ON THE UNIQUENESS AND STABILITY OF
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ABSTRACT. We study nonlinear degenerate parabolic equations where the flux function f(z,t, u)
does not depend Lipschitz continuously on the spatial location z. By properly adapting the
“doubling of variables” device due to Kruzkov [24] and Carrillo [12], we prove a uniqueness
result within the class of entropy solutions for the initial value problem. We also prove a result
concerning the continuous dependence on the initial data and the flux function for degenerate
parabolic equations with flux function of the form k(z)f(u), where k(z) is a vector-valued
function and f(u) is a scalar function.

1. INTRODUCTION

The main subject of this paper is uniqueness and stability properties of entropy solutions of
nonlinear degenerate parabolic equations where the flux function depends explicitly on the spatial
location. In particular, this paper is concerned with the case where the flux function does not de-
pend Lipschitz continuously on the spatial variable. Our study is motivated by applications where
one frequently encounters flux functions possessing minimal smoothness in the spatial variable.

The problems that we study are initial value problems of the form

ug +divf(z, t,u) = AA(u) + g(x, t,u), (x,t) € p = RY x (0,7),

1) u(z,0) = ug(z), =€ R

where T > 0 is fixed, u(x,t) is the scalar unknown function that is sought, f = f(z,¢,u) is called
the flux function, A = A(u) is the diffusion function, and ¢ = (z,¢,u) is the source term. The
coefficients f, A, q of problem (1.1) are given functions satisfying certain regularity assumptions.
The regularity assumptions on f, g will be given later.

For the initial value problem (1.1) to be well-posed, we must require that A : R — R satisfies

(1.2) A € Lipioc(R) and A(+) is nondecreasing with A(0) = 0.

The second part of (1.2) implies that the nonlinear operator u — AA(u) is of degenerate elliptic
type, and hence many well known nonlinear and linear partial differential equations are special
cases of (1.1). In particular, the scalar conservation law (A’ = 0) is a “simple” special case.
Included is also the heat equation, porous medium type equations characterized by one-point de-
generacy, two-phase reservoir flow equations characterized by the two-point degeneracy, as well as
strongly degenerate convection-diffusion equations where A’(s) = 0 for all s in some interval [«, 3].
Consequently, partial differential equations of the type (1.1) model a wide variety of phenomena,
ranging from porous media flow [32], via flow of glaciers [19] and sedimentation processes [9], to
traffic flow [35].

We recall that if the problem (1.1) is non-degenerate (uniformly parabolic), it is well known
that it admits a unique classical solution. This contrasts with the case where (1.1) is allowed
to degenerate at certain points, that is, A’(s) = 0 for some values of s. Then solutions are not
necessarily smooth (but typically continuous) and weak solutions must be sought. On the other
hand, if A’(s) is zero on an interval [a, (], (weak) solutions may be discontinuous and are not
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uniquely determined by their initial data. Consequently, an entropy condition must be imposed
to single out the physically correct solution.

Roughly speaking, we call a function v € L' N L an entropy solution of the initial value
problem (1.1) if

(i) |u—c|, +div [sign (u —c) (f(z,t,u) — f(z,t,0))] — A|A(w) — A(c)|
(1.3) +sign (u — ¢) (divf(z,t,¢) — ¢(x,t,u)) <0in D’ Ve € R,
(ii) VA(u) belongs to L.

In addition, we require that the initial function ug is assumed in the strong L' sense. We refer to
§2 for a precise definition of an entropy solution.

The mathematical (L'/BV') theory of parabolic equations was initiated by Oleinik [27]. She
proved well-posedness of the initial value problem in the non-degenerate case with A(u) = u, and
showed that weak solutions are in this case classical.

In the hyperbolic case (A’ = 0) with the flux f = f(z,¢,u) depending (smoothly) on z and

t, the notion of entropy solution was introduced independently by Kruzkov [24] and Vol’pert [33]
(the latter author considered the smaller BV class). These authors also proved general existence,
uniqueness, and stability results for the entropy solution, see also Oleinik [27] for similar results

in the convex case fu, > 0.

In the mixed hyperbolic-parabolic case (A’ > 0), the notion of entropy solution goes back to
Vol'pert and Hudjaev [34], who were the first to study strongly degenerate parabolic equations.
These authors showed existence of a BV entropy solution using the viscosity method and obtained
some partial uniqueness results in the BV class (i.e., when the first order partial derivatives of

u are finite measures). In the one-dimensional case, Wu and Yin [30] later provided a complete
uniqueness proof in the BV class. Further results in the one-dimensional case were obtained by
Bénilan and Touré [3, 4] using nonlinear semigroup theory.

As for the uniqueness issue in the multi-dimensional case, Brézis and Crandall [6] established
uniqueness of weak solutions when f = 0. Later, under the assumption that A(s) is strictly
increasing, Yin [37] showed uniqueness of weak solutions in the BV class. Bénilan and Gariepy [2]
showed that the BV weak solution studied in [37] is actually a strong solution. The assumption
that u; should be a finite measure was removed in [38, 39].

An important step forward in the general case of A(-) being merely nondecreasing was made
recently by Carrillo [12], who showed uniqueness of the entropy solution for a particular boundary
value problem with the boundary condition “A(u) = 0”. His method of proof is an elegant
extension of the by now famous “doubling of variables” device introduced by Kruzkov [24]. In
[12], the author also showed existence of an entropy solution using the semigroup method.

In [7] (see also [29]), the uniqueness proof of Carrillo was adopted to several initial-boundary
value problems arising the theory of sedimentation-consolidation processes [9], which in some cases
call for the notion of an entropy boundary condition (see also [8] for the BV approach).

In the present paper we generalize Carrillo’s uniqueness result [12] by showing that it holds
for the Cauchy problem with a flux function f = f(x,t,u) where the spatial dependence is non-
smooth (non-Lipschitz). Only the case f = f(u) was studied in [12]. Moreover, we also establish

continuous dependence on the flux function in the case f(z,t,u) = k(x)f(u).

With the assumptions on the diffusion function A already given (see (1.2)), we now present the
(regularity) assumptions that are needed on the flux function f and the source term ¢, with the
those on f being the most important ones. Concerning the source term ¢ : R% x (0,7) x R — R,
we assume that ¢(z,t,0) = 0 Vz, ¢ and

(1.4) q(-, - u) € L0, T; L= (RY) Yu;  q(z,t,-) € Lipioc(R) uniformly in , t.
With the phrase “uniformly in z,¢” in (1.4), we mean
lg(z,t,v) — q(z,t,u)] < Clv—ul|, Va,t,v,u,

for some constant C' > 0 (independently of z, ¢, v, u).
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Concerning the flux function f : R? x [0,7] x R — R%, we assume without loss of generality
that f(x,t,0) = f.(x,¢,0) = 0. Moreover, we assume that

(1.5) f(u) € L0, T; WHYRY)) Yu;  f(x,t, ) € Lipioc(R) uniformly in z,t;
(1.6) folsy-u) € LN0,T; L°(RY) Yu;  fu(,t,-) € Lipioc(R) uniformly in x,t,

where f, = fo(z,t,u) in (1.6) denotes the function obtained by taking the divergence of the flux
f = f(z,t,u) with respect to the first variable. With the phrase “uniformly in z,¢” in (1.5) and
(1.6), we mean

|f(l‘,t,’l)) - f(z,t,u)|, |fx(l’,t,’l)) - fm(x7t7u)‘ S C|U - u|7 VZL‘,t,’U,U,

for some constant C' > 0 (independently of z, ¢, v, u).

The conditions in (1.4)-(1.6) are sufficient to make sense to the notion of entropy solution
(see §2). In the general case, however, we need one additional regularity assumption on the x
dependency of f to get uniqueness of the entropy solution. Inspired by Capuzzo-Dolcetta and
Perthame [10], we assume that

(17) (F(xatavvu)_F(ya S,’U,U)) : (x_y) > _7|U_u‘ |1'—y|2, VI',y,t,U,U,
for some constant v > 0 (independent of z,t,v,u), where
(1.8) F(z,t,v,u) :=sign (v — u) [f(a:, t,v) — f(x, t,u)].

Note that condition (1.7) does not imply that f is Lipschitz continuous in the spatial variable x.
We remark that if f = f(x,u) is of the form

f=k(x)h(u),

for some vector valued function k : RY — R?, and a Lipschitz continuous function h, then (1.7)
reduces to

(1.9) (k(z) = k(y)) - (z—y) = —v]z —y[*,  Vo,ytvu,

for some constant v > 0 (depending also on the Lipschitz constant of h). As pointed out in [10],
this condition requires a bound only on the matrix V,k + (V.k)T (the symmetric part of the
Jacobian V k) and k itself need not belong to any Sobolev space. To see this, let z = x — y and
rewrite the left-hand side of (1.9) as follows

(k(x) = k(y)) - (z —y) = /0 i [(k(y +&2) — k(y)) - 2] d€

dg
1
- / Vo h(y + €2)z - 2 de
0
I T
= [ Tkt (V) (€22 2,
0
since 3 (Vok — (Vok)T) (y + €2)z - 2 = 0.
In [10], the authors showed the universality of (1.7) by proving that under this condition,

uniqueness holds for the Kruzkov-Vol’pert entropy solution of hyperbolic equations, the Crandall-
Lions viscosity solution of Hamilton-Jacobi equations, and the DiPerna-Lions regularized solution
of transport equations. With the present paper, we add to that list uniqueness of the entropy
solution of degenerate parabolic equations. More precisely, we prove the following theorem:

Theorem 1.1 (Uniqueness). Assume that (1.2) and (1.4)-(1.7) hold. Let v,u be two entropy
solutions of (1.1) with initial data ug € L*(RY) N L°(RY). Then v =u a.e. in Iy = R% x (0,7T).

By combining the arguments used in the present paper by those used in [17], Theorem 1.1 can
be proved even for a large class of weakly coupled systems of degenerate parabolic equations.
We next restrict our attention to problems of the form

w4 div(k(z) f(u)) = AA(u), (z,t) € I,

(1.10) u(x,0) = up(x), =R,
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where k : RY — R%, f: R — R, and f(0) = 0. Problems of the form (1.10) occur in several
important applications. Our first result for (1.10) states that in the L°°(0,7T; BV (R?)) class of
entropy solutions, an L! contraction principle actually holds provided

(1.11) f € Lip(R); ke W (R)(C(R?Y); kdivk € L®(R).

loc

More precisely, we prove the following theorem:

Theorem 1.2 (L' contraction). Assume that (1.2) and (1.11) hold. Letv,u € L>(0,T; BV (R%))
be entropy solutions of (1.10) with initial data vo,uo € L*(R?) N L= (R?) N BV (RY), respectively.
Then for almost all t € (0,T),

lo(-t) —u(, t)|lpyrey < llvo — uoll L1 (ra)-
In particular, there exists at most one entropy solution of the initial value problem (1.10).

We remark that the existence of an L>(0, T'; BV (R?)) entropy solution of (1.10) is guaranteed
if divk € BV (R?). This follows from the results obtained by Karlsen and Risebro [20], who prove
convergence (within the entropy solution framework) of finite difference schemes for degenerate
parabolic equations with rough coefficients. For an overview of the literature on numerical methods
for approximating entropy solutions of degenerate parabolic equations, we refer to the first section
of [20] and the lecture notes [14] (see also the references given therein).

Let us mention that Theorem 1.2 includes the L! contraction property proved by Klausen
and Risebro [21] for the one-dimensional scalar conservation law with a discontinuous coefficient
k(x). Throughout this paper the coefficient k() is not allowed to be discontinuous. In the one-
dimensional hyperbolic case (A’ = 0) with k(x) depending discontinuously on «, the equation (1.1)
is often written as the following 2 x 2 system:

If 0f /Ou changes sign, then this system is non-strictly hyperbolic. This complicates the analysis,
and in order to prove compactness of approximated solutions a singular transformation W(k,w)
has been used by several authors [30, 16, 23, 22]. In these works convergence of the Glimm scheme
and of front tracking was established in the case where k may be discontinuous. If k € C? (Rd),
then convergence of the Lax-Friedrichs scheme and the upwind scheme was proved in [27]. Under
weaker conditions on k (k' € BV) and for f convex in u, convergence of the one-dimensional
Godunov method for (1.12) (not for (1.1)) was shown by Isaacson and Temple in [18]. Recently,
convergence of the one-dimensional Godunov method for (1.1) was shown by Towers [31] in the
case where k is piecewise continuous. In this case, the Kruzkov entropy condition (1.3) no longer
applies, and in [23] a wave entropy condition analogous to the Oleinik entropy condition introduced
in [27] was used to obtain uniqueness, see also [22]. Klausen and Risebro [21] analyzed the case
of discontinuous k by ”smoothing out” the coefficient & and then passing to the limit as the
smoothing parameter tends to zero. In particular, they showed that the limit ”entropy” solution
satisfied the L' contraction property. We intend to study the degenerate parabolic problem (1.10)
when k(z) is discontinuous in future work.

Theorem 1.2 gives the desired continuous dependence on the initial data in degenerate parabolic
problems of the type (1.10). Next we will establish continuous dependence also on the flux function.

To this end, let us also introduce the problem
(1.13) v+ div(l(z)g(v)) = AA(v), (z,t) € Ilp,
. 'U(x, 0) = 'U()(fﬁ), HAS Rda

where [ : R — RY, g: R — R, and g(0) = 0. We are interested in estimating the L' difference
between the entropy solution v of (1.13) and the entropy solution u of (1.10). Now we assume
that

(1.14) f.9 € Lipoe(R); k1€ WH(RY) (N C (R k,1,divk, divi € L®(R?).

Under these assumptions, we prove the following continuous dependence result:
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Theorem 1.3 (Continuous dependence). Assume that the regularity conditions (1.2) and (1.14)
hold. Let v,u € L°(0,T; BV(R®)) be entropy solutions of (1.13), (1.10) with initial data vy, ug €
LYRYH N L= (R N BV (RY), respectively. For definiteness, let us assume that v,u take values in
the closed interval I C R and that there are constants V,,,V,, > 0 such that

[v(-,t)| By ey < Vo VE € (0,T), lu(-,t)| gy ey < Vi VE € (0,T).
Then for almost all t € (0,T),

[v(-,t) = u(, )l L mey < llvo — wollpr (mre)

+t[(0{””

1= k|| oo (ray + CSIL— Kl v (ray + CHllg — fllpen + Cyllg — fHLip(I))

N (Cf’“lll — k|l oo ey + C3 |1 = Kl pyray + Chllg — fllre(ry + Cillg — f||Lip(I)):| ,
where C7" = HQHLkip(I)Vm cf = ||f||Li;l>(l)Vu, C4 = llgllr=n). Cf = Ifllz=) C§ = |klpv(ma),
Czl)) = ‘l|BV(Rd)7 0471} = ||k'||L°°(Rd')V’U7 C4’u = ||l||L°<>(Rd)Vu7 and a ANb = min(a,b).

We remark that Theorem 1.3 includes the continuous dependence result obtained in Klausen and
Risebro [21] for the one-dimensional scalar conservation law with a discontinuous coefficient k(z).
Results regarding continuous dependence on the flux function in scalar conservation laws with
k(z) = 1 have been obtained by Lucier [26] and Bouchut and Perthame [5]. Finally, we mention
that Cockburn and Gripenberg [13] have obtained a result regarding continuous dependence on
both the flux function and the diffusion function in (1.10) when k(z) = 1. Their result does not,
however, imply uniqueness of the entropy solution since their “doubling of variables” argument
requires that one works with (smooth) approximate solutions. By properly combining the ideas in
the present paper with those in [13], one can prove a version of Theorem 1.3 which also includes
continuous dependence on the diffusion function A, see [15]. We will present the details elsewhere.

The rest of this paper is organized as follows: In the next section we introduce (precisely) the
notion of entropy solution as well as stating and proving a version of an important lemma due
to Carrillo [12]. Equipped with our version of Carrillo’s lemma, Theorems 1.1, 1.2, and 1.3 are
proved in §3, §4, and §5, respectively. Finally, in §6 (an appendix) we provide a proof of the weak
chain rule needed in the proof of Carrillo’s lemma.

Acknowledgement. We thank an anonymous referee for detecting two errors in the first version
of this paper.

2. PRELIMINARIES
We shall use the following definition of an entropy solution of (1.1):

Definition 2.1. An entropy solution of (1.1) is a measurable function u = u(z,t) satisfying:

D.1 u e LY(Il7) N L>(II7) N C(0, T; L*(RY)).

D.2 Forallc € R and all non-negative test functions in C§° (Ilt), the following entropy inequality
holds:

[ (= cloe -+ sn w = o) (slast0) = flat.0)) - Vot [Aw) - 4|20
(2.1) Iy
— sign (u — ¢) (divf(a:,t, c) — q(x,t,u))¢) dtdz > 0.

D.3 A(u) € L*(0,T; HY(RY)).
D.4 Essentially ast | 0,

/ |u(z, t) — ug(x)| da — 0.
Rd
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Remark 2.1. (i) Observe that when A’ = 0, (2.1) reduces to the well known entropy inequality
for scalar conservation laws introduced by Kruzkov [24] and Vol’pert [33].

(ii) Condition (D.4), i.e., that the initial datum wug should be taken by continuity, motivates
the requirement of continuity with respect to ¢ in condition (D.1).

Let u be an entropy solution. Then, since A(u) € H'(R?) for a.e. t € (0,7), it follows from
general theory of Sobolev spaces that V[A(u) — A(c)| = sign (A(u) — A(c)) VA(u) a.e. in Ip.
Also, sign (A(u) — A(c)) = sign (u — ¢) provided A(u) # A(c). Again since A(u) € H'(R?) for
a.e. t € (0,T), it follows that VA(u) = 0 a.e. (w.r.t. dtdx) in {(z,t) € Iy : A(u(z,t)) = A(c)}.
We therefore conclude that

VI]A(u) — A(c)| = sign (u — ¢) VA(u) a.e. in Ip

and the entropy inequality (2.1) can be written equivalently as

//<|u — ¢|¢¢ + sign (u — ¢) [f(a:,t,u) — f(z,t,c) — VA(u)] -Vo
(2.2) I

— sign (u — ¢) (divf(z,c) — q(m,t,u))(b) dtdz >0, Vo € C5°(Ilr).

If we take ¢ > esssupu(x,t) and ¢ < essinf u(x,t) in (2.1), then we deduce that u satisfies

23)  [[(ue+ fote) Vot Aw)AG+ gt u)0) dedo =0, V6 € C(IIr)
IIr

Note that (1.5) implies
(2.4) 1 (.t w)l|Z2 11,y < Const | oo 1) el 22y < 00,

so that f(x,t,u) — VA(u) € L?(Ilp; RY). Similarly, (1.4) implies q(z,t,u) belongs to L?(Ilr).
An integration by parts in (2.3) followed by an approximation argument will then show that the
equality

(2.5) // (uqﬁt + [f(z, t,u) = VA(w)] - Vo + q(m,t,u)(b) dtdx =0
It

holds for all ¢ € L2(0,T; HY(RY)) N WL1(0, T; L= (RY)).
We can even go one step further. To this end, let (-,-) denote the usual pairing between
H~1(R%) and H}(R?). From (2.5), we conclude that

o € L2(0,T; H'(R?)),
so that the equality

(2.6) - /OT (Bpu, ¢) dt + //([f(x,t,u) — VA(u)] - Vo + q(z, t,u)¢) dtdr =0
IIr

holds for all ¢ € L2(0,T; H}(R)) N WH1(0,T; L°(R%)). The fact that an entropy solution u
satisfies (2.6) will be important for the uniqueness proof.
We now set

z
(27) Aot = [ w(aw)) ar
20
where ¥ : R — R is a nondecreasing and Lipschitz continuous function and zy € R. Concerning
the function A, we shall need the following associated “weak chain rule” :

Lemma 2.1. Let u: Il — R be a measurable function satisfying the following four conditions:
(a): uw € LY(IIp) N L () N C(0,T; L' (RY)).
(b): u(0,-) = up € L®(RY) N L} (RY).
(c): Bpu e L2(0,T; H'(RY)).
(d): A(u) € L*(0,T; H'(R?)).
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Then, for a.e. s € (0,T) and every nonnegative ¢ € C(R? x [0,T]), we have

- / (Butb (A(w)) ) di
0
= / Ay (u)py dt dx + / Ay (ug)p(z,0) de — Ay (u(z, s))g(z, s) dz.
o JRe R¢ R

Lemma 2.1 can proved more or less in the same way as the “weak chain rule” in Carrillo [12],
see also Alt and Luckhaus [1] and Otto [28]. For the sake of completeness, a proof of Lemma 2.1
is given in §6 (the appendix).

In what follows, we shall frequently need a continuous approximation of sign (-). For € > 0, set

-1, 7<e,
sign, (1) =q7/e, e<7<¢,
1 T > €.

Note that sign, (—r) = —sign, (r) and sign’ (—r) = sign. (1) a.e.
We let A71 : R — R denote the unique left-continuous function satisfying A=1(A(u)) = u for
all v € R, and by E we denote the set

E = {r : A71(.) discontinuous at r}.

Note that E is associated with the set of points {u : A’(u) = 0} at which the operator u — AA(u)
is degenerate elliptic.

We are now ready to state and prove the following version of an important observation made
by Carrillo [12]:

Lemma 2.2 (Entropy dissipation term). Let u be an entropy solution of (1.1). Then, for any
non-negative ¢ € C§°(Ilp) and c € R such that A(c) ¢ E, we have

//(|u — ¢|¢¢ + sign (u — ¢) [f(a:,t, u) — fx,t,c) — VA(u)] -Vo¢

(2.8) — sign (u — ¢) (div f(z, t,¢) — q(,t, u))(b) dtdx
= lim / / |V Au) Psign’. (A(w) — A(c)) é dt da.
g
IIr
Proof. The proof is similar to the proof of the corresponding result in [12]. In (2.7), introduce the

function ¢.(z) = sign, (z — A(c)) and set zp = ¢. Notice that the conditions of Lemma 2.1 are
satisfied and hence

T
7/ <8tu, sign, (A(u) — A(c)) ¢> dt = // Ay (u)opy dt de.
0
IIr
Since u satisfies (2.6) and [sign, (A(u) — A(c)) ¢] € L?(0,T; H(R)) is a test function, we have

- (o sign. (A(u) — A() o)
+ [ (1t = £t = VW) - Visien, (Aw - A(0)) )

- (divf(gc7 t,c) — q(x,t, u))(sign6 (A(u) — A(e)) (b)) dtdx =0,
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which implies that

/ Ay (u)py dt doz + //([f(x,t, u) — f(x,t,c) — VA(U)] - V(sign, (A(u) — A(c)) ¢)
IIr

IIr
— sign, (A(u) — A(c)) (divf(z,t,¢) — q(z,t, u))qﬁ) dtdzr = 0.

Since A(r) > A(c) if and only if r > ¢, sign, (A(r) — A(¢)) — 1 as € | 0 for any r > ¢. Similarly,
sign, (A(r) — A(c)) — —1 as € | 0 for any r < ¢. Consequently, whenever A(c) ¢ E,

Ay (u) = |u—c| ae inIlpase 0.

Moreover, we have |Ay_(u)] < |u —¢| € L'(Il7), so by the Lebesgue dominated convergence

theorem
hm//AwE Yo dt doz = //|u—c|q§tdtdx

For ¢ such that A(c) ¢ E, we have

lim // x,t,u) — f(z,t,¢) — VA(u)] - V [sign, (A(u) — A(c)) ¢] dt dx

el0

= lim // x,t,u) (z,t,¢) — VA(u)] - Vsign, (A(u) — A(c)) ¢ dt da

el0
+hm//81gn A(e)) [f(z,t,u) = f(z,t,c) — VA(u)] - Vodt dz
= hm// sign’ A0)) (f(z,t,u) — f(z,t,c)) - VA(u)¢ dt da

e]0

— lim //|VA(U)|2sign'€ (A(u) — A(e)) ¢ dt dx

+ lglg)l // sign, (A(u) — A(c)) [f(z,t,u) — f(z,t,¢) — VA(u)] - Vo dt dx .
IIr

I3
One can check that
I = hm// divQ. (A(u))¢ dt dz,

where Q. is defined as

Q.(2) = /OZ sign’ (r — A(c)) (f(gc,t,A—l(r)) — f(ac,t,c)) dr

-2/ . (£t A7) = f(a,t AHA)) ) dr

€ Jmin(z,A(c)—¢)

Since f = f(z,t,u) is locally Lipschitz continuous with respect to u, Q.(z) tends to zero as e | 0
for all z in the image of A. Consequently, by the Lebesgue dominated convergence theorem,

:_hf[ol//gg )Vt da: = 0.

Observe that for each ¢ € R such that A(c) ¢ E,
sign (u — ¢) = sign (A(u) — A(c)) a.e. in .
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Therefore, from the Lebesgue bounded convergence theorem, it follows that

I, = //sign (u—c) [f(z,t,u) = f(z,t,¢c) — VA(u)] - Vo dt da
IIr
and

181%1 // sign, (A(u) — A(c)) (divf(z,t,c) — q(z,t,u)) ¢ dt dx
IIr
= // sign (u — ¢) (divf(x,t,c) — q(x,t,u))¢dt dx,
IIr

Therefore, letting ¢ | 0 in (2.9), we obtain the desired equality (2.8). O

3. PROOF OF THEOREM 1.1

Equipped with the results derived in §2 (in particular Lemma 2.2), we now set out to prove

Theorem 1.1 using the “doubling of variables” device, which was introduced by Kruzkov [241] as
a tool for proving the uniqueness (L' contraction property) of the entropy solution of first order
hyperbolic equations. We refer to Carrillo [11, 12], Otto [28], and Cockburn and Gripenberg [13]

for applications of the ”"doubling” device in the context of second order parabolic equations. The
presentation that follows below is inspired by Carrillo [12].

Let ¢ € C(Ily x r), ¢ >0, ¢ = &(x,t,y,s), v=uv(z,t), and u=u(y, s). We shall also need
to introduce the ”hyperbolic” sets

& ={@t ety Aw@ ) e B}, & ={ws) ellr: Auly,s)) € B},
Observe that we have
(3.1) sign (v — u) = sign (A(v) — A(u))
ae. (w.r.t. dtdzdsdy) in [HT x (HT\&,)} U[(HT\gu) x TIp| and
(32)  V,A() =0ae (wrt didz)in &,  V,A(u)=0ae. (wrt. dsdy)in &,.

(From the definition of entropy solution, Lemma 2.2, and the first part of (3.2), we have

— ////(|v — u|¢y + sign (v — u) [f(z,t,v) — f(z,t,u) — VzAW)] - Vo0

I xIIp
— sign (v — u) (divmf(x, t,u) — gz, t, v))¢> dt dx dsdy
(3.3) < - 161{18 //// |VmA(v)|2sign; (A(v) — A(u)) ¢pdt dx ds dy
(T \Ey ) X Ty
(3.4) =— lgllrgl //// |VzA(v)|2sign’E (A(v) — A(u)) ¢ dt dx ds dy.

(HT\gU) X (HT\gv)

The inequality (3.3) is obtained by using Lemma 2.2 with v(z, t) where (x, t) is not in the hyperbolic
set £, noting that the integral over Il \ &, is less than the integral over II. Finally, (3.4) follows
from (3.2).
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Similarly, using Lemma 2.2 for u = u(y, s), and the second part of (3.2), we find the inequality

_ / / / (1 = vl + sign (u = v) [y, 5,u) = [(y,5,0) = VyA(w)] - Ty

HTXHT

(3.5) — sign (u — v) (divyf(y, s,v) — q(y, s, u))(b) dtdx ds dy

< —lim //// |V, Au blgn’E (A(u) — A(v)) ¢ dt dx ds dy.

el0
HT\S HT\E

Observe that whenever V,A(v) is defined,

/ Vo A(v) -V, (sign, (A(v) — A(u)) ¢) dsdy = V,A(v) / vV, (sign, (A(v) — A(u)) ¢)dsdy =0,

or more conveniently,

(3.6)
- // sign, (A(v) — A(u)) VzA(v) - Vy¢ dsdy = // Vysign, (A(v) — A(u)) - VzA(v)dds dy.
IIr IIr

Similarly, for a.e. (y,s) € I,

37)
_ / / sign. (A(u) — A(v)) VyA(w) - Vo dt dz — / / Vasien, (A(u) — A(v)) - Vy A(u)é dt da
It IIr

Now using integrating (3.6), (3.1), and (3.2), we find that

- //// sign (v — u) V, A(v) - Vyodtdx dsdy

I xIIp
(3.8) == //// sign (A(v) — A(u)) Vo A(v) - Vyp dt da ds dy
Or x (I \Ev)
= *13{8 //// -V, A(v)sign. (A(v) — A(u)) ¢ dt dz ds dy.

(I \Eu) X (I \Ev)

Similarly, using (3.7), (3.1), and (3.2), we find that

_ //// sign (A(u) — A(v)) VyA(u) - Voo dt dz ds dy

= —lim //// -V, A(v)sign. (A(v) — A(u)) ¢ dt dx ds dy.

(I \Eu) X (I \Ev)

Adding (3.3) and (3.8) yields

(3.10) //// |v — ulgy + sign (v — u) [(f(a:,t,v) — f(z,t,u)) - Vuo

HTXHT

— V,A@w) - (Voo +V (b)} — sign (v — w) (divy f(z, t,u) — q(m7t,v))¢) dtdz dsdy

< —lim //// \v AW)|* =V, Au) - VIA(U))sign’E (A(v) — A(w)) ¢ dt dz ds dy.

€l0
(I \&w) X (I \Ey)



DEGENERATE PARABOLIC EQUATIONS WITH ROUGH COEFFICIENTS 11

Similarly, adding (3.5) and (3.9) yields

i)~ [[[[ (= clo.+signta =) (150 - Flo5.0)) - V,0

HTXHT

- VyA(u) - (qub +V qb)} — sign (u — v) (divyf(y7 s,v) — q(y, &u))qb) dt dz ds dy

< —151%1 //// |V Alu ’ — V. A(u) - VyA(u))sign’E (A(u) — A(v)) ¢ dt dz ds dy.
(I \&w) X (II7\Ey)

Note that we can write
sign (v — u) (f(:v, t,v) — f(x,t, u)) -V —sign (v —u)div, f(x,t,u)d
= sign (v — u) (f(ac,t,v) — f(y, s,u)) - V¢ +sign (v — u) div, [(f(y, s,u) — f(;v,z;u))qb]
and
sign (u — v) (f(y, s,u) — f(y, s, v)) - Vy¢ — sign (u — v) divy, f(y, s, v)¢
= Sigl’l (U - ’LL) (f(xa tv ’U) - f(ya S, ’LL)) ' Vy¢ - Sigl’l (U - u) ley [(f(xv tv U) - f(ya S, U))¢] .
Taking these identities into account when adding (3.10) and (3.11), we get

_////(|v_u|(¢t+¢s) +11+12+13) dt dz ds dy

g x g
(3.12) < ~lim / / / / |V, A(v) — VyA(u)*signl (A(v) — A(w)) ¢ dt dz ds dy
(T \Ew) X (T \Ey)
<0,
where
I = sign (v = u) [ F(2,£,0) = (g, 5,0) = (VoA(v) = VyA@)] - (Vat + V,0)
I, = sign (v —u) [divz[(f(y,s,u) — f(x,t,u))¢] — divy[(f(x,t,v) — f(y,s,v))¢”,
I3 = sign (v — u) (q(x,t,v) —q(y, s,u))¢
We are now on familiar ground [24, 25] and introduce a nonnegative function § € C§°(R) which
satisfies

d(o) =d(—0), 6(c)=0 for |o] >1, /R(S(U) do =

%0(0) = P06 (Po>

Pick two (arbitrary but fixed) Lebesgue points v,7 € (0,T) of [[v(-,t) — u(:,t)||;1(ga). For any
ap € (0,min(y, T — 7)), let

For pg > 0, let

W () = Hog (£ — ) — Hoy (t — 7) / B (5
Inspired by [10], we introduce a nonnegative function w € C§°(R4) which satisfies
(3.13) w(z)=0for 2 >1, w'(z) <0 for z € (0,1), / w(|z|?) dz = 1.
R4

For p > 0 and = € RY, let

1 22
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Observe that

1 x —y|?
vwa,(fL’ - y) = pd+2 w (l p2 | ) (.CL' - y) = _vywﬂ(l‘ - y)

We now take ¢ to be of the form

(3.14) 0,1, 8) = Way (D) (@ — )30 (t — 5) € C5° (I x IIy),
so that the derivatives of ¢ which are singular in the limit p, po | 0 cancel:
(315) ¢)t + d)s = [6110 (t - V) - 5040 (t - T)]wp(m - y)épo (t - 8)7 v1¢) + vy¢) = 0.

Note that with this test function, I; = 0 and inequality (3.12) now takes the form

(3.16) - /// 0(2,t) — uly, s)| (¢ + ¢s) dt da ds dy < //// (12 + 13) dt dz ds dy.

HTXHT HT XHT

Sending ag, p, po | 0 in (3.16), by an L' continuity argument, we get

(3.17) /R (@, 7) — ulx, 7)| dz

< / |v(z,v) —u(z,v)|de+  lim ////(Ig + Ig) dt dx ds dy.
Rd a,a0,p,p0 10

HTXHT

Before we continue, let us write Iy = I3 1 + I2 2, where

I2,1 = Sign (U - u) |:(f(ya S,’LL) - f(xatu U)) . Vx(b - (f(fll',t7’()) - f(y7 37”)) : Vy(b},
Iy 0 = sign (v — u) (divyf(y7 $,v) — div, f(z, ¢, u))¢
Inserting this into (3.16), we get

(3.18) /Rd lv(z,7) — u(x, 7)| dx < /Rd [v(x,v) —u(z,v)|de+ lim (E1 + Es + Eg),

a,a07p,p010
where
FEi = ////Iz,1dtdxdsdy, FEy = ////1'272dtda:alsdy7 Es; = ////Igdtda:dsciy,
I xIIp Oy Xy oy

Using (1.6), (1.4), and an L' continuity argument, we get
lim (E2 + Eg) < Const/ / [v(x,t) —u(z, t)| dt da.
a,a0,p,p010 v JRA
It remains to pass to the limit in E;. The term I ; can be rewritten as
12,1 = (F(:c,t,v,u) - F(ya S, U, u)) V¢

where F is defined in (1.8). Sending ag,po | 0 in Fy (again using (1.5) and an L! continuity
argument ), we obtain

lim FE; :/V /Rd /Rd(F(a:,t7v(x7t),u(y,t))—F(y,t,v(:mt),u(y,t)))

@0,p0l0

1 / |1'_y|2
~(:vy)pd+2w< = dy dx dt

Taking (1.7) into account, we have

(F (ool uly) = Flont (a0, u() - = )z’ (220
[z —y[* 1
p?  pl

< ’Y'U(x’t) - u(y’t)|

|z —y|? 1
o (20 < tent) — w11y
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[ From this we obtain the following estimate
: T 1 1 |x — y|2
lim F(x,t,v(x,t),u(y,t)) —F(y,t,v(w,t),u(y,t)) ’ (l’—y) d+2 w 2

v JRI JRA p P

a,pl
Const [
< lim ogs // / |v(z,t) — u(y,t)| dy dx dt.
plO P v JRA J|z—y|<p

= Const/ / lv(z,t) — u(x,t)| dz dt.
v JRA

Summing up, we have proved that

/Rd (@, 7) — ulz, 7)| dz < /R |v(x,u)—u(m,u)dx+0/;/ﬂd (e, £) — u(z, £)] da dt,

for some constant C' > 0 depending on f, ¢ and the test function. Sending v | 0 and then using
Gronwall’s lemma, we get

(3.19) / (e, 7) — u, 7)| do < eCT/ (2, 0) — u(z, 0)| dz = 0.
Rd Rd
Since this inequality holds for almost all 7 € (0,T"), we can conclude that v = u a.e. in .

Remark 3.1. If d < 2 we are able to prove a slightly stronger version of Theorem 1.1; namely,
we can relax the assumptions on the « dependency of f. Concretely, if d < 2, let us assume that

(3.20) £, u) € LY0, T, WhI(RY).

loc

To show Theorem 1.1 in this case we proceed as before up to (3.14). We then modify the definition
of the test function as follows: For positive o, we let

1 0<o<1/2,
Ro)=4{1-20 1/2<0 <1, R(o) = (R*6,) (o).
0 1 <o,

For z € R?, we set Ro(x) = R(av|z|?). Then we define the test function as

r+y
2

(3.21) o(x,t,y,s) = Ry ( ) W (B) wp(x — y)dp, (t — ).

Now

Ve + vy¢ =

2 2

oz +y) P (a |z + y|2)] W ()wp (& — )80 (£ — 5).

Proceeding further as before, it turns out that we must estimate a term of the type

(3.22)

i [ [ st w.6) ~ ute, ) (st 00w 0) = fastute 1) - zak (afol?) Way (8 dtds
IIr

— // sign (v(z,t) — u(x,t)) V, (A(v(a:,t)) - A(u(m,t)))xaR’ (a |x|2) W, (t) dtd$:|.

Since f(z,t,v) and f(x,t,u) are bounded, the limit of the first double-integral is zero. Regarding
the limit of the second double-integral, we do not have that V,A(v) is bounded but only that
it belongs to L? (R%). Noting that R’ is zero outside (1/2,1) and inside this interval R’ = —2.
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Hence, using Holder’s inequality, we can estimate as follows:

//‘VwA(U) ~wal (a\xl2)\ dw=2a/ Vo A()| |z| dx

Ir

a1
< 2\/5//|VxA(v)|1dx
a1

<2V VAW 2, 1) M 22,

/2
1
(323 = OV ITAO e (J2)
where II, 7 denotes the set of (z,t) € Iy such that |z| € [ﬁ, ﬁ} Since VA(v) is in L2 (TIr),

(3.23) tends to zero when « | 0 if d < 2. Similarly, we can treat the term in (3.22) related to A(u).
In this way we eliminate the extra term due to the fact that V,¢ + V,¢ # 0. The remainder of
the proof proceeds as before.

4. PROOF OF THEOREM 1.2

In this section, we restrict ourselves to problems of the form (1.10), i.e., f(z,t,u) = k(x)f(u)
and q(z,t,u) = 0. Let u,v € L>(0,T; BV(R?)) be two entropy solutions of (1.10) with initial
data ug, v € L' (R?) N L>®(R%) N BV (R?), respectively. As before,we are interested in estimating
the L' distance between v and u. In what follows, the test function ¢ = ¢(x,t,y,s) is the one
defined in (3.21). Repeating everything up to (3.17), we find that

(4.1) /R |v(m,7’)—u(a:,7’)|dm§/ o) —u(e ) de+ dm (B B+ B),

R4 a,a0,p,p010
where
= //// sign (v —u) Voo - [(k(y)f(u) - k:(x)f(u)) + (k(x)f(v) — k:(y)f(v))} dt dx ds dy,
by = //// sign (v — w) (divyk(y) f(v) — divek(z) f(u))o.
By = [[[[ s (0~ 0 (40)10) ~ K@) @) Ve (A0) ~ A (Va + ¥, d dods dy

We start by estimating 7. To this end, introduce the function

(4.2) F(v,u) := sign (v —u) [f(v) = f(u)],
and observe that from the identity (3.15) we have
E, = ////(k(m) — k(y))F(v,u) - Voo dt dz ds dy.
HTXHT
To continue, we need the following simple lemma (whose easy proof can be found in, e.g., [5]):
Lemma 4.1. Consider a function z = z(x) belonging to L>°(R%) N BV (RY) and let h € Lip(L,).
Then h(z) belongs to L=(R%) N BV (R?) and

< llip(r.) in the sense of measures, for, j=1,...,d,

0
’é)xjh(z)

-—Z
5‘:1:j

where I denotes the interval [—||z|| Lo ®a), |2]| Lo (ra)] -
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Note that the function F(v,u) defined in (4.2) is locally Lipschitz continuous in v and u with
Lipschitz constant that of f. Now since v(-,t) € L>®(R%) N BV (R?) for each t, by Lemma 4.1
V. F(v,u) is a finite measure. After an integration by parts, we thus get

- /// (divwk(x)F(v,u) + (k(z) — k(y)) -VxF(v,u))gbdt dx ds dy.

HTXHT

Since k € C(R?) and V,F(v,u) is a finite measure, it follows that

//// ) - VoF(v,u)¢dtdudsdy — 0 as p | 0.

HT X HT
Consequently, we end up with

T
lim FE;, = 7/,, /Rd divk(x)F(v(z,t), u(x,t))Re(z) do dt.

aop,pol0
Regarding F», since k € Wll)cl (R%), the usual L' continuity argument gives
(4.3) lim FEy= / / divk(x)F(v(z,t),u(x,t))Re(z)dtde = — lim Ej.
@0,p,p010 v JRd @op,pol0

Finally, when estimating F3, we have to estimate an integral of the type (3.22). Now the second
integral in (3.22) can be estimated like the first, since V,A(v) and V,A(u) are in L* (R?) as v
and u are of bounded variation. Therefore

E% E3 =0.

(From (4.3), we get

/|v(x,7’) —u(z,7)| de < /Rd [v(x,v) —u(z,v)|de — /Rd |v(x,0) — u(x,0)|dx as v | 0.

Since 7 € (0,T) was an arbitrary Lebesgue point of [|v(-,t) — u(:,t)|| ;1 (ga), we immediately obtain
the L' contraction property claimed in Theorem 1.2.

5. PROOF OF THEOREM 1.3

In this section, we are going to estimate the L' difference between the entropy solution v of
(1.13) and the entropy solution u of (1.10). To do this, we proceed exactly as in the proof of
Theorem 1.1. In what follows, we let ¢ = ¢(x,t,y,s) be an arbitrary test function on IIp x IIp
satisfying V,¢ = =V, 0.

Similarly to (3.10) and (3.11), we can derive the following integral inequalities for the entropy
solutions v = v(x,t) and u = u(y, s) of (1.13) and (1.10):

- //// lv — uly + sign (v — u) (I(z) (g(v) — g(u)) - Voo — divyl(2)g(u)e) dt dzdsdy

HTXHT

< —lim !VxA(v)|2 - V,Au) - VIA(U))Sign’E (A(v) — A(u)) ¢ dt dz ds dy,
s

and

- /// lu — v|s + sign (u —v) (k(y)(f(v) — f(v)) - Vyé — divyk(y) f(v)¢) dtdzdsdy

HTXHT

—lim / / / / \vyA(u)F — V. A(v) - VyA(u)) sign’ (A(u) — A(v)) ¢ dt dw ds dy.

€l0
(ITp\Eu) x (TI7\ &)
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Next we write
sign (v — u) [(z) (9(v) — g(u)) - Voo — sign (v — u) divgl(z)g(u)¢
= sign (v — u) (I(x)g(v) — k(y) f(u)) - Vag + sign (v — u) divy [ (k(y) f(u) — l(x)g(u))¢]
and
sign (u —v) k(y) (f(u) = f(v)) - Vy¢ — sign (u — v) divyk(y)g(v)¢
= sign (v —u) (I(x)g(v) = k(y) f(w)) - Vy¢ —sign (v —u) div, [(I(z)g(v) — k(y)g(v))¢].
Similarly to (3.12), by adding (3.10) and (3.11) we obtain
(5.3) — lv —ul (¢ + ¢s) + Iz ) dt dwdsdy <0,
i )
where

1 = sign (v — u) [diva [(k(y) £ (w) — 1(@)g(w)) 8] — div, [(1()g(v) — k() F(0))]].

We now specify the test function ¢ as in (3.14), so that (3.15) holds. Before we continue, let us
write Iy = Iz 1 + I3 2 where

Loy = sign (v =) | (k(y)f(w) = Ue)g(w)) - Vod = (1@)g(v) = k(y)f(v)) - V8]
I 5 = sign (v — u) (divyk(y) f(v) — divyl(z)g(u))¢.

With the test function ¢ defined in (3.14), we can send «ag, p, po | 0 as usual and get

(5.4) / [v(z,7) —u(z,7)|dx < / |v(x,v) —u(z,v)|de+ lim (E1 + Eg)7
R4 R4 @0,p,p010
where
Elz////lmdtdxdsdy and EQZ////IQ,thddedy.
HTXHT 1—IT><1_IT

Taking into account the identity V¢ = —V ¢, we get
Iy = (I(z)G(v,u) = k(y)F(v,)) - Vao,

where F'is defined in (4.2) and G is defined by the same formula but with f replaced by g. Since
v(+,t) € L¥(R%) N BV(RY) for each t and F,G are locally Lipschitz continuous, V,F(v,u) and
V.G(v,u) are finite measures. Therefore, after an integration by parts followed by adding and
subtracting identical terms, we get

B = ////(—divxl(x)G(v,u) ~1(a) - Vo C(o.u) + k(y) - Vo F(o,u) ) di e ds dy

HT XHT

_ ////(fdivﬁl(x)G(v,u) + (k(y) — () - Vo G(v,u)

I <11
+k(y) - Vo (F(v,u) — G(v, u))) o dtdxdsdy.
By adding and subtracting identical terms, we obtain
—div,l(z)G(v,u)p + I 2 = sign (v — u) divyk(y) f(v) — sign (v — u) div,l(z)g(v)¢
= sign (v — u) [divyk(y) (f(v) — g(v)) — (divyk(y) — divxl(x))g(v)]qzﬁ.
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Adding E; and F5, we thus get
(5.5)
Ei1+ Es = //// (sign (v — ) [divyk(y) (f(v) — g(v)) — (divyk(y) — div,l(z))g(v)]

+ (k(y) = 1(2)) - VoG(v,u) + k(y) - Vi (F(v,u) — G(v,u)))d)dt dx ds dy.

Observe that by Lemma 4.1 we have

0
‘aij(’U, U)

v(x,t)

0
< lgllLip(n) 7 ;
J

(5.6) for j=1,...,d.

0
’axj(”v’u) -G, ))\ < |If = glluipe)

9
a](ﬂct)

Equipped with (5.6) and (1.14), we send ag, p, po | 0 in (5.5) to obtain

Jim (E1+E2)§/ / |divk(@)| I1f — gl + |div(k(@) — 1)) gl

ag,p,p0l0
d d
1k = Ul o ey g lspr Z\ (2,0)] + 1l o ey 1 = 9luspiy Z\ z,1)[) do dt.
In view of (5.4), the following continuous dependence estimate now follows
/ lv(z,7) — u(x, 7)| dx < / |v(x,v) —u(z,v)|de
Rd d

R

T (HgHLip(I) sup [v(-,t)| gy may |1k — U Lo ®ay + 19l Lo (1) [k — U BV (m2)
te(0,T)

s

+ sy IS = gl + IFlliema s o )lsvanllf = gl )-
te(0,T)
Sending v | 0 and using symmetry, we finally conclude that Theorem 1.3 holds.

6. APPENDIX (PROOF OF LEMMA 2.1)

In this appendix, we give a proof of Lemma 2.1. The proof follows Carrillo [12], but see also Alt
and Luckhaus [1] and Otto [28]. Note that A, is a nonnegative and convex function. Convexity
implies that for a.e. (z,t) € IIp, we have

Ay (u(x,t)) — Ay (u(z,t — T)) < (u(x, t) —u(x,t — T))?/}(A(u(lf,t))),

where we define u(t) = ug for t € (—7,0). In the sequel let ¢ € C5°(R? x [0,T]). Multiplying the
above inequality by ¢(x,t) yields

Ay (u(m, t))qﬁ(a:, t) — Ay (u(a:,t — T))¢($,t —7)+ Ay (u(x, t— T)) ((b(x, t—171)— ¢z, t))

(6.1) =Ay (u(a:, t))qb(x, t)— Ay (u(x, t— T))¢(x, t)

< (u(m, t) —u(z,t — T))i/}(A(u(:c, t)))gb(x, t),
where we define ¢(z,t) = ¢(z,0) for t < 0. Note that Ay (ug) € L' (R%) and Ay (u) € L= (0,T; L' (RY)).
Dividing (6.1) by 7 and integrating over R? x (0, s), we get
(6.2) % /S - Ay (u(z, 1)) ¢(z,t) de dt — i/OT " Ay (uo(2))d(z,0) d di

+ %/9 Ay (u(z,t — 7)) (¢(z,t — 7) — ¢(w,t)) dw dt
0 JR

/ /R u(z,t) —u(a,t — 7)) (Alu(z, 1)) ¢(, t) d dt.
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Since ¢ € C§°(R% x [0,T]) and A(u) € L*(0,T; H*(R)), we have ¢)(A(u))¢ € L?(0,T; Hj(R%)).
Therefore, exploiting that v € C(0,T; L*(R%)) and dyu € L?(0,T; H~(R?)), we can let 7 | 0 in
(6.2) and obtain

/ Ay (u(z, )¢ (z, s) do— / Ay (u0)d(x, 0) da— / Ay (e de dt < / (B, v (A(w)) @) dt,
Rd R4 0o JRa 0
for a.e. s € (0,T). Convexity implies also that for a.e. (z,t) € IIr and ¢ > 7, we have

Ay (u(:zc7 t)) - Ay (u(x, t— T)) > (u(w, t) —u(x,t — T))z/J(A(u(:E,t — T)))
Multiplying this inequality by ¢(z,t — 7) yields

Ay (u(ac, t))¢(m, t) — Ay (u(:mt — T))¢(x,t —-7)+ Ay (u(x, t)) (¢(m,t —7)— ¢(x, t))
(6.3) = Ay (u(z, t))d(z,t — 7) — Ay (u(z, t — 7)) p(x,t — T)
> (u(x, t) —u(x,t — T))z/)(A(u(a:,t - T)))(b(m,t — 7).

After dividing (6.3) by 7 and integrating over R? x (7, s), we obtain
6.4 A Vdwdt — - A o
(6.4) / / o (ul@,t))p(x,t) dz dt / " o(u(z,t))¢(z,t) dedt
+ pu /Rd/T Ay (U(CE,t>) (¢(x7t —T)— qﬁ(;(;’t)) dx dt
1 S
Z}i[yAﬁ@@J)—U@J—T»¢@ﬂmat_ﬂ»¢@J_TMMdt

Finally, similarly to (6.2), letting 7 | 0 in (6.4), we get, for a.e. s € (0,7,

/Rd Aw(u(%s))qﬁ(:ﬂ,s) d;v—/Rd Ay (uo)p(z,0) dx—/o - Aw(u)qbtdxdtZ/O <8tu7¢(A(u))¢> dt.

This concludes the proof of the Lemma 2.1.
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