Long–Time Diffusive Behavior of Solutions to a Hyperbolic Relaxation System^�

Hailiang Liu^y Roberto Natalini^z

Abstract

We study the large time behavior of the solutions to the Cauchy problem for the system with relaxation source

u_t + v_x = 0, v_t + a^2u_x = f(u) − v,

with (x, t) ∈ IR × IR^+, for the initial data (u, v) = (u_0, v_0) at t = 0, with u_0, v_0 ∈ L^1(IR) ∩ L^∞(IR), f(u) = αu^2/2 and |v_0| ≤ au_0. Under the sub-characteristic condition we show that, as t → ∞, nonnegative component u of solutions tends towards a diffusion wave of the convection-diffusion equation

u_t + f(u)_x = a^2u_{xx}

in the L^p norm, at a rate faster than t^{−(p−1)/2p}. This diffusion wave carries an invariant mass and has a self-similar structure.

∗Work partially supported by European TMR project HCL # ERBFMRXCT960033 (Natalini) and partially by the Deutsche Forschungsgemeinschaft (DFG) grant Wa 633/11- 1 (Liu)._†

Institute of Analysis and Numerics, Otto-von-Guericke-University Magdeburg, PSF 4120, D{39106 Magdeburg, Germany. E{mail: hailiang.liu@mathematik.unimagdeburg.de

‡Istituto per le Applicazioni del Calcolo \M. Picone", Consiglio Nazionale delle Ricerche, Viale del Policlinico 137, I{00161 Roma, Italia. E{mail: natalini@iac.rm.cnr.it

Key words: Relaxation model, long-time behavior, self-similarity, diffusion wave.

AMS Classification: 35L45, 35B40, 35K55.

1 Introduction

In this paper we study the long-time behavior of solutions to a hyperbolic relaxation system of the form

u_t + v_x = 0, v_t + a^2u_x = f(u) − v, } (1.1)

with f = α^{u2}_2 , for (x, t) ∈ IR × IR^+. The variables u and v are the unknowns, a > 0 is a given constant.

The initial data are prescribed by

(u, v) = (u_0, v_0) in IR × {0}, (1.2)

where

u_0, v_0 ∈ L^1(IR) ∩ L^∞(IR), u_0 ≥ a|v_0| a.e. x ∈ IR. (1.3)

Solutions of (1.1)-(1.2) with L^1 initial data satisfy the following property ∫ IR u(x, t)dx = ∫ IR u_0(x)dx = m, ∀t ≥ 0. (1.4) To ensure the global existence and the L^1 contraction of the solution we assume that a is large enough such that a subcharacteristic condition, [25], [40] |f^′(u)| < a, (1.5) holds for u under consideration. Recall that, from [32], for every (u_0, v_0) ∈ L^1(IR) ∩ L^∞(IR)^2, there exists a unique weak solution of (1.1), (1.2), with

(u, v) ∈ C([0, ∞[; L^1_{loc}(IR)) provided the stability condition (1.5) is satisfied. Define sup_{u∈I} |f^′(u)| a = η < 1 (1.6)

where I is the (bounded) interval of range of u.

Let θ_m : IR → IR be the wave solution to the diffusion equation

u_t + f(u)_x = a^2u_{xx} (1.7)

starting with a Dirac Mass mδ(x). The main goal of this paper is to establish the following result.

Theorem 1.1. Assume the subcharacteristic condition (1.5) be satisfied. Let (u, v) be a solution of (1.1)-(1.3) with bounded initial data (u_0, v_0) ∈ L^1(IR)^2 carrying finite mass m = ∫ IR u^0dx > 0. Assume that there exists a constant K > 0 such that |v_0| ≤ au_0 and au_{0x} ± v_{0x} ≤ K for x ∈ IR. Then for every p ∈ [1, ∞) lim_{t→∞} t^{p−12p} ‖u(·, t) − θ_m(·, t)‖_Lp_(IR_) = 0. (1.8)

The study on the behavior of solutions to hyperbolic relaxation systems has been caught much interest after the seminal work by T.P. Liu [25], consult [34] for a recent survey. Actually there are two different kinds of asymptotic limits. The first one is the relaxation limit, which is essentially driven by the hyperbolic equilibrium equation

u_t + f(u)_x = 0. (1.9)

A different behavior is found if we look at the long–time effects of relaxation. In [25], T.P. Liu proved via the Chapman-Enskog expansion that for large times the effect of relaxation is close to a viscous wave when the solution is near a constant equilibrium state for a class of 2 × 2 hyperbolic relaxation system. Later, I. Chern [5] showed that the global smooth solution of relaxation system approach the diffusive wave θ(x, t) in the L^p–norm at a certain rate if the initial data are sufficiently small, in the sense that ∫ u_0dx + ‖ ∫_x −∞ (u_0 − θ_0)dx‖_H3_{∩L}1 + ‖v_0 − f(θ_0)‖_H2_{∩L}1 << 1.

Respect to that result, the main achievement of Theorem 1.1 consists in removing the restriction on initial data by using a quite different approach. This seems remarkable for hyperbolic relaxation problems since the dissipation from the relaxation effect is known to be weaker than that in viscous approximation. The method is due to a parabolic scaling for a hyperbolic system. The scaling arguments of such kind have been widely used in studying the large time behavior of solutions for equations of parabolic type, see for instance [38, 16, 10] and the Lecture Notes [39], see also [9, 11, 7, 8] for a discussion of hyperbolic effects.

Let us mention that the asymptotic behavior of solutions to system (1.1) for a different class of initial data, namely for perturbations of traveling wave solutions, has been considered by monotonicity methods and in L^1 in [29], see also the recent improvements due to D. Serre [36], and by energy methods, by obtaining decay rates, in [23, 24].

Let us also notice that this scaling is strongly connected with the so– called diffusive kinetic limits. See for example [6], Ch. 11, and references therein for a discussion of the diffusive limits of the Boltzmann equation. Here, we just give a very incomplete list of papers where diffusive limits have been investigated, see [4, 12, 13, 2, 27, 28].

For discrete velocities model, theoretical investigations start with the works [19, 30] for the diffusive limit of Carleman equations. The general theory of convergence to equilibrium for two velocities models can be found in [21]. For some recent numerical investigations we refer to [14, 31]. A general kinetic framework for approximating convection–diffusion equations has been recently proposed in [3].

The main theorem is proven by introducing the family of scaled functions u^λ(x, t) := λu(λx, λ^2t), v^λ(x, t) := λ^2v(λx, λ^2t), λ > 0. Upon substitution in (1.1)-(1.2) with f = αu^2/2, α > 0, one finds that for any λ > 0 the function (u^λ, v^λ) solves the problem

∂_tu^λ + ∂_xv^λ = 0, λ^{−2}∂_tv^λ + a^2∂_xu^λ = f(u^λ) − v^λ, } (1.10)

(u^λ, v^λ)(x, 0) = (λu_0(λx), λ^2v_0(λx)), in IR. As λ → ∞, (1.10) formally reduces to

∂_tu^∞ + ∂_xf(u^∞) = a^2∂^2_xu^∞ (1.11) and v^∞ = f(u^∞) − a^2∂_xu^∞.

The investigation of the asymptotic behavior of the solution {u, v} can be reduced by standard arguments to studying the convergence of the family {u^λ, v^λ}, as λ → +∞. The main difficulty is to obtain the appropriate a priori bounds on the family {u^λ}. Observe that if we want {u^λ} to be uniformly bounded in L^p(IR) for some p ≥ 1 and t > 0, we need to establish the following estimate

‖u(t)‖_Lp_(IR_) ≤ Ct^{− 12 (1− 1p )}. (1.12)

One of the main tools for doing that is the following entropy-type estimate.

Theorem 1.2. Assume (u, v) is the solution of (1.1) with initial data (u_0, v_0) of mass ∫ IR u^0dx = m such that u^0 ∈ L^1(IR) ∩ L^∞(IR) and v^0 ∈ L^∞(IR).

Under the stability condition (1.5), there exists a constant K > 0 such that, if u_{0x} ± v_{0x}/a ≤ K, then [∂u ∂x ]_+ ≤ Ct^{−1}, (1.13)

‖u‖_L∞_(IR_) ≤ C m √ t , t > 0, (1.14)

for a constant C > 0 depending only on K.

Let us notice that similar one-side inequalities were already obtained in various papers [18, 37, 22] to study the regularity of solutions and error rates, but without any estimate of the time decay. However this decay is a crucial tool in the following to obtain our results.

The following sections are organized as follows. In Section 2 we discuss the parabolic scaling limit for studying the large time behavior of solutions. In Section 3 we establish some compactness estimates needed in the following section, where we pass into the limit. Finally we briefly discuss the sharpness of our decay rate.

2 Scaling Limit and the Diffusion Wave

Recall that the mass in u−component in system (1.1) is conserved, i.e. ∫ IR u(x, t)dx = ∫ IR u_0(x)dx = m. To determine the large wave pattern, it is useful to consider a parabolic–type scaling in all the variables.

Let (u, v) be the solution to system (1.1), and define for every λ > 0 u^λ(t, x) = λ^γ u(λ^αx, λ^βt) = λ^γu(y, τ), v^λ(t, x) = λ^θv(λ^αx, λ^βt) = λ^θv(y, τ) with parameters (α, β, γ, θ) to be determined. Substituting in (1.1) yields ∂_tu^λ + ∂_xv^λ = λ^{γ+β}∂_τ u(y, τ) + λ^{α+θ}∂_yv(y, τ) and then, introducing two further parameters μ and ν, we have λ^μ∂_tv^λ + a^2∂_xu^λ − ( λ^νf(u^λ) − v^λ )

= λ^{μ+θ+β}∂_τ v(y, τ) + a^2λ^{γ+α}∂_yu(y, τ) − ( λ^νf(λ^γu(y, τ)) − λ^θv ) . Assume, more generally that the flux function f is homogeneous of degree q, i.e.: f(λ^γu) = f(u)λ^{γq}. Therefore we choose the parameters (α, β, γ, θ) to respect the equations, which yields β = 2α, μ = −2α, θ = γ + α, ν = γ + α − qγ. To keep the mass unchanged in u component under scaling, it is necessary to assume γ = α, for definiteness we may take α = 1. Then we have β = 2, μ = −2, θ = 2, ν = 2 − q. Thus the scaled unknowns can be written as u^λ(t, x) = λu(λx, λ^2t), v^λ(t, x) = λ^2v(λx, λ^2t). These functions satisfy ∂_tu^λ + ∂_xv^λ = 0 λ^{−2}∂_tv^λ + a^2∂_xu^λ = λ^{2−q}f(u^λ) − v^λ } (2.1) with initial data (u^λ, v^λ)(0, x) = (λu_0(λx), λ^2v_0(λx)), ∀x ∈ IR.

The idea of the proof of the main theorem is to pass into the limit in (2.1) as λ → ∞, to say that in the limit we obtain a solution (U, V ) of the reduced problem

∂_tU + ∂_xV = 0 a^2∂_xU = f(U) − V for q = 2 or a^2∂_xU = −V for q > 2. } (2.2)

Since u_0(x) ∈ L^1(IR) and ∫ u_0dx = m, we have λu_0(λx) → U_0(x) = mδ(x), as λ → +∞ denoting the concentration of the mass. Thus the limit U(x, t) for q = 2 can be formally identified with the solution of the following problem

∂_tU + ∂_xf(U) = a^2∂^2_xU, (x, t) ∈ IR × IR^+, U(x, 0) = mδ(x), x ∈ IR. } (2.3)

Let us now recall some basic facts about the fundamental solution to the convection-diffusion equation. Consider the problem (2.3) with f(u) = αu^2/2. By the Hopf-Cole transformation U = − 2a^2 α (lnW )_x,

the problem (2.3) is reduced to the standard heat equation

∂_tW = a^2∂^2_xW, (x, t) ∈ IR × IR^+, W (x, 0) = exp[^{−αm}_{4a2} sign(x)], x ∈ IR. } (2.4)

More precisely, the solution can be explicitly written as W (x, t) = e^{−αm/(4a2)} ∫_{x/2a}^√_{πt} −∞ e^{−πy2} dy + e^{αm/(4a2)} ∫_∞ x/2a √ πt e^{−πy2} dy. For given m > 0 this solution U = θ_m is unique and respects the following properties:

(i) The solution is self similar with respect to the scaling in u component, i.e., θ_m(x, t) = λθ_m(λx, λ^2t). (ii) θ_m is singular at (0, 0) and satisfies

esslim_{t→0} ∫ IR θ_m(x, t)ϕ(x)dx = mϕ(0) for any ϕ(x) ∈ C^2_0 (IR). Moreover,

θ_m ∈ L^∞((0, ∞); L^1(IR)) ∩ L^∞((τ, ∞), IR), ∀τ > 0.

The above facts will be used in passing to the limit of {u^λ}. In fact, note that for any fixed t_0 > 0

u^λ(x, t_0) − θ_m(x, t_0) = λu(λx, λ^2t_0) − λθ_m(λx, λ^2t_0) = τ^{1/2}(u(y, τ) − θ_m(y, τ))t^{−1/2}_0 ,

where y = λx and τ = λ^2t_0. Therefore, if u^λ(x, t_0) converges to θ_m(x, t_0) as λ → ∞ in some norm, then we obtain the result in Theorem 1.1 in the same norm.

3 Regularity Estimates

In this section we establish some regularity estimates for the solution (u, v) of the problem { u_t + v_x = 0, v_t + a^2u_x = f(u) − v,

(3.1)

with the initial data

(u, v) = (u_0, v_0) in IR × {0}. (3.2)

Observe that the rescaled equation is of the form (3.1). Therefore investigating problem (3.1)-(3.2) enables us to prove estimates for the family {u^λ, v^λ}.

Rewriting (3.1) in terms of the Riemann invariants

R_{1,2} = 1 2 (u ± v/a), gives

R_t + ΛR_x = M(u) − R (3.3) where M_{1,2}(u) = 1 2 (u ± f(u)/a) and Λ = diag(−a, a). Notice that by definition we have u = R_1 + R_2 = M_1(u) + M_2(u).

Observe now that (1.6) implies that 1 − η 2 ≤ M^′_i (u) ≤ 1 + η 2 , i = 1, 2, u ∈ I. (3.4) We recall from [32, 33] that the solution R(x, t) of (3.3) with initial data R(x, 0) ∈ L^∞ respects the following L^1 contraction property: Lemma 3.1. [32] If R(x, 0), R̃(x, 0) ∈ L^∞ and R(x, 0) − R̃(x, 0) ∈ L^1(IR), then R(x, t) − R̃(x, t) ∈ L^1(IR) for any t ≥ 0 and ‖R(·, t) − R̃(·, t)‖_L1 is non-increasing in time t.

Thanks to this lemma, we may restrict to the data R(x, 0) ∈ C^1_0 (IR) since C^1_0 (IR) is dense in L^1(IR). Set in the following β = (1 + η) α(1 − η) . Lemma 3.2. Assume that R_{0x} ≤ K for K ≤ (1−η^2)/(4α), R is the solution obtained with initial data R(x, 0) of total mass ∫ u_0dx = m > 0. Then for every t > 0, R_{ix} ≤ min{K, β(1 + η) 2t }, i = 1, 2 (3.5) and u_x ≤ min{2K, β t } . (3.6) Proof. Differentiating (3.3) with respect to x we obtain (∂_t + Λ∂_x)R_x = HR_x , where H := M^′P − I, P R := R_1 + R_2 and I is the unit matrix.

To estimate the bound of R_x from above, let us set W = R_x − M^′(u)B(t), where B(t) = β/(t + δ). Then

(∂_t + Λ∂_x)W = HW + B(t)HM^′(u) − (∂_t + Λ∂_x)[B(t)M^′(u)]. (3.7) Applying the P operator to equation (3.3) yields ∂_t(P R) + ∂_x(P ΛR) = 0.

Hence (∂_t + Λ∂_x)(B(t)M^′) = B^′(t)M^′(u) + B(t)[ΛM^{′′} P − M^{′′} P Λ](W + B(t)M^′) . Note that HM^′(u) = M^′P M^′ − M^′ = 0.

Therefore substitution of the above equalities into (3.7) leads to (∂_t + Λ∂_x)W = H̃W − Q, (3.8) where we define H̃ = H − B(t)[ΛM^{′′} P − M^{′′} P Λ], and Q = B^′(t)M^′(u) + B^2(t)[ΛM^{′′} P − M^{′′} P Λ]M^{′′} .

Let us check the terms H̃ and Q. Since B^′(t) = −β^{−1}B^2(t) and P ΛM^′ = f^′(u), we obtain

Q(t) = B^2β^{−1}{−M^′(u) + β(ΛM^{′′} − M^{′′} f^′(u))} = B^2β^{−1}{−M^′ + β(Λ − f^′(u)I)M^{′′} } = B^2β^{−1}{βf^{′′} (u)(M^′_2(u), M^′_1(u))^T − (M^′_1(u), M^′_2(u))^T } ≥ 0, since^1_2 (1 − η) ≤ M^′_i ≤^1_2 (1 + η). A simple computation shows that

H̃ = ( M^′_1 − 1 M^′_1 − B(t)f^{′′} (u) M^′_2 − B(t)f^{′′} (u) M^′_2(u) − 1 )

Taking δ = 2(1 + η)/(1 − η)^2 one has M^′_i (u) − B(t)f^{′′} (u) ≥ 1 2 (1 − η) − βδ^{−1}α ≥ 0, i = 1, 2. To obtain the desired estimate, we use the following inequality on the initial data for equation (3.8)

W (x, 0) = R_x(x, 0) − βδ^{−1}M^′(u_0) ≤ K − 1 2 βδ^{−1}(1 + η) ≤ 0

for K ≤ (1 − η^2)/(4α). Thus using the maximum principle for the weakly coupled hyperbolic system (3.8), we obtain W ≤ 0. Then we have R_x ≤ B(t)M^′(u) < β(1 + η) 2t , which leads to u_x = P R_x ≤ B(t) < β/t due to the fact that P M^′(u) = 1.

From this estimate and the conservation of mass estimate one gets a bound for u.

Lemma 3.3. For the initial data (u_0, v_0) satisfying R_{0x} ≤ K and R_0(x) ≥ 0, it holds 0 ≤ u(x, t) ≤ (2mβ t )_{1/2} . (3.9)

Proof. First we show that u ≥ 0. By the definition of M(u) and f(0) = 0 one has M(0) = 0. Thus using the Mean Value Theorem we obtain from (3.3), that R_t + ΛR_x = (M^′(ξ)P − I)R , for some value ξ between 0 and u. By using the subcharacteristic condition (1.5) and the comparison principle, see [32], one has R(x, t) ≥ 0 which gives us u(x, t) = P R(x, t) ≥ 0.

Next we estimate the bound for u from above. Let x_0 ∈ IR, t > 0 be fixed. Due to the entropy-type inequality in Lemma 3.2 we have u(x_0, t) − u(x, t) ≤ β t (x_0 − x) for any x ≤ x_0.

Hence setting γ =^t_β u(x_0, t) one has m = ∫ u(x, 0)dx = ∫ u(x, t)dx ≥ ∫_{x0} x0−γ u(x, t)dx = γu(x_0, t) − β 2t γ^2 = t 2β u^2(x_0, t).

This proves the result.

From inequality (3.9) and the conservation of the mass, i.e. ∫ udx = m, we obtain by interpolation the following estimate

‖u‖_p ≤ Ct^{− 12 (1− 1p )}. (3.10)

The following lemma is another immediate consequence of Lemma 3.2.

Lemma 3.4. Under the assumptions made in Lemma 3.3, f(u)_x ≤ αβu t , t > 0 x ∈ IR, (3.11)

while for every t > 0, ∫ IR |f(u)_x|dx ≤ 2αβm t . (3.12)

Proof. Inequality (3.11) easily follows by Lemma 3.2. As for (3.12), we use (3.11) and the equations ∫ udx = m and ∫ f(u)_xdx = 0, i.e. ∫ |f(u)_x|dx = − ∫ f(u)_xdx + 2 ∫ (f(u)_x)^+dx ≤ 2αβ t ∫ udx = 2αβm t .

4 Asymptotic Behavior

This section is devoted to the proof of the main Theorem 1.1. To this end we are going to perform the following steps:

• establishing uniform bounds on the sequence {u^λ};

• establishing the compactness of the sequence {u^λ} in L^1(IR);

• Passing to the limit towards the function (θ_m).

Before going into the details of the proof, let us justify the decay rate to the desired limit. Assume the convergence result lim_{λ→∞} ∫ IR |u^λ(·, t) − θ_m(·, t)|dx = 0. (4.1) Since the function θ_m is invariant under the scaling, i.e.: λθ_m(λx, λ^2t) = θ_m(x, t), we choose t = 1, and τ = λ^2 in (4.1) to obtain lim_{λ→∞} ∫ IR |u(·, τ) − θ_m(·, τ)|dx = 0 which is the desired result for p = 1. For p > 1 one has ∫ IR |u(·, τ) − θ_m(·, τ)|^pdx ≤ |u(·, τ) − θ_m(·, τ)|^{p−1}_L∞ ∫ IR |u(·, τ) − θ_m(·, τ)|dx.

By the estimate in Lemma 3.3 and the formula for θ_m one has ‖u(τ) − θ_m(τ)‖_L∞ ≤ C/ √ τ , where C depends on m. Then the above estimates gives lim_{t→∞}t^{(p−1)/(2p)}‖u(·, t) − θ_m(·, t)‖_Lp = 0 which concludes the result asserted in Theorem 1.1.

4.1 Compactness Estimates for u˘

By the estimates in Section 3 and the given scaling, we have ∫ IR f(u^λ)dx = αλ^2 2 ∫ IR u^2(y, λ^2t)dy ≤ C/ √ t (4.2)

for C =^α_2 √ 2mβ. Moreover ∫ IR |f(u^λ(x, t))_x|dx = λ^2 ∫ IR |f(u^λ(y, λ^2t))_y|dy ≤ (2αβm)/t (4.3) and ∫ IR u^λ(x, t)dx = ∫ u(y, 0)dy = m. For every fixed t_0 > 0, the family f(u^λ)(x, t_0) is uniformly bounded in W^{1,1}(IR). This allows us to pass into the limit along a sub-sequence, say f(u^{λj} ), and obtain a limit w̄(·, t_0) locally in L^p(IR) for p < ∞ and almost everywhere. It follows that for the same sub-sequence, u^{λj} converges to ū(·, t_0) = (2α^{−1}w̄(·, t_0))^{1/2} in the same sense.

We have to show now that the limit ū(x, t) is equal to θ_m. To this end we need to estimate the term λ^{−2}v^λ_t in the equation (1.10).

Lemma 4.1. There exists an increasing modulus of continuity ω_1 such that, for every 0 < τ < t and every test function ϕ ∈ C^2_0 (IR), there holds | | | ∫ ∫_t τ λ^{−2}v^λ_t ϕ(x)dxds | | | ≤ e^{−λ2(t−τ)θ}λω1(t − τ) (4.4) for some 0 < θ < 1.

Proof. First we have that | | ∫ ∫_t τ λ^{−2}v^λ_t ϕ(x)dxds | | = | | | ∫ λ^{−2}(v(x, t) − v(x, τ))ϕ(x)dx | | |. From the second equation of (1.10) we can write v^λ(x, t) = e^{−λ2t} [ v^λ(x, 0) + λ^2 ∫_t 0 B(x, s)e^{λ2s}ds ] (4.5)

with B(x, t) = f(u^λ) − a^2u^λ_x. Then we find that | | | ∫ λ^{−2}(v(x, t) − v(x, τ))ϕ(x)dx | | | = | | | ∫ λ^{−2}(e^{−λ2t} − e^{−λ2τ} )v^λ(x, 0) + (e^{−λ2t} − e^{−λ2τ} ) ∫_τ 0 B(x, s)e^{λ2s}ds + e^{−λ2t} ∫_t τ B(x, s)e^{λ2s}ds | | | ≤ 3∑ i=1 J_i. Let us now estimate the different terms on the right-hand side. First J_1 = λ^{−2}|e^{−λ2t} − e^{−λ2τ} | | | | ∫ v^λ(x, 0)ϕ(x)dx | | | ≤ λ^{−2}λ^2(t − τ)e^{−λ2(τ+θ(t−τ)}λ‖ϕ‖_∞ ∫ |v_0(x)|dx ≤ Cλ(t − τ)e^{−λ2θ(t−τ)} for θ ∈]0, 1[. Now we use inequality (3.9) to give | | ∫ ∫_{t2} t1 B(x, s)e^{λ2s}ϕ(x)dxds | |

≤ | | | ∫ ∫_{t2} t1 f(u^λ)e^{λ2s}ϕ(x)dxds | | | + | | | ∫ ∫_{t2} t1 e^{λ2s}a^2u^λϕ_x(x)dxds | | | ≤ ‖ϕ‖_∞ α 2 ∫ u^λdx ∫_{t2} t1 e^{λ2s} √ s √ 2βmds + a^2‖ϕ_x‖_∞ ∫ u^λdx ∫_{t2} t1 e^{λ2s}ds. Noting that ∫ u^λdx = m and ∫_{t2} t1 e^{λ2s} √ s ds ≤ 2e^{λ2(t1+θ(t2−t1)}( √ t_2 − √ t_1) for some θ ∈]0, 1[, we have | | | ∫ ∫_{t2} t1 B(x, s)e^{λ2s}ϕ(x)dxds | | | ≤Cme^{λ2(t1+θ(t2−t1))} { ( √ t_2 − √ t_1) + (t_2 − t_1) }

for some 0 < θ < 1, C = sup{α‖ϕ‖_∞ √ 2βm, a^2‖ϕ_x‖_∞}. This immediately yields J_2 = |e^{−λ2t} − e^{−λ2τ} | | | | ∫ ∫_τ 0 B(x, s)e^{λ2s}ϕ(x)dxds | | | ≤ λ^2(t − τ)e^{−λ2(τ+θ1(t−τ))}Cme^{λ2θτ} ( √ τ + τ) ≤ Cmλτe^{−λ2(1−θ)τ} λ(t − τ)e^{−λ2θ1(t−τ)} and J_3 = e^{−λ2t} | | | ∫ ∫_τ 0 B(x, s)e^{λ2s}ϕ(x)dxds | | | ≤ e^{−λ2t}Cme^{λ2(τ+θ(t−τ))}( √ t − √ τ + t − τ) ≤ Cm( √ t − √ τ + t − τ)e^{−λ2(1−θ)(t−τ)} . The proof is complete.

Lemma 4.2. There exists an increasing modulus of continuity ω_2 such that

for any L > 0 it holds ∫_{+L} −L |u^λ(x, t) − u^λ(x, τ)|dx ≤ ω_2(t − τ), (4.6) for any t > τ > 0.

Proof. Using a slight modification of the time-continuity Kružkov Lemma

(see [17], Lemma 5), it is enough to prove that there exists another increasing

modulus of continuity ω_3 such that for any ϕ ∈ C^2_0 (IR), it holds | | | ∫ IR (u^λ(x, t) − u^λ(x, τ))ϕ(x)dx | | | ≤ ( Cm + e^{−λ2(t−τ)θ}λ ) ω_3(t − τ), (4.7) for any t > τ > 0. Now we have that, for t > τ > 0 and every test function ϕ ∈ C^2_0 (IR), we have | | | ∫ (u^λ(x, t) − u^λ(x, τ))ϕ(x)dx | | | = | | | ∫ ∫_t τ [ B(x, s) − λ^{−2}v^λ_t ] ϕ_x(x)dx | | |. As shown above we have also | | | ∫ ∫_t τ B(x, s)ϕ_x(x)dx | | | ≤ ‖ϕx‖∞αm √ 2βm( √ t − √ τ) + a^2‖ϕ_{xx}‖_∞m(t − τ) ≤ Cmω_1(t − τ) which combined with the estimate in Lemma 4.1 leads to (4.7). Therefore the conclusion follows.

The above time estimate ensures that the subsequence {u^{λj} } converge to a function ū(x, t) not merely for each fixed t > 0 but almost everywhere in

IR × IR^+. In fact, the estimate (3.9) gives |u^λ(x, t)| = |λu(λx, λ^2t)| ≤ ( 2mβ t )^{1/2} = h(t).

We then obtain for any L > 0 ∫_L −L |f(u^λ(x, t)) − f(u^λ(x, τ))|dx ≤ αh(t) ∫_L −L |u^λ(x, t) − u^λ(x, τ)|dx ≤ αh(t)ω_2(t − τ). This estimate when combined with (4.2) and (4.3) implies that f(u^λ) is precompact also in C(IR^+; L^1_{loc}(IR), and the same holds true for u^λ.

As a consequence of the estimates in Lemma 4.1 and Lemma 4.2 we have that ū(x, t) is a weak solution of (2.3) in the sense of distributions. In fact using the strong convergence of f(u^λ) and the equality ∫ u^λ(x, t)ϕ(x)dx − ∫ u^λ(x, τ)ϕ(x)dx = ∫ IR ∫_t τ f(u^λ)ϕ_x(x)dxds + a^2 ∫ IR ∫_t τ u^λϕ_{xx}(x)dxds − λ^{−2} ∫ IR ∫_t τ v^λ_t ϕ_x(x)dxds, we obtain into the limit that ∫ ū(x, t)ϕ(x)dx − ∫ ū(x, τ)ϕ(x)dx = ∫ ∫_t τ f(ū)ϕ_x(x)dxds + a^2 ∫ ∫_t τ ūϕ_{xx}(x)dxds. Moreover we have that lim_{t→0} ū(x, t) = mδ(x) in the weak sense of measures in IR. In fact, let ϕ ∈ C^2_0 (IR) be a test function, then the above estimates yield | | ∫ u^λ(x, t)ϕ(x)dx − ∫ u^λ(x, 0)ϕ(x)dx | | ≤ Cmω2(t) + Cλte^{−λ2θ1t}. Since ∫ u^λ(x, 0)ϕ(x)dx → mϕ(0) as λ → ∞ (passing to a subsequence if necessary), the conclusion follows easily. Finally let us notice that, by standard arguments, the convergence of u^λ towards ū takes place not only in L^1_{loc} but actually in L^1, since lim_{k→∞} ∫ |x|≥k u^λ(x, t)dx = 0 , (4.8)

uniformly with respect to λ.

Therefore, from the estimates obtained above we observe that

ū(x, t) ∈ L^∞((0, ∞); L^1(IR)) ∩ L^∞(IR × (τ, ∞)),

is a solution to equation (2.3) in the sense of distributions and lim_{t→0} ū(x, t) = mδ(x) in the sense of bounded measures. Due to the uniqueness we have that ū(x, t) = θ_m and has been uniquely identified. We can replace now the sequence {u^{λj} } by the whole family {u^λ} in the limit process and we can conclude that u^λ converges to θ_m as λ → ∞.

5 Remarks on the decay rate

Let us discuss the sharpness of our decay rate. Set

M_p(t) = t^{p−12p} ‖u(·, t) − θ_m(·, t)‖_Lp_(IR_), our main result reads lim_{t→∞} M_p(t) → 0,

which means that t^{p−12p} θ is the L^p attractor of t^{p−12p} u. Different arguments by Chern [5] give the precise algebraic decay rate for a class of restricted initial data. His approach is to explore Fourier Transform combined with the weighted energy method. We would like to point out that usually one can only get the decay rate t^{− p−12p} for the general initial data as we considered in this paper. The extra decay rate t^{−1/2} is possible only by further specifying the initial data. Following Chern, we shall use Fourier transform to clarify the source of the decay rate for p = 2. Setting z := u − θ, w := v − f(θ) − a^2θ_x, then one gets

z_t + w_x = 0, w_t + a^2z_x = λ^∗z − w + H

with λ^∗ = f^′(0) and H = O(1)(|θθ_t||θ_{xt}| + |zθ| + |z|^2). By taking the Fourier transform of the linear part one gets the solution operator associated with the Green’s matrix, we have Ĝ(ξ, t) = e^{tR(iξ)}, R(iξ) = ( 0 −iξ λ^∗ − iξa^2 −1 )

By perturbations around ξ = 0 and |ξ| = ∞, one gets the following decay rate, see [5] |Ĝ(ξ, t)| ≤ { O(1)e^{−βt}, |ξ| ≥ ξ_0 O(1)[e^{−a2ξ2t} + |ξ|e^{−αξ2t} + e^{−βt}], |ξ| ≤ ξ_0 for some positive constants α > 0, β > 0. The above estimates give us the following

‖z(t)‖^2_L2 ≤ C_1t^{−1/2}[t^k‖D^k_xz_0‖^2_L1 + t^{−1}‖(z_0, w_0)‖_L1 ] + C_2e^{−2βt}‖(z_0, w_0)‖^2_L2 . (5.1)

Estimates for solutions of the full system then follow by estimating the solution formula obtained by the Duhamel’s principle combined with the energy method. In (5.1) there are three decay factors: t^{−1/2+k}, t^{−3/2} and e^{−βt}. For the integral data we have k = 0, then

M_2(t) = O(1),

that is even worse than our decay rate. Such rate may be really improved only by choosing k = −1, i.e. z_0 ∈ W^{−1,1}, then

M_2(t) = O(1)t^{−1/2}.

Let us recall that for the quasiliner hyperbolic equation with linear damping, the decay rates have been intensively studied. One way, see e.g. K. Nishihara [35], is to recover the extra decay rate in two steps by using weighted energy method combined with the pointwise analysis. First construct an approximate diffusion wave θ̃ starting with the initial data u_0 − v_{0x}, then the extra rate is obtained because the leading term for u and θ̃ is canceled in pointwise analysis for the chosen initial data. The second step is to measure the distance between θ and θ̃ by further assuming θ_0 − θ̃_0 ∈ W^{−1,1}. Clearly for general data with z_0 ∈ L^1(IR) one could only recover the rate t^{− p−12p} , which is optimal for u as well as for θ. For their difference z we show the fast decay in the sense of lim_{t→∞} M_p(t) = 0, 1 ≤ p < ∞, but probably at no uniform decay rate. However, it does not preclude an extra decay estimate of the form

M_p(t) ≤ O(1)t^{−1/2}‖V^0‖_L1_{∩H}s (5.2)

with V^0 = ( ∫_x −∞ z_0(y)dy, w_0). Chern [5] obtained exactly this sort of estimate like (5.2). Such an extra decay, roughly speaking, comes from the initial extra decay rate in space.

References

[1] M. Arora, Explicit characteristic–based high–resolution algorithms for hyperbolic conservation laws with stiff source terms, PhD Thesis, The University of Michigan, 1996.

[2] M. Arora, P. Roe, A fresh look at viscous conservation laws via equivalent relaxation systems, Proceedings of the 3rd International Congress on Industrial and Applied Mathematics, Hamburg, July 1995.

[3] F. Bouchut, F.R. Guarguaglini, R. Natalini, Diffusive BGK Approximations for Nonlinear Multidimensional Parabolic Equations, preprint (1999).

[4] G.Q. Chen, C.D. Levermore, T.-P. Liu, Hyperbolic conservation laws with stiff relaxation terms and entropy, Comm. Pure Appl. Math. 47 (1994), 787-830.

[5] I.-L. Chern, Long-time effect of relaxation for hyperbolic conservation laws, Math. Phys. 172 (1995), 39-55.

[6] C. Cercignani, R. Illner, and M. Pulvirenti, The mathematical theory of dilute gases. Springer–Verlag, New York, 1994.

[7] S. Claudi and F. R. Guarguaglini, Large time behaviour for the heat equation with absorption and convection, Adv. in Appl. Math. 16 (1995), 377–401.

[8] S. Claudi and F. R. Guarguaglini, Asymptotic behaviour for the heat equation with weak convection and absorption Asymptot. Anal., 16 (1998), 49–63.

[9] M. Escobedo, J. L. Vazquez and E. Zuazua, Asymptotic Behavior and source-type solutions for a diffusion equation, Arch. Rat. Mech. Anal. 124 (1993), 43-65.

[10] A. Friedman and S. Kamin The asymptotic behavior of gas in an n-dimensional porous medium, Trans. Amer. Math. Soc. 262, 551–563.

[11] F. R. Guarguaglini, Singular solutions and asymptotic behaviour for a class of conservation laws with absorption, Comm. Partial Differential Equations, 20 (1995), 1395–1425.

[12] L. Hsiao, T.-P. Liu, Convergence to nonlinear diffusion waves for solutions of a system of hyperbolic conservation laws with damping, Comm. Math. Phys. 143 (1992), 599-605.

[13] S. Jin and H.L. Liu, Diffusion limit of a hyperbolic system with relaxation, Methods Appl. Anal. 5 (1998), 317-334.

[14] S. Jin, L. Pareschi and G. Toscani, Diffusive relaxation schemes for multiscale discrete-velocity kinetic equations, SIAM J. Numer. Anal., 35 (1998), 2405–2439.

[15] S. Jin and Z. Xin, The relaxation schemes for systems of conservation laws in arbitrary space dimensions, Comm. Pure. Appl. Math. 48 (1995), 235-277.

[16] S. Kamin, Similar solutions and the asymptotics of filtration equations, Arch. Rational Mech. Anal. 60, 171–183.

[17] S.N. Kružkov, First order quasilinear equations in several independent variablesz, Math. USSR Sb. 10 (1970), 217–243.

[18] A. Kurganov and E. Tadmor, Stiff systems of hyperbolic conservation laws: convergence and error estimates, SIAM J. Math. Anal. 28 (1997), 1446–1456.

[19] T.G. Kurtz, Convergence of sequences of semigroups of nonlinear operators with an application to gas kinetic, Trans. Amer. Math. Soc. 186 (1973), 259–272.

[20] C. Lattanzio, R. Natalini, Convergence of diffusive BGK approximations to nonlinear parabolic systems, in preparation.

[21] P.L. Lions and G. Toscani, Diffusive limit for finite velocity Boltzmann kinetic models, Rev. Mat. Iberoamericana 13 (1997), 473–513.

[22] H. Liu, J. Wang and G. Warnecke, The lip^+-stability and error estimates for a relaxation scheme, Magdeburg University, preprint No. 14 (1999).

[23] H. Liu, J. Wang, and T. Yang, Stability of a relaxation model with a nonconvex flux, SIAM J. Math. Anal., 29 (1998), 18–29.

[24] H. Liu, C.W. Woo, and T. Yang, Decay rate for travelling waves of a relaxation model, J. Differential Equations, 134 (1997), 343–367.

[25] T. P. Liu, Hyperbolic conservation laws with relaxation, Comm. Math.

Phys. 108 (1987), 153-175.

[26] T. P. Liu and M. Pierre, Source solutions and asymptotic behavior in conservation laws, J. Differential Equations 51 (1984), 419-441.

[27] P. Marcati, B. Rubino, Parabolic relaxation limit for hyperbolic systems of conservation laws, Proceedings of the VIII International Conference on waves and stability in continuous media, Part I (Palermo, 1995). Rend. Circ. Mat. Palermo (2) Suppl. 45, part I (1996), 393–406.

[28] P. Marcati, B. Rubino, Hyperbolic to parabolic relaxation theory for quasilinear first order systems, preprint (1996).

[29] C. Mascia and R. Natalini, L^1 nonlinear stability of travelling waves of a hyperbolic system with relaxation, J. Differential Equations, 132 (1996), 275–292.

[30] H.P. McKean, The central limit theorem for Carleman’s equation, Israel J. math., 21 (1975), 54-92.

[31] G. Naldi, L. Pareschi, Numerical schemes for kinetic equations in diffusive regimes, Applied Math. Letters, 11, (1998), 29-35.

[32] R. Natalini, Convergence to equilibrium for the relaxation approximations of conservation laws, Comm. Pure Appl. Math. 49 (1996), 795-823.

[33] R. Natalini, A discrete kinetic approximation of entropy solutions to multidimensional scalar conservation laws, J. Differential Equations 148 (1998), 292–317.

[34] R. Natalini, Recent results on hyperbolic relaxation problems, Analysis of systems of conservation laws (Aachen, 1997), 128–198 Chapman & Hall/CRC, Boca Raton, FL, 1999.

[35] K. Nishihara, Asymptotic behavior of solutions of quasilinear hyperbolic equations with linear damping, J. Differential Equations 137 (1997), 384-395.

[36] D. Serre, private communication.

[37] E. Tadmor and T. Tang , Pointwise error estimates for relaxation approximations to conservation laws, preprint (1998).

[38] J.L. Vazquez, Large time behaviour of the solutions of the onedimensional porous media equation Free boundary problems: theory and applications, Vol. I, II (Montecatini, 1981), 167–177, Res. Notes in Math., 78, Pitman, Boston, Mass.-London, 1983.

[39] J.L. Vazquez, Asymptotic behaviour for the Porous Medium Equation in the whole space, Lecture Notes of Ph.D. Course 1996/97, Universidad Autnoma de Madrid (Spain).

[40] G. B. Whitham, Linear and Nonlinear Waves, Wiley, New York, 1974.