boundary data identically equal to p. The claim follows by Corollary 3.1. �

By using the standard regularity properties and from the continuation principle for the solutions to problem (1.4)-(1.6), we obtain the following result. The proof is omitted.

Theorem 3.1 For u_0 ∈ BV (R^+ ) and a_0 ∈ BV ((0, T )), let I = {u ∈ R; min{ess inf(u_0), ess inf(a_0)} ≤ u ≤ max{ess sup(u_0), ess sup(a_0)}}. Assume the Maxwellian functions M_i are given by (1.7) and condition (1.8) is verified for u ∈ I. Then for every ϵ > 0 there exists a unique global weak solution to problem (1.4)-(1.6), with u^ϵ := u^ϵ_1 + u^ϵ_2 ∈ I. Moreover, when the data u_0, a_0 are in the class C^k with u_0(0) = a_0(0), f ∈ C^{k+1}(R), then u_i^ϵ ∈ Lip(R^+ × [0, T )) ∩ C^k(R^+ × [0, T ) \ γ_i), i = 1, 2, where γ_i := {(x, t) ∈ R^+ × [0, T ) : x = λ_it}.

In the following we shall deal only with the case of smooth data, since, thanks to Proposition 3.1, we can extend a priori estimates obtained for regular solution to the general BV case. Also we tacitly assume everywhere that the hypotheses of Theorem 3.1 are always satisfied.

Proposition 3.2 Let u_0 ∈ C^2(R^+) ∩ BV (R^+ ) and a_0 ∈ C^2([0, T )) ∩ BV ((0, T )), with u_0(0) = a_0(0). For every t ∈ [0, T ), the solution (u^ϵ_1, u^ϵ_2) to problem (1.4)-(1.6) verifies the following estimate ∫ R^+

|∂_tu^ϵ_i (x, t)|dx ≤ max{|λ_1|, λ_2}(T V (u_0, R^+ ) + λ_2T V (a_0, (0, T ))), (3.19)

for i = 1, 2.

Proof. Fix L, t ∈ R^+ , and differentiate both the equations in (1.4) in the t–variable. By standard methods we can multiply the first equation by sgn (∂_tu^ϵ_1) and the second one by sgn (∂_tu^ϵ_2). Set ∂_tu^ϵ_1 = p, ∂_tu^ϵ_2 = q, where for simplicity we omit the dependence on ϵ in the unknowns. We can take the sum of the equations in (1.4) and integrate in the domain D^t_L := {(x, s) ∈ R^+ × (0, t) : 0 < x < L + |λ_1|(t − s)}. Therefore, by applying the divergence theorem to our domain, and using again that the contribution on the boundary (L + |λ_1|(t − s), s) is non negative, we obtain the inequality ∫_L 0 (|p| + |q|)(x, t)dx ≤ ∫_{L+|λ1|t} 0 (|p| + |q|)(x, 0)dx + ∫_t 0 (λ_1|p| + λ_2|q|)(0, s) ds

+^1_ϵ ∫_t 0 ∫_{L+|λ1|(t−s)} 0 ( M^′_1(u)(p + q) sgn (p) − |p| + M^′_2(u)(p + q) sgn (q) − |q| ) dxds, (3.20)

where u := u^ϵ_1 + u^ϵ_2. Let us observe that from (1.7) and condition (1.8), we have

|p|(M^′_1(u) + M^′_2(u) sgn (p) sgn (q) − 1)

+|q|(M^′_2(u) + M^′_1(u) sgn (p) sgn (q) − 1) ≤ 0.

Moreover it is easily seen that

|(u^ϵ_2)_t(0, t)| = | d dt M_2(a_0(t))|; and |(u^ϵ_i )_t(x, 0)| = |λ_i|| d dx M_i(u_0(x))|,

for i = 1, 2. Therefore from (3.20) we obtain (3.19). �

Let us present now our crucial estimate on the total variation of the traces of the approximating functions u^ϵ_1.

Proposition 3.3 Let u_0 ∈ C^2(R^+) ∩ BV (R^+ ) and a_0 ∈ C^2([0, T )) ∩ BV ((0, T )), with u_0(0) = a_0(0) and let (u^ϵ_1, u^ϵ_2) be the solution to problem (1.4)-(1.6). Then there exists a constant K independent on ϵ such that ∫_T 0 |u^ϵ_1(0, t + h) − u^ϵ_1(0, t)| dt ≤ Kh, (3.21)

for every h > 0 small enough.

Proof. To simplify the notations we omit the dependence on ϵ and h. Set w_i(x, t) = u_i(x, t + h) − u_i(x, t) i = 1, 2, and C(x, t) := ∫_1 0 M^′_1(s(w_1(x, t) + w_2(x, t)) + u_1(x, t) + u_2(x, t)) ds.

From (1.7) and (1.8) we have that 0 ≤ C(x, t) ≤ 1 for every (x, t) ∈ R^+ × (0, T ). Also M_1(u_1(x, t + h) + u_2(x, t + h)) − M_1(u_1(x, t) + u_2(x, t)) = C(x, t)(w_1(x, t) + w_2(x, t)). Observe that the functions w_i verify the following differential equation ∂_tw_i + λ_i∂_xw_i =

(−1)^i ϵ ((1 − C(x, t))w_1 − C(x, t)w_2) i = 1, 2. (3.22) Then multiplying equation (3.22) by sgn (w_i) and summing the equations, we easily obtain ∂_t(|w_1| + |w_2|) + ∂_x(λ_1|w_1| + λ_2|w_2|) ≤ 0. (3.23) Integrating (3.23) in the domain {(x, s) ∈ R^+ × (0, t) : 0 < x < |λ_1|(t − s)} yields |λ_1| ∫_t 0 |w_1(0, s)| ds ≤ ∫_{|λ1|t} 0 2∑ i=1 |w_i(x, 0)| dx

+ ∫_t 0 λ_2|M_2(a_0(s + h)) − M_2(a_0(s))| ds + ∫_t 0 2∑ i=1 (λ_1 − λ_i)|w_i(|λ_1|(t − s), s)| ds. The conclusion follows from Proposition 3.2. �

Proposition 3.4 In the same assumptions of Proposition 3.3, the following inequality holds true ∫ R^+ |∂_xu^ϵ_i(x, t)|dx ≤ K, (3.24) for i = 1, 2, where K is a positive constant depending only on λ_2, T V (a_0, R^+ ) and T V (u_0, R^+ ) Proof. As in the proof of Proposition 3.2, we take the x–derivative of both the equations in (1.4) and then multiply respectively the first one by sgn (∂_xu^ϵ_1) and the second one by sgn (∂_xu^ϵ_2). Set ∂_xu^ϵ_1 = m, ∂_xu^ϵ_2 = n.

Summing up and integrating, for every fixed L, t ∈ R^+ , on the domain D^t_L = {(x, τ) ∈

R^+ × (0, t) : 0 < x < L + |λ_1|(t − τ)}, yields ∫_L 0 (|m| + |n|)(x, t)dx ≤ ∫_{L+|λ1|t} 0 (|m| + |n|)(x, 0)dx + ∫_t 0 (λ_1|m| + λ_2|n|)(0, τ)dτ . Observe that |∂_xu^ϵ_i (x, 0)| = | d dx M_i(u_0(x))|, for i = 1, 2, and there holds the equality ∂_t(u^1_ϵ + u^2_ϵ ) + ∂_x(λ_1u^ϵ_1 + λ_2u^ϵ_2) = 0.

Therefore we have ∫_t 0 (λ_1|m| + λ_2|n|)(0, τ) dτ = ∫_t 0 (−|λ_1m| + |λ_2n|)(0, τ) dτ

≤ ∫_t 0 (|λ_1m + λ_2n|)(0, τ) dτ = ∫_t 0 (|∂_t(u^1_ϵ + u^2_ϵ )|)(0, τ) dτ ≤ T V (a_0, R^+ ) + K, where K is given in Proposition 3.3. This concludes the proof. �

The following result is proved in [15] for the Cauchy problem (1.4)–(1.5) and can be transposed with no changes to the boundary value problem (1.4)-(1.6). Proposition 3.5 Under the same assumptions of Proposition 3.3, there exists a constant C > 0, such that for every L ∈ R^+ , t ∈ (0, T ) and ϵ > 0 there holds ∫_L 0 2∑ i=1 |(M_i(u^ϵ_1 + u^ϵ_2) − u^ϵ_i )(x, t)|dx ≤ Cϵ .

As a consequence of the above results, we obtain the following uniform bounds. Theorem 3.2 Let u_0 ∈ BV (R^+ ), a_0 ∈ BV (0, T ). Then the solution (u^ϵ_1, u^ϵ_2) to problem (1.4)-(1.6) satisfies the following uniform estimates for every t ∈ (0, T ): T V (u^ϵ_i (·, t)) ≤ C; ∫ R |u^ϵ_i (x, t + h) − u^ϵ_i (x, t)|dx ≤ C|h|; ∫_L 0 2∑ i=1 |(M_i(u^ϵ_1 + u^ϵ_2) − u^ϵ_i )(x, t)|dx ≤ Cϵ; T V (u^ϵ_i (0, ·); (0, T )) ≤ C, for every h ∈ R and i = 1, 2, where C is a positive constant only depending on the total variation of the data and on λ_2.

4 Convergence results

In this Section we prove Theorem 1.1. First we need to show that our solutions satisfy an infinite set of “kinetic” entropy inequalities, see [20, 15].

Lemma 4.1 Let u_0 ∈ BV (R^+ ), a_0 ∈ BV (0, T ) and let (u^ϵ_1, u^ϵ_2) be the weak solution to problem (1.4)-(1.6). Then for every ϕ ∈ C^1_0 (R^+ × [0, T )), with ϕ ≥ 0, and for every k ∈ R, there holds ∫_T 0 ∫ R^+ 2∑ i=1 |u^ϵ_i − M_i(k)|(∂_tϕ + λ_i∂_xϕ) dxdt

+ ∫ R^+ 2∑ i=1 |M_i(u_0) − M_i(k)|ϕ(x, 0) dx + ∫_T 0 2∑ i=1 λ_i|u^ϵ_i − M_i(k)|ϕ(0, t) dt

≥^1_ϵ ∫_T 0 ∫ R^+ ( 2∑ i=1 |u^ϵ_i − M_i(k)| − |u^ϵ_1 + u^ϵ_2 − k|)ϕ dxdt ≥ 0.

(4.25)

Proof. Multiplying (1.4) by sgn (u^ϵ_i − M_i(k))ϕ(x, t), summing and integrating in the domain R^+ × (0, T ), one obtains ∫_T 0 ∫ R^+ 2∑ i=1 |u^ϵ_i − M_i(k)|(∂_tϕ + λ_i∂_xϕ) dxdt + ∫ R^+ 2∑ i=1 |M_i(u_0) − M_i(k)|ϕ(x, 0) dx

+ ∫_T 0 2∑ i=1 λ_i|u^ϵ_i (0, t) − M_i(k)|ϕ(0, t) dt

=^1_ϵ ∫_T 0 ∫ R^+ ( 2∑ i=1 sgn (u^ϵ_i − M_i(k))(u^ϵ_i − M_i(u^ϵ_1 + u^ϵ_2))ϕ dxdt

=^1_ϵ ∫_T 0 ∫ R^+ ( 2∑ i=1 ((|u^ϵ_i − M_i(k)| − sgn (u^ϵ_i − M_i(k))(M_i(u^ϵ_1 + u^ϵ_2) − M_i(k)))ϕ dxdt.

The conclusion follows, since

∑_2

i=1 sgn (u^ϵ_i − M_i(k))(M_i(u^ϵ_1 + u^ϵ_2) − M_i(k)) ≤

∑_2

i=1 |M_i(u^ϵ_1 + u^ϵ_2) − M_i(k)|

= |u^ϵ_1 + u^ϵ_2 − k| ≤

∑_2 i=1 |u^ϵ_i − M_i(k)|. �

Proof of Theorem 1.1 The first part of the statement follows by Theorem 3.1. Furthermore, thanks to Theorem 3.2 we can extract a subsequence (u^ϵn_1 , u^ϵn_2 ) converging in the norm C([0, T ) , L^1_{loc}(R^+ ))^2 to a limit (u_1, u_2). Moreover, using Proposition 3.5, we have that u_i = M_i(u), for i = 1, 2. Now, from Proposition 3.3, we can extract from the sequence u^ϵn_1 (0, ·) a further subsequence, denoted again by u^ϵn_1 , which converges in L^1(0, T ) to a limit function w_1. Letting ϵ to zero in (4.25), we obtain for every ϕ ∈ C^1_0 (R^+ × [0, T )), with ϕ ≥ 0, and every k ∈ R, ∫_T 0 ∫ R^+ 2∑ i=1 |M_i(u) − M_i(k)|(∂_tϕ + λ_i∂_xϕ) dxdt + ∫ R^+ 2∑ i=1 |M_i(u_0) − M_i(k)|ϕ(x, 0) dx

+ ∫_T 0 λ_1|w_1 − M_1(k)|ϕ(0, t) dt + ∫_T 0 λ_2|M_2(a_0) − M_2(k)|ϕ(0, t) dt ≥ 0.

From (1.7) we obtain, for every k ∈ R and every ϕ ∈ C^1_0 (R^+ × [0, T )), with ϕ ≥ 0, ∫_T 0 ∫ R^+ |u − k|∂_tϕ + sgn (u − k)(f(u) − f(k))∂_xϕ dxdt + ∫ R^+ |u_0 − k|ϕ(x, 0) dx ≥

− ∫_T 0 λ_1|w_1 − M_1(k)|ϕ(0, t) dt − ∫_T 0 λ_2|M_2(a_0) − M_2(k)|ϕ(0, t) dt.

(4.26)

Now, choosing ϕ ∈ C^1_0 ((0, ∞) × [0, ∞)), it follows that u is an entropy solution of the conservation law (1.1), which assumes the initial data, i.e.: verifies i) of Definition 2.1. To check the boundary condition (2.13), take ϕ(x, t) = ξ(t) max{0, 1 − x η }, η ∈ R^+ , and let η tend to zero. There holds sgn (u(0, t) − k)(f(u(0, t)) − f(k)) ≤ λ_1|w_1 − M_1(k)| + λ_2|M_2(a_0) − M_2(k)| (4.27) for every k ∈ R and almost every t ∈ R^+ . A first elementary consequence of (4.27) is the equality f(u(0, t)) = λ_2M_2(a_0(t)) + λ_1w_1(t). (4.28) Now let us prove that (4.27) and (4.28) imply (2.13). Suppose that u(0, t) ≥ a_0(t). In such situation we have to prove that f(u(0, t)) ≤ f(k), for every k ∈ [a_0(t), u(0, t)]. (4.29) There are now two possibilities. Let w_1(t) ≤ M_1(k). From (4.27) we obtain f(u(0, t)) − f(k) ≤ λ_1(M_1(k) − w_1(t)) + λ_2(M_2(k) − M_2(a_0(t)) = f(k) − f(u(0, t)) which gives (4.29).

Otherwise, let w_1(t) ≥ M_1(k). Then λ_1w_1(t) ≤ λ_1M_1(k). Using (4.28), this implies again inequality (4.29). The case a_0(t) > u(0, t) follows from similar arguments. The conclusion follows since, by the uniqueness of the limit solution, all the sequence converges. �

References

[1] D. Aregba-Driollet and R. Natalini. Discrete kinetic schemes for multidimensional conservation laws. Technical Report 22, Quaderno IAC, 1997.

[2] C. Bardos, A. Y. le Roux, and J.-C. Nédélec. First order quasilinear equations with boundary conditions. Comm. Partial Differential Equations, 4(9):1017–1034, 1979.

[3] S. Bianchini. On a Glimm Type Functional for a special Jin-Xin Relaxation Model.

Preprint SISSA, 1999.

[4] F. Bouchut. Construction of BGK models with a family of kinetic entropies for a given system of conservation laws. J. Statist. Phys., 95(1-2):113–170, 1999.

[5] A. Bressan and W. Shen. BV estimates for multicomponent chromatography with relaxation. Technical report, SISSA, 1999.

[6] G.-Q. Chen, C. Levermore, and T.P. Liu. Hyperbolic conservation laws with stiff relaxation terms and entropy. Comm. Pure Appl. Math., 47:787–830, 1994.

[7] J.F. Collet and M. Rascle. Convergence of the relaxation approximation to a scalar nonlinear hyperbolic equation arising in chromatography. Z. Angew. Math. Phys., 47:400–409, 1996.

[8] F. James. Convergence results for some conservation laws with a reflux boundary condition and a relaxation term arising in chemical engineering. SIAM J. Math. Anal., 1998. in press.

[9] S. Jin and Z. Xin. The relaxation schemes for systems of conservation laws in arbitrary space dimensions. Comm. Pure Appl. Math., 48:235–277, 1995.

[10] M.A. Katsoulakis and A.E. Tzavaras. Contractive relaxation systems and the scalar multidimensional conservation law. Comm. Partial Differential Equations, 22(1-2):195– 233, 1997.

[11] S.N. Kruzkov. First order quasilinear equations in several independent variables. Mat.

Sb., 81:285–255, 1970. Math. USSR Sb, 10:217–243, 1970.

[12] H. Liu and W.A. Yong. Admissible boundary conditions and stability of boundary-layers for a hyperbolic relaxation system. Preprint 1999.

[13] T.-P. Liu. Hyperbolic conservation laws with relaxation. Comm. Math. Phys., 108:153– 175, 1987.

[14] R. Natalini. Convergence to equilibrium for the relaxation approximations of conservation laws. Comm. Pure Appl. Math., 49(8):795–823, 1996.

[15] R. Natalini. A discrete kinetic approximation of entropy solutions to multidimensional scalar conservation laws. J. Differential Equations, 148(2):292–317, 1998.

[16] R. Natalini. Recent results on hyperbolic relaxation problems. In Analysis of systems of conservation laws (Aachen, 1997), pages 128–198. Chapman & Hall/CRC, Boca Raton, FL, 1999.

[17] R. Natalini and A. Tesei. Existence of solutions and relaxation properties of the Barenblatt model of non–equilibrium for a two phase flow. Technical report, IAC, 1998; to appear in Arch. Rational Mech. Anal..

[18] S. Nishibata. The initial-boundary value problems for hyperbolic conservation laws with relaxation. J. Differential Equations, 130(1):100–126, 1996.

[19] A. Nouri, A. Omrane, and J. P. Vila. Boundary conditions for scalar conservation laws from a kinetic point of view. J. Statist. Phys., 94(5-6):779–804, 1999.

[20] B. Perthame and E. Tadmor. A kinetic equation with kinetic entropy functions for scalar conservation laws. Comm. Math. Phys., 136:501–517, 1991.

[21] D. Serre. Relaxation semi-linéaire et cinétique des systèmes de lois de conservation. to appear in Ann. Inst. H. Poincaré Anal. Non Linéaire.

[22] A. Terracina. Comparison properties for scalar conservation laws with boundary conditions. Nonlinear Anal., 28(4):633–653, 1997.

[23] A Terracina. Applicazioni di teoremi di confronto per leggi di conservazione con condizioni al bordo. PhD thesis, Università degli Studi di Roma “La Sapienza”, 1998.

[24] A. Tveito and R. Winther. On the rate of convergence to equilibrium for a system of conservation laws with a relaxation term. SIAM J. Math. Anal., 28:136–161, 1997.

[25] W.C. Wang and Z. Xin. Asymptotic limit of initial-boundary value problems for conservation laws with relaxational extensions. Comm. Pure Appl. Math., 51(5):505– 535, 1998.

[26] J. Whitham. Linear and nonlinear waves. Wiley, New York, 1974.

[27] W.A. Yong. Boundary conditions for hyperbolic systems with stiff source terms.

Technical report, IWR, University of Heidelberg, 1997.

[28] W.A. Yong. Singular perturbations of first-order hyperbolic systems with stiff source terms. J. Differential Equations, 155(1):89–132, 1999.