Diffusive BGK Approximations for Nonlinear Multidimensional Parabolic Equations^�

F. Bouchut^y, F. R. Guarguaglini^z and R. Natalini^x

Abstract

We introduce a class of discrete velocity BGK type approximations to multidimensional scalar nonlinearly diffusive conservation laws. We prove the well-posedness of these models, a priori bounds and kinetic entropy inequalities that allow to pass into the limit towards the unique entropy solution recently obtained by Carrillo. Examples of such BGK models are provided.

Key-words: Hyperbolic and parabolic nonlinear conservation laws – singular perturbation problems – BGK models – kinetic entropies

1 Introduction

Consider the Cauchy problem for the possibly degenerate parabolic equation ∂_tu + d∑ j=1 ∂_{xj} [A_j(u)] = Δ_x[B(u)], (x, t) ∈ R^d ×]0, ∞[, (1.1)

with initial data u(x, 0) = u_0(x), x ∈ R^d . (1.2)

We assume that the functions A_j and B are Lipschitz continuous and B^′ ≥ 0. The aim of this paper is to present a new class of approximations for equation (1.1) which satisfy some important requirements:

∗Work partially supported by European TMR project HCL # ERBFMRXCT960033 †Université d’Orléans et CNRS, UMR 6628, Département de Mathématiques, BP 6759, F–45067 Orléans cedex 2, France. E–mail: fbouchut@labomath.univ-orleans.fr ‡Dipartimento di Matematica Pura e Applicata, Universitá degli Studi di L’Aquila, Via Vetoio, I-67100 Coppito (L’Aquila), Italy. E–mail: guarguag@univaq.it §Istituto per le Applicazioni del Calcolo “M. Picone”, Consiglio Nazionale delle Ricerche, Viale del Policlinico 137, I–00161 Roma, Italia. E–mail: natalini@iac.rm.cnr.it

i) to have the same framework in both the hyperbolic (B^′ ≡ 0) and the parabolic (B^′ > 0) regime;

ii) to converge to the weak solutions to problem (1.1), and when it is needed also to the admissible solutions in the sense of Carrillo [11]. In this regards we recall that, even for smooth initial data, it is well known that a weak solution can lose its Lipschitz continuity (respectively, continuity) in finite time if B^′ = 0 at a given point (respectively, on some open interval). It is very important to design theoretical and numerical approximations which are able to take into account this kind of singularities;

iii) to keep the monotonicity and comparison properties, which are typical of equation (1.1).

Some other features seem to be advisable for a good approximation:

iv) an easy numerical implementation, even in the multidimensional case and in more complicate situations (source terms, variable coefficients...);

v) possibility to improve numerical schemes by using high order algorithms and different methods (finite differences, finite volumes...);

vi) a natural extension to general (strongly coupled) systems of diffusive conservation laws.

In the present paper we do not consider these three last issues, which will be investigated in [3] for numerical purposes and from an analytical point of view in [24] for the last point.

Let us now introduce our general kinetic BGK framework. Consider the following class of semilinear systems of conservation laws with source,

∂_tf^ϵ_i + d∑ j=1 γ^ϵ_{ij}∂_{xj} f^ϵ_i = 1 ϵ (M_i(ϵ, u^ϵ) − f^ϵ_i ) , i = 1, . . . , N, (1.3)

with initial condition f^ϵ_i (x, 0) = f^ϵ_{0i}(x), i = 1, . . . , N, (1.4)

where u^ϵ(x, t) = N∑ i=1 f^ϵ_i (x, t), (1.5) and γ^ϵ_{ij} := λ_{ij} + θ_{ij} √ ϵ (1.6) for some fixed constants λ_i = (λ_{i1}, . . . , λ_{id}), θ_i = (θ_{i1}, . . . , θ_{id}) ∈ R^d for i = 1, . . . , N, and for a suitable function M : [0, 1] × R → R^N .

In order to prove the convergence we make the following assumptions on the parameters λ_{ij}, θ_{ij} and on the function M on some fixed interval I:

(M_1) ∑_N i=1 M_i(ϵ, w) = w for all ϵ ∈]0, 1] and for all w ∈ I;

(M_2) ∑_N i=1 γ^ϵ_{ij}M_i(ϵ, w) = A_j(w) for all ϵ ∈]0, 1] and for all w ∈ I;

(M_3) ∑_N i=1 θ_{ij}θ_{ik}M_i(0, w) = δ_{jk}B(w) for all w ∈ I;

(M_4) M_i(ϵ, w) → M_i(0, w) when ϵ → 0, uniformly for w ∈ I.

If M satisfies the above conditions we call it a local Maxwellian Function for equation (1.1) on the interval I. Let us remark that in what follows we need to use the decay at zero of the solution as |x| → ∞ and therefore it is more convenient to normalize the maxwellian functions to have M(ϵ, 0) = 0 for all ϵ ∈ [0, 1].

It is easy to see that if the sequence u^ϵ converges to some limit function u in a suitable (strong) topology, then the limit function is a weak solution to equation (1.1). The rigorous proof of this fact will be given below (see Theorems 3.1 and 4.1). Here we prefer to give a more intuitive, although formal, justification. Setting v^ϵ_j := ∑_N i=1 γ^ϵ_{ij}f^ϵ_i , we have

∂_tu^ϵ + d∑ j=1 ∂_{xj} v^ϵ_j = 0,

∂_tv^ϵ_j + d∑ k=1 ∂_{xk} N∑ i=1 γ^ϵ_{ik}γ^ϵ_{ij}f^ϵ_i = 1 ϵ ( A_j(u^ϵ) − v^ϵ_j ) , for j = 1, . . . , d. Therefore we deduce that

v^ϵ_j = A_j(u^ϵ) − N∑ i=1 d∑ k=1 θ_{ij}θ_{ik}∂_{xk} f^ϵ_i + O( √ ϵ), and in the limit, using the condition (M_3), we find equation (1.1). Notice that a natural convergence rate in (M_4) would be as ϵ^{1/2}.

We recall that semilinear systems of conservation laws with a finite number of velocities were introduced in [33] to give approximate solutions to scalar conservation laws in several space dimensions. According to [33], we need also a stability condition for (1.3), namely

w → M_i(ϵ, w) is nondecreasing in I for any i = 1, ..., N, ϵ ∈]0, 1]. (1.7)

Maxwellian functions satisfying this will be called monotone Maxwellian functions (MMF).

We will prove that if M is a MMF on I = {u ∈ R : |u| ≤ ‖u_0‖_∞} and f^ϵ_0 (x) = M(ϵ, u_0) then {u^ϵ} converges in C([0, ∞); L^1_{loc}(R^d )) to the unique entropy solution to (1.1)-(1.2). By the way we obtain a new proof of existence of entropy solutions to (1.1)-(1.2) in the sense of [11], see also Section 4 below. The same tools as in [33] are involved, but we need here to take care of the singular linear transport term.

Let us recall now some basic facts about nonlinear parabolic and hyperbolic problems. It is well-known that these problems are in general not well–posed since, if the diffusion coefficient is not uniformly parabolic, i.e. B^′(u) = 0 for some values of u, the solutions can lose their regularity in finite time and general continuations in the weak sense do not need to be unique. Nevertheless if the diffusion coefficient is not too degenerate, that is when meas{u| B^′(u) = 0} = 0, the weak solutions are in general continuous and unique, see [40]. Another case where uniqueness of weak solutions can be established without any additional assumption, is when the first order terms A_j are identically equal to zero, as proved in [10].

On the other hand, when there exists some positive measure set where B^′(u) = 0, the problem becomes strongly degenerate, solutions are in general discontinuous and there is no uniqueness in the class of bounded measurable solutions. In this case, following the ideas by S.N. Kružkov we have to add some supplementary conditions, the so–called entropy conditions, in order to select a unique solution, with “good” mathematical properties.. This program has been carried out successfully by Kružkov himself for the pure hyperbolic case B ≡ 0 in [21], but for many years the general parabolic case was not completely solved. Actually it is quite easy to prove existence of entropy solutions to problem (1.1)-(1.2 by the artificial viscosity method [38], nonlinear semigroup methods [6] or monotone finite difference schemes [14]. On the contrary, uniqueness has been proved only recently by Wu and Yin [39], for BV solutions in the one dimensional case and finally by Carrillo [11] in the general setting.

In the last years a lot of papers were devoted to the study of the zero relaxation limit of various hyperbolic systems [27, 13, 20, 32, 33], see [34] and references therein. A general framework for discrete velocities approximations was proposed in [20, 2] to build numerical schemes for systems of conservation laws. Entropy conditions have been studied in [8] and a proof of convergence for systems with a convex invariant domain has been done in [37].

As concerning the nonlinear parabolic problems in a kinetic setting, the first idea is just to add a linear diffusion term in the transport equation, to have a sort of parabolic BGK approximation, see [9, 25] for some continuous velocities model and, more recently, [16] for a discrete velocities model.

Here we consider a quite different scaling to approach (quasilinear) parabolic problems by means of (semilinear) hyperbolic ones. On a physical ground this scaling corresponds to a “parabolic” scaling of the (x, t) variables, like (^x_ϵ ,^{t√}_ϵ ), in the kinetic equations, see for example [12], Ch. 11, and references therein for a discussion of the diffusive limits of the Boltzmann equation. Actually in our approach we are able to obtain in the limit both the hyperbolic and parabolic problems. Here, we just give an incomplete list of papers where diffusive limits have been investigated, see [13, 18, 19, 5, 28, 29].

For discrete velocities model, theoretical investigations start with the papers [22, 30] for the diffusive limit of Carleman equations. The general theory of convergence to equilibrium for two velocities models can be found in [26]. For some recent numerical investigations we refer to [23, 31, 15].

The paper is organized as follows. In Section 2 we obtain existence, L^∞−bounds independent of ϵ and comparison theorems for solutions to problem (1.3)-(1.4). The condition (1.7) will be crucial. In Section 3 we prove the compactness of the sequence {f^ϵ} and then in Section 4 the convergence result with the entropy inequalities. Finally, in Section 5 we present different examples of relaxation approximations to equation (1.1).

2 Global existence and uniform estimates

In this section we shall prove that if M is a Monotone Maxwellian Function on a suitable interval I, depending on the L^∞ norm of the initial data, then the Cauchy problem (1.3)-(1.4) has a globally bounded solution. We observe that to prove the results of this section we do not need assumptions (M_3) and (M_4). Actually these results were already proved in [33] and are reported here to make the paper selfcontained.

First let us recall some general results concerning semilinear diagonal hyperbolic systems [17]. Consider the Cauchy problem

∂_tf + d∑ j=1 Λ_j∂_{xj} f = G(f) (2.1)

with the initial condition f(x, 0) = f_0(x), (2.2)

where f := (f_1, f_2, . . . , f_N ) : R^d × R_+ → R^N , Λ_j = diag(λ_{1j}, . . . , λ_{Nj}) ∈ M^{N×N} , the function G(f) = (g_1(f), . . . , g_N (f)) : R^N → R^N is a given locally Lipschitz continuous function and f_0 = (f_{01}, . . . , f_{0N} ) ∈ L^∞(R^d )^N .

Definition 2.1 A function f ∈ L^∞(R^d × (0, T ))^N (T > 0) is a weak solution to the Cauchy problem (2.1)-(2.2) if, for all φ ∈ C^∞_0 (R^d × (0, T )) and every i = 1, . . . , N, it holds ∫_T 0 ∫ R^d [ f_i ( ∂_tφ + d∑ j=1 λ_{ij}∂_{xj} φ ) + g_i(f)φ ] dxdt = 0, (2.3) and, for any open set Ω ⊆ R^d ,

lim_{T →0+} 1 T ∫_T 0 ∫ Ω |f_i(x, t) − f_{0i}(x)| dxdt = 0. Proposition 2.1 For any f_0 ∈ L^∞(R^d )^N , there exists T > 0 (only depending on ‖f_0‖_∞) such that there exists a unique weak solution f to (2.1)-(2.2) in R^d × (0, T ) and f ∈ C([0, T ); L^1_{loc}(R^d )^N ). Moreover, there are only two possibilities: either f ∈ L^∞(R^d × (0, T ))^N for any T > 0, or there exists T^∗ < +∞ such that, for any T < T^∗, f is defined on R^d × (0, T ) and lim T →T^{∗−} ‖f‖_L∞_(Rd_{×(0,T ))} = +∞.

To have monotonicity properties of the system (2.1) we require the quasimonotonicity of the source term G [17, 36, 35], which is one of the main tools in the present paper. Proposition 2.2 Let f and f̂ be two weak solutions to problem (2.1)-(2.2) in

R^d × (0, T ) for the initial data f_0 and^^f_0, respectively. Let Q ⊆ R^N be an interval

(with non empty interior) such that the following quasimonotonicity condition holds:

each component g_i of G is non decreasing in f_j, for i ≠ j, for any f ∈ Q. If f, f̂ ∈ Q a.e. in R^d × (0, T ) and f_0 ≤ f̂_0 for almost every x ∈ R^d , then f ≤ f̂ for almost every (x, t) ∈ R^d × (0, T ). Now we can present our first result.

Theorem 2.1 Let u_0 ∈ L^∞(R^d ) ∩ L^1(R^d ) be fixed and set f^ϵ_0 = M(ϵ, u_0). Assume that M is a MMF on the interval I := {u ∈ R : |u| ≤ ‖u_0‖_∞}. Then, for all ϵ ∈]0, 1], there exists a unique global solution f^ϵ ∈ C([0, ∞); L^1_{loc}(R^d ))^N ∩ L^∞(R^d ×]0, ∞[)^N to the Cauchy problem (1.3)-(1.4). Moreover the following estimates hold: M_i(ϵ, −‖u_0‖_∞) ≤ f^ϵ_i ≤ M_i(ϵ, ‖u_0‖_∞), i = 1, . . . , N; (2.4) ‖u^ϵ‖_∞ ≤ ‖u_0‖_∞. (2.5) Proof. Set M^#_i (ϵ, u) = M_i(ϵ, −‖u_0‖_∞), u < −‖u_0‖_∞, M_i(ϵ, u), |u| ≤ ‖u_0‖_∞, M_i(ϵ, ‖u_0‖_∞)), u > ‖u_0‖_∞, for i = 1, . . . , N. Assume u_0 is a smooth function and let f^# ∈ Lip_{loc}(R^d × (0, ∞))^N be the corresponding (smooth) solution to problem (1.3)–(1.4) with M replaced by M^# and f^ϵ_0 = M(ϵ, u_0). Let T^δ = sup{T ≥ 0 : |u^{ϵ#}(x, t)| ≤ ‖u_0‖_∞ + δ 2 , a.e. in R^d × (0, T )}, where u^{ϵ#} = ∑_N i=1 f^{ϵ#}_i . Since the functions M^#_i are monotone nondecreasing on R, the system (1.3), with M^#, verifies the assumptions in Proposition 2.2. The solutions to the associated ordinary differential problem { ṗ^±_{ϵi}(t) =^1_ϵ (M^#_i (ϵ, v^±_ϵ ) − p^±_{ϵi}), p^±_{ϵi}(0) = M_i(ϵ, ±‖u_0‖_∞), for i = 1, . . . , N and v^±_ϵ = ∑_N i=1 p_{ϵi}, verify

v^±_ϵ (t) = v^±_ϵ (0) = N∑ i=1 M_i(ϵ, ±‖u_0‖_∞) = ±‖u_0‖_∞, p^±_{ϵi}(t) = M_i(ϵ, ±‖u_0‖_∞), i = 1, . . . , N. Then, by Proposition 2.2 and standard continuation arguments we obtain the claim for f^# and u^#. Since M = M^# on the range of u^#, by density arguments we obtain the conclusion. ⊓⊔

Under the hypothesis of the previous theorem we have the following contraction property in L^1.

Theorem 2.2 Under the assumptions of Theorem 2.1, let f̂^ϵ be another global solution with the same properties, associated to the initial condition f̂^ϵ_0 . Then

(a) if f^ϵ_0(x) ≤ f̂^ϵ_0(x) for almost every x ∈ R^d , then f^ϵ(x, t) ≤ f̂^ϵ(x, t) for almost every (x, t) ∈ R^d × R_+ ;

(b) for any 0 ≤ s ≤ t N∑ i=1 ∫ R^d |f^ϵ_i (x, t) − f̂^ϵ_i (x, t)| dx ≤ N∑ i=1 ∫ R^d |f^ϵ_i (x, s) − f̂^ϵ_i (x, s)| dx. (2.6) Proof. The claim in (a) can be obtained as in the previous proof, by using Proposition 2.2. To prove (b) we use the Duhamel’s formula f^ϵ_i (x, t) = e^{− t−sϵ} f^ϵ_i (x − γ^ϵ_i (t − s), s) + 1 ϵ ∫_t s e^{− t−τϵ} M_i(ϵ, u^ϵ(x − γ^ϵ_i (t − τ), τ)) dτ for i = 1, . . . , N, x ∈ R^d , t ≥ s ≥ 0, where γ^ϵ_i is the vector in R^d with components γ^ϵ_{ij}. A similar formula holds for f̂. Then multiplying by the function sgn(f^ϵ_i − f̂^ϵ_i ), integrating and taking the sum on the index i = 1, . . . , N we obtain N∑ i=1 ∫ R^d |f^ϵ_i (x, t) − f̂^ϵ_i (x, t)| dx ≤ e^{− t−sϵ} N∑ i=1 ∫ R^d |f^ϵ_i (x, s) − f̂^ϵ_i (x, s)| dx + ∫_t s e^{− t−τ}ϵ ϵ ∫ R^d N∑ i=1 |M_i(ϵ, u^ϵ(x, τ)) − M_i(ϵ, û^ϵ(x, τ))| dx dτ.

Since u^ϵ, û^ϵ ∈ I, the monotonicity property of M yields N∑ i=1 |M_i(ϵ, u^ϵ) − M_i(ϵ, û^ϵ)| ≤ N∑ i=1 |f^ϵ_i − f̂^ϵ_i |.

Now, setting μ^ϵ(t) := ∫ R^d ∑_N i=1 |f^ϵ_i (x, t) − f̂^ϵ_i (x, t)| dx, we have for 0 ≤ s ≤ t, μ^ϵ(t) ≤ e^{− t−sϵ} μ^ϵ(s) + 1 ϵ ∫_t s e^{− t−τϵ} μ^ϵ(τ) dτ which implies the conclusion. ⊓⊔

3 Convergence

In this section we prove the convergence, as ϵ → 0, of a subsequence of u^ϵ = ∑_N i=1 f^ϵ_i to a weak solution u to the Cauchy problem (1.1)-(1.2). Moreover we prove that the function f = lim_{ϵ→0} f^ϵ is a Maxwellian distribution, M(0, u) = f. The proof of the convergence theorem will follow after some preliminary results.

As a direct consequence of Theorem 2.2 we have the following proposition.

Proposition 3.1 Let u_0 ∈ L^∞(R^d ) ∩ L^1(R^d ) be fixed and set f^ϵ_0 = M(ϵ, u_0). Assume that M is a MMF on the interval I := {u ∈ R : |u| ≤ ‖u_0‖_∞} and let f^ϵ be the solution to problem (1.3)-(1.4). Then there exists a positive constant h_0 > 0 and a continuous nondecreasing function ω ∈ C([0, h_0]), not depending on ϵ and with ω(0) = 0, such that, for every t ≥ 0 ∫ R^d N∑ i=1 |f^ϵ_i (x + h, t) − f^ϵ_i (x, t)| dx ≤ ω(|h|), (3.1) for any h ∈ R^d , |h| ≤ h_0.

As regard to equicontinuity in t, we prove the following two propositions.

Proposition 3.2 Under the assumptions of Proposition 3.1, let u^ϵ = ∑_N i=1 f^ϵ_i . Then there exists a positive constant τ_0 and a continuous nondecreasing function ω : [0, τ_0] →

R, not depending on ϵ, with ω(0) = 0, such that for 0 ≤ t ≤ t + τ, τ ∈ (0, τ_0), ∫ R^d |u^ϵ(x, t + τ) − u^ϵ(x, t)|dx ≤ ω(τ). (3.2)

Proof. Thanks to Proposition 2.2 and Lemma 5 by Kružkov [21], which in particular

gives the condition to transport the control of the space modulus of continuity in L^1

to time equicontinuity with values in L^1, it is enough to prove that | | | ∫ R^d (u^ϵ(x, t + τ) − u^ϵ(x, t)) φ(x)dx | | | ≤ Cτ‖φ‖_{C2(}R_{d)}, for any φ ∈ C^2_0 (R^d ). (3.3)

Let γ^ϵ_i the vector in R^d with components γ^ϵ_{ij}. We have | | | | ∫ R^d (u^ϵ(x, t + τ) − u^ϵ(x, t))φ(x) dx | | | | = | | | | ∫ R^d ∫_{t+τ} t u^ϵ_t(x, s)φ(x) ds dx | | | | = | | | | ∫ R^d ∫_{t+τ} t N∑ i=1 d∑ j=1 γ^ϵ_{ij}f^ϵ_i (x, s)φ_{xj} (x) dx ds | | | | . In order to estimate the last term, let multiply by γ^ϵ_{ij} the equation for f^ϵ_i ; then by the

Duhamel’s formula we obtain | | | | | ∫_{t+τ} t ∫ R^d N∑ i=1 γ^ϵ_{ij}f^ϵ_i (x, r)φ_{xj} (x) dx dr | | | | | ≤ | | | | ∫_{t+τ} t ∫ R^d e^{− rϵ} N∑ i=1 γ^ϵ_{ij}M_i(ϵ, u_0(x − γ^ϵ_i r))φ_{xj} (x) dx dr | | | | + 1 ϵ | | | | ∫_{t+τ} t ∫ R^d ∫_r 0 e^{− r−sϵ} N∑ i=1 γ^ϵ_{ij}M_i(ϵ, u^ϵ(x − γ^ϵ_i (r − s), s))φ_{xj} (x) ds dx dr | | | | =: I^ϵ_1 + 1 ϵ I^ϵ_2.

As for I^ϵ_1 we have

I^ϵ_1 ≤ | | | | ∫_{t+τ} t ∫ R^d e^{− rϵ} N∑ i=1 γ^ϵ_{ij}M_i(ϵ, u_0(x))φ_{xj} (x) dx dr | | | | + | | | | | ∫_{t+τ} t ∫ R^d e^{− rϵ} N∑ i=1 γ^ϵ_{ij}M_i(ϵ, u_0(x)) ( φ_{xj} (x + γ^ϵ_i r) − φ_{xj} (x) ) dx dr | | | | | ≤ C_1‖φ‖_C2_(Rd_) ∫_{t+τ} t e^{− rϵ} ( 1 + r ϵ ) dr ≤ C_2τ‖φ‖_C2_(Rd_),

for suitable constants C_1 and C_2. Concerning I^ϵ_2, in similar way we obtain 1 ϵ I^ϵ_2 ≤ C_3‖φ‖_C2_(Rd_) ∫_{t+τ} t ∫_r 0 e^{− r−s}ϵ ϵ ( 1 + r − s ϵ ) ds dr ≤ C_4τ‖φ‖_C2_(Rd_),

for suitable constants C_3, C_4 and (3.3) follows. ⊓⊔

Proposition 3.3 Under the assumptions of Proposition 3.1, let f^ϵ be the solution to problem (1.3)-(1.4). Then for every ν > 0, there exists a positive constant τ_0 and a continuous nondecreasing function ω_ν : [0, τ_0] → R, not depending on ϵ, with ω_ν(0) = 0, such that for ν ≤ t ≤ t + τ, τ ∈ (0, τ_0), ∫ R^d N∑ i=1 |f^ϵ_i (x, t + τ) − f^ϵ_i (x, t)|dx ≤ ω_ν (τ), (3.4) for every 0 < ϵ < ν.

Proof. As in the previous proof, according again to Lemma 5 in [21], we have only to prove that there exists a positive constant C such that | | | ∫ R^d (f^ϵ_i (x, t + τ) − f^ϵ_i (x, t))φ(x) dx | | | ≤ Cτ‖φ‖^{C2(}R^{d)} for i = 1, . . . , N, ν ≤ t ≤ t + τ, for all φ ∈ C^2_0 (R^d ). The Duhamel’s formula gives ∫ R^d f^ϵ_i (x, t)φ(x) dx = ∫ R^d e^{− tϵ} f^ϵ_{0i}(x)φ(x + γ^ϵ_i t) dx + 1 ϵ ∫_t 0 e^{− t−sϵ} ∫ R^d M_i(ϵ, u^ϵ(x, s))φ(x + γ^ϵ_i (t − s)) dx ds. Then we have

I^ϵ(t) = | | | ∫ R^d (f^ϵ_i (x, t + τ) − f^ϵ_i (x, t))φ(x) dx | | | ≤ | | | | ∫ R^d ( e^{− t+τϵ} φ(x + γ^ϵ_i (t + τ)) − e^{− tϵ} φ(x + γ^ϵ_i t) ) f^ϵ_{0i}(x) dx | | | | + 1 ϵ | | | | ∫_{t+τ} 0 e^{− t+τ−sϵ} ∫ R^d M_i(ϵ, u^ϵ(x, s))φ(x + γ^ϵ_i (t + τ − s)) dx ds − ∫_t 0 e^{− t−sϵ} ∫ R^d M_i(ϵ, u^ϵ(x, s))φ(x + γ^ϵ_i (t − s)) dx ds | | | | =: I^ϵ_1 + 1 ϵ I^ϵ_2,

for ν ≤ t ≤ t + τ. As regard to I^ϵ_1 we have, for ν ≤ t ≤ t + τ

I^ϵ_1 ≤ | | | | ∫ R^d ( e^{− t+τϵ} − e^{− tϵ} ) φ(x + γ^ϵ_i (t + τ))f^ϵ_{0i}(x) dx | | | | + | | | ∫ R^d e^{− tϵ} (φ(x + γ^ϵ_i (t + τ)) − φ(x + γ^ϵ_i t))f^ϵ_{0i}(x) dx | | | ≤ e^{− νϵ} τ ( 1 ϵ + c_1 √ ϵ ) ‖f^ϵ_{0i}‖_L1_(Rd_)‖φ‖_C1_(Rd_) ≤ c_2τ‖φ‖_C1_(Rd_) for suitable constants c_1, c_2. As for I^ϵ_2 we have

I^ϵ_2 ≤ | | | | ∫_t 0 e^{− t−sϵ} ∫ R^d [M_i(ϵ, u^ϵ(x, s + τ)) − M_i(ϵ, u^ϵ(x, s))] φ(x + γ^ϵ_i (t − s)) dx dt | | | | + | | | | ∫_0 −τ e^{− t−sϵ} ∫ R^d M_i(ϵ, u^ϵ(x, s + τ))φ(x + γ^ϵ_i (t − s)) dx ds | | | | ≤ τ‖φ‖_C2_(Rd_) [ ϵc_3 ( 1 − e^{− tϵ} ) + c_4e^{− tϵ} ‖u_0‖_L1_(Rd_) ] , for suitable constants c_3, c_4; here we used inequality (3.3), the monotonicity of M_i and the fact that |M_i(ϵ, w)| ≤ |w|, for every w ∈ I. Then we have 1 ϵ I^ϵ_2 ≤ c_5τ‖φ‖_C2_(Rd_)

and the claim follows. ⊓⊔

The following proposition gives an estimate of the deviation from the equilibrium in the L^1 norm.

Proposition 3.4 Under the assumptions of Proposition 3.1, suppose that the initial data u_0 is of bounded variation. Then there exists a positive constant C such that, for every ϵ ∈]0, 1] and for every t > 0 N∑ i=1 ∫ R^d |f^ϵ_i − M_i(ϵ, u^ϵ)|dx ≤ C √ ϵ N∑ i=1 ‖f^ϵ_{0i}‖_{BV (}Rd_). (3.5)

Proof. For any ϵ ∈]0, 1] take smooth initial data. Then we have

∂_t (f^ϵ_i − M_i(ϵ, u^ϵ)) + 1 ϵ (f^ϵ_i − M_i(ϵ, u^ϵ)) = − d∑ j=1 [ γ^ϵ_{ij}∂_{xj} f^ϵ_i + M^′_i (ϵ, u^ϵ) N∑ k=1 γ_{kj}∂_{xj} f^ϵ_k ] .

Multiplying by sgn(f^ϵ_i − M_i(ϵ, u^ϵ)) and integrating, by standard methods we obtain

∫ R^d N∑ i=1 |f^ϵ_i − M_i(ϵ, u^ϵ)| dx = ∫_t 0 ∫ R^d e^{− t−sϵ} N∑ i=1 sgn(f^ϵ_i − M_i(ϵ, u^ϵ)) × d∑ j=1 [ − ( λ_{ij} + θ_{ij} √ ϵ ) ∂_{xj} f^ϵ_i + M^′_i (ϵ, u^ϵ) N∑ k=1 ( λ_{kj} + θ_{kj} √ ϵ ) ∂_{xj} f^ϵ_k ] dx ds

≤ ( C_1 +

C_2 √ ϵ ) (∫_t 0 e^{− t−sϵ} ∫ R^d N∑ i=1 d∑ j=1 |∂_{xj} f^ϵ_i | dx ds )

≤ C √ ϵ N∑ i=1 ‖f^ϵ_{0i}‖_{BV (}Rd_).

for suitable C_1, C_2 and C. Here we used Proposition 3.1. Then, by density arguments we obtain the claim. ⊓⊔

Now we can prove our convergence theorem.

Theorem 3.1 Let u_0 ∈ L^∞(R^d ) ∩ L^1(R^d ) be fixed, assume that M is a MMF on the interval I = {u ∈ R : |u| ≤ ‖u_0‖_∞} and set f^ϵ_{0i} = M_i(ϵ, u_0). Let f^ϵ ∈ C([0, ∞[; L^1_{loc}(R^d )^N ) ∩ L^∞(R^d ×]0, ∞[)^N be the solution to problem (1.3)-(1.4) given by Theorem 2.1. Then there exists a subsequence {f^{ϵk} } of {f^ϵ} and a bounded function f such that f^{ϵk} → f in C([0, ∞); L^1_{loc}(R^d )) (3.6) as ϵ_k → 0. Moreover the function u := ∑_N i=1 f_i is a weak solution to problem (1.1)- (1.2).

Proof. From Propositions 3.1 and 3.3 we obtain the relatively compactness of the sequence {f^ϵ} in C([ν, ∞[; L^1_{loc}(R^d )^N ), for every ν > 0.

In order to prove that the convergence holds also around t = 0, we consider a sequence {u_{0n}} ⊂ C^∞_0 (R^d ) converging to u_0 in L^1(R^d ) and the corresponding solutions u^{ϵn} and f^{ϵn}. We have N∑ i=1 ‖f^{ϵn}_{0i} ‖_{BV (}Rd_) ≤ c_1n N∑ i=1 ‖f_{0i}‖_L1_(Rd_), (3.7)

where c_1 is a suitable constant. For every ϵ < 1, we choose n = ϵ^{− 1}4 in the following inequality N∑ i=1 ∫ R^d |M_i(ϵ, u^ϵ) − f^ϵ_i | dx ≤ N∑ i=1 ∫ R^d |f^{ϵn}_i − M_i(ϵ, u^{ϵn})| dx

+ N∑ i=1 ∫ R^d |f^ϵ_i − f^{ϵn}_i | dx + N∑ i=1 ∫ R^d |M_i(ϵ, u^{ϵn}) − M_i(ϵ, u^ϵ)| dx. Now, using Proposition 3.4 and (3.7), we get that the first term on the right-hand side goes to zero for ϵ → 0, for t ∈ [0, ∞), while, thanks to Theorem 2.2 and to the Lipschitz continuity of M with respect to u we derive the same result for the last two terms. Therefore, we conclude that for i = 1, . . . , N ∫ R^d |f^ϵ_i (x, t) − M_i(ϵ, u^ϵ(x, t))| dx → 0 when ϵ → 0, for t ∈ [0, ∞[. (3.8) But according to Propositions 3.1 and 3.2, u^ϵ is compact in C([0, ∞[, L^1_{loc}(R^d )), thus M_i(ϵ, u^ϵ) is compact in C([0, ∞[, L^1_{loc}(R^d )) (use (M_4)). Therefore, f^ϵ_i is also compact in C([0, ∞[, L^1_{loc}(R^d )) by (3.8).

The last result of our statement, namely the weak consistency of our approximation, will follow from Theorem 4.1 in the next section. ⊓⊔

4 Consistency with entropy inequalities

This section is devoted to the proof that the limit u of the relaxation system obtained as ϵ → 0 is indeed the right entropy solution to (1.1). We have the following result.

Theorem 4.1 The function u ∈ C([0, ∞[, L^1_{loc}(R^d )) ∩ L^∞ obtained in Theorem 3.1 satisfies for any convex Lipschitz function η : R → R ∂_t[η(u)] + div[G_η(u)] − Δ[B_η(u)] ≤ 0 in R^d ×]0, ∞[, (4.1) with G^′_η = η^′A^′, B^′_η = η^′B^′, (4.2) and ∇_x[B(u)] ∈ L^2(R^d ×]0, ∞[). (4.3)

According to [11], conditions (4.1) and (4.3) ensure the well-posedness of the Cauchy problem (1.1)-(1.2). Therefore, by uniqueness, it is not necessary to extract any subsequence, the whole family u^ϵ converges to u. Proof of Theorem 4.1. In what follows, the notation g^ϵ(x, t) = O(ϵ^α) (4.4) for some α ∈ R has to be understood in the sense of distributions in (x, t). More explicitly, it means that for any φ ∈ C^∞_c (R^d ×]0, ∞[) |⟨g^ϵ, φ⟩| ≤ C_φϵ^α, ϵ ≤ 1, (4.5) for some constant C_φ independent of ϵ. Similarly, the notation g^ϵ = o(ϵ^α) means that g^ϵ/ϵ^α → 0 in the sense of distributions as ϵ → 0.

Let us first prove weak consistency with (1.1). We have obtained in the proof of Theorem 3.1 that (up to a subsequence) f^ϵ_i − M_i(ϵ, u^ϵ) = o(1). (4.6) Putting this in (1.3) gives M_i(ϵ, u^ϵ) − f^ϵ_i = ϵ ( ∂_tM_i(ϵ, u^ϵ) + div γ^ϵ_i M_i(ϵ, u^ϵ) + o(ϵ^{−1/2}) ) = ϵ div γ^ϵ_i M_i(ϵ, u^ϵ) + o(ϵ^{1/2}).

(4.7) Therefore, ∑ i γ^ϵ_{ij}f^ϵ_i = ∑ i γ^ϵ_{ij}M_i(ϵ, u^ϵ) − ∑ i γ^ϵ_{ij}ϵ div γ^ϵ_i M_i(ϵ, u^ϵ) + o(1) = A_j(u^ϵ) − ∂_{xj} B(u^ϵ) + o(1),

(4.8)

where we have used (M_2) and ϵ ∑ i γ^ϵ_{ij}γ^ϵ_{ik}M_i(ϵ, w) = B(w)δ_{jk} + o(1), (4.9) which comes from (M_3) and (M_4). Now, by summing up (1.3) with respect to i and by using (4.8) we get ∂_tu^ϵ + ∑ j ∂_jA_j(u^ϵ) − ΔB(u^ϵ) = o(1), (4.10)

and when ϵ → 0 we recover (1.1).

Now, in order to obtain entropy inequalities, we are going to use the convex kinetic entropies H^ϵ_{ηi} associated to each convex entropy η. According to [8], they can be obtained as follows. For any convex and globally Lipschitz continuous function

η : R → R, we have the identity η(w) = ∫ R 1 2 (|w − k| − |k|) η^{′′}(k) dk + 1 2 (η^′(−∞) + η^′(∞)) w + η(0). (4.11) Since for a Kružkov entropy η_k(w) = |w − k| − |k| (4.12) the kinetic entropy is given by H^ϵ_{ki}(f) = |f −M_i(ϵ, k)|−|M_i(ϵ, k)|, for a general entropy function η we can take H^ϵ_{ηi}(f) = ∫ R 1 2 (|f − M_i(ϵ, k)| − |M_i(ϵ, k)|) η^{′′}(k) dk + 1 2 f (η^′(−∞) + η^′(∞)) ,

(4.13) which is convex in f and has a Lipschitz constant independent of ϵ. In order to simplify technical discussions, we are going to make first a simplifying assumption. The modifications for the general case will then be indicated. Non degenerate case. Let us assume that M_i(ϵ, ·) is strictly increasing in I = {u ∈ R : |u| ≤ ‖u_0‖_∞}, (4.14) and let us consider only entropies η ∈ C^2. In any case, we can let η tend to a Kružkov entropy at the end and recover ”irregular” entropies. Now for such C^2 entropies, (4.14) ensures that H^ϵ_{ηi} ∈ C^1([M_i(ϵ, −‖u_0‖_∞), M_i(ϵ, ‖u_0‖_∞)]). From (4.13), we have our basic identity H^ϵ_{ηi}^′ (M_i(ϵ, w)) = η^′(w), w ∈ I. (4.15) From this and from (M_1), (M_2) we easily deduce that ∑ i H^ϵ_{ηi} (M_i(ϵ, w)) = η(w) − η(0), (4.16) ∑ i γ^ϵ_i H^ϵ_{ηi} (M_i(ϵ, w)) = G_η(w), (4.17)

the entropy flux defined by G^′_η = η^′A^′, G_η(0) = 0. (4.18) Similarly, from (M_3) we get ∑ i θ_{ij}θ_{ik}H^0_{ηi} (M_i(0, w)) = B_η(w)δ_{jk}, (4.19)

with B^′_η = η^′B^′, B_η(0) = 0. (4.20) Together with (M_4), it yields ∑ i ϵγ^ϵ_{ij}γ^ϵ_{ik}H^ϵ_{ηi} (M_i(ϵ, w)) = B_η(w)δ_{jk} + o(1). (4.21)

Let us now multiply (1.3) by H^ϵ_{ηi}^′(f^ϵ_i ), which is possible since H^ϵ_{ηi} ∈ C^1. We get

∂_tH^ϵ_{ηi}(f^ϵ_i ) + div γ^ϵ_i H^ϵ_{ηi}(f^ϵ_i ) = H^ϵ_{ηi}^′(f^ϵ_i ) M_i(ϵ, u^ϵ) − f^ϵ_i ϵ . (4.22)

If we choose η such that η(0) = 0, η^′(0) = 0, then H^ϵ_{ηi}(M_i(ϵ, 0)) = 0, H^ϵ_{ηi}^′(M_i(ϵ, 0)) = 0 and thus H^ϵ_{ηi} ≥ 0. Integrating (4.22) over a cone and letting it tend to infinity gives after summing up with respect to i ∑ i ∫ R^d H^ϵ_{ηi}(f^ϵ_i (x, T ))dx + ∑ i ∫_T 0 ∫ R^d [ H^ϵ_{ηi}^′(f^ϵ_i ) − H^ϵ_{ηi}^′(M_i(ϵ, u^ϵ)) ] f^ϵ_i − M_i(ϵ, u^ϵ) ϵ dtdx = ∑ i ∫ R^d H^ϵ_{ηi}(f^ϵ_i (x, 0))dx, (4.23) where we have used (4.15). Then since u_0 ∈ L^1, ∑ i ∫ H^ϵ_{ηi} (f^ϵ_i (x, 0)) dx = ∫ ∑ i H^ϵ_{ηi} (M_i(ϵ, u_0(x))) dx = ∫ η(u_0(x)) dx < ∞, (4.24)

and therefore the left-hand side of (4.23) is finite and bounded independently of T , ϵ. Next, by choosing η(w) = w^2/2, w ∈ I, and by denoting by w^ϵ_i (x, t) a function such that f^ϵ_i (x, t) = M_i(ϵ, w^ϵ_i (x, t)), (4.25) which is possible by (2.4), we have thanks to (4.15)

H^ϵ_{ηi}^′(f^ϵ_i ) − H^ϵ_{ηi}^′(M_i(ϵ, u^ϵ)) = H^ϵ_{ηi}^′(M_i(ϵ, w^ϵ_i (x, t)) − H^ϵ_{ηi}^′(M_i(ϵ, u^ϵ(x, t))) = η^′(w^ϵ_i (x, t)) − η^′(u^ϵ(x, t)) = w^ϵ_i (x, t) − u^ϵ(x, t). (4.26)

Therefore, since M_i(ϵ, ·) has Lipschitz constant 1,

(H^ϵ_{ηi}^′(f^ϵ_i ) − H^ϵ_{ηi}^′(M_i(ϵ, u^ϵ)))(f^ϵ_i − M_i(ϵ, u^ϵ)) = (w^ϵ_i (x, t) − u^ϵ(x, t))(M_i(ϵ, w^ϵ_i (x, t)) − M_i(ϵ, u^ϵ(x, t))) ≥ [M_i(ϵ, w^ϵ_i (x, t)) − M_i(ϵ, u^ϵ(x, t))]^2 = [f^ϵ_i − M_i(ϵ, u^ϵ)]^2 .

(4.27)

Thus we obtain the estimate ∑ i ∫_∞ 0 ∫ R^d [f^ϵ_i − M_i(ϵ, u^ϵ)]^2 dtdx ≤ ϵ ∫ u_0(x)^2 2 dx. (4.28)

This estimate has to be compared to (3.5). Let us now consider again a convex Lipschitz entropy η ∈ C^2 satisfying η(0) = 0, η^′(0) = 0, and let us prove the entropy inequality (4.1). The constraint η^′(0) = 0 can be removed afterwards since we have proved that u is a weak solution to (1.1). We are going to perform the same analysis as in (4.6)-(4.10), but starting from (4.22) instead of (1.3). We have from (4.22), (4.28) and (4.21) ∑ i γ^ϵ_{ij}H^ϵ_{ηi}^′(f^ϵ_i )(M_i(ϵ, u^ϵ) − f^ϵ_i ) = ∂_t ∑ i ϵγ^ϵ_{ij}H^ϵ_{ηi}(f^ϵ_i ) + div ∑ i ϵγ^ϵ_{ij}γ^ϵ_i H^ϵ_{ηi}(f^ϵ_i ) = div ∑ i ϵγ^ϵ_{ij}γ^ϵ_i H^ϵ_{ηi}(M_i(ϵ, u^ϵ)) + O(ϵ^{1/2})

= ∂_{xj} B_η(u^ϵ) + o(1).

(4.29)

But we notice that by convexity of H^ϵ_{ηi},

0 ≤ H^ϵ_{ηi}(M_i(ϵ, u^ϵ)) − H^ϵ_{ηi}(f^ϵ_i ) − H^ϵ_{ηi}^′(f^ϵ_i )(M_i(ϵ, u^ϵ) − f^ϵ_i ) ≤ ( H^ϵ_{ηi}^′(M_i(ϵ, u^ϵ)) − H^ϵ_{ηi}^′(f^ϵ_i ) ) (M_i(ϵ, u^ϵ) − f^ϵ_i ) ,

(4.30) and according to (4.23) this is bounded in L^1_{tx} by Cϵ. Therefore, with (4.17) and (4.29) ∑ i γ^ϵ_{ij}H^ϵ_{ηi}(f^ϵ_i ) = ∑ i γ^ϵ_{ij}H^ϵ_{ηi}(M_i(ϵ, u^ϵ)) − ∑ i γ^ϵ_{ij}H^ϵ_{ηi}^′(f^ϵ_i ) (M_i(ϵ, u^ϵ) − f^ϵ_i ) + O(ϵ^{1/2})

= G_{ηj} (u^ϵ) − ∂_{xj} B_η(u^ϵ) + o(1). (4.31) We have also according to (4.28) and (4.16) ∑ i H^ϵ_{ηi}(f^ϵ_i ) = ∑ i H^ϵ_{ηi}(M_i(ϵ, u^ϵ)) + O(ϵ^{1/2}) = η(u^ϵ) + O(ϵ^{1/2}). (4.32)

Finally, by summing up (4.22) with respect to i and by (4.31), (4.32), we obtain ∂_tη(u^ϵ) + div G_η(u^ϵ) − ΔB_η(u^ϵ) = ∑ i [ H^ϵ_{ηi}^′(f^ϵ_i ) − H^ϵ_{ηi}^′(M_i(ϵ, u^ϵ)) ] M_i(ϵ, u^ϵ) − f^ϵ_i ϵ + o(1), (4.33)

and since the term on the right-hand side is non-positive, it provides at the limit ∂_tη(u) + div G_η(u) − ΔB_η(u) ≤ 0. (4.34) In order to prove the regularity of B(u), we notice that according to (4.28), [M_i(ϵ, u^ϵ)− f^ϵ_i ]/ϵ^{1/2} is bounded in L^2_{tx}. But (4.7) tells that it tends to div θ_iM_i(0, u) in the sense of distributions. Therefore, div θ_iM_i(0, u) ∈ L^2(R^d ×]0, ∞[), and M_i(ϵ, u^ϵ) − f^ϵ_i ϵ^{1/2} ⇀ div θ_iM_i(0, u) in L^2(R^d ×]0, ∞[) − weak, (4.35) ∑ i ∫_∞ 0 ∫ R^d |div θ_iM_i(0, u)|^2 dtdx ≤ ∫ R^d u_0(x)^2 2 dx. (4.36)

Then, by (M_3), ∂_{xk} B(u) = ∑ i θ_{ik} div θ_iM_i(0, u) ∈ L^2(R^d ×]0, ∞[). (4.37)

General case. Let us here indicate what are the modifications to the proof above when we do not make the non-degeneracy assumption (4.14), and when dealing with non smooth entropies η. The summation formulas (4.16), (4.17), (4.19) remain valid, this can be seen by the integral formulas (4.11) and (4.13) which allow to only check that they hold for linear and for Kružkov entropies. In that case it reduces to a simple computation, for example for (4.16) ∑ i |M_i(ϵ, w) − M_i(ϵ, k)| = ∑ i sgn(w − k)[M_i(ϵ, w) − M_i(ϵ, k)] = sgn(w − k)(w − k) = |w − k|. (4.38)

Therefore, (4.21) is also valid.

In the following, we use the functions η^′ and H^ϵ_{ηi}^′. Since they are discontinuous, we have to precise their value at discontinuities, and we just prescribe them to take an arbitrary value between left and right limits. Indeed, according to [7], since ∂_tf^ϵ_i + ∑_d j=1 γ^ϵ_{ij}∂_{xj} f^ϵ_i = (M_i(ϵ, u^ϵ) − f^ϵ_i )/ϵ ∈ L^1_{loc}, this quantity vanishes almost everywhere where f^ϵ_i remains in a set of measure zero. Therefore, H^ϵ_{ηi}^′(f^ϵ_i )(M_i(ϵ, u^ϵ) − f^ϵ_i ) is well defined and does not depend on the representative of H^ϵ_{ηi}^′ that is chosen. Then, (4.22) holds and we notice that ( H^ϵ_{ηi}^′(f^ϵ_i ) − η^′(u^ϵ) ) (f^ϵ_i − M_i(ϵ, u^ϵ)) ≥ 0. (4.39)

Indeed by the representation formulas (4.11), (4.13), it is enough to prove that it holds for a Kružkov entropy (4.12). In that case, writing

f^ϵ_i − M_i(ϵ, u^ϵ) = f^ϵ_i − M_i(ϵ, k) + M_i(ϵ, k) − M_i(ϵ, u^ϵ), (4.40)

we obtain

[sgn(f^ϵ_i − M_i(ϵ, k)) − sgn(u^ϵ − k)] [f^ϵ_i − M_i(ϵ, u^ϵ)] = |f^ϵ_i − M_i(ϵ, k)| + sgn(f^ϵ_i − M_i(ϵ, k))(M_i(ϵ, k) − M_i(ϵ, u^ϵ)) + |M_i(ϵ, k) − M_i(ϵ, u^ϵ)| − sgn(u^ϵ − k)(f^ϵ_i − M_i(ϵ, k)) ≥ 0, (4.41)

which holds whatever value in [−1, 1] takes the sign at 0. Similarly, we have

H^ϵ_{ηi}(f^ϵ_i ) ≥ H^ϵ_{ηi}(M_i(ϵ, u^ϵ)) + η^′(u^ϵ)(f^ϵ_i − M_i(ϵ, u^ϵ)), (4.42)

which can be checked again for Kružkov entropies by using (4.40). According to [8], this inequality generalizes (4.15), it can be written in terms of subdifferentials ∂H^ϵ_{ηi}(M_i(ϵ, w)) ∋ η^′(w), w ∈ I. Then we take η satisfying η(0) = 0, η ≥ 0, which implies that H^ϵ_{ηi}(M_i(ϵ, 0)) = 0, H^ϵ_{ηi} ≥ 0, and we obtain (4.23) with H^ϵ_{ηi}^′(M_i(ϵ, u^ϵ)) replaced by η^′(u^ϵ).

In order to generalize (4.27), we take η even such that η(w) = w^2/2, w ∈ I and η^{′′}(w) = 0, w /∈ I. By (4.11), (4.13) and since M^′_i ≤ 1, ( H^ϵ_{ηi}^′(f^ϵ_i ) − η^′(u^ϵ) ) (f^ϵ_i − M_i(ϵ, u^ϵ)) = ∫ R 1 2 [sgn(f^ϵ_i − M_i(ϵ, k)) − sgn(u^ϵ − k)] [f^ϵ_i − M_i(ϵ, u^ϵ)]η^{′′}(k) dk ≥ ∫ I 1 2 [sgn(f^ϵ_i − M_i(ϵ, k)) − sgn(u^ϵ − k)] [f^ϵ_i − M_i(ϵ, u^ϵ)]M^′_i (ϵ, k) dk = 1 2 [( −|f^ϵ_i − M_i(ϵ, k)| + sgn(u^ϵ − k)(M_i(ϵ, u^ϵ) − M_i(ϵ, k)) ) (f^ϵ_i − M_i(ϵ, u^ϵ)) ]_{‖u0‖∞} −‖u0‖∞ = (f^ϵ_i − M_i(ϵ, u^ϵ))^2 . (4.43)

Thus we obtain the estimate (4.28). The remainder of the proof is identical, except that we replace H^ϵ_{ηi}^′(M_i(ϵ, u^ϵ)) by η^′(u^ϵ) everywhere. ⊓⊔

Remark. The right-hand side of (4.33) formally tends to − ∑ i H^0_{ηi}^{′′}(M_i(0, u)) (div θ_iM_i(0, u))^2 = −η^{′′}(u)B^′(u)|∇u|^2, (4.44)

which can be seen by computing H^0_{ηi}^{′′}(M_i(0, u)) by differentiating (4.15). This term is the one that should stand in the right-hand side of (4.1) for smooth solutions to (1.1).

5 Examples

This section is devoted to present some examples of relaxation systems of kind (1.3)- (1.4) to approximate parabolic equations in the class (1.1). Example 1 We first deal with the one-dimensional case ∂_tu + ∂_xA(u) = ∂_{xx}B(u), (x, t) ∈ R×]0, ∞[, (5.1) u(x, 0) = u_0(x), x ∈ R, (5.2) where u_0 ∈ L^∞(R) ∩ L^1(R), A, B ∈ Lip_{loc}(R) and B^′(u) ≥ 0. We want to present an approximation system with M not depending on ϵ. The compatibility conditions read now i) ∑_N i=1 M_i(u) = u; ii) ∑_N i=1 λ_iM_i(u) = A(u); iii) ∑_N i=1 θ^2_i M_i(u) = B(u); iv) ∑_N i=1 θ_iM_i(u) = 0.

Taking N = 4 and fixing λ > 0 we have as a possible choice of the coefficients

λ_1 = −λ, λ_2 = λ, λ_3 = λ_4 = 0;

θ_1 = θ_2 = 0, θ_3 = − √ λ, θ_4 = √ λ,

M_1(u) = 1 2 ( u − A(u) + B(u) λ ) , M_2(u) = 1 2 ( u + A(u) − B(u) λ ) , M_3(u) = M_4(u) = B(u) 2λ .

We have convergence provided that

λ ≥ max_I |A^′| + max_I B^′,

where I = {u ∈ R : |u| ≤ ‖u_0‖_L∞_(R_)}.

Example 2 Consider now the d-dimensional case ∂_tu + d∑ j=1 ∂_{xj} A_j(u) = ΔB(u), (x, t) ∈ R^d ×]0, ∞[, (5.3)

u(x, 0) = u_0(x), x ∈ R^d , (5.4) where u_0 ∈ L^∞(R^d ) ∩ L^1(R^d ), A_j, B ∈ Lip_{loc}(R) and B^′(u) ≥ 0.

As in the first example we obtain an approximation system with the functions M_i not depending on ϵ with N = 3d + 1. In fact, fix λ > 0 and set λ_{ij} = −δ_{ij}λ for i = 1, . . . , d, λ_{ij} = 0 for i = d + 1, . . . , N − 1, λ_{Nj} = λ for j = 1, . . . , d; θ_{ij} = 0 for i ≠ j + d, j + 2d, θ_{j+d,j} = − √ λ, θ_{j+2d,j} = √ λ, for j = 1, . . . , d. The corresponding Maxwellian function is now given, for i = 1, . . . , d, by

M_i(u) = 1 d + 1 [ u + ∑ j≠i A_j(u) λ − d ( B(u) + A_i(u) λ )] , M_{i+d} = M_{i+2d} = B(u) 2λ , and finally

M_N = 1 d + 1 ( u + d∑ j=1 A_j(u) λ − d B(u) λ ) . The quasimonotonicity of the system is ensured by the condition λ ≥ d ( max_I { d∑ j=1 |A^′_j| + B^′} ) .

Example 3

Here we present a general procedure to construct a relaxation system (1.3) for equation (5.3). Fix N, N ∈ N such that d < N < N − d; for any vector V ∈ R^N we denote by V^I ∈ R^N and V^{II} ∈ R^{N−N} respectively the vector obtained by the first N components of V and the vector obtained by the last N − N ones. Let ν, μ vectors in

R^N such that

ν_i = 1 for i = 1, . . . , N, ν_i = 0 for i = N + 1, . . . , N, μ_i = −α for i = 1, . . . , N, μ_i = 1 for i = N + 1, . . . , N, with α > 0 and Nα = N − N.

Now we fix {λ^I_j }_{j=1,...,d} an orthogonal system in the orthogonal space to ν^I and λ^{II}_j , for j = 1, . . . , d, vectors in the orthogonal space to μ^{II}; moreover we fix β > 0, {σ_j}_{j=1,...,d} an orthonormal system of vectors in R^{N−N} in the orthogonal space to μ^{II} and we set θ^I_j equal to the null vector for all j = 1, . . . , d and θ^{II}_j = βσ_j for j = 1, . . . , d.

As for the Maxwellian functions we set, for i = 1, . . . , N,

M_i(u) = ( u N + d∑ k=1 A_k(u)λ_{ik} |λ^I_k|^2 ) ν_i + B(u) β^2 μ_i. The monotonicity conditions require that

M^′_i (u) = 1 N + d∑ k=1 A^′_k(u) |λ^I_k|^2 λ_{ik} − α B^′(u) β^2 ≥ 0, for i = 1, . . . , N,

then we have conditions on λ_{ij} for i = 1, . . . , N, j = 1, . . . , d and on |θ_j|.

In the one-dimensional case it is possible to use a similar procedure, with 1 ≤ N < N −1 to construct a relaxation approximation to (5.3)-(5.4) with Maxwellian functions depending on ϵ. We fix λ^I , λ^{II} vectors in the orthogonal spaces respectively to ν^I and μ^{II} ; moreover we set θ^I the null vector in R^N and θ^{II} an orthogonal vector to μ^{II}. Finally the Maxwellian functions are defined by M(u) = u N ν + γA(u) |γ|^2 + B(u) |θ|^2 μ.

For instance take N = 3. Let N = 1, λ_1 = θ_1 = 0, λ_2 = −λ_3 = λ > 0, θ_2 = −θ_3 = θ > 0; then we have M_1(ϵ, u) = u − B(u) θ^2 ,

M_2(ϵ, u) = ( λ +^{θ√}_ϵ )

2 | |λ +^{θ√}_ϵ | |^2 A(u) + B(u) 2θ^2 ,

and M_3(ϵ, u) = − ( λ +^{θ√}_ϵ )

2 | | |λ +^{θ√}_ϵ | | |^2 A(u) + B(u) 2θ^2 .

If the equation (5.3) does not degenerates or some particular conditions linking A^′ and B^′ hold, like B^′(u) ≥ |A^′(u)|, (5.5) the monotonicity conditions are verified for ϵ small enough if θ^2 > max_I B^′.

Example 4

In [19] the authors prove that the problem

(E_ϵ) { u^ϵ_t + v^ϵ_x = 0, ϵ^2v^ϵ_t + au^ϵ_x = A(u^ϵ) − v^ϵ, (x, t) ∈ R×]0, ∞[, a > 0 as ϵ → 0 reduces to the problem

(E_0) { u_t + A(u)_x = au_{xx}, v = A(u) − au_x, (x, t) ∈ R×]0, ∞[, a > 0; more precisely they investigate the diffusion limit of system (E_ϵ), with initial data prescribed around a traveling wave of (E_ϵ). The same system has been considered for numerical purposes in [4, 5]. Here we want to show that problem (E_ϵ) can be obtained by our relaxation scheme for the parabolic equation in (E_0), by a suitable choice of parameters λ_i, θ_i and functions M_i, now depending on ϵ, satisfying conditions (M_1) − (M_4) and then we have convergence of {u^ϵ} to u for initial data in L^1(R) ∩ L^∞(R).

Set N = 2, λ_1 = λ_2 = 0, θ_1 = √ a, θ_2 = − √ a, and M_1(ϵ, u) = u 2 + √ ϵA(u) 2 √ a , M_2(ϵ, u) = u 2 − √ ϵA(u) 2 √ a . It is readily seen that conditions (M_1) − (M_4) are immediately verified for ϵ small enough and we obtain the following relaxation system

f^ϵ_{1t} + √_a ϵ f^ϵ_{1x} =^1_ϵ (_{uϵ} 2 +^{√ϵA(uϵ)}_2^√_a − f^ϵ_1 ) , f^ϵ_{2t} − √_a ϵ f^ϵ_{2x} =^1_ϵ (_{uϵ} 2 −^{√ϵA(uϵ)}_2^√_a − f^ϵ_2 ) . Setting

u^ϵ = f^ϵ_1 + f^ϵ_2 , v^ϵ = √ a ϵ (f^ϵ_1 − f^ϵ_2),

we obtain system (E_ϵ). The stability condition reads now |A^′(u)| ≤ √ a ϵ , which is always verified on the interval I for ϵ small enough.

Example 5

In this last example we want to present an approximation to problem (5.3)-(5.4) with N = 5 for d = 1. A similar model can be easily extended for d > 1. Notice that the use of more velocities could be useful in the numerical approximations, see [2, 33]. Set θ > 0, λ_4 = λ_5 = 0, θ_1 = θ_2 = θ_3 = 0, θ_4 = −θ_5 = − √ θ, and M_1(u) = λ_3 ( u −^{B(u)}_θ ) − A(u) + (λ_2 − λ_3)M_2(u) λ_3 − λ_1 ,

M_3(u) = −λ_1 ( u −^{B(u)}_θ ) + A(u) + (λ_1 − λ_2)M_2(u) λ_3 − λ_1 , M_4(u) = M_5(u) = B(u) 2θ ; then we have a convergent approximation, for λ_1 < λ_2 < λ_3, if we choose as M_2(u) any Lipschitz continuous function such that

0 ≤ M^′_2(u) ≤ inf { −A^′(u) + λ_3 ( 1 −^{B′}_θ ) λ_3 − λ_2 , A^′(u) − λ_1 ( 1 −^{B′}_θ ) λ_2 − λ_1 } , for u ∈ I, for some I ⊆ R.

For λ_3 = −λ_1 = λ > 0, λ_2 = 0 it is possible to choose

M^′_1 =

(A^′)_− λ , M^′_2 = 1 − |A^′| λ − B^′ θ , M^′_3 =

(A^′)_+ λ . References

[1] D. Aregba-Driollet, R. Natalini, Convergence of relaxation schemes for conservation laws, Appl. Anal. 61 (1996), 163–193.

[2] D. Aregba-Driollet, R. Natalini, Discrete kinetic schemes for multidimensional conservation laws, preprint (1997).

[3] D. Aregba-Driollet, R. Natalini, S. Tang, Diffusive relaxation schemes for nonlinear multidimensional hyperbolic–parabolic problems, in preparation.

[4] M. Arora, Explicit characteristic–based high–resolution algorithms for hyperbolic conservation laws with stiff source terms: PhD Thesis, The University of Michigan, 1996.

[5] M. Arora, P. Roe, A fresh look at viscous conservation laws via equivalent relaxation systems, Proceedings of the 3rd International Congress on Industrial and Applied Mathematics, Hamburg, July 1995.

[6] P. Bénilan, H. Touré, Sur l’équation générale u_t = a(·, u, φ(·, u)_x)_x + v dans L^1 :

II Le problème d’évolution, Ann. Inst. Henri Poincaré, 12 (1995), 727-761.

[7] L. Boccardo, F. Murat, Remarques sur l’homogénéisation de certains problèmes quasi-linéaires, Portugal. Math., 41 (1984), 535-562.

[8] F. Bouchut, Construction of BGK models with a family of kinetic entropies for a given system of conservation laws, to appear in J. Stat. Phys. (1999).

[9] Y. Brenier, Résolution d’équations d’évolutions quasilinéaires en dimension N d’espace à l’aide d’équations linéaires en dimension N + 1, J. Diff.Eq., 50 (1983), 375-390.

[10] H. Brezis, M.G. Crandall, Uniqueness of solutions of the initial value problem for u_t − Δϕ(u) = 0, J. Math. Pures et Appl., 58 (1979), 153–163.

[11] J. Carrillo, Entropy solutions for nonlinear degenerate problems, preprint 1998.

[12] C. Cercignani, R. Illner, and M. Pulvirenti. The mathematical theory of dilute gases. Springer–Verlag, New York, 1994.

[13] G.Q. Chen, C.D. Levermore, T.-P. Liu, Hyperbolic conservation laws with stiff relaxation terms and entropy, Comm. Pure Appl. Math. 47 (1994), 787-830.

[14] S. Evje, K.H. Karlsen, Monotone difference approximations of BV solutions to degenerate convection–diffusion equations, preprint 1998.

[15] E. Gabetta, L. Pareschi and M.Ronconi, Central schemes for hydrodynamical limits of discrete-velocity kinetic equations, preprint Univ. Ferrara, 278, 1998.

[16] F.R. Guarguaglini, A relaxation approximation for degenerate parabolic equations, to appear in Meth. and Appl. Anal..

[17] B. Hanouzet, R. Natalini, Weakly coupled systems of quasilinear hyperbolic equations, Diff. Integral Eq. 9 (1996), 1279–1292.

[18] L. Hsiao, T.-P. Liu, Convergence to nonlinear diffusion waves for solutions of a system of hyperbolic conservation laws with damping, Comm. Math. Phys. 143 (1992), 599-605.

[19] S. Jin, H.L. Liu, Diffusion limit of a hyperbolic system with relaxation, Meth.

and Appl. Anal. 5 (1998), 317-334.

[20] S. Jin, Z. Xin, The relaxation schemes for systems of conservation laws in arbitrary space dimension, Comm. Pure Appl. Math 48, (1995), 235-277.

[21] S.N. Kružkov, First order quasilinear equations in several independent variables, Math. USSR Sb. 10 (1970), 217–243.

[22] T.G. Kurtz, Convergence of sequences of semigroups of nonlinear operators with an application to gas kinetic, Trans. Amer. Math. Soc. 186 (1973), 259–272.

[23] S. Jin, L. Pareschi and G. Toscani, Diffusive relaxation schemes for multiscale discrete-velocity kinetic equations, SIAM J. Numer. Anal., 35 (1998), 2405–2439.

[24] C. Lattanzio, R. Natalini, Convergence of diffusive BGK approximations to nonlinear parabolic systems, in preparation.

[25] P.L. Lions, B. Perthame, E. Tadmor, A Kinetic Formulation of Multidimensional Scalar Conservation Laws and Related Equations, Journal A.M.S., 7 (1994), 169- 191.

[26] P.L. Lions, G. Toscani, Diffusive limit for finite velocity Boltzmann kinetic models, Rev. Mat. Iberoamericana 13 (1997), 473–513.

[27] T.-P. Liu, Hyperbolic conservation laws with relaxation, Comm. Math. Phys. 108 (1987), 153-175.

[28] P. Marcati, B. Rubino, Parabolic relaxation limit for hyperbolic systems of conservation laws, Proceedings of the VIII international conference on waves and stability in continuous media, Part I (Palermo, 1995). Rend. Circ. Mat. Palermo (2) Suppl. 45, part I (1996), 393–406.

[29] P. Marcati, B. Rubino, Hyperbolic to parabolic relaxation theory for quasilinear first order systems, preprint (1996).

[30] H.P. McKean, The central limit theorem for Carleman’s equation, Israel J. math., 21 (1975), 54-92.

[31] G. Naldi, L. Pareschi, Numerical schemes for kinetic equations in diffusive regimes, Applied Math. Letters, 11, (1998), 29-35.

[32] R. Natalini, Convergence to equilibrium for the relaxation approximations of conservation laws, Comm. Pure Appl. Math. 49 (1996), 795–823.

[33] R. Natalini, A discrete kinetic approximation of entropy solutions to multidimensional scalar conservation laws, J. Differential Equations 148 (1998), 292–317.

[34] R. Natalini, Recent results on hyperbolic relaxation problems, in H. Freistühler, editor, Analysis of systems of conservation laws, Monographs and Surveys in Pure and Applied Mathematics. CRC Press, 1998.

[35] M.H. Protter, H.F. Weinberger, Maximum principles in differential equations, Springer-Verlag (1984).

[36] J.A. Smoller, Shock waves and reaction diffusion equations, Springer-Verlag (1983).

[37] D. Serre, Relaxation semi–linéaire et cinétique des systèmes de lois de conservation. Technical report, ENS Lyon, 1998.

[38] A.I. Volpert, S.I. Hudjaev, Cauchy Problem for Degenerate Second Order Quasilinear Parabolic Equations, Math. USSR Sbornik 7 (1969) 365-387, Math. Sbornik t. 89 (1969), (in Russian).

[39] Z. Wu, J. Yin, Some properties of functions in BV_x and their applications to the uniqueness of solutions for degenerate quasilinear parabolic equations, Northeastern Math. J., 5 (1989), 395–422.

[40] J. Zhao, Uniqueness of solutions of quasilinear degenerate parabolic equations, Northeastern Math. J., 1 (1985), 153–165.