A DIFFERENCE SCHEME FOR CONSERVATION LAWS WITH A DISCONTINUOUS FLUX - THE NONCONVEX CASE

JOHN D. TOWERS^∗

Abstract. In a previous work by the author, convergence was established for a simple difference scheme approximating a scalar conservation law where the flux was concave, and had a discontinuous spatially varying coefficient. The main result of this paper is an extension of that convergence theorem to the situation where the flux may have any finite number of critical points. As in the previous paper, compactness is established by bounding the total variation of a Temple functional, but the method of achieving this bound, via discrete entropy inequalities, is new.

Key words. conservation laws, difference approximations, discontinuous coefficients, nonconvex

AMS subject classifications. 35L65, 65M06, 65M12, 35R05

1. Introduction. This paper continues the investigation, initiated in [13], of a finite difference algorithm for the scalar Cauchy problem

u_t + (k(x)f(u))_x = 0, u(x, 0) = u_0(x),

(1.1)

where (x, t) ∈ R × R^+. The flux k(x)f(u) has a possibly discontinuous spatial dependence through the positive coefficient k(x), which is allowed to have jump discontinuities. As in [13] it will be assumed that u_0 ∈ L^1 ⋂ L^∞ ⋂ BV and k ∈ L^1_{loc} ⋂ L^∞ ⋂ BV . Here BV denotes the space of locally integrable functions w having bounded total variation, denoted T V (w). Even when k(x) and the initial data u_0(x) are smooth, solutions to 1.1 develop discontinuities after finite time, and so weak solutions are sought, which satisfy ∫ R×R^+ (ϕ_tu + ϕ_xkf(u))dxdt + ∫ R ϕ(x, 0)u_0(x)dx = 0

(1.2)

for every smooth test function ϕ with compact support in R × R^+.

The scalar conservation law 1.1 can be written as a 2x2 system,

u_t + (kf(u))_x = 0, k_t = 0.

(1.3)

In this form, it provides a simple model of a nonstrictly hyperbolic system. The eigenvalues of the system coincide wherever f^′ vanishes, a situation described as resonance. Resonant systems, and in particular simple models of the form 1.3, have been addressed by a number of authors [4], [5], [6], [14] in recent years.

Like [13], this paper approaches 1.1 as a scalar conservation law. The previous paper established convergence for a simple monotone scalar difference scheme, with the flux assumed to be strictly concave. It is well known that when k is constant, monotone schemes converge to the physically relevant entropy solution to the Cauchy problem, and no concavity or convexity condition on the flux is required. (See references [1], [3], [10], or the textbook [7] for the relevant theory of monotone schemes in the constant k setting.) Thus it is natural to attempt to remove the concavity condition imposed in [13]. This provides the motivation for the present paper, which extends the convergence theorem of [13] to a large class of nonconvex flux functions.

∗noncvx.tex 04/28/00 jtowers@cts.com 1

As in the previous paper, compactness is established here by bounding the total variation of a version of the Temple singular function. However, the proof of the variation bound in [13] relied on the fact that the flux had a single extremum, and so a different approach is required. In this paper the variation bound follows from a finite number of discrete entropy inequalities, one for each maximal interval where the flux f is monotone. In order to guarantee that the Temple mapping is invertible, the flux is assumed to be nondegenerate in the sense that it has only finitely many critical points. For example, the degenerate, but possibly important, case where f is constant on some interval, is ruled out.

The construction of the numerical scheme is unchanged from [13], with the exception that the case of indefinite k is not addressed here. The spatial domain R is discretized into uniform cells I_j = [x_j − Δx/2, x_j + Δx/2) centered at the points x_j = jΔx for j ∈ Z. Similarly, the time domain R^+ is divided into time strips I^n = [t^n, t^{n+1}), where t^n = nΔt for n ∈ Z^+. Let χ_{j,n} be the characteristic function for the rectangle I_j × I^n. For each mesh size Δ = Δx, the finite difference scheme generates a piecewise constant approximation

u^Δ(x, t) = ∑ n≥0 +∞∑ j=−∞ χ_{j,n}(x, t)U^n_j . Cell averages are used to discretize the initial data:

u^Δ(x, 0) = +∞∑ j=−∞ χ_j (x)U^0_j , U^0_j = 1 Δx ∫ I_j u_0(x)dx, where χ_j (x) is the characteristic function for the interval I_j . The approximations U^n_j are generated via

U^{n+1}_j = U^n_j − λ(k_{j+} 1_2 h_{j+} 1_2 − k_{j−} 1_2 h_{j−} 1_2 ).

(1.4)

Here, λ = Δt/Δx, and h_{j+} 1_2 = h(U^n_{j+1}, U^n_j ) is the Engquist-Osher (EO) numerical flux [2], defined by h(v, u) = 1 2 (f(u) + f(v)) − 1 2 ∫_v u |f^′(w)|dw. (1.5)

The EO flux is a two point monotone (nondecreasing with respect to the second argument, nonincreasing with respect to the first) numerical flux, h(v, u), consistent with f, i.e., h(u, u) = f(u). Employing the notational conventions a_+ = max(a, 0), a_− = min(a, 0), the partial derivatives of the EO flux satisfy

f^′_−(v) = h_v (v, u) ≤ 0 ≤ h_u(v, u) = f^′_+(u),

from which it is evident that ‖f^′‖_∞ is a Lipschitz constant, with respect to both arguments, for the EO flux. In [13], convergence was established for versions of the scheme based on both the Godunov and EO numerical fluxes. For the more general nonconvex flux considered here, the author has only been able to prove convergence for the EO version. The EO flux and its associated numerical entropy flux each have a close functional relationship with both the Temple singular function, and the entropy flux associated with the convex entropy |u − c|. The proof of Theorem 2.5 depends on these relationships.

In the scheme 1.4, the coefficient k is approximated at each cell boundary, resulting in a discretized version of k,

k^Δ(x) = +∞∑ j=−∞ χ_{j+} 1_2 (x)k_{j+} 1_2 k_{j+} 1_2 = 1 Δx ∫_{xj+1} x_j k(x)dx,

where χ_{j+} 1_2 (x) is the characteristic function for the interval I_{j+} 1_2 = [x_j , x_{j+1}). The discretized version k^Δ is staggered with respect to that of u, resulting in a reduction in complexity, compared with the approach where the two discretizations are aligned.

The theory for the conservation law 1.1 is already well established for the case of concave f. In that setting, the authors of reference [5] proved existence and uniqueness, and studied the asymptotic behavior of the solution. A front tracking scheme was used to construct the solution, and a version of the Temple functional was employed as an analytical tool to establish compactness. The nonconvex case appears to have received less attention in the research literature. One recent contribution to the theory for the nonconvex case is the work of the same authors, in [6]. They constructed a front-tracking scheme, and again used a Temple functional, to establish existence and uniqueness for the nonconvex flux f(u) = sin(u) for u ∈ [−π, π]. That problem arose as an auxiliary equation to a resonant system, which was the primary focus of their paper. Presumably, the approach in that work could be applied to other equations having a nonconvex flux.

2. Convergence. This section establishes the main result of the paper, convergence of a subsequence to a weak solution of the conservation law. As in [13], monotonicity is an important property of the scheme. A finite difference scheme such as 1.4 is monotone if U^n_j ≤ W^n_j , ∀j ⇒ U^{n+1}_j ≤ W^{n+1}_j , ∀j. The following fact is established in [13], and is equally valid here.

Proposition 2.1. With the CFL condition λ‖k‖_∞‖f^′‖_∞ ≤ 1 the scheme 1.4 is monotone. If the initial data u_0(x) lies within the interval Ω_0 = [0, 1], and f(0) = f(1) = 0, then the computed solution will remain within Ω_0.

Assume that f ∈ C^1([0, 1]). It is clear that due to the invariance of Ω_0, there are constants ‖f‖_∞, ‖f^′‖_∞, ‖h‖_∞ such that the following bounds hold uniformly in j, n, and Δ: |f(U^n_j )| ≤ ‖f‖_∞, |f^′(U^n_j )| ≤ ‖f^′‖_∞, |h(U^n_{j+1}, U^n_j )| ≤ ‖h‖_∞. Proposition 2.2. With the CFL condition stated in Proposition 2.1 and the assumption that the initial data satisfies u_0, w_0 ∈ L^1 ⋂ L^∞, the scheme 1.4 is L_1- contractive, i.e., the inequality ∑ j |W^{n+1}_j − U^{n+1}_j | ≤ ∑ j |W^n_j − U^n_j |

holds for a pair of computed approximate solutions U^n_j and W^n_j generated by the scheme. The following inequality is also satisfied: ∑ j |U^{n+1}_j − U^n_j | ≤ ∑ j |U^1_j − U^0_j | ≤ 2λ‖k‖_∞‖f^′‖_∞T V (u_0) + λ‖h‖_∞T V (k). (2.1)

Proof. Proposition 2.2 of [13] established all but the last inequality in 2.1. This inequality is established in the same way as the inequality 3.10 of [13] with ‖h‖_∞ substituted for f^∗ of that paper.

Theorem 2.3. Let k ∈ L^1_{loc} ⋂ BV ⋂ L^∞, with 0 < k ≤ k(x) ≤ k. Let f ∈ C^1([0, 1]), f(0) = f(1) = 0, with finitely many critical points. Let u_0 ∈ BV ⋂ L^1 ⋂ L^∞, and u_0(x) ∈ [0, 1]. Let the mesh size Δ → 0 with λ fixed and satisfying the CFL condition λ‖k‖_∞‖f^′‖_∞ ≤ 1 , resulting in the sequence of approximations u^Δ. Then, there is a weak solution u of 1.2 and a subsequence u^{Δi} such that u^{Δi} → u a.e. and in L^1_{loc}(R × [0, ∞)).

The strategy for establishing Theorem 2.3 is basically the same, with modifications where necessary, as was used to prove Theorem 3.2 of [13]. The proof of that theorem was patterned after standard compactness arguments as found in [10] and [11], with the exception that the compactness arguments were applied to the transformed quantity z, rather than the conserved quantity u. Once compactness was established for z, the variable of ultimate interest, u, was recovered by inverting the Temple functional. The same approach is used in what follows.

By way of establishing notation, let Δ_+ and Δ_− denote forward and backward difference operators. For example, Δ_+h_{j−} 1_2 = Δ_−h_{j+} 1_2 = h_{j+} 1_2 − h_{j−} 1_2 . Let σ(w) = w/|w|, for w ≠ 0, and σ(w) = 0 if w = 0. Finally, let χ_r(w; c) be the characteristic function for the interval [c, +∞), and let χ_l(w; c) be the characteristic function for (−∞, c]. One other preliminary matter is the convergence of the various infinite sums over the domain j ∈ Z which will appear in what follows. Absolute convergence of these sums in each case results ultimately from the bounds T V (k^Δ) < ∞ and ∑ j |U^n_j | < ∞. The second inequality follows from the facts the scheme is conservative, that u_0 ∈ L^1, and that U^n_j ∈ [0, 1].

As discussed in [13], the Temple functional has been used by a number of authors, (eg., [5], [8], [9], [12]) to establish compactness for resonant systems. For the case of f concave with a single critical point located at u^∗, the singular function of [5], Ψ(u, k) = (k/f(u^∗)) ∫_u u^∗ |f ′(w)|dw, due originally (in a somewhat different form) to Temple, was used in [13] to prove compactness. In this paper, the following version of the Temple functional, where the normalizing constant f^∗ has been dropped, will be used: Ψ(u, k) = k ∫_u 0 |f^′(w)|dw. It is clear that since |f^′| > 0 a.e., Ψ(u, k) is strictly increasing with respect to u.

Since f has only finitely many critical points, there are finitely many points 0 = u^∗_0 < u^∗_1 < · · · < u^∗_m < u^∗_{m+1} = 1 such that f is strictly monotone in (u^∗_ν , u^∗_{ν+1}), for 0 ≤ ν ≤ m, and each of u^∗_1, · · · , u^∗_m is an extremum of f. Obviously, {u^∗_1, . . . , u^∗_m} is possibly only a subset of the critical points of f; for the purpose of this analysis, those which do not correspond to extrema are simply ignored. Without loss of generality, assume that f is strictly increasing in (0, u^∗_1), so that

u ∈ (u^∗_i , u^∗_{i+1}) ⇒ σ(f^′(u)) = (−1)^i.

The case where f is strictly decreasing in (0, u^∗_1) is completely analogous.

With α =

∫_1 0 |f^′(w)|dw, the following Lipschitz continuity relationships in u and k follow directly from the definition of Ψ and the assumptions about the flux f: |Ψ(u, k_1) − Ψ(u, k_2)| ≤ α|k_1 − k_2|, (2.2) |Ψ(u_1, k) − Ψ(u_2, k)| ≤ k‖f^′‖_∞|u_1 − u_2|. (2.3)

Let z^Δ(x, t) = Ψ(u^Δ(x, t), k^Δ(x)). The following time continuity estimate for z^Δ is established in [13].

Lemma 2.4. With the assumptions stated in Theorem 2.3, there is a constant Λ, independent of the mesh size Δ, such that for n > l ≥ 0, ∫ R |z^Δ(x, t^n) − z^Δ(x, t^l)|dx ≤ Λ(n − l)Δt. As in [13], the key to the proof of convergence is a uniform bound on the spatial variation of z^Δ.

Theorem 2.5. Let z^n(x) = z^Δ(x, t^n). With the assumptions stated in Theorem 2.3, T V (z^n) is bounded uniformly, for all n ≥ 0, and all Δ > 0.

The proof proceeds by a series of lemmas. The first four lemmas lead up to the pair of inequalities stated in Lemma 2.9, which can be viewed as a pair of discrete entropy inequalities, parameterized by c. The Temple mapping is then decomposed into components with support limited to maximal segments where f is monotone. The next two lemmas (2.10 and 2.11) then use the entropy inequalities to show that each of those components of the Temple functional has bounded variation. Only a finite set of entropy inequalities are used; specifically, those resulting from values of the parameter c located at critical points corresponding to extrema of f.

Lemma 2.6. Let c ∈ R. For the convex entropy pair V (u) = |u − c|, F (u) = σ(u − c)(f(u) − f(c)), and W_j computed using the EO numerical flux via

W_j = U_j − λk_{j+} 1_2 Δ_+h_{j+} 1_2 ,

(2.4)

the following discrete entropy inequality holds

V (W_j ) ≤ V (U_j ) − λk_{j+} 1_2 Δ_+H_{j−} 1_2 ,

(2.5)

where the numerical entropy flux is defined by

H_{j+} 1_2 = 1 2 (F (U_j ) + F (U_{j+1})) − 1 2 ∫_{Uj+1} U_j σ(f^′(w))σ(w − c)f^′(w)dw. (2.6)

Proof. The proof is an application of the numerical entropy flux constructed in the proof of Proposition 4.1 of [1]. Specifically, the numerical entropy flux

k_{j+} 1_2 H(U_{j+1}, U_j ) = k_{j+} 1_2 h(U_{j+1} ∨ c, U_j ∨ c) − k_{j+} 1_2 h(U_{j+1} ∧ c, U_j ∧ c)

(2.7)

is applied to the EO flux k_{j+} 1_2 h consistent with the flux k_{j+} 1_2 f. Here a∨b = max(a, b), a ∧ b = min(a, b). Dropping the multiplier k_{j+} 1_2 , formula 2.7 gives

H(U_{j+1}, U_j ) = 1 2 (f(U_j ∨ c) − f(U_j ∧ c)) + 1 2 (f(U_{j+1} ∨ c) − f(U_{j+1} ∧ c)) − 1 2 ∫_{Uj+1 ∨c} U_j ∨c |f^′(w)|dw + 1 2 ∫_{Uj+1 ∧c} U_j ∧c |f^′(w)|dw (2.8)

The formula 2.6 for the EO entropy flux then follows from the identities f(U ∨ c) − f(U ∧ c) = σ(U − c)(f(U) − f(c)) = F (U), and − ∫_{V ∨c} U∨c |f^′(w)|dw + ∫_{V ∧c} U∧c |f^′(w)|dw = − ∫_V U σ(f^′(w))σ(w − c)f^′(w)dw, which are readily verified by considering the three cases corresponding to whether c is less than, greater than, or between, U and V .

Lemma 2.7. For the EO flux and its associated numerical entropy flux 2.6 consistent with entropy flux F (u) = σ(u − c)(f(u) − f(c)), the following identities are satisfied: 1 2 (Δ_+H_{j−} 1_2 + Δ_+h_{j−} 1_2 ) =

∫_U n_{j+1} U^n_j χ_r(w; c)f^′_−(w)dw + ∫_U n_j U^n_{j−1} χ_r(w; c)f^′_+(w)dw, (2.9) 1 2 (Δ_+H_{j−} 1_2 − Δ_+h_{j−} 1_2 ) = −

∫_U n_{j+1} U^n_j χ_l(w; c)f^′_−(w)dw − ∫_U n_j U^n_{j−1} χ_l(w; c)f^′_+(w)dw. (2.10)

Proof. The definition of the EO flux 1.5 and its associated discrete entropy flux 2.6 yield the identities

Δ_+H_{j−} 1_2 =

∫_U n_{j+1} U^n_j σ(w − c)f^′_−(w)dw + ∫_U n_j U^n_{j−1} σ(w − c)f^′_+(w)dw, (2.11)

Δ_+h_{j−} 1_2 =

∫_U n_{j+1} U^n_j f^′_−(w)dw + ∫_U n_j U^n_{j−1} f^′_+(w)dw. (2.12)

Adding 2.12 to 2.11, then dividing by two, and using the identities 1 2 (σ(w − c) + 1) = χ_r(w; c), 1 2 (σ(w − c) − 1) = −χ_l(w; c) (2.13) gives 2.9. Similarly, 2.10 results by subtracting 2.12 from 2.11, then dividing by two.

Lemma 2.8. With the assumptions stated in Theorem 2.3, the following relationships hold:

U^{n+1}_j = U^n_j − λk_{j+} 1_2 Δ_+h_{j−} 1_2 + C^n_j Δ_+k_{j−} 1_2 , |C^n_j | ≤ λ‖h‖_∞,

(2.14)

V (U^{n+1}_j ) ≤ V (U^n_j ) − λk_{j+} 1_2 Δ_+H_{j−} 1_2 + λ‖h‖_∞|Δ_+k_{j−} 1_2 |.

(2.15)

Proof. The equation in 2.14 is just 1.4 with C^n_j = −λh_{j−} 1_2 . The inequality follows from |C^n_j | ≤ λ|h_{j−} 1_2 | ≤ λ‖h‖_∞ (2.16) For 2.15, with W_j defined by 2.4, the discrete entropy inequality 2.5 gives V (U^{n+1}_j ) ≤ V (U^n_j ) − λk_{j+} 1_2 Δ_+H_{j−} 1_2 + (V (U^{n+1}_j ) − V (W_j )) = V (U^n_j ) − λk_{j+} 1_2 Δ_+H_{j−} 1_2 + |U^{n+1}_j − c| − |W_j − c|.

Inequality 2.15 then follows from |U^{n+1}_j − c| − |W_j − c| ≤ |U^{n+1}_j − W_j | ≤ λ‖h‖_∞|Δ_+k_{j−} 1_2 |.

Lemma 2.9. With the assumptions stated in Theorem 2.3, the following inequalities are valid:

k_{j+} 1_2

∫_U n_{j+1} U^n_j χ_r(w; c)f^′_−(w)dw + k_{j−} 1_2 ∫_U n_j U^n_{j−1} χ_r(w; c)f^′_+(w)dw ≤ 1 λ (U^n_j − U^{n+1}_j )_+ + (‖h‖_∞ + ‖f^′‖_∞)|Δ_+k_{j−} 1_2 |,

(2.17)

−k_{j+} 1_2

∫_U n_{j+1} U^n_j χ_l(w; c)f^′_−(w)dw − k_{j−} 1_2 ∫_U n_j U^n_{j−1} χ_l(w; c)f^′_+(w)dw ≤ −1 λ (U^n_j − U^{n+1}_j )_− + (‖h‖_∞ + ‖f^′‖_∞)|Δ_+k_{j−} 1_2 |.

(2.18)

Proof. Rearranging 2.15 and dividing by λ results in

k_{j+} 1_2 Δ_+H_{j−} 1_2 ≤ 1 λ (V (U^n_j ) − V (U^{n+1}_j )) + ‖h‖_∞|Δ_+k_{j−} 1_2 | = 1 λ (|U^n_j − c| − |U^{n+1}_j − c|) + ‖h‖_∞|Δ_+k_{j−} 1_2 | ≤ 1 λ |U^n_j − U^{n+1}_j | + ‖h‖_∞|Δ_+k_{j−} 1_2 |.

(2.19) Adding 2.19 to the following rearrangement of 2.14, k_{j+} 1_2 Δ_+h_{j−} 1_2 = 1 λ (U^n_j − U^{n+1}_j ) + 1 λ C^n_j Δ_+k_{j−} 1_2 ,

(2.20) dividing by two, then applying 2.9 yields

k_{j+} 1_2

∫_U n_{j+1} U^n_j χ_r(w; c)f^′_−(w)dw + k_{j+} 1_2 ∫_U n_j U^n_{j−1} χ_r(w; c)f^′_+(w)dw ≤ 1 λ (U^n_j − U^{n+1}_j )_+ + ‖h‖_∞|Δ_+k_{j−} 1_2 |.

(2.21)

Similarly, subtracting 2.20 from 2.19, dividing by two, then applying 2.10 gives

−k_{j+} 1_2

∫_U n_{j+1} U^n_j χ_l(w; c)f^′_−(w)dw − k_{j+} 1_2 ∫_U n_j U^n_{j−1} χ_l(w; c)f^′_+(w)dw ≤ −1 λ (U^n_j − U^{n+1}_j )_− + ‖h‖_∞|Δ_+k_{j−} 1_2 |.

(2.22)

The second term on the left in 2.17 results from the corresponding term in 2.21:

k_{j−} 1_2 ∫_U n_j U^n_{j−1} χ_r(w; c)f^′_+(w)dw = (k_{j+} 1_2 − Δ_+k_{j−} 1_2 ) ∫_U n_j U^n_{j−1} χ_r(w; c)f^′_+(w)dw

≤ k_{j+} 1_2 ∫_U n_j U^n_{j−1} χ_r(w; c)f^′_+(w)dw + |Δ_+k_{j−} 1_2 | | | ∫_U n_j U^n_{j−1} |f^′(w)|dw | |.

Then, since U^n_j remains within the initial domain Ω_0 = [0, 1], 2.17 follows from | | | ∫_U n_j U^n_{j−1} |f^′(w)|dw | | | ≤ ‖f^′‖∞|U^n_{j+1} − U^n_j | ≤ ‖f^′‖∞. The inequality 2.18 follows in a similar way from 2.22.

Let Φ(u) = Ψ(u, k)/k = ∫_u 0 |f^′(w)|dw. For ν = 0, 1, . . . , m, let χ^ν (u) be the characteristic function of the interval [u^∗_ν , u^∗_{ν+1}). Define

ϕ^ν (u) = ∫_u 0 χ^ν (w)|f^′(w)|dw, so that Φ has the following decomposition:

Φ(u) = m∑ ν=0 ϕ^ν (u).

Lemma 2.10. Let E^i_+ (O^i_+) denote the even (odd) integers ν with 0 ≤ i ≤ ν ≤ m, and let E^i_− (O^i_−) denote the even (odd) integers ν with 0 ≤ ν < i < m. For each i = 1, . . . , m, the following pair of inequalities holds:

k_{j+} 1_2 ∑ ν∈O^i_+ (ϕ^ν (U^n_j ) − ϕ^ν (U^n_{j+1})) + k_{j−} 1_2 ∑ ν∈E^i_+ (ϕ^ν (U^n_j ) − ϕ^ν (U^n_{j−1}))

≤ 1 λ (U^n_j − U^{n+1}_j )_+ + (‖h‖_∞ + ‖f^′‖_∞)|Δ_+k_{j−} 1_2 |,

(2.23)

k_{j+} 1_2 ∑ ν∈O^i_− (ϕ^ν (U^n_{j+1}) − ϕ^ν (U^n_j )) + k_{j−} 1_2 ∑ ν∈E^i_− (ϕ^ν (U^n_{j−1}) − ϕ^ν (U^n_j ))

≤ −1 λ (U^n_j − U^{n+1}_j )_− + (‖h‖_∞ + ‖f^′‖_∞)|Δ_+k_{j−} 1_2 |.

(2.24)

Proof. For each i = 1, . . . , m, substitute c = u^∗_i into 2.17 and 2.18. With the assumption that f is increasing in (0, u^∗_1), it is clear that f^′_+ = 0 in the odd-numbered intervals, and f^′_− = 0 in the even-numbered intervals. Thus,

∫_U n_{j+1} U^n_j χ_r(w; u^∗_i )f^′_−(w)dw = ∑ ν∈O^i_+ ∫_U n_{j+1} U^n_j χ^ν (w)f^′_−(w)dw = − ∑ ν∈O^i_+ Δ_+ϕ^ν (U^n_j ),

(2.25)

∫_U n_j U^n_{j−1} χ_r(w; u^∗_i )f^′_+(w)dw = ∑ ν∈E^i_+ ∫_U n_j U^n_{j−1} χ^ν (w)f^′_+(w)dw = ∑ ν∈E^i_+ Δ_−ϕ^ν (U^n_j ),

(2.26)

∫_U n_{j+1} U^n_j χ_l(w; u^∗_i )f^′_−(w)dw = ∑ ν∈O^i_− ∫_U n_{j+1} U^n_j χ^ν (w)f^′_−(w)dw = − ∑ ν∈O^i_− Δ_+ϕ^ν (U^n_j ),

(2.27)

∫_U n_j U^n_{j−1} χ_l(w; u^∗_i )f^′_+(w)dw = ∑ ν∈E^i_− ∫_U n_j U^n_{j−1} χ^ν (w)f^′_+(w)dw = ∑ ν∈E^i_− Δ_−ϕ^ν (U^n_j ).

(2.28)

The ith version of 2.17 yields the corresponding version of 2.23, using the definition of the ϕ^ν , along with the pair of identities 2.25, 2.26. The ith version of 2.24 follows in the same way from 2.18, 2.27, and 2.28.

Lemma 2.11. For each i = 0, . . . , m, there is a constant E^i ≥ 0 such that ∑ j k_{j+} 1_2 |ϕ^i(U^n_{j+1}) − ϕ^i(U^n_j )| ≤ E^i,

(2.29)

where E^i is independent of Δ and n.

Proof. Starting from the inequality 2.24, with i = 1, gives

k_{j−} 1_2 (ϕ^0(U^n_{j−1}) − ϕ^0(U^n_j )) ≤ −1 λ (U^n_j − U^{n+1}_j )_− + (‖h‖_∞ + ‖f^′‖_∞)|Δ_+k_{j−} 1_2 |, (2.30)

since only the ν = 0 term is nonzero in this case. Since the right side of 2.30 is nonnegative, it follows that − ∑ j k_{j−} 1_2 (ϕ^0(U^n_j ) − ϕ^0(U^n_{j−1}))_− ≤ ∑ j ( −1 λ (U^n_j − U^{n+1}_j )_−

+ (‖h‖_∞ + ‖f^′‖_∞)|Δ_+k_{j−} 1_2 | )

≤ 1 λ ∑ j |U^n_j − U^{n+1}_j | + (‖h‖_∞ + ‖f^′‖_∞)T V (k) ≤ 1 λ ∑ j |U^1_j − U^0_j | + (‖h‖_∞ + ‖f^′‖_∞)T V (k).

(2.31)

Using summation by parts gives, for each ν, ∑ j k_{j+} 1_2 |ϕ^ν (U^n_{j+1}) − ϕ^ν (U^n_j )| = ∑ j k_{j+} 1_2 (Δ_+ϕ^ν (U^n_j ))_+ − ∑ j k_{j+} 1_2 (Δ_+ϕ^ν (U^n_j ))_− = 2 ∑ j k_{j+} 1_2 (Δ_+ϕ^ν (U^n_j ))_+ − ∑ j k_{j+} 1_2 Δ_+ϕ^ν (U^n_j ) = 2 ∑ j k_{j+} 1_2 (Δ_+ϕ^ν (U^n_j ))_+ + ∑ j ϕ^ν (U^n_j )Δ_+k_{j−} 1_2 − ∑ j Δ_+(k_{j+} 1_2 ϕ^ν (U^n_j )) = 2 ∑ j k_{j+} 1_2 (Δ_+ϕ^ν (U^n_j ))_+ + ∑ j ϕ^ν (U^n_j )Δ_+k_{j−} 1_2 ≤ 2 ∑ j k_{j+} 1_2 (Δ_+ϕ^ν (U^n_j ))_+ + αT V (k).

(2.32) Similarly, ∑ j k_{j+} 1_2 |ϕ^ν (U^n_{j+1}) − ϕ^ν (U^n_j )| ≤ −2 ∑ j k_{j+} 1_2 (Δ_+ϕ^ν (U^n_j ))_− + αT V (k).

(2.33) From 2.31 and 2.33, it follows that ∑ j k_{j+} 1_2 |ϕ^0(U^n_{j+1}) − ϕ^0(U^n_j )| ≤ E^0,

where E^0 = 2 λ ∑ j |U^1_j − U^0_j | + (2‖h‖_∞ + 2‖f^′‖_∞ + α)T V (k).

Now taking 2.24 with i = 2, since only contributions from ν = 0, 1 are present, gives k_{j+} 1_2 (ϕ^1(U^n_{j+1}) − ϕ^1(U^n_j )) + k_{j−} 1_2 (ϕ^0(U^n_{j−1}) − ϕ^0(U^n_j )) ≤ −1 λ (U^n_j − U^{n+1}_j )_− + (‖h‖_∞ + ‖f^′‖_∞)|Δ_+k_{j−} 1_2 |.

It follows that

k_{j+} 1_2 (ϕ^1(U^n_{j+1}) − ϕ^1(U^n_j ))_+ ≤ k_{j−} 1_2 |ϕ^0(U^n_j ) − ϕ^0(U^n_{j−1})| + −1 λ (U^n_j − U^{n+1}_j )_− + (‖h‖_∞ + ‖f^′‖_∞)|Δ_+k_{j−} 1_2 |.

(2.34) Combining 2.32 and 2.34 yields ∑ j k_{j+} 1_2 |ϕ^1(U^n_{j+1}) − ϕ^1(U^n_j )| ≤ 2 ∑ j k_{j+} 1_2 (Δ_+ϕ^1(U^n_j ))_+ + αT V (k) ≤ 2 ∑ j k_{j−} 1_2 |Δ_+ϕ^0(U^n_{j−1})| − 2 λ ∑ j (U^n_j − U^{n−1}_j )_−

+ 2 ∑ j (‖h‖_∞ + ‖f^′‖_∞)|Δ_+k_{j−} 1_2 | + αT V (k)

≤ 2E^0 + 2 λ ∑ j |U^n_j − U^{n+1}_j |

+ (2‖h‖_∞ + 2‖f^′‖_∞)T V (k) + αT V (k) ≤ 3E^0.

Continuing this way inductively from left to right (increasing i) with 2.24 gives, for each i = 0, . . . , m − 1 ∑ j k_{j+} 1_2 |ϕ^i(U^n_{j+1}) − ϕ^i(U^n_j )| ≤ 2(E^0 + · · · + E^{i−1}) + E^0 ≡ E^i.

This leaves only ϕ^m to deal with. Starting from the inequality 2.23, with i = m, and proceeding as in the case where i = 0, gives ∑ j k_{j+} 1_2 |ϕ^m(U^n_{j+1}) − ϕ^m(U^n_j )| ≤ E^0 ≡ E^m.

It is now possible to prove Theorem 2.5.

Proof. Taking into account the jumps in z^n at the cell boundaries (due to jumps in u^Δ) and the jumps at the cell centers (due to jumps in k^Δ), the total variation of z^n(x) is T V (z) = ∑ j |Δ^u_+z^n_j | + ∑ j |Δ^k_+z^n_{j−} 1_2 |,

(2.35)

where Δ^u_+z^n_j = Ψ(U^n_{j+1}, k_{j+} 1_2 )−Ψ(U^n_j , k_{j+} 1_2 ) and Δ^k_+z_{j−} 1_2 = Ψ(U^n_j , k_{j+} 1_2 )−Ψ(U^n_j , k_{j−} 1_2 ). The second sum in 2.35, due to jumps in k^Δ, is bounded by αT V (k), as is seen from the Lipschitz continuity estimate 2.2. For the first sum, ∑ j |Δ^u_+z^n_j | = ∑ j k_{j+} 1_2 |Φ(U^n_{j+1}) − Φ(U^n_j )|

= ∑ j k_{j+} 1_2 | m∑ i=0 (ϕ^i(U^n_{j+1}) − ϕ^i(U^n_j ))|

≤ m∑ i=0 ∑ j k_{j+} 1_2 |ϕ^i(U^n_{j+1}) − ϕ^i(U^n_j )| ≤ m∑ i=0 E^i.

The following is basically a version of the Lax-Wendroff theorem. The proof in [13] is equally valid in the present situation, with the single exception that the normalizing factor f^∗ appearing in inequality 3.16 of that proof is not present here.

Theorem 2.12. Let u^Δ be a sequence of approximations computed via the scheme 1.4 which converges as in Theorem 2.3, to a function u. Then u is a weak solution of 1.1, i.e., it satisfies 1.2.

The proof of Theorem 2.3 follows. In [13], the L^1_{loc} estimate specifically invoked the concavity assumption, and so that part of the proof below is different. The rest of the proof is very little changed.

Proof. As in [13], the computed solutions u^Δ remain within [0, 1], thanks to the CFL condition. Fix B > 0. The following estimates ‖z^Δ(·, t)‖_∞ ≤ α‖k‖_∞ = αk, ∫_{+B} −B |z^Δ(x, t)|dx ≤ 2Bαk, which hold uniformly for t ≥ 0, Δ > 0, prove that for each t ≥ 0, z^Δ(·, t) ∈ L^∞, and z^Δ(·, t) ∈ L^1_{loc}(R). Theorem 2.5 provides a uniform bound on T V (z^Δ(·, t)). The following time-continuity estimate is a simple consequence of Lemma 2.4: ‖z^Δ(·, t + τ) − z^Δ(·, t)‖_1 ≤ C(|τ| + Δ). Here the constant C is independent of Δ and t. Using the same argument as in [13], there is a subsequence denoted z^{Δi} , which converges in L^1_{loc}(R×R^+) ⋂ L^∞ and pointwise a.e. to some function z ∈ L^1_{loc}(R × R^+) ⋂ L^∞. Let u(x, t) = Ψ^{−1}(z(x, t), k(x)).

Due to the strict monotonicity of Ψ(·, k), the function u is well-defined a.e., u ∈ [0, 1] a.e., and u ∈ L^1_{loc}(R × R^+) ⋂ L^∞. The proof is completed by dropping the subscript on Δ, and showing that u^Δ → u a.e. and in L^1_{loc}(R × R^+). It is clear from its definition that Φ is strictly increasing and that Ψ and Φ are related via

Ψ^{−1}(z, k) = Φ^{−1}(z/k).

Fix T > 0. Using the identities u = Φ^{−1}(z/k), u^Δ = Φ^{−1}(z^Δ/k^Δ) gives ∫_T 0 ∫_B −B |u − u^Δ|dxdt = ∫_T 0 ∫_B −B |Φ^{−1}(z/k) − Φ^{−1}(z^Δ/k^Δ)|dxdt. (2.36)

Since k ∈ BV , k^Δ → k pointwise a.e., and so z^Δ/k^Δ → z/k a.e. It follows from the continuity of Φ^{−1} that u^Δ → u a.e. The bounded convergence theorem then guarantees that the integral in 2.36 converges to zero as Δ approaches zero. That the limit u is a weak solution of 1.1 is a consequence of Theorem 2.12.

3. Conclusion. The paper has extended the convergence result of [13] to a large class of nonconvex flux functions. A number of important issues have not been addressed, and are potential areas for further investigation. For example, the related questions of uniqueness and entropy satisfaction have not been discussed at all. These are important issues for conservation laws, since the presence of discontinuities requires the satisfaction of entropy conditions to ensure that the correct, physically relevant solution is singled out. In [13], the author derived geometric entropy conditions for the limit of the scheme for the case of a concave flux. Carrying out that program for the present situation appears feasible, but is significantly more complicated, and hopefully will appear in a subsequent article.

The nondegeneracy assumption (finitely many critical points) rules out any flux that is constant over an interval, a seemingly important case. In this situation, the Temple functional would fail to be monotone, and so it would not be possible to recover the conserved quantity u from the limit function z. The question here is whether there is a real problem with convergence, or just a limitation of the analytical tool.

This paper only addressed the EO version of the scheme. A convergence proof for the Godunov version would also be of interest. Since the proof of convergence for the EO version exploited the close relationship between the EO flux and the Temple functional, it may be that a different form of the Temple functional will be required.

The convergence proofs in both [13] and the present work depended on monotonicity and L^1 contractiveness. Both of these properties are well known to imply that the scheme is limited to first order accuracy. Some numerical experiments (with a concave flux) indicate that second order schemes, constructed by applying flux corrections and minmod-type limiters to the scheme 1.4, give very satisfactory results. Due to the essential way that monotonicity was used, it seems unlikely that it will be possible to develop a convergence theory for such schemes using the approach of this paper and the previous one.

Finally, the author performed a number of numerical experiments with the flux functions f(u) = sin(2πu) and f(u) = sin(4πu) for u ∈ [0, 1], with piecewise constant k, and did not detect any evidence of variation blowup of the conserved quantity u. As was observed in [13], if T V (u) is bounded, as it appears to be, it should be possible to establish that bound, not just the weaker bound on T V (z) that was used to prove convergence.

REFERENCES

[1] M. G. Crandall, A. Majda, Monotone Difference Approximations for Scalar Conservation Laws, Mathematics of Computation, 34 (1980), pp. 1–21.

[2] B. Engquist, S. Osher, One sided difference approximations for nonlinear conservation laws, Mathematics of Computation, 36 (1980), pp. 45–75.

[3] A. Harten, J.M. Hyman, P.D. Lax, On finite difference approximations and entropy conditions for shocks, Comm. Pure Appl. Math., 29 (1976), pp. 297–322.

[4] R.A. Klausen, N.H. Risebro, Stability of conservation laws with discontinuous coefficients, Journal of Differential Equations, 157 (1999), pp. 41–60.

[5] C. Klingenberg, N.H. Risebro, Convex conservation laws with discontinuous coefficients.

Existence, uniqueness, and asymptotic behavior, Communications in Partial Differential Equations, 20, (1995), pp. 1959–190.

[6] C. Klingenberg, N.H. Risebro, Stability of a resonant system of conservation laws modeling polymer flow with gravitation, Conservation Laws Preprint Server, http://www.math.ntnu.no, 1999.

[7] R. J. Leveque, Numerical methods for conservation laws, Birkhauser Verlag, Boston, 1992. [8] L. Lin, J.B. Temple, J. Wang, A comparison of convergence rates for Godunov’s method and Glimm’s method in resonant nonlinear systems of conservation laws, SIAM J. Numer. Anal., 32 (1995), pp. 824-840.

[9] L. Longwei, J.B. Temple, W. Jinghua, Suppression of oscillations in Godunov’s method for a resonant non-strictly hyperbolic system, SIAM J. Numer. Anal., 32 (1995), pp. 841-864.

[10] R. Sanders , On convergence of monotone difference schemes with variable spatial differencing, Math. Comp., 40 (1983), pp. 91–106.

[11] J. Smoller, Shock waves and reaction-diffusion equations, Springer-Verlag, New York, 1983. [12] B. Temple, Global solution of the cauchy problem for a class of 2x2 nonstrictly hyperbolic conservation laws, Advances in Applied Mathematics, 3 (1982), pp. 335–375.

[13] J.D. Towers, Convergence of a difference scheme for conservation laws with a discontinuous flux, Conservation Laws Preprint Server, http://www.math.ntnu.no, 1999.

[14] A. Tveito and R. Winther, The solution of nonstrictly hyperbolic conservation laws may be hard to compute, SIAM J. Sci. Comput., 16 (1995), pp. 320–329.